
Zeitschrift: Commentarii Mathematici Helvetici

Herausgeber: Schweizerische Mathematische Gesellschaft

Band: 33 (1959)

Artikel: An Entire Function of Restricted Growth.

Autor: Piranian, George

DOI: https://doi.org/10.5169/seals-26023

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 17.04.2026

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-26023
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


An Entire Function of Restricted Growth

by Geobge Peranian, Ann Arbor, Michigan (USA)

W. Kaplak [1] has used an approximation theorem of Keldys and Meb-
gelyan to show that there exists an entire function / such that each half-line
in the z-plane contains infinitely many disjoint segments of length 1 on whieh
|/(z)| < 1 In an oral communication,he has asked whether there exists such

a function of fînite order. I shall construct an appropriate example.

Theorem. There exists a séquence {(tn, rn)} such that the function

is entire and has the property that each half-line contains infinitely many disjoint
segments of length 1 on which |/(z)| < 1 Corresponding to each real-valued

function h(r) satisfying the condition h(r)j\ogr-+ oo as r-> oo the séquence

{(tnf rn)} can be chosen in such a way that the inequality

holds for ail r (r>r0) and ail 6

The proof will be carried out by choosing the pairs (tn, rn) in such a way
that | f(z) | < \\n throughout each of the annular sectors Snh (h 1, 2,

n; n 1, 2, determined by the conditions

Z (1 + 5)fne*<e + 27rA/n) (3 an(i Q reaJ? \s ^ ijn*9 | 0

We consider first the product of the first m factors in (1), for values of z

in one of the sectors Smh. The restrictions on s and 0 imply that

(throughout the proof, we shall use symbols C3 to dénote constants independent
of m). This in turn implies that

|1 -(*/»•Jml<m<(C1/m)<«'. (2)

Also, if 2 < 7\ < r2 < then, for each index h (k 1, 2, m — 1 and
for ail z in 8m h, we may write

\l~(z/rk)k\<(C2rm)><.
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Therefore, if rm > 1/0 2 and

tn>tt + 2t2+ + (n- l)tn^
for n 2, 3, we conclude that

77 11 - {zjrk)k \tk < (Cf2rJ^ + 2<2 + ---+^-1>^-i
*=i

in Smh. Together with (2), this yields the inequality

n 11 - (z/rfc)* |* < (CJmy** (C2 rm

For an appropriate constant C3, the right member is less than 1/2 m if

(3)

We note that rm, determined as a function of tm by (3), tends to oo as tm-> oo

Suppose that the constants tn hâve been chosen for n 1, 2, m, and
that each corresponding constant rn satisfies (3) (with tQ 1 Since the
product of the first m factors in (1) has modulus less than 1/2 m in each of the
m sectors Smh (h — 1, 2, m) the condition | / (z) \ < \jm holds in each
of the sectors provided the product of the remaining factors has modulus less

than 2. Now ^ ^
n 11 - {z\rnr \tn <n{i + (\z \irn)-y»

w+l m+1

W+l

<i7exp{U|z|/rB)»}
m+1

C3tnlogn

Throughout each fixed disk \z\ < q, and for any fixed value of £n-1, the
term with index n in the infinité séries in the last expression tends to 0 uni-
formly as tn-> oo Therefore \f(z) \ < 1/n throughout each of the sectors

8nh(h= l, 2, n; n 1, 2, provided £n->oo rapidly enough.
If rn > nz for each n, then, by a familiar theorem on approximation by

rational numbers [2, p. 48, Theorem 14], each half-line in the plane meets

infinitely many sectors 8nh in a segment of length greater than 1. This proves
the first part of the theorem.

The second part of the theorem follows from the facts that the logarithm
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of the maximum modulus function M(r; /) is a convex function of logr ;

that
\nrne^)\

and that by (3),

'-
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