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On the Géométrie Définition for Quasiconformal Mappings

By F. W. Gehring and Jijssi Vâisâla

Introduction

1. Géométrie définition. Let Q dénote a (topological) quadrilatéral, that
is a Jordan domain in the complex plane with four distinguished boundary
points which divide the boundary curve into four arcs, the sides of Q, Q can
be mapped conformally onto a rectangle Q' with sides a and b so that the
vertices correspond. Consider the pair of opposite sides of Q which correspond
to the sides of length a. The modulus of Q with respect to this pair of sides
is defined as ajb ; the modulus of Q with respect to the other pair is then
bja. We dénote either of thèse moduli by mod Q.

An inequality due to Rengel [14] allows us to obtain convenient estimâtes
for this modulus. Let A(Q) dénote the area of Q, let Lt(Q) dénote the
distance in Q between the pair of sides with respect to which the modulus
is taken, and let L2(Q) dénote the corresponding distance between the other
pair of sides. Rengel's inequality states that

The géométrie définition for If-quasiconformal mappings, due to Pfluger
[11] and Ahlfors [1], is as follows. A sense-preserving homeomorphism w(z)
of a domain G onto a domain G' is said to be If-quasiconformal if

mod Q'^K modC (2)

for each quadrilatéral Q whose closure Q lies in G, where the moduli are
taken with respect to corresponding pairs of sides1). A quasiconformal mapping
is defined as one which is if-quasiconformal for some K.

It is natural to ask what happens if we replace the quadrilaterals Q in the
above définition by a family of other figures possessing conformai moduli.
For example, we might consider ring domains or alternatively some subclass
of quadrilaterals such as rectangles, oriented rectangles, or squares2). We
dévote the first part of this paper to such questions.

In the second part we présent a proof for the measurability of quasicon-

x) G and Of will always dénote finite plane domains, K a number satisfying 1 ^E K < oo
and Q' the image of Q. Given any set JE c @ we let E' dénote its image under w(z).

a) A rectangle is oriented if a pair of its sides are parallel to some fixed line.
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formai mappings based directly on the géométrie définition given above. This
argument is very simple and illustrâtes the advantages of using this définition
when proving some of the fundamental properties of quasiconformal mappings.

1. Modifications of the géométrie définition

2. Analytic définition. Let us first recall the analytic définition for
quasiconformal mappings. We say that a complex-valued funetion w(z) is ACL
(absolutely eontinuous on lines) in a domain G if for each oriented rectangle

Q, Q c G, w(z) is absolutely eontinuous on almost ail lines in Q which are
parallel to the sides of Q.

By the analytic définition a sense-preserving homeomorphism w(z) of a

domain G is JT-quasiconformal if w(z) is ACL in G and

max | Dvw(z) |2 ^ KJ(z) (3)

a.e. in G. Hère Dvw{z) dénotes the directional derivative of w(z),

D<pW{z) wx(z) cos <P + wv(z) sin 9 >

and J(z) the jACOBian of the mapping.
The équivalence of the géométrie and analytic définitions has been proved

by Mobi [8], Bers [2], Pfluger [12] and in the above form by Gehring and
Lehto [6].

3. Rectangles. We begin by proving that it suffices to consider only
rectangles in the géométrie définition.

Theorem 1. Let w(z) be a sense-preserving homeomorphism of a domain G

and let * ru ^* v a n / * \mod Q' <*K mod Q (4)

for each rectangle Q,Q c G. Then w(z) is a K-qvasiconformal mapping.
In the proof we will make use of the following three lemmas.

Lemma 1. Let w(z) be a homeomorphism of a domain G and let (4) hold

for each oriented rectangle Q, Q c G. Then w(z) is ACL in G.

Lemma 2. Let w(z) be a homeomorphism of a domain G and let w(z)
possess finite partial derivatives a.e. in G. Then w{z) is differentiable a.e.
in G.

Lemma 3. Let w(z) be a sense-preserving homeomorphism of a domain G

and let (4) hold for each square Q, Q c G. Then (3) holds at each point where

w(z) is differentiable.
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For Lemma 1 see either Pfltjger [12] or Strebel [16], and for Lemma 2

see Gehring and Lehto [6]. We give hère a complète proof for Lemma 3

because we will want to refer to the argument later on.

Proof for Lemma 3. Let z0 be a point of differentiability for w(z) and
assume, for convenience of notation, that z0 0, w (z0) 0. We must show
that (3) holds for z 0. There are two cases to consider depending on whether
or not the jACOBian vanishes at z 0.

First assume that J(0) 0. If (3) does not hold, there exists an angle <x

for which
Daw(0)^0, Da+n/2w(0) 0

and, by first performing a preliminary rotation, we can assume that

wx(0) a>0 wy{0) 0.

Next for h > 0 let Q dénote the square with vertices at 0, A, ih, h + ih.
Then for 0 < e < a\2 we can find a ô > 0 so that

| w(z) -ax\^eh (5)

for z €Q,0 <h < ô. We now use the first part of (1) to estimate the modulus
of Q1 taken with respect to the "horizontal" sides. By (5)

A(Q') ^ 2eh(ah + 2eh) L%{Q') ^ah - 2eh
andhence

mod Q' ^ v ;

2e(a + 2e)

for 0 < h < ô. Thus lim mod Qr oo. On the other hand, by hypothesis

mod Q' ^ K mod Q K for ail h > 0. We obtain a contradiction and hence
(3) holds for z 0.

Now suppose that J(0) > 0. By performing a preliminary similarity map-
ping, we may assume that wx(0) D à 1, wv(0) i. Next let Q be an
arbitrary square and let Qrn be the image of Q under the mapping wn(z)

nw(z/n). The Qrn are defined for sufficiently large n and the sides of
Qrn converge uniformly3) to the sides of Qf0, the image of Q under the affine
mapping wo(z) Dx + iy. Hence modÇo lim mod Q^. (See, for example,

Pfltjger [12].) Since the mappings wn(z) ail satisfy the condition (4), we
hâve mod Qfn ^ K mod Q for sufficiently large n and we conclude that

o <g K modÇ K for ail squares Q. Thus to establish (3) it is suffi-
8) A séquence of sets {En} is said to converge uniformly to a set E if for each e > 0 there

exists an JV such that n > N implies each point of En lies within distance s of E and each
point of E lies within distance « of En.
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cient to consider the spécial case where w(z) is itself the affine mapping
w(z) Dx + iy and show that D <£ K. This follows immediately from
applying (4) to any square with sides parallel to the coordinate axes and the
proof for Lemma 3 is complète.

We turn now to the proof for Theorem 1.

Prooî for Theorem 1. Prom Lemma 1 it follows that w(z) is ACL in G.
Thus w(z) possesses finite partial derivatives a. e. in G and hence is differen-
tiable a. e. by Lemma 2. Next applying Lemma 3 we see that w(z) satisfies
the dilatation condition (3) a. e. in G. Hence w(z) is iT-quasiconformal by
the analytic définition as desired.

4. Oriented rectangles. If the rectangles in Theorem 1 are supposed to be
oriented, the theorem does not hold and must be replaced by the following
resuit.

Theorem 2. Let w(z) be a sense-preserving homeomorphism of a domain G
and let

modQ' ^KmodQ (6)

for each oriented rectangle Q, Q c G. Then w(z) is a (K + VK2 — 1)-
quasiconformal mapping. The bound is best possible.

Prooî. We begin with the spécial case where w(z) is the affine mapping

w(z) Dx + iy, D^l, (7)

and show that the modulus condition (6) implies

D ^ K + VK2 - 1 (8)

For h > 0 let Q be the rectangle with vertices at the points 0, ei(p, ihei<p,
eiv -|> iheiq>, and fix | <p \ ^ rc/4 so that Q is one of the oriented rectangles
for which (6) is assumed to hold. The modulus of Q with respect to the sides
of length 1 is l/h. Estimating the corresponding modulus for Qf we hâve

A(Qf) Dh, L2(Q') ^ VD2 cos2ç> + sin2ç> - g,

where e e(A)-> 0 as h-> 0, whence by (1)

— e,„,. D cosa> + sinç> — e ^mod Q1 ;> ¦*—-^ mod Q

Applying (6) and then letting &-> 0 yields D2 cos2ç> + sin29? ^ KD. Since
| fp | <£ jt/4, this means D% + 1 ^ 2KD which in turn implies (8) as desired.

Now let w(z) be an arbitrary sense-preserving homeomorphism of G which
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satisfies (6) for oriented rectangles Q, Q c G. By Lemmas 1 and 2 w(z) is
ACL and a.e. differentiable. Hence to complète the proof it is sufficient to
show that

max | D,w(zJ \2 ^ (K + VK2 - l)J(z0) (9)

at each point of differentiability z0.

Fix such a point z0 and assume, for convenience of notation, that zo 0,
w(z0) 0. As in the proof of Lemma 3, we consider two cases depending on
whether or not the jACOBian vanishes at z0.

Suppose first that J(0) 0 and that (9) does not hold. Then as in Lemma 3

we can assume that
Wg}(0) a> 0, wy{0) 0.

For fe>01et Q be the rectangle with vertices at 0, 2hei<p,iheitp, 2hei<p+ihei(p,
and fix | ç> | ^ rc/4 so that Q is one of the rectangles for which (6) holds.

Then for 0 < s < a\2\^2 we can find a ô > 0 such that | w(z) — ax | tS> eh

for z eQ, Q <h < ô. The modulus of Q with respect to the longer sides is
2 and estimating the corresponding modulus for Qf by (1) yields

2e)

for 0 < h < ô. Hence lim mod Q' — oo.

But this contradicts the inequality moàQ' ^ KmoàQ 2K, and hence

(9) holds for z0 0. Now suppose that J(0) > 0 and assume, as we may,
that wx(0) D ^ l, wv(0) i. Then arguing as in the proof of Lemma 3

we conclude that mod Q'0?S> K mod Q for ail oriented rectangles Q, where
Qf0 is the image of Q under the affine mapping wo(z) Dx + iy. Hence

(8) holds, we again obtain (9) for z0 0, and w(z) is (K + VK2 — 1)-

quasiconformal.
To show that the bound K + VK% — 1 is sharp we consider the mapping

w(z) Dx + iy, D K + VK2 — 1, and prove that (6) holds for ail
rectangles Q whose sides meet the coordinate axes at an angle jr/4. For
this it suffices to consider, for h > 0, a rectangle Q with vertices at 0,
1 -f i, — h + ih, 1 — h + i + ih, where the modulus is taken with
respect to the sides of length V~2. Then for Qf we hâve A(Qf) 2Dh,
LX(Q') ^ 2Dh/VD2 + 1 and (1) yields

as desired.
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5, Squares. In view of thèse two results it is natural to ask what can be
said about the quasiconformality of a homeomorphism which satisfies the
modulus condition (2) for ail squares Q. Prom Lemma 3 it follows that such
a mapping will satisfy the dilatation condition max | D^w^z) |2 ^ KJ(z) at

every point of differentiability. Hence, in view of Lemma 2, the problem of
deciding whether or not such a mapping is JT-quasiconformal is reduced to
the following open question :

Let w(z) be a homeomorphism of a domain G and let (2) hold for ail squares

Q,Q <zG. Is i0(z) ACLm G%

Unfortunately the methods used in the proof of Lemma 1 do not help to
settle this question, for both Pfltjger and Strebel require that the modulus
condition hold for long thin rectangles. However, it is easy to see that the
answer must be in the négative if we restrict our attention to oriented squares
Q. For let f(x) be a continuous singular function which is strictly increasing
for ail x and consider the mapping w(z) f{x) + iy. If Q is any square
whose sides meet the coordinate axes at an angle of jr/4, then Qf will be

symmetric in its horizontal diameter and hence mod Q' mod Q 1. On
the other hand it is clear that the mapping is not ACL.

6. Rings. A doubly-connected domain is called a ring. An annulus is a ring
whose boundary components are two concentric circles, possibly degenerate.
It is well known that each ring R can be mapped conformally onto an annulus

0<la<|z|<&^oo, and the conformai invariant mod R log — is called
the modulus of R.

By means of extremal lengths we obtain inequalities for the modulus of a

ring which correspond to Rengel's inequality (1) for quadrilaterals. Let q(z)
be any continuous non-negative function in R and let

L^R, q) inf$eds, (10)
R n yx y2 y*

where yx is any curve in R which séparâtes the boundary components of
jR and where y2 is any curve in R which joins thèse components. Then

for each such function q(z). (See, for example, Jenkins [7], pp. 17-19.)
When q(z) 1 we dénote the quantities in (10) by A(R), LX(R) and L2(R)
respectively.

Now it is well known that under a Jf-quasiconformal mapping w (z) the
image of a ring R is a ring jR' for which (IJK) mod R ^ mod R1 ^ K mod R.
We show that the converse is true by establishing the following resuit.
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Theorem 3. Let w(z) be a sense-preserving homeomorphism of a domain G

and let
mod Rr^K mod R (12)

for ail rings R, R c G. Then w(z) is a K-quasiccmforrrval mapping.
We consider first the following preliminary resuit.

Lemma 4. Let w{z) be a sense-preserving homeomorphism of a domain G

and let

mod E'^-^-modJR (13)

for ail annuli R, R c G. Then w(z) is a quasiconformal mapping.

Proof. It is sufficient to show that the inverse mapping z(w) is quasiconformal.

For this fix weGf and, for sufficiently small r>0, let

M(w, r) max | z(w) — z(wl) \

m(w, r) min | z(w) — z(w') \

\w—wf | r

Then from an argument due to Mori (Lemma 4 of [8]) it follows that

^4m(w,r) —

at each point w eGf. This, in turn, implies that z(w) is e*^-quasiconformal
as desired. (See Gehring [4].)

We turn now to the proof for Theorem 3.

Proof for Theorem 3. We consider first the spécial case where w(z) is the
affine mapping

w(z) Dx + iy D^l
and show that the modulus condition (12) implies that D ^ K.

For each h > 0, d > 0 let R dénote a ring bounded by two concentric
rectangles with horizontal sides of h and h + 2d and with vertical sides
of 1 and 1 + 2Dd, respectively. Then

A(R) 2d(l +Dh + 2Dd), Lt(B) 2(1 + h) > 2

A(R') 2Dd{\ + Dh + 2Dd), L2(Rf) Dd

and hence (11) yields

mod R ^ 7td(l +Dh + 2Dd), mod R1 ^ nDA
1 + Dh + 2Dd '
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Condition (12) implies that D ^ (1 + Dh + 2Dd)2K, and letting h, d-> 0

yields the desired resuit D ^ K.
Now consider the gênerai case where w(z) is an arbitrary homeomorphism

satisfying (12). Since the inverse mapping satisfi.es (13) we conclude from
Lemma 4 that w(z) is quasiconformal. Hence, by virtue of the analytic
définition, it suffices to prove that

max | D9w(z) |2 ^ KJ(z) (14)
a.e. in G. v

Pick a point z0 where w(z) is differentiable and where J(z0) > 0. Since

w(z) is quasiconformal, J(z) > 0 a.e. in G*) and it will be sufficient to
establish (14) for such points zQ. We can thus assume without loss of gener-
ality that z0 0, w(z0) 0 and that ^(0) D ^ 1, wy(0) i. Now let
R be the ring bounded by concentric rectangles described above and consider
its images Rrn under wn(z) nw(zjn). The Rfn are defined for large n
and their boundary components converge uniformly to those of Rf0, the
image of R under the affine mapping wo(z) Dx + iy. Arguing directly
it is easy to verify that

mod Rr0 Km mod Rrn 5) (15)
n—>oo

and, since the R'n satisfy (12), we conclude that mod R'o ^ K mod jR By
the first part of the proof, this means D ^K and hence (14) holds for z0 0

as desired.

7. Annuli. If w(z) is a homeomorphism which satisfies the inequality

mod R1 ^ \r mod R (16)
XV.

for ail annuli R, then Lemma 4 tells us that w(z) is c^^-quasiconformal.
We now replace enK by the best possible bound.

Theorem 4. Let w(z) be a sense-preserving homeomorphism of a domain G

and let (16) hold for ail annuli R,R c G. Then w{z) is a (K + Vk2 — 1)-
quasiconformal mapping. The bound is best possible.

The proof requires the following estimate for the modulus of an elliptical
ring.

Lemma 6. Let D^l, h > 1 and let R be the ring bounded by the two
ellipses 2 2

4) This is an immédiate conséquence of Theorem 6. Alternatively see, for example, Lemma 6

of[4].
8) See also the following paper [5],
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Then

l logfe (17)

2D

Proof. We obtain thèse estimâtes by choosing a spécial function q{z) and
applying the inequality (11). For this let

and set

e(«) I Vu(z) |

Making the change of variables x Dr cos cp, y r sin q> we see that
2n h

A(B, q) ff(-Lcos*<p + Dsm*<p\^d<p n
D + l logft. (19)

o i
Next since u (z) is 0 on the inner boundary component and equal to log h
on the outer,

J| Vu\ds^logh

for each curve y2 in R which joins thèse components. Hence

L2(R, g) log h (20)

and combining (19), (20) and the first half of (11) yields

L2(R, g)2 2D
mod R^2n a —r— "tjt—:—— log h

A(R,q) D2+l
This is the inequality (17).

For (18) we must obtain an asymptotic estimate for L^R, g) as h-> 1.
For this let F dénote the inner boundary component. Setting x D cos <p,

y sin (p yields

\ D2 + 1

/ •*-*

o

Next it is not difficult to show that for each e > 0 there exists a ô > 1

with the following property: If 1 < h < ô and if yx is a curve in R which

f d - fl—
c s2

J J \D
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séparâtes the boundary components, then

Hence, yi r
L1(R,Q)^(l-e)7t^~^- (21)

for 1 < h < ô and combining (19), (21) and the second half of (11) we hâve

for 1< h < ô. This together with (17) yields (18).
We turn now to the proof for Theorem 4.

Prooî for Theorem 4. The mapping is already quasiconformal by Lemma 4.
Hence the argument in the proof for Theorem 3 shows it is suffioient to estab-
lish the theorem for the spécial case where w (z) is the affine mapping

w(z) Dx + iy jD^I.
Now let i? be the annulus 1 < | z \ < h. Then its image under w(z) is

the ring described in Lemma 5, and (16) and (18) yield

hm
modR K

Hence D S K + VK2 — 1 and w(z) is (K + VK2 — l)-quasiconformal.
To show that the bound is sharp, consider the above affine mapping with

D K + VK2 — 1. We want to show that (16) holds for ail annuli B. It
is clear we need only consider annuli i? of the form 1 < | z \ < h. Then R1

2Dis again the ring of Lemma 5 and (17) yields mod R' ^ n2 log h

-^r mod jR as desired.
IL

8. Remarks. Since the modulus of a quadrilatéral taken with respect to
one pair of sides is the inverse of that taken with respect to the other pair,
Theorems 1 and 2 are valid if the modulus conditions are replaced by
modQ' 2> (l/K) modQ. We see also in Theorem 3 that the condition (12) can
be replaced by mod -B' 2> (1/JT) mod R since the inverse mapping z(w) will
then satisfy (12).

It is therefore reasonable to ask if Theorem 4 is valid with (12) in place of
(16). The answer hère is no and it turns out that requiring a homeomorphism
to satisfy (12) for annuli R says nothing about the quasiconformality of the
mapping. We hâve, for example, the following resuit.
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Theorem 5. Let w(z) be a continuously differentiable homeomorphism of a
simply connected domain G and let the absolute value of the JACOBian be super-
harmonie in G. Then

mod R' â mod R (22)

for ail annuli R, R c G.

Prooî. The proof is based on the following important estimate, due to
Carleman, for the modulus of a ring.

Lemma 6. Let R be a ring bounded by two disjoint rectifiable curves BQ

and B1. Choose concentric drcles B% and B* so that B* and B* bound
the same areas as Bo and Bt, respectively, and let R* be the annulus bounded
by B* and i?*. Then

mod R ^ mod R* (23)

For a direct proof of this lemma see Carleman [3]. Lemma 6 can also be
established by a symmetrization argument, using the fact that

where u (z) is harmonie in R with boundary values 0 and 1 on Bo and B1,
respectively. (See, for example, Pôlya and Szego [13].)

Now for Theorem 5 let R be the annulus 0 <a <\z — z0|<6<oo
with R c 6?. Since G is finite and simply connected, G contains the closed
disk | z — z0 | ^ 6 and we can pick 0<oc<j8<oo so that

w««= $$ \J(z)\do, 7iP= H
\z-zo\<a \z-zo\<b

Since | J(z) \ is superharmonic in G,

^, ^ |()|nr \z-zo\<r

is non-increasing in a^r ^ 6. Hence fi/oc ^ b/a and with Lemma 6 we con-
clude that mod R' ^ log ft/ot ^ log b/a mod R as desired.

From Theorem 5 it is clear we can conclude nothing about the quasicon-
formality of a sense-preserving homeomorphism which satisfies (12) for ail
annuli. For example, ail affine mappings hâve constant jACOBians and hence

satisfy this condition. Alternatively consider the mapping w(z) x% + iy
of x > 0 onto u > 0. Hère J(z) 2x is harmonie and (12) holds for ail
relevant annuli -B. On the other hand the dilatation D(z) max(2#, 1/2a?)

is unbounded in x > 0 and hence w(z) is not quasiconformal.
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2. An elementary prooî for the measurability ol quasiconîormal mappings

9. A homeomorphism of a plane domain is said to be measurable if the
image of every (plane) measurable set is itself measurable. It is well known
that this is the same as asking that every closed set of measure zéro map onto
a set of measure zéro.

We conclude this paper with an elementary proof of the following resuit.

Theorem 6. A quasiconformal mapping is measurable.
This theorem is usually proved with the aid of the analytic définition and

a gênerai form of Green's theorem due to Morrey [9]. (See, for example
Gehrestg [4].) Another argument, due to Pesin [10], uses both définitions
to prove that the jACOBian of a quasiconformal mapping is a. e. positive.
This fact, taken in conjunction with a familiar distortion theorem (Mori [8],
Lemma 4) and the de la Vallée Poussin Décomposition theorem (Saks [15],
p. 125), implies that the mapping is measurable.

We give hère a direct proof for Theorem 6 which was suggested by Pesik's
argument but which is based on the géométrie définition and uses only the
Density theorem and Rengel's inequality.

Proof. Let w(z) be a iT-quasiconformal mapping of a domain G. In order
to prove that the inverse mapping z(w) is measurable, we assume the anti-
thesis that there exists a closed set Ff cz G' with m (F1) 0 whose image
F a G is of positive measure. (We let m dénote plane measure.) Then F
has a point of density and, for each e > 0, we can find a square 8, 8 c G,
such that

m(F r, S) > (1 - e2)m(S) (24)

By conformai mapping, we may assume that the image 8f of 8 is itself
a rectangle, that 8 and 8' hâve horizontal and vertical sides which
correspond under the homeomorphism w(z), that S has side 1 and that 8f has

height 1 and base M. We can further assume that F c 8, in which case
(24) becomes just

m(F)>\ - £2. (25)

For each pair of positive integers i and j we divide 8 by horizontal and
vertical Unes into ij disjoint open rectangles Q with height \ji and base

l/j. We let Fx dénote the union of the rectangles Q for which Q r\ F is
not empty and Gx the union of the rectangles which do not hâve this prop-
erty. Then Fx 3 F and, by (25),

m((?1)<e2. (26)
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Now let B' be any open set which contains Fr. Since F' is closed, it
follows from the uniform continuity of w(z) that F[ will lie in Br for suf-
ficiently large i and j. Hence we see that

lim m(F[) 0. (27)
i,?->OO

Next for each rectangle Q let 6 dénote the distance between the images
of the endpoints of the base of Q and l the distance between the images of
the vertical sides. Again by continuity given any j we can pick an i so that

b^l + ~ (28)

for ail rectangles Q.
Fix i and j so that (28) holds and let ix [(1 — e)i], the intégral part

of (1 — e)i. By (26) there exist it rows in S> each of which contains no
more than [ej] rectangles Q of Gx. Consider such a row. Its image is a

strip which connects the vertical sides of 8' and hence from (28)

where the sum is taken over the j rectangles in the row. Appealing to the
Schwabz inequality we hâve

M2

S 1)( S Z2) + E 1)( E Z*) (29)
QCGi G

£j( E l*) + 8j( E

Hère the first sums are taken over the rectangles which lie in Ft, the second

sums over those which lie in (?1.

The modulus of each Q with respect to the horizontal sides is ijj. Esti-
mating the corresponding modulus for Q' yields

mod<2'- A(Q') 1HW

JS'-quasic

together with (29) yields
and, since the mapping is JS'-quasiconformal, we obtain l*^ K —m(Q1). This,

m(Q') + e S m(Q')) (30)
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and, summing over the it rows for which (30) holds, we hâve

Finally, let i, j-> oo so that (28) holds. Then iJi-> 1 — e and with (27)
we conclude that

SeKM
1 — e

But \\M is the conformai modulus for the rectangle Sr taken with respect
to the vertical sides. Hence l/M ^ K,

" 8s '

and we obtain the desired contradiction for 0 < e < (8JT2 + l)-1.
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