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Effective Length Factors in Precast Concrete Frames

Kim S ELLIOTT Drs Elliott (b 1953) and Davics (b 1933) are
Gwynne DAVIES Senior Lecturer and Reader, respectively, in
Halil GORGUN Structural Eng. Mr Gorgiin (b 1963) is a
Department of Civil Engineering Rescarch Student studying towards a Phl) in
University of Nottingham. UK this wark. Drs Blliottand Davies hive sup-

revised some 8 projects in precast structures.

Summary

Column eflective length factors 3 have been computed for a number of sway sub-frames in
unbraced and partially braced precast concrete frames. The variable parameters were the
number of semi-rigid connections in each of the sub-frames, the relative flexural stiffness « of
the frame members, and the relative linear rotational stiffness K, of the connection to that ol an
encastre beam. It is found that for values of K, < 2 then 3 factors arc more sensitive to
changes in K, than a. This is an important finding because experiments have shown that K, to
be less than 2 for typical sizes of beam. Parametric equations have been presented for the
variations in  with K, and «. The results enable designers to determine B factors for situations
currcntly not catered for in codes of practice. 1n particular the upper storey of a partially
braced frame.

1. Effective Length Factors in Column Analysis

The determination of column eftective lengths in the analysis of reinforced concerete skeletal
frames is well established and owes much to the work of Cranston (1), Wood (2), and
Timoshenko et al (3). The notion of using effective length factors B to assess the buckling
capability of a column, either individually or as part of a structural [rame, has found favour
with design engineers. Simpie equations for [} have been presented in terms of column end
boundary conditions and/or relative frame stiffness functions, so that the designer may
compute, not only column buckling capacities but also second order deflections and ultimate
second order bending moments, often termed M, (See Appendix). The British Code for
concrete structures. BS 8110:1985 (4) has adopted such an approach after Cranston (1)
whereby column end conditions were equated to «, the total relative stiftness of the column to
that of the beam(s) (or beams and slubs) framing into the ends of the column. The approach
may be used for both braced and unbraced concrete frames. The beam - column connections
arc assumed to be fully rigid and of equal (or greater) strength to that of the members.

Precast concrete skeletal frames, Fig. 1, are designed using pinned-jointed connections
between columns, beams and floor stabs. The stability of an unbraced frame is therefore
provided only by the cantilever action of the columns at the foundation because transfer of
bending moments into the beants or slabs is not permitted. In determining 3, BS 8110 allows a
precast concrete frame to be analysed as though it were a rigid framework but with o« = 10.
With the wide range of different types of beam - column connections used in precast frames,
this arbitrary approach is neither rational nor representative of real behaviour, as previous and
present full scale testing of connections in precast frames by the authors (5,6) and by Mahdi
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(7) has shown. Although the rotational stiffness of the connections and the degree of semi-
rigidity. defined by K, = joint stiffness J / beam flexural stiffness 4EI/L, varies over a very
wide range, there is clearly scope for the implementation of B factors which incorporate both
the flexural responses of the frame and of the semi-rigid connections.

Fig. 1. Typical precast concrete skeletal frame.

In the context of the present work, stability implies general frame stability in which columns
will not buckle independently of one another. It is therefore necessary o investigate the
stability of a framework as a whole and to take into account o effects at both ends of the
columin. This paper presents the results for column effective length factors in three types of
sub-frames commonly occurring in precast skeletal frames. Only sway frames are considered
in this work. This instability was obtained using a geometric second-order computer program
analysis developed by Aksogan and Gorgiin (8). In all cases maximum column loads in each
sub-frame, and hence 3 factors are obtained for given values of « and K,.

2. Parametric Study

Precast concrete sway frames are analysed either as fully unbraced frames, Fig. 2(a), or as
partially braced frames, Fig. 2(b), where shear walls (or cores) provide lateral bracing up to a
certain level and the frame is unbraced above this point.

Three sub frames. labelled F1, F2 and 13 in Fig. 2, were identified for the analysis. Sub
frames IF1 and I°2 represent the upper floor and the ground floor levels, respectively, in an
unbraced frame, whilst sub frame F3 represents the upper floor in a partially braced frame
immediately above the level of the bracing. It may be seen in Fig. 2(b) that the columns
adjacent to the bracing walls are fully encastre at their upper end, and may therefore be
considered fully rigid at their lower end in the sub trame F3. In all cases the semi-rigid
connections are positioned at the ends of the beams, retlecting the true nature of precast
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skeletal frames having continuous columns (Fig. 1).
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Fig. 2(c). Definitions of sub-frames used in the analysis.

The linear - clastic degree of semi-rigidity of the beam-column connections was specified as
follows: '

K, = 1 x 10?; to simalate a pinned-joint,

1 x 10" < K, < 10; to simulate a semi-rigid joint;
K, = 1 x 10"; 1o simulate a fully rigid joint.

For the semi-rigid analysis, the range of values for w and K, was obtained from realistic joint
values used in typical precast concrete frames, i.c. « = 0.5 to 2.0, and from the experimental
test results for K, = 0 to 10, but with a greater emphasis on the range K, = 0.1 10 2.0. (In fact
because the computer program requires a value for o greater than 0, o = 0.001 was usced to
simulate « = 0, and the minimum valuc of K| for sub-frame F1 is 0.1 because this frame is
unstable for K, = 0.) For simplicity and reliability in the analysis, the length of the beams and
columns in the sub-frames were made equal, and in general the cross sectional properties of the
column members were varied in order to necessitate a change in «, aithough this is not
important once the results are normalised with respect to a and §. The maximum critical load
for the column converged to within an accuracy of better than 0.1 per cent of the ultimate
squash load for the columm, so that the error in f§ is approximately 0.1 per cent.
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3. Resuits
3.1 Variations in Column Effective Length Factors for Rigid Conncctions

Comparing the results obtained from this work and those calculated using BS 8110 cquations
(sce Appendix). Fig. 3 presents the results for the variation in 3 with « assuming fully rigid
connections. Note that in the case of sub-frame F1, a, = o,, where «, and «, are the relative
stiffnesses of the column to the lower and upper beams, respectively. In sub-frame F2, w, = 0
because the foundation is rigid. There is no equation in BS 8110 to deal with sub-frame F3.

2.5 p
Vs
rd
/
, Fl
BS 8110 Eq for Fl1 S
1+0.15(, + o) o
N
2+ \
F3 \
- A
L5 ¢+ -
\_\ B
BS 8110 Eq for F2
{0 o 1+0.15a,
1 u - t t
0 1 2 3 4 5
o
Fig. 3. Variviion in column ¢ffective length fuctor 3 with frame stiffness o for rigid joints.

The results in Fig. 3 show that the code equations are in good agreement with analytical results
for U < a < 2, and conservative thereafier. It is postulated that an equation for sub-frame I3
may be taken as the mean of the equations for F1 and F2. The results suggest that the code
equations might be modificd for values of & > 3.

3.2 Variations in Colummn Effective Length Factors for Semi-Rigid Connections

Figs. 4 and 5 show the results for the variations in } with K, for selected values of « in the
upper storey sub-frame F1. Although a mapping function is required to demonstrate the full
parametric variations, the threc selected values for a show the trends clearly. The results in
Fig. 4 show that for values of K; > 2 or 3 the change in 3 is no more than about 5 per cent of
its fully rigid valuc. For this reason Fig. 5 is an enlargement of Fig. 4 for values of K, < 2.
The dashed lines show the plots of the proposed parametric equations given in Section 3.3.
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Figs. 6 and 7 show similar sets of results for the same selected values of o for sub-frames [2
and F3, respectively. Results are presented only for values of K| < 2 for the reasons outlined
above. As expected the values of B in the ground floor sub-frame F2 converge at § = 2.0, and
are independent of «. The corresponding value in sub-frame F3 is B = 2.7. A major difference
between the upper floor (FF3) the ground tloor (F2) sub-frames is the more rapid decrease in
with K, in the upper floor sub-frame. This is because F3 contains four semi-rigid connections,
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(although one of them is Jocated adjacent to a rigid column foundation) whereas F2 contains
only two. Also, F3 has eight degrecs of treedom whereas F2 has only six. This result has
obvious implications for frameworks containing a small number of bays in the plane of
bending, say 2 or 3, where the number of semi-rigid connections is disproportionately large to
the number of columns. The variation in « does not appear to have any major influence on the
behaviour of the various sub-frames once the effects of changes in K, have been removed.

3.3 Parametric Equations

Subtracting the value of 1.0 from all the data and normalising the results with respect to «, the
variation in 1/} with K_ is primarily linear and marginally quadratic. A simple analysis of a
right angled knee-joint (comprising one beam and one column connected by a semi-rigid
rotational spring) will show that the effect of the scini-rigid connection is to modity the relative
stiffness of the members from « to o' where

wea|l v - 1]

Forexample if e = 0.5 and K, = 0.6 (say), then the effect of incorporating a semi-rigid
connector is to increase the apparent stiffness of the column to o’ = 1.33, thus increasing f
according to the results in Fig. 3. Thus the influence of the connector stiffness K, is paramount
in the present paramctric equations, whilst that of o is of lesser influence over the range
studied. The influence of K, on [} is greater for values of K, < 2 than when K, > 2. and
therefore separate equations are presented to cater for the differences in behaviour at these
points.

Referring to Figs. 4 and 5, the data for the upper storey sub-frame F1 may be approximated by
using the following empirical relationship:
_ 1 o i )
B=1+ + for 0.1 < K, s 2 [2]
0.2 + 10.0K,  p3 + 1.8K, - 0.45K;

11+ — : . * for2 <K, <10 3]

7.4 v 74K - 0.4K: 1.6 + 0.3K_

-
I

Thus, & = 0.5 and K, = 0.6 for example, equation [2] gives B = 1.50. If the value for the
equivalent stiltness from Eq 1. (@’ = 1.33) is used in the BS 8110 cquation, then [} = 1.40.
This shows that equating a semi-rigid connection to a rigid connection in an equivalent frame
under estimates 3 for these particular parameters.
Relerring to Fig. 6, the data for the ground floor sub-frame F2 may be given as:
1 ' o ; ;
B=1+ —;+—————r0r0.1<Kss2 {4]
2.0 + 20K, + 40k’ 40 + 03K,

And for values of K, > 2 not presented in the figures:

p=1+ ! + @ for2 <K, <10 15

8.6 + 8.4K - 04Kk 39 * 09K,
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Referring to Fig. 7. the data for the upper storey sub-frame IF3 may be given as:
1 o »
B=1+ + for 0.1 < K, <2 (6]
1.25 + 25K+ 2.5K] 225+ 0K, |

And for values of K, > 2 not presented in the figures:

ﬁ F R [ O — | + o - for 2 < Ks < 10 {7J
6.5 + 5.6K_- 03K} 27 * 03K,

4. Discussion

{t has been established that where column effective length factors f3 are determined within a
structural framework, the nature of that framework and its boundary conditions will influence
the results. All the results show an increase in f3 with:

1) an increasing number of degrees of freedom, and an increasing number of
connections per sub-frame
ii) an increase in o

iii) a decrease in K.

In the context of precast concrete frame connections, where full scale experimental results
indicate values of K, between 0.2 and 2.0 [5,6,7} it is significant that for values of K, < 2
the influence of connection stiffness on $§ is much greater than that of the relative stiffness of
the frame members, particularly in sub-frame F1 where all connections are semi-rigid (see Fig.
4 and eq. 2 and eq. 3). In the sub-frames comprising at least one rigid foundation (i.e. F2 and
F3) the variation in  with K, and « is about equal for K, < 1, and more dependent on o for
K, > 1. It is therefore concluded that maximum benefit in obtaining reductions in 3 with
greater connection stiffness will accrue in upper storey sub-frames where K, < 1, and in the
ground floor sub-frame where K; < 0.5.

The results obtained for the upper storey in the partially braced sub-frame F3 are of particular
interest to designers because the boundary conditions for the column which is not adjacent 1o a
shear wall is unspecified in codes of practice. Treating the column alone would lead to very
high B factors and an impossible design situation (which can be appreciated from the design
rules given in the Appendix). A pinned jointed frame can be idealised as shown in Fig. 8. In
Fig. 8[a] the deflected profile of a column held in position but not in direction at level N, and a
free cantilever above this level will have a 3 factor of at least 3.0 (assuming cqual storey
heights). However the true manner of slenderness induced deflections would be as shown in
Fig. 8[b] where the effective length of ¢/l columns is 2.7. The restoring force in the beam is
small but very significant in.terms of frame stability. Bending moments resulting from sway in
the unbraced part are carried over into the braced part of the frame, diminishing to zero with
distance to the level of the floor below, such that 3 for the columns in the lower braced regions
may be taken as 1.0.
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3.

Behaviour of a partially braced frame, (a) discrete coliunn deflection profiles (left),
(b) column deflection profiles in a frame enviromment (right).

Conclusions

Frame stability analyses on three types of one-storey X one-bay sub-trames in unbraced and
partially braced precast concrete skeletal frames have shown that column effective length
factors 3 increase duc to:

1)

1)

iti)

an increasing number of total degrees of freedom at the connections in the ends of
the beams. This is a direct measure of the number of semi-rigid connections per
column, and is influenced by the location of the connections in the sub-frame;

an increase in o, the relative stiffness of the columns to the beam members:

a decrease in K, the relative stiffness of the connection to a fully encastre beam
member. The influence of K, on § is considerably greater for values of K, < 2 than
when K, > 2.

Parametric equations have been presented for the variations in B with K| and «. There are
significant differences in the equations for values of K, less than or greater than 2. For K, > 2
the change in 3 is no more than about 5 per cent of its tully rigid value.

The results enable designers to determine 3 factors for situations currently not catered for in
codes of practice. in particular the upper storey in a partially braced frame.
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Appendix. Design Rules in BS 8110 for Columas in Unbraced Frames

B fuctors in Part 2, clause 2.5 jor columns in frames may be taken as the lesser of:
B = 10+ 015 (@, + w.)
B = 2.0+ 0.3ua,,
where o, = ratio of the suin of the column stiffnesses to the sunt of the beam stiffnesses at
the lower end of a column,
U, = ratio of the sum of the column stiffnesses to the sum of the beam stiffnesses at
the upper end of a column,
C e = lesser of o, and o,

In the calculation of «,,,,, o, and ., only members properly framed into the end of the

columi in the appropriate plane of bending should be considered. In specific cases of relative

stiffness the following simplifying assumptions may be used:

(b) simply-supported beams framing in to a column: o, to be 1aken as 10;

() connection benween column and base designed to resist only nominal moment: . to be
taken as 10;

N

Deflection induced momeinus in solid stender columns, BS 8110, Part 1, clause 3.8.3.
... account has to be taken of the additional moment induced in the column by its deflection.
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TTus may be taken as M,,, = N (PL/D) K h 72000, where N = ultimate axial toad, |, = clear
heighit, K = a reduction fuctor that corrects the deflection to allow for the influence of axial
load, h = overall depth of a column in the plane considered, and b = smaller dimension of a
coluriin.
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