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The RiemMaNN-RocH Theorem )

by H. L. Rovpex, Stanford (Calif., U.S. A.)

By a divisor b on a RiEMANN surface W we shall mean a formal expression
D= p...p*, where the p, are distinct points of W and the », are integers.
We multiply two divisors by adding the exponents at corresponding points,
and agree that a divisor is unchanged by the addition or deletion of a factor
p%. The divisors on W then form an ABELian group whose unit is the unit
divisor 1 all of whose exponents are zero. A divisor is called integral if all of
its exponents are non-negative. The integral divisors form a semi-group. The
set of points which occur with a non-zero exponent in a divisor is called the
carrier of the divisor. Two divisors are said to be disjoint if their carriers are
disjoint. Every divisor is the quotient of two disjoint integral divisors.

A meromorphic function f is called a multiple of a divisor b = p;*...p"
if f is analytic except on the carrier of b and the order of f at p, is at least
v, where the order of a meromorphic function at a point is defined as the
order of the zero of f if the point is a zero of f, minus the order of the pole
if the point is a pole of f, and zero if the point is neither a zero nor a pole
of f. Similarly, a meromorphic differential « on W is called a multiple of
d if « is analytic except on the carrier of d and the order of a at p, is at
least v,.

The classical RiIEMANN-RocH theorem [6] gives the dimension of the space
of meromorphic functions on a compact surface which are multiples of » in
terms of the number of differentials having a certain relationship to d. The
purpose of the present note is to give a reformulation of the classical version
and proof of this theorem which has the advantage that it remains valid for
certain types of open RIEMANN surfaces. Since the results of FLORACK [2]
imply that for any open RIEMANN surface there are always infinitely many
meromorphic functions which are multiples of b, it is clear that we must
restrict the class of meromorphic functions under consideration if we are to
obtain non-trivial results. A natural restriction seems to be to consider the
class I of meromorphic functions on W which are analytic except for a finite
number of poles and which have a finite DIRICHLET integral over the exterior
of any neighborhood of the poles. For parabolic surfaces this restriction turns
out to be sufficient to give a theory similar to that for the compact case, and
in the third section we extend this to surfaces of class Opy) .

For hyperbolic surfaces in general we must impose a further restriction on

1) The research for this paper was carried out under the sponsorship of the Office of Ordnance
Research, U. S. Army.



38 H. L. ROYDEN

our meromorphic functions which may be thought of as requiring our func-
tions to be ‘real on the ideal boundary” or to have ‘“‘constant real part on
each boundary component’.

In the last two sections we indicate some generalizations.

AHLFORS [1] takes a stand against the imposition of ‘“‘null-boundary’” hypoth-
eses and recommends instead that restrictions be imposed on the class of
functions under consideration. The results of the fourth section in the present
paper are in line with this program, but it is to be noted that both the results
and proofs are more awkward than those of the null-bounded cases con-
sidered in sections 2 and 3. This is in part due to the fact that the restricted
classes of meromorphic functions do not admit multiplication by complex
constants in the general case, while in the null-bounded cases this multipli-
cation is always possible.

1. Relations with respect to and integral divisor. Let d = ¢;*...q¢;® be an
integral divisor, and consider the space G of all differentials which are ana-
lytic in some neighborhood (which may depend on the differential) of the car-
rier of d. Let L(d) be the set of those linear functionals L on this space @
which have the property that they anihilate multiples of b, i. e. those linear
functionals for which L[a] = 0 whenever « is a multiple of d. We shall
often refer to elements of L(b) as relations with respect to d, and say that «
satisfies the relation L elL(d) if L[a] = 0. By the carrier of L we shall
mean the carrier of d.

Let ¢,,...,C,, be fixed uniformizers at the points ¢,,...,¢q,. Then at
¢: each differential in G has the representation « = ¢,({;)d{, where @, is
analytic near q,. If L eL(d), then L[a] depends only on the value of ¢,
and its first v, — 1 derivatives at ¢,, and so we may express L in the form

Lia]= £ %%

Lr=1}
k=1 j=1 (7 . ]. (pk ’ (l)

where ¢{ denotes the j-th derivative of ¢, with respect to {, evaluated at
¢:- The coefficients a,; depend in a rather complicated fashion on the choice
of the uniformizers {,, but for a fixed choice of the {,, the coefficients a,,
determine and are uniquely determined by L. Since the a,; can be arbitrarily
prescribed, we see that L(b) is a vector space of dimension 7(d), where = (d)
denotes the order Xv, of d.

Let f be a function which is meromorphic in a neighborhood of the carrier
of b and is a multiple of 1. We can associate to f an element L, of L(d) by
defining

1 n
L,[o] = 2 (fa, (2)
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where I', is the boundary of a disc which contains ¢,, but not ¢,, j # k,
and which lies in the common domain of meromorphy of f and «. In virtue
of CaAucHY’s theorem this definition is independent of the choice of I',, and
if f is a multiple of d~1, then for « a multiple of b the differential f« is analytic
in the disc bounded by I';, and so L,[a] = 0. Thus L, e L(d).

In terms of a fixed uniformizer ¢, at ¢, such that ¢,(q,) = 0, the function

f has an expansion of the form
Yk Q..
=2 o

i=1 Gk

+ regular terms. (3)

If we use the CAucHY formula to evaluate L,[«], we see that L,[o] is again
given by the formula (1), whence the space L(b) is in a natural one-to-one
correspondence with the space of ‘“principal parts” of functions which are
meromorphic in some neighborhood of the carrier of b and which are multiples
of »1. In fact the coefficients a,; in the expansion (1) of L, relative to the
uniformizers ¢,,..., {, are precisely the same coefficients which occur in
the expansions (3) of the principal parts of f. Thus the relations in L(b)
give us a convenient specification of the principal parts of a multiple of d1,
and this specification has the advantage over the specification (3) in that it
is independent of the uniformizers chosen at the points ¢,. In line with this
we shall often say that f has the principal part L when L, = L, and refer
to L as a principal part.

2. The analogue of the RiemaNN-RocH theorem for parabolic surfaces. We
shall say that a meromorphic function f on a RieMaNN surface is of class IR
if f has only a finite number of poles and the DIrICHLET integral of f is finite
over the complement of any neighborhood of the poles of f. Similarly a mero-
morphic differential « is said to be of class D if it has only a finite number
of poles and is square integrable over the exterior of any neighborhood of
its poles. Clearly f eI if and only if df e ©. On a compact surface every
meromorphie function belongs to IR and every meromorphic differential to D.

In the remainder of this section, we shall suppose that W is parabolic, where
we use the term parabolic to include the compact surfaces as a special case.
There are various ways of defining parabolic surfaces, but we shall make use
only of the following properties:

1. Every harmonic function on W with a finite DIRICHLET integral is constant.
2. Every bounded harmonic function on W is constant.

3. Let O be an open set on W whose closure is compact and whose boundary
I' consists of a finite number of smooth JORDAN curves. Let f be harmonic
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in the complement O of O and have a finite DIRICHLET integral over 0. Let

« be a harmonic differential in O which is square integrable over O. Then,
assuming f and « sufficiently regular on I", we have

Jfa=fJdfpe. (4)
r 0

As an application of this last property, we note that if f and o are analytic
in O, then df A a= 0. Consequently, for feMM and ae¢D, we have
ffa =0, provided that the poles of « and f are contained in O. Let b, and

r

D; be two disjoint integral divisors, and suppose that f is a multiple of b,/b,

and that « is a multiple of d;'. Then f« is analytic except on the carrier of

Dy, and so [f« is equal by the CAuCcHY theorem to minus the sum of the in-
r

tegrals of fa over small circles I';, about the points of d,. Thus

0 ==ﬁffoz = — 2' ffo= —2aiL,[a]

k=1 Ig

We have thus proved the following proposition:

Proposition 1. Let d; and b, be disjoint integral divisors on a parabolic
R1eMANN surface, and let f eIt be a multiple of b,/d, and a €D a multiple
of d;'. Then we have L,[a] = 0.

In order to investigate further the structure of the class M on a parabolic
RiemaNN surface, we make use of the fundamental potential on the surface.
Let G(p;q) = G(p, po; ¢, 9, be a function of p which is harmonic except
at ¢ and ¢, and has a finite DIRICHLET integral over the complement of any
neighborhood of ¢ and ¢g,. Then G will be called a fundamental potential if
it vanishes at p, and has the behavior

G = — log | {(p) — {(q9) | + regular terms
at ¢ and the behavior

Q = log | {(p) — C(go) | + regular terms

at ¢,. A fundamental solution always exists (cf. [3] p. 129). On a parabolic
surface it is unique, since the difference of two such fundamental potentials
is a harmonic function with a finite DIRICHLET integral, and so must vanish
identically since it vanishes at p,. The function @ has the following symmetry
properties:

G2 Po; 9> %) = G(D, Po; 4, Q) + (B, Dos 96> 90) (5)
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and
G (P, Po; 45 9) = G(q,90; P, Po) - (6)

Let ¢ be a uniformizer at ¢. Then for ¢ in the domain of { we may express

ks where 2
3 3 e o
denotes (—az,— — 1 —5;7—) . It follows from (5) that these derivatives are indepen-
dent of the choice of the point ¢,. As functions of p they are harmonic except
at ¢ and have a finite DIRICHLET integral over the exterior of any neighbor-

hood of ¢q (cf. [3] Satz IV.8). At ¢ we have the behavior

G as G(p, py; £, 9,), and we may form the derivatives

o' (7 — 1! 1
= + regular terms. 7
oz’ 2 T — i@y @
Let d=gq;*...q;" be an integral divisor, and let {, be a uniformizer at
q.. Let L be an element of L(d) and consider L as a principal part in the
form (3). Then the function

fp) =22 ¥ 90

k=1j=1( — ! a9}’ (®)

7

ag denotes the derivative with respect to {, of G(p, po; 9%, %), 18
k

a harmonic function except at the carrier of b, where it has the expansion (3).

Moreover, f has a finite DIRICHLET integral over the complement of any

neighborhood of the carrier of . Since W is parabolic, a harmonic function

with these properties is unique to within an additive constant.

Let 0,G = E—q-dc, where ( is a uniformizer at g. Then it follows from the

o
symmetry relation (7) that d,@ is, in its dependence on ¢, an analytic differen-
tial except at p and p, where it has simple poles, and that it is square integrable
over the complement of any neighborhood of p and p,. Thus 9,@ is in D and
a multiple of p~!p;'. In terms of 9,G we may write the relation (8) as
f(p)=2L[0,G(p, po; q)]. Since f(p,) =0, we have the following proposition :

where

Proposition 2. Let L ¢ L(d). Then the unique function f which is harmonic
and has a finite DIRICHLET integral in the complement of every neighborhood
of the carrier of b, which vanishes at p,, and which has the principal part
Lat b, is given by f(p) = 2L[9,G(p, po; 9)].

Corollary. Let fe®M. Then f(p) = 2L,[3,G(p, po; 9)] + F(po)-

From the uniqueness of f in Proposition 2 we see that there is an f in M
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with the principal part L if and only if the harmonic function f(p) = 2L[d,G]
is analytic (apart from its poles). The condition that f be analytic is that at

each p we have % = 0, where z is a uniformizer at p. Now -gé— = 2L[a, %g—] ,

In its dependence on ¢, the differential 9, (——g—z—) is an everywhere analytic

square integrable differential, the singularity at p being eliminated since
92

0l oz

tion. The “only if”’ part is an immediate consequence of Proposition 1.

log |z — {| = 0. This gives us the ‘‘if”’ part of the following proposi-

Proposition 3. There is an f e IR with the principal part L if and only if
L[a] = 0 for all square-integrable analytic differentials «.

From the fact that L[d,G] is a bounded harmonic function in the comple-
ment of any neighborhood of the carrier of L, we see that the functions of M
have the property that they are bounded in the complement of any neighbor-
hood of their poles If on the other hand f is a meromorphic function on W
which has only a finite number of poles and is bounded in the complement of
each neighborhood of its poles, then L,[d,G] is a harmonic function with the
same principal part as f and bounded except near the carrier of L. Hence it
differs from f by a bounded harmonic function. Since W is parabolic, this
difference is a constant, and so f must be in I, since L,[9,G] has a finite
DiIrICHLET integral over the complement of any neighborhood of the poles
of f. Thus we have the following proposition, which, however, we shall not
use in the remainder of the paper.

Proposition 4. On a parabolic surface the class MM coincides with the class
of meromorphic functions which have only a finite number of poles and are
bounded in the complement of each neighborhood of these poles.

Corollary. On a parabolic surface the product of two functions in IR is
again in IR, and the product of a function in MY and a differential in D is
again a differential in D.

Thus the class IR is a ring of functions which serves as a ring of operators
on D. Unfortunately IR is not a field, since the reciprocal of a function in
IR may well have an infinite number of poles, and even if it has only a finite
number of poles, there is no guarantee that it will have a finite DIRICHLET
integral in the exterior of a neighborhood of its poles. The fact that IR is not
a field should prepare us for the different roles played by the numerator and
denominator of the divisor » in Theorem 1.
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It is perhaps worth noting that if f is & meromorphic function on a para-
bolic surface such that d log f belongs to D, then f belongs to M. Such mero-
morphic functions are called quasi-rational by AHLFORS, and he has estab-
lished [1] a generalization of ABEL’s theorem for them. Unfortunately, the
sum of two quasi-rational functions need not be quasi-rational.

The following theorem, whose corollaries may be thought of as an analogue
of the RieMaANN-RocH theorem for general parabolic surfaces, gives us a
criterion for determining which principal parts associated with a divisor d
belong to functions in Y% which are multiples of b.

Theorem 1. Let W be a parabolic RIEMANN surface and b, and d, disjoint
integral divisors on W . In order that L € L(d,) be the principal part of a function
m M which is a multiple of d = d,/b,, it 18 necessary and sufficient that
L[a] = 0 for all differentials « in D which are multiples of dy!.

Proof. The necessity of this condition is given by Proposition 1. To prove
sufficiency, we suppose that L[a] = 0 for all differentials in D which are
multiples of d;'. Since this includes all square integral analytic differentials,
Proposition 3 asserts the existence of a function f in I with the principal
part L. If b, = 1, this completes the proof.

If bpy=1p{*... pim, and u, >0, wecanrepresentfas f= L[9,G(p,p;;9)],
and this is an analytic function which vanishes at p,. Let z,,...,2, be

/] j i
uniformizers at p,,... p,,. Then —aé—;f,— is given by L[aq —aa-gg-] , where aa?

k 47
denotes the j—th derivative with respect to z, of G(z;, p,; ¢) evaluated at
i
the point p,. But for 0 <<j <y, — 1, the expression 6,,—2——?— is, in its
“k
dependence on ¢, a differential in D and a multiple of b;*. Hence by hypoth-
. G
esis L|0,—
02}
multiple of ,/d,, proving the theorem.
Since functions in I which are multiples of d,/b, are completely determined
by their principal parts if b, % 1, and otherwise determined to within an

additive constant, we have the following corollaries:

=0, and so f has a zero of order u, at p,. Thus f is a

Corollary 1. Let b be an integral divisor on the parabolic surface W. Then
the number of linearly independent functions fe 9% which are multiples of
D~! is one more than the number of linearly independent relations L e L (d)
such that L[a] = 0 for all square integrable differentials .

Corollary 2. Let d, and b, be disjoint integral divisors on the parabolic
surface W, and suppose that d, # 1. Then the number of linearly independ-
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ent functions f e P which are multiples of b = b,/d, is equal to the number
of linearly independent relations L e L(d,) such that L[a] =0 for all a €D
which are multiples of b;*.

On a compact surface W of genus g we can formulate our theorem in a
slightly different fashion. The number of linearly independent analytic dif-
ferentials is g. Every meromorphic differential is determined by its principal
part to within the addition of an everywhere analytic differential. On the
other hand, if a principal part of a meromorphic differential satisfies the con-
dition that the sum of the residues is zero, we can construct a meromorphic

differential having this principal part by taking linear combinations of

i
d, —aa——z-?— (px, P15 q). Thus we have the following lemma:
k

Lemma. On a compact surface W of genus ¢, the dimension of the space
V (d) of meromorphic differentials which are multiples of the reciprocal b—?
of an integral divisor b is ¢ + n(d) — 1, if n(d) >0, and ¢ if n(d) = 0.

Let b, and b, be disjoint integral divisors. Each element in L(d,) can be
considered as a linear functional on the space V(d,) of differentials which
are multiples of d;'. Thus we have a natural linear mapping 7' of L(d,) into
the adjoint space V* of V(b,). By Theorem 1, the null space of T' consists
of those L which are principal parts of meromorphic functions which are
multiples of d = d,/d,. Thus if we let A denote the number of linearly in-
dependent meromorphic functions which are multiples of b, we see that the
dimension of the null space of 7" is 4 for b, #1 and 4 — 1 for b, = 1.
Since the dimension of the null space of 7' plus the rank R of 7 is equal to
the dimension of L(d,), we have

n(bz) ’ b1 ;é 1 ’

A+R"{n(b2)+1, b= 1.

Let B be the number of linearly independent differentials in ¥V (b,) which
annihilate the range of 7'. Then B + R is the dimension of V (b,), and we
have
g""n(bl)"'l’ b1¢17

B+R:{g, blzl.

Subtracting, we have

where n(d) = n(d,) — n(b,) is the order of d.
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Now the differentials in ¥V (b,) which annihilate the range of 7' are just
those for which L[a] =0 for all L el(b,). But this is clearly the set of
all meromorphic differentials which are multiples of d,/d,. Thus we have
established the classical RiIEMANN-RocH Theorem:

Theorem (RieMANN-RocH). Let d be a diwisor of order n on a compact
RIEMANN surface of genus g, and let A denote the number of linearly independent
meromorphic functions which are multiples of d and B the number of linearly
independent meromorphic differentials which are multiples of d~'. Then
A=B—n—g+1.

3. An extension to surfaces of class Oy ,. We denote by F the space of
harmonic functions # on a RIEMANN surface W with the property that *du
is semi-exact, i. e. has period zero over each dividing cycle of W. We shall
denote by Oy, the class of those RiIEMANN surfaces on which every function
of class F which has a finite DIRICHLET integral is constant. Throughout this
section we shall assume that W is of class Opp. Surfaces of this class have
been considered by Sario [5], who uses the letter K where we use F. Some
of the properties of surfaces of the class O, are investigated in [4]. In addi-
tion to the definition we shall use here only the following property ([4], Pro-
position 2):

Let O be an open set on W e Oy, whose closure is compact and whose
boundary I is composed of a finite number of smooth JORDAN curves. Let

f be a function of class F D in the complement 0 of 0, and « a semi-exact
square integrable differential in O. Then, assuming sufficient regularity of f
and « on I', we have

[fa=—[fdfAo. (9)
o

r

By a semi-exact differential, we mean a closed differential whose periods
over each dividing cycle are zero. We shall extend the notion of semi-exactness
to differentials with a finite number of singularities by saying that such a
differential is semi-exact if it is closed and its periods vanish over each divid-
ing cycle which does not separate its singularities. Let Dg; denote the sub-
space of D consisting of differentials which are semi-exact in this sense.

Since each analytic function belongs to I, while dfAa=0 if f and «
are analytic, (9) gives us the following proposition:

Proposition 5. On a RIEMANN surface W of class Opp, let feIM and
xe Dgp. Then L,[o] = 0.
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In order to investigate the structure of IR on surface of class Op,, we
make use of the NEUMANN’s function N (p, po; ¢,9,) on W. As a function
of p, N is harmonic except at ¢ and ¢, where it has the behavior

N(p, po; ¢, 9) = — log | £(p) — £(q) | + regular terms,
and

N(p, po; ¢, 90) = log | {(p) — £(qo) | + regular terms,

respectively. Moreover, N (p,, Po; ¢, ) = 0, and N has a finite DIRICHLET
integral over the complement of any neighborhood of ¢ and ¢,, and

@) — fgo) = 5§51 A *d,N (10

for any f on W with a finite DIRICHLET integral. The NEUMANN’s function is
completely determined by the above properties, and is easily constructed by
“projecting”’ the differential of a fundamental solution away from the space
of all exact square integrable differentials. That is to say N =G + K,
where @ is the GREEN’s function (or fundamental potential) and K is the
BERrGMAN kernel of the space HD. On a parabolic surface N coincides with
the fundamental potential, and on a finite surface (10) is equivalent to the
requirement that the normal derivatives of N vanish on the boundary.
The NEuMANN’s function has the symmetry properties

N(p, po; 2, 9) = N(q, q; P, Do) (11)
and

N(®, Po; 4, 9) = N(®, Po; ¢, 90) + N(®, Do; 90> %) - (12)

From (10) we can deduce that *d, N is semi-exact, for let C be a dividing
cycle which does not separate ¢q from ¢g,. Then C may be taken as one boundary
of a ring domain (i. e. a union of a finite number of annuli) which does not
contain ¢ or q,. Let f be a C? function which is identically one on one side of
R and identically zero on the other. Then

[*d,N = f{df p*d,N
= 2x[f(g) — f(g)] = O .

From these properties of N it follows that if L is any principal part, the
function f= 2L[9,N] is a harmonic function with the principal part L, has
a finite DIRICHLET integral over the complement of any neighborhood of the
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carrier of L, and has the property that *df is semi-exact. Since the harmonic
function with these properties is uniquely determined apart from an additive
constant, we see that for any fe IR we have

f(p) = 2L, [0,N (p, po; )] + (o) -

Thus there is a meromorphic function in MM with the principal part L if and
only if L[d,N] is analytic except on the carrier of L. Letting z be a uni-
formizer at p, we see that L[d N] will be analytic if and only if L [aq —aa%] =0.

In its dependence on ¢, 0 is an everywhere regular semi-exact analytic

0z
square integrable differential. Combining this with Proposition 5, we have the
following proposition:

Proposition 6. On a Rremann surface W of class Og, there is an fe I
with the principal part L if and only if L[a] = 0 for all semi-exact square
integrable analytic differentials «.

Theorem 2. Let W be a RIEMANN surface of class Ogp, and let b, and b,
be disjoint integral divisors on W. In order that L e L(d,) be the principal part
of a function feIM which is a multiple of d = b,/d,, it is necessary and suf-
ficient that L[a] = O for all « in Dgz which are multiples of d;".

Proof. The necessity is given by Proposition 5. Suppose that L[a] =0
for all « in Dy which are multiples of d;*. Then Proposition 6 states that
there is an fe9R with the principal part L. If b, = 1, this completes the
proof. If b, % 1, the remainder of the proof is the same as in Theorem 1
with @ replaced by N and making use of the fact that as a differential in ¢,

N
0y —=

0z},

It is left to the reader to formulate corollaries similar to those of Theorem 1.
We note that Theorem 2 implies Theorem 1 if we make use of the fact that
on a parabolic surface every harmonic differential is semi-exact if it is square
integrable.

is in DSE'

5. An extension to general hyperbolic surfaces. If W is an arbitrary hyper-

bolic surface, we define the space I, to consist of those functions f in M for
which

Re [fdf Aa=0 (13)
w

for every real closed square integrable differential « which vanishes in some
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neighborhood of the poles of f. We define D, to consist of those a in D for
which

Im ({dfAa=0 (14)
w

for each real function f with a finite DIRICHLET integral which vanishes in a
neighborhood of the poles of a. If W is a finite RIEMANN surface, then IR,
consists of those meromorphic functions which are imaginary on the boundary
of W, and D, consists of those meromorphic differentials which are real along
the boundary. If W is a parabolic surface, then M, and D, coincide with M
and ©. We sketch briefly the extension of Theorem 1 to the classes I, and
D, on an arbitrary RIEMANN surface. As an easy consequence of the pro-
perties (13) and (14) we have the following proposition:

Proposition 7. Let b, and b, be disjoint integral divisors, and let fe M,
be a multiple of b = d,/b, and « ¢ D, a multiple of d;'. Then Re L,[a] = 0.

Let G(p, ¢q) be the GREEN’s function of W. Then 9,@ is, in its dependence
on ¢, a differential of class D, which is a multiple of p~1. As a function of p
it is harmonic, has a finite DIRICHLET integral outside any neighborhood of
q, and satisfies (13). We can then establish the following propositions:

Proposition 8. Let L e L(d). Then the unique real harmonic function u
which has a finite DIRICHLET integral over the complement of any neighbor-
hood of the carrier of d, which satisfies (13), and which has the principal part
Re L is given by % (p) = 2 Re L[9,G(p, q)].

Proposition 9. There is an fe MM, with principal part L if and only if
Re L[a] = 0 for each a which is everywhere regular and belongs to ®,.

The proof of Proposition 9 differs from that of Proposition 3 only in that
we make use of the fact the periods of *d,9,G as a differential in p are every-
where regular differentials of the class D,.

Theorem 3. Let b, and d, be disjoint integral divisors on the RIEMANN sur-
face W. In order that L e L(d;) be the principal part of a function feIN,
which 18 a multiple of d = b,/dy, it 18 necessary and sufficient that Re L{a] = 0
for all differentials « € D, which are multiples of di'.

The proof is similar to that of Theorem 1, but makes use of the fact that
an analytic function u + ¢» which vanishes at p, has a zero of order u there
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j i
if % = 0 and %E};— = 0 for j<pu. We also make use of the fact that if
~ ~ i i
@ is the harmoniz conjugate of G then 9,G and aq%—g- and 0, —a—a—?-/G—y— are in

D, when considered as differentials in q.
We have the following corollary, which may be considered a version of the
RiemMaNN-RocH theorem for finite surfaces:

Corollary. Let W be a non-compact finite RIEMANN surface of genus g
with 2 boundary contours. Let d be a divisor on W, and let 4, denote the
number of linearly independent meromorphic functions on W which are
multiples of d and which are imaginary on the boundary (linearly independent
in the real sense). Let B, denote the number of meromorphic differentials on
W which are real along the boundary, multiples of d—!, and linearly inde-
pendent in the real sense. Then

Ay= B, — 2n(d) — 29 —h + 2.

Rather than considering the space I,, we might equally well consider the
space I, consisting of those functions f in P for which

Re [[df Ao =0 (15)
w

for all real semi-exact square integrable differentials « which vanish in a neigh-
borhood of the poles of f. We have M, c M, c M. The space M,, consists
of those meromorphic functions for which Re df is canonical in the sense of
AHLFORS [1]. On a finite RIEMANN surface IR, consists of those meromorphic
functions whose real parts are constant on each boundary continuum.

Denote by D, gz that subspace of D, which consists of semi-exact differen-
tials. If instead of the GREEN’s function G', we use a kernel H which differs
from @ by the BERaMAN kernel for the space of harmonic measures, we can
modify the proof of Theorem 3 to obtain the following theorem which we
state without proof:

Theorem 4. Let b, and b, be disjoint integral divisors on the RIEMANN surface
W. In order that L e L(b,) be the principal part of a function fe M,, which
18 @ mulliple of D = D,/d,, 1t 18 mecessary and sufficient that Re L[a] = 0
for all differentials o€ Dygy which are multiples of di*.

Corollary. Let W be a non-compact finite RIEMANN surface of genus g.
Let b be a divisor on W, and let 4,, denote the number of meromorphic func-
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tions on W which are multiples of b, whose real parts are constant on each
boundary contour, and which are linearly independent in the real sense. Let
Bgp denote the number of semi-exact meromorphic differentials on W which
are real along the boundary, multiples of d~!, and linearly independent in

the real sense. Then

6. Infinite divisors. We can generalize the results of the preceeding sections
somewhat by considering infinite divisors. By an infinite divisor (or briefly
divisor) b we mean an integer valued function »(p) defined on W. We multiply
and divide divisors by adding and subtracting the corresponding functions,
and the unit divisor corresponds to the function which is identically zero.
A divisor is called integral if »(p) > 0 for all p, and two divisors b, and b,
are said to be disjoint if »,(p)-v,(p) = 0 for all p. A function feIM is said
to be a multiple of a divisor d if at each p the order of f is at least »(p), and
similarly for differentials « €.

It is then readily verified that Theorems 1 through 4 remain valid if we
allow infinite divisors. Note that our functions and differentials are still re-
quired to be of class It or D, i. e. to have only a finite number of poles.

The corollaries to Theorem 1 remain valid for infinite divisors if by a rela-
tion with respect to b we mean a relation with respect to some finite divisor
contained in . Here linear independence must be taken in the algebraic
sense, i. e. only finite sums permitted.

It would be very desireable to have some corresponding theory for mero-
morphic functions with an infinite number of poles, but I have been unable
to find a suitable replacement for the class M.

7. Essential Singularities. Rather than considering meromorphic principal
parts, we could equally well have considered more general singularities which
are given by Laurent expansions at the points ¢,,..., q,. We can still define
a linear functional L by

Lia] = | fo
Iy

and with this definition, analogues of Theorems 1 through 4 remain valid if
we allow I to contain functions with essential singularities at a finite number
of points and omit reference to the divisor d,.
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