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On Géodésie Vector Fields
in a Compact Orientable RiEMANivian Space

By Kentaro Yano and Tadashi Nagano, Tokyo1)

§ 1. Killing vectors and harmonie vectors

We consider an w-dimensional RiEMANNian space covered by a System of
coordinate neighborhoods (Çh) and with a positive definite metric ds2

ÇjiODd&dÇ*, where the indices h,i,j,... run over the range 1, 2,..., n.
We dénote the Christoffel symbols by

and the covariant derivative of a tensor, say T{h, by

where d$ represents the partial differentiation with respect to &. We dénote
the curvature tensor by

h _ Va) \ki
and the Ricci tensor and the curvature scalar by

KH Kaji* and K
respectively.

A Killikg vector vh, that is, a vector defining an infinitésimal motion of
the space satisfies

VjVi + Vivi 0 and consequently Piv< 0 (1.1)

and a harmonie vector w{ satisfies

Vtwt - Viwi 0 VtW* 0 (1.2)

In case of Killing vector, Vfl1 0 is a conséquence of P^v,- + P^^ 0,
but in case of harmonie vector, ViW1 0 is not a conséquence of

One of the présent authors [2]2) (See also [5]) proved
2) Presented by K. Yano at the International Colloquium on Differential Geometry and

Topology, Zurich, June 1960.
8) See the Bibliography at the end of the paper.
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Theorem 1.1. A necessary and sufficient condition for a vector field vh in
a compact orientable RiEMANNian space to be a Killino vector is that

iV* + Kihvi 0 Fy 0 (1.3)

On the other hand the following is well known.

Theorem 1.2. A necessary and sufficient condition for a vector field w4 in
a compact orientable RiEMANNian space to be harmonie is that

gKVtVtWi-Kjw^O. (1.4)

In case of Killing vector V^ 0 is not a conséquence of g^V'$iVh +
+ Kfv* 0, but in case of harmonie vector ViW* 0 is a conséquence of

§ 2. Contravariant analytic vectors and covariant analytic vectors

We consider a 2n-dimensional HERMiTian space covered by a system of
real coordinate neighborhoods (Çh) with a complex structure Ff and with
a positive definite HERMiTian metric ds% g^^d^d^, where the indices

h, i, j, run over the range 1, 2,..., n, 1, 2,...,n. The tensor Ff
8ati8fieS J-/J-/--V (2.1)

^* 0 (2.2)
where

^<A Fa{daFH _ ^^ _ ^«(9^,* - d,F*) (2.3)

is the so-called Nijenttuis tensor.

It is well known (A. Newlander and L. Nirenbebg [1]) that the existence
of a tensor F* satisfying (2.1) and (2.2) characterizes a complex space.

The HsRMiTian metric satisfies

Now a KAEHLERian space is characterized as a HEBMirian space which has

the property ^ + ^ + ^ ^ ^ (£ g)
which is équivalent to w

Fii Fj'gai (2.7)
is a skew-symmetric tensor.

Suppose that our HERMiTian space is covered by a System of complex
coordinate neighborhoods (zK), where the indices k,A,/a,... run over the
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range 1, 2,..., n. Then a real vector or a self-conjugate vector vh has the
components of the form

__

where

When the components vK are functions of zA only and vK functions of
i* only the vector vh is said to be contravariant analytic. The condition for
vh to be contravariant analytic is written as

vadaFih — F{adavh + F^diV" 0 (2.8)

in a real coordinate System. This is équivalent to

FiaVavh + FahFiva 0 (2.9)
in a KAEHLERian space.

A real vector or a self-conjugate vector w{ has the components of the form

where —

When the components wx are functions of z* only and tvj are functions
of zK only the vector w{ is said to be covariant analytic. The condition for
wi to be covariant analytic is written as

{BiFf - diFjh)wh Ffdtw, - Ffd^ (2.10)

in a real coordinate system. This is équivalent to

VfViW* - FfVaW, 0 (2.11)
in a KAEHLERian space.

One of the présent authors [3], [4] proved

Theorem 2.1. A necessary and sufficient condition for a vector field vh in a
compact KAEHLERian space to be contravariant analytic is that

gHVjViV* + KihVi 0 (2.12)

On the other hand the following is well known.

Theorem 2.2. A necessary and sufficient condition for a vector field w{ in
d compact KAEHLERian space to be covariant analytic is that

9iiVtV(wh-Khiwi 0. (2.13)

In case of Khjjng and harmonie vectors the duality between them was



58 Kbntabo Yano / Tadashi Nagano

not complète, but in case of contravariant and covariant analytic vectors the
duality is complète as is seen from (2.12) and (2.13).

We defined the contravariant and covariant vector fields using the complex
structure of the space. But équations (2.12) and (2.13) do not dépend on the
complex structure of the space. They dépend only on the RiEMANNian structure
of the space.

So it m'ght be interesting to study the properties of a vector in a RiEMANNian

space which satisfies (2.12) or (2.13). But following Theorem 1.2 a vector in
a compact orientable RiEMANNian space satisfying (2.13) is a harmonie vector.

The purpose of the présent paper is to study some of properties of a vector
satisfying (2.12) in a compact orientable RiEMANNian space.

§ 3. Géodésie vector îields

It is well known that a necessary and sufficient condition for an infinitésimal
point transformation ,^ {Jk + ^(|)^
to carry a géodésie ijh(s) into a géodésie and to préserve the affine character
of the arc length s is that

(F,F^ + Zw»t»)^^=0. (3.1)

Thus for a unit vector Xh at a point (|A), we call

«7* {VtVtV» + JCwV)Aa*, (3.2)

the géodésie déviation vector of Xh with respect to vh.

Now, take n mutually orthogonal unit vectors A*a) {a 1, 2,..., n) at
a point (|^) in an n-dimensional RiEMANNian space and take the mean of
géodésie déviation vectors g*a) of A*a) with respect to vh then we get

011 1,1—^2-iff?a> — (9HV*Pivh + Ki vi) (3-3)

by virtue of a _ yn tf tf

Thus the mean of thèse géodésie déviation vectors does not dépend on the
choice of n mutually orthogonal unit vectors A*a). Thus we call (3.3) the
mean géodésie déviation vector at (£A) with respect to the vector field vh.
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A vector vh with respect to which the mean géodésie déviation vector
vanishes

g*VV++ K& 0 (3.4)

is called a géodésie vector field.
From this définition the foliowing two theorems are évident.

Theorem 3.1. A Killinq vector is a géodésie vector.

Theorem 3.2. A contravariant analytic vector in a KAEHLEidan space is a
géodésie vector.

§ 4. Géodésie vector fields in a compact orientable RiEMANNian space

Let vh be a géodésie vector field in a compact orientable
space, then vh satisfies

iifi + Kfit^O. (4.1)

The following intégral formula is well known (K. Yano [3], K. Yano and
S. Bochner [5])

i-Vivj) + (Vivi)2]da 0} (4.2)

where da dénotes the volume élément of the space.
Substituting

into (4.2) wefind

from which c T_ A

If the equality sign occurs in the above inequality, then we hâve

V*Vi - Vi^i 0 Vy 0

that is, the vector vi is harmonie. Combining (4.1) and V^ 0, we see

following Theorem 1.1 that vh is a Killing vector that is

V^v, + Vivi 0

Thus
V,v4 0

hence we hâve

Theorem 4.1. For a géodésie vector field vh in a compact orientable Rie-
i space we hâve .n IA AS* lKv*vxdo ^ 0. (4.4)
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// the equality sign occurs in (4.4), then the géodésie vector field vh has vanishing
covariant derivative.

As a corollary to this theorem, we hâve

Theorem 4.2. If, in a compact orientable RiBMANNian space, the Ricci cur-
vature KHvHi is négative definite, there exists no géodésie vector field other
than the zéro vector and if the Ricci curvaiure is négative semi-definite, then
the géodésie vector field has vanishing covariant derivative.

§ 5. Géodésie vectors in an Einstein spaee

Let us consider a compact orientable Einstein space with positive curvature
scalar, that is, a RiEMANNian space satisfying

Kii cgji, (5.1)
where j*

c=— >0. (5.2)
n

Then a géodésie vector vh satisfies

g^iViVivh-\-cvh^Q (5.3)
OT

gXriPiVn + cv^O. (5.4)

We now introduce the following notations. We dénote by d the operator
which opérâtes to a p-form

d^Ad^lA Ad^ (5.5)

and gives

dv:

and by ô the operator which opérâtes to a p-form (5.5) and gives
'? --Adr1 (5-6)

A od -j- dô (5.8)
Then we hâve JA a* &a /K a\Adv dâv Aôv dAv (5.9)

If we define the global inner product of two p-forms

a~L.a de
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6 : jr^v-t-h*1?'^?'-1* ¦ ¦ ¦ a***1

by lb S..*ibt'i'~l"'ilda, (5.10)

then we hâve
(du, v) + (u, ôv) O, (du, v) + (u, dv) 0 (5.11)

(du, u) + (du, du) + (du, du) 0 (5.12)

thenwehave ^ y»VtVtv%-K^i* (5.13)

Thus (4.2) is équivalent to (5.12).
When t^ is a Ktlling, harmonie or géodésie vector, we call vhd£h a Kn>

ling, harmonie or géodésie form respectively.
Relation (5.13) becomes

Av: (f/HFfViVt - cvh)dp (5.14)

in case of Einstein space. Thus (5.4) can be written as

Av=z-2cv, (5.15)

v being a géodésie form, from which

Aôv= - 2côv (5.16)
Thus

Theorem 5.1. The divergence V^1 of a géodésie vector field in an Einstein
space is a solution of the équation

Af= -2c/. (5.17)

If / f/iVi o for géodésie vector field in a compact orientable Einstein
space then a géodésie vector is a Kilung vector. Thus we hâve

Theorem 6.2. // the équation Af — 2cf admits no solution other than the

zéro function in a complet orientable Einstein space, then a géodésie vector is a
Killinq vector.

From (5.16), we find AJ, o ,« (K 1QX; Adôv — 2cdôv (5.18)

which shows that dôv is again a géodésie form.
Thus if we put

pssv+*
2c
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then p PidÇ* is a géodésie form. From (5.19) we obtain

dp ôv + — ôdôv ôv + -ir-(ôd + dô) ôv

ôv + ~ Aôv ôv + -^ (— 2côv) 0 (5.20)

by virtue of ôôv 0 and (5.16) and eonsequently p is a Kilung form.
From (5.19) we hâve

v p + df (5.21)

where p is a Killing form and / is a solution of

Af= - 2cf (5.22)

Conversely if p is a Killing form and / is a solution of (5.22) then

v p + df
is a géodésie form. Because

Av Ap + Adf Ap + dAf
But we hâve

Ap — 2cp dZl/ — 2cdf
and eonsequently

Jt; — 2cp + (— 2cd/) — 2cv

Moreover if a géodésie form v is decomposed as

v p + df

where p is a Killing form and / is a solution of Af — 2cf, then this
décomposition is unique. In fact suppose that we had another décomposition

v p' + df>

then we hâve from thèse two équations

This équation shows that the Killing form p — p1 is a differential of a
scalar and eonsequently the coefficients p{ — p\ of p — pf are components
of a parallel vector. But an Einstein space with positive scalar curvature
does not admit a parallel vector field other than the zéro vector. Thus we hâve

from whdch
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and consequently
f — f constant.

Applying A to this équation, we find

from which
/ /'•

Thus we hâve

Theorem 5.3, A géodésie vector vh in a compact orientable Einstein space
is decomposed into the form

v* p*+ F*/, (5.23)

where ph is a Killinq vector and f is a solution of Af — 2cf and the

Killing vector ph and the scalar f are uniquely determined.

§ 6. Vector space of géodésie vector lields

We dénote by L the vector space of géodésie vector fields by Lx the Lie
algebra of Killing vector fields and by L2 the vector space of gradients of
solutions of Af — 2c f in a compact orientable Einstein space : KH cgH
where c is positive. Then we hâve

L L, + L2

the plus sign denoting the direct sum.
Now take a Killing vector ph and a solution / of Af — 2cf and put

Then we hâve

Taking account of F^/< Vi\i and VjPi — Vtpi9 we hâve from (6.1)

[p, /]« P* Vtft + P ViPi Vt&tt) (6.2)

On the other hand we hâve

VkVnWf,) (VkVkP%

Substituting
— cjpf and VkVhf§ — c\s

in this équation and taking account of

- F'p* and VMf§ F,/»
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W6find
Vk7t{p>fi)=-2e(pffi). (6.3)

Equations (6.2) and (6.3) showthat

[A, Lt] c L%.

Take next a solution g of Ag — 2cg and put

(6.4)
Then we hâve

Vt[/, </]* Vt{fiVtf - g* V,f) p Vi Vtf - gi VtVtP
But

ViVtf - VF*? K§ig* c9j,
from which

by virtue of
Vtf ViVlg -2cg

Similarly

vyj =-cf,.
Thus we hâve

rt\J,glf o.
Consequently we hâve

[Lt, L2] c L3,
where Lz is the Lie algebra of the vector fields whose divergences are zéro.
Thus we hâve

Theorem 6.1. In a compact orientable Einstein space with positive curva-
ture scalar we hâve

L^Li + Lz, [Lt, L2] c L2, [L2, L2] c L3,

where L is the vector space of géodésie vector fields, Lx Lie algebra of Killino
vector fields, L2 vector spaœe of gradients of the solutions of Af — 2cf and
Lz the Lie algebra of the vector fields whose divergences are zéro.
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