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The main difficulty to be faced in designing semirigid frames is that the design internal
actions of joints depend on the joint rotational behaviour which, in turn, can be determined
provided that the joints have been completely detailed. As a consequence, any design
method requires many iterations to achieve safe solutions. With reference to braced frames, a
new design procedure able to overcome this difficulty is presented in this paper.
The proposed design approach is based on the use of design abaci, developed by the same

authors in previous works, relating the joint rotational behaviour to the main geometrical
parameters of the structural detail. The innovative feature of the proposed design procedure
is its ability to guide the designer up to the complete detailing of bcam-lo-column connections.

Finally, a design example is presented to show the practical application of the proposed
design procedure.

1. Introduction
Even though the semirigidity concept has been introduced many years ago, steel structures

are usually designed by assuming that beam-lo-column joints are either pinned or rigid. This
design assumption allows a great simplification in structural analysis, but it neglects the true
behaviour of joints.
The economic and structural benefits of semirigid connections are well known and much

has been written about their use in braced frames. The main advantages they provide over
pinned frames are the reduction of the mid-span moments and of the column effective
length. Notwithstanding, they arc seldom used by designers, because most semirigid connections

have highly nonlinear behaviour so that the analysis and design of frames using them
is difficult. In particular, the design problem becomes more difficult as soon as the tine
rotational behaviour of beam-to-column joints is accounted for, because the internal actions
that members and joints have to withstand, depend on the joint rotational stiffness. As the
joint ficxural resistance is strictly related to its rotational stiffness, the design problem requires

some attempts to achieve a safe and economical design.
In the case of braced frames, the beam line method is commonly used to face the design

problem, but it does not provide any indication regarding the detailing of beam-to-column
joints. In other words, as it is difficult to design joints having predetermined values of
rotational stiffness and ficxural resistance, the most important point in designing semirigid
frames is practically still to be solved. For this reason, within a strategic programme
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«SPRINT» of the European
Community [1], tables giving the
rotational. stiffness and the flexural
strength of a great number of
joints for different connection
typologies have been prepared lo
provide designers with an important

help in designing semirigid
frames, allowing the exploitation
of the benefits of this structural
typology.
Despite the great number of

considered cases, these tables do not
represent an exhaustive solution of
the design problem. For this
reason, with reference to extended

„ • r I • • end plate connections a new de-
h ig.l - Geometrical detail of the analysed joints si?n pr0CCliUre is herein proposed

with the aim to guide the designer up to the complete detailing of beam-to-column joints.

2. Design of extended end plate connections

The rotational behaviour of extended end plate connections can be predicted by means of
the procedure suggested by Eurocode 3 in its Annex J [2J. The reliability of Annex J procedure

for predicting the rotational behaviour of extended end plate connections has been

statistically investigated by the authors [3.4,5j on the basis of comparison with a great number

of experimental data collected in the technical literature [6-11]. In addition, some proposals

have been developed to improve the codified approach leading to a better agreement
with the experimental data.
Starting from these results, in order to stress the role of the main geometrical parameters

defining the structural detail of extended end plate connections, a wide parametric analysis
has been carried out [12].
The end plate of the analysed joints is extended at the beam tension flange side (Fig.l At

the tension flange level, the fastening action is assured by two bolt rows with two bolts for
each row. Unstiffencd joints (i.e. without continuity plates), both external and internal, have
been considered by varying the column section, the beam section, the in/el ratio (Fig.l)
(where d is the boll diameter), the end-plate thickness and the bolt class.

In order to assure an adequate rotation capacity and lo simplify the design procedure, the
bolts have been designed to withstand the axial forces corresponding to a bending moment
equal to 1.20 limes the beam plastic moment.

Concerning the joint components affected by the stale of stress of the column (column web
in shear, column web in compression and column web in tension), some assumptions have
been made. In particular, as the aim of the work [12] is to provide a design tool for detailing
beam-to-column joints, simplified values of the coefficients taking into account the above
state of stress have been considered [2J:
• the coefficient c, taking into account the influence of the shear force in the column has

been assumed equal lo 1.0 in the case of external joints and equal to 0 in the case of
internal joints, as suggested in Annex J;

• the coefficient knc taking into account the influence of the normal stress in the web
(adjacent to the root radius), due to axial force and bending moment, has been assumed
equal to 0.75, i.e. the most severe design condition has been considered.
In addition, as the aim of the work is to provide the designer with operative tools to

quickly evaluate to joint resistance rather than the resistance of the joint-beam system, the
limitation to the resistance given by the beam web and beam flange in compression has not
been considered. This allows to classify the joints as full strength joints when the design
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ilcxural resistance exceeds that of the connected member or as partial strength joints in the
opposite case.
The Ilcxural strength and the rotational stiffness of the examined joints have been computed

by a modified version of Annex J, according to the authors' proposals [3,4,5],
The first outcome of this parametric analysis is the relationship between the rotational

stiffness and the fiexural resistance of joints. To this scope, it is useful to adopt the concept
of equivalent beam length [13], The equivalent beam length Le represents the value of the
beam length which corresponds to the equality between the joint rotational stiffness and the
beam Ilcxural stiffness:

Eh Eh I

Le T| (]h

where the equivalent beam length has been expressed as q times the beam depth db (where
A'(p is the joint rotational stiffness and lb is the beam inertia moment).
According to this definition, the parameter q can be used to represent the joint rotational

deformability:

q -A- (2)
n dh K

where K is the nondimcnsional rotational stiffness of the joint, defined as the ratio between
the joint rotational stiffness Ky and the beam fiexural stiffness Elb/L (where L is the beam

length). The parameter q can be conveniently used, because it provides through l/q a non-
dimensional stiffness independent of the beam length as it is immediately recognized
considering that 1 /q K(p db/E lb-

In addition, the joint fiexural resistance can be expressed through the nondimcnsional
parameter:

—
_ Mjm (3)

M Mb M
which represents the ratio between the design fiexural resistance of the joint and that of the
connected beam.

Starting from the consideration that the joint fiexural resistance increases as the rotational
deformability decreases and accounting for the results of a wide parametric analysis [12J,
the following mathematical structure has been chosen for the M - q relationship:

M CI q
"c2 (4)

where Ci and C2 are two constants which can be computed by regression analysis.
The regression analyses of

uNSTiFKENKD internal joints the results of the numerical si¬
mulations have confirmed the
validity of the above relationship

provided that the influence
of the spacing between the

bolts and the beam section is
taken into account. In other
words, it is possible to obtain
a relationship of type (4) for
any given value of the
parameter m/d [12].
With reference to unstiffened

internal joints, the relationship
M ~t\ is presented in Fig.2 for
m/d=3, where the points
represent the data of the numeri-

Fig.2 - M - q relationship for unstiffened internal joints cal analyses. As an example,
and m/d 3 l^ie coe^lc'enls ^1 alK' ^2, the

HEB column

bolt class 10.9

m/d=3
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Table 1 - Coefficients of M - r| regressions (HEB columns, IPE beams, bolt class 10.9)

1 GROUP m/d Ci C2 11 /
UNSTIFFENED INTERNAL

JOINTS
1 2.1421 I.682S 1239 0.91

3 1.7691 1.0955 1463 0.97

4 1.6080 0.8482 1309 0.98
S LSI 67 0.7164 1232 0.98

UNSTIFFENED EXTERNAL
JOINTS

i 3.6069 1.7982 1239 0.94

3 2.2169 1.1569 1463 0.97

4 1.8309 0.8817 1309 0.98

5 1.6416 0.7351 1232 0.98

„Î1
2.5

1.5

0.5

HEB column

bolt class 10.9

m/d=5

unsiikiene» internai.joints correlation coefficient r and
the data number n are given in

.1/4 \ • r s Table 1 with reference to
HEB columns, IPE beams and
boll class 10.9. The complete
scries of results for HEA and
HEM columns and for bolt
class 8.8 are presented in
reference [12].
The correlation coefficients

are always very close to 1

confirming the accuracy of the
proposed relationship (4).
The examination of the failu-

o.8 l ^ i.2 re modes of the designed ex¬
tended end plate joints have

x relationship for unstiffened internal joints and evidenced that the column
flange and the end plate in
bending are generally involved

[12]. Therefore, it can be
stated that, for any given m/cl ratio, the most important geometrical parameters governing
the joint behaviour are the column flange thickness and the end plate thickness. For this
reason, in order to account for the fact that the column flange in bending and the end plate
in bending behave as a series of springs, ihc following parameter tcq has been introduced:

I 1.1 (5)

0.2 0.4 0.6

Fig.3 - n

m/d 5

t/c CP

where tjc and te/> are the thicknesses of the column flange and of the end plate, respectively.
This parameter has been properly nondimcnsionalized according to the following relationship:

(6)
x dj)/Iii ^

The relationship between the joint rotational deformability, expressed by means of the

parameter t|, and the thickness of the connected elements, expressed by x, can be investigated

through the numerical data of the parametric analysis.
Starting front the consideration that, obviously, the joint rotational deformability increases

as the thickness of the connected elements decreases and from the observation of the numerical

analysis data, the following mathematical structure has been selected for the T| - x

relationship:
„0 21 Ci „ „ (7)
h

X - C4
+ Ci > Cr,
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Tabic 2 - Coefficients of q - x regressions (HEB columns, IPE beams, bolt class 10.9)

GROUP m/d C, C4 Ci CY, »

UNSTIFFENED INTERNAL
JOINTS

2 0.081 0.035 0.850 1.128 0.032 1239

3 0.172 0.024 0.655 1.111 0.043 1463

4 0.248 0.027 0.535 1.089 0.047 1309

5 0.310 0.029 0.459 1.054 0.056 1232

UNSTII TEN El 1 INTERNAL
JOINTS

2 0.060 0.047 1.034 1.182 0.032 1239

3 0.146 0.032 0.797 1.148 0.032 1463

13094 0.204 0.044 0.681 1 1.104 0.035
5 0.296 0.031 0.526 1.070 0.046 1232

where the coefficients C3, C4, C5 and Cr> can be computed through a nonlinear regression
by means of the least squares method.
With reference to unstiffened internal joints and to m/d 5, the relationship T| - x and the

corresponding data arc presented in Fig.3, where the double square root of the parameter T|

has only been used to improve the readability of the figure. As an example, the coefficients
C3. C4, C5 and Co corresponding to HEB columns, IPE beams and bolt class 10.9 are given
in Tabic 2 where the standard deviation s and the data number n arc also presented. The
complete series of results is given in reference [12] where HEA and HEB columns and bolt
class 8.8 arc also considered.
It is inlcKsting to point out the physical meaning of the limitation provided to the connection

deformabilily parameter q by the coefficient C(>- In fact, the influence of the joint
components depending on the column section (i.e. the column web in shear, the column web
in compression, the column flange in bending and the column web in tension) becomes
more and more important as the end plate thickness increases. As a consequence, when the
end plate thickness is sufficiently great so that its deformabilily is negligible, the joint
deformabilily becomes almost constant being a feature of the beam-column coupling, of the m/d
ratio and of the bolt class.

3. Design abaci

The results of the parametric analysis have pointed out that the behavioural parameters of
extended end plate connections (M, q), are strictly related. In addition, the deformability
parameter q is strictly related to the parameter x which accounts for the influence of the
thickness of the connected elements.
From the design point of view, it has to be pointed out that, according to Annex J, nonli-

ncarity arises before the design resistance of bcam-to-column joints is completely developed
(Fig.4). As, for economy, joints have to be designed to obtain a flexural resistance Mj.Rd
close to the design bending moment Mj.sd, this means that elastic structural analyses can be

M-

M j.Kd

2/3 Mj,R„
1.5 M - )2

carried out on the basis of the secant
rotational stiffness of the joints [14],
corresponding to Mj.Rd- According to
Annex J, this secant stiffness is given
by (Fig.4):

0.335 K, (8)
The corresponding nondimcnsional

secant rotational stiffness is given
by:

L Kite«- (9)
Km

Elb
0.335 K

Fig.4 - Moment-rotation curve according to Annex J

Obviously, the corresponding secant
deformability parameter can be defined

according to the relationship:
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1W
I

11 =3 11
(10)

UNSTIITIiNKD INTERNAL JOINTS
</,, K.m 0.335

As the joint design has to be based on the
secant stiffness it is clear that, for design

purposes, the previous correlations M versus q
and r| versus x have to be rearranged using the

secant dcformability parameter %«•.
The relationships obtained by the regression

analyses provide the designer with an operative
tool for detailing beam-to-column connections.
In fact, for each group of joints, it is possible to
provide the design abacus presented, as an
example, in Fig. 5 where reference is made to
the joint secant dcformability parameter r|.ur-
The structural analysis requires the knowledge

of the joint rotational stiffness, whose value can
be chosen on the basis of different design
requirements such as the limitation of the beam
deflections imposed by service conditions in braced

frames. For a given beam and a given
column, the lower part of the design abaci provides

the end-plate thickness required to assure
the desired value of the joint rotational stiffness,
for different values of the in/cl ratio. In addi-

Fig.5 - Design abacus for unsliffened in- bon' bY mcans °nh<;. uppci pai t of the abaci the
° ilexunu resistance oi the joint can be evaluated

teina joints ,(s a functjon 0f [)ie ,,,/j raq0 which, therefore,
can be selected on the basis of the design internal actions obtained from elastic analysis.

However, it must be stressed that any design approach generally requires an iterative
procedure, because the internal actions that joints have to withstand depend on the joint properties.

A method to overcome this difficulty will be presented in Section 4 with reference to
semirigid braced frames and uniform loads acting on the beams. The procedure can he

easily extended to other loading conditions.

4. Design of braced frames

4.1 Design conditions

Braced frames arc usually designed assuming that beams are pin-jointed to the columns. In
other words, the beam-to-column joints arc designed to transmit the shear forces only and

the beams arc designed to withstand a bending moment equal to qt L /8, where qt is the

total vertical uniform load (including the partial safety factors, i.e. qt 1.35 gk + 1.5qk where

gk and qk are the characteristic values of the permanent and live load, respectively) acting
on the beams whose span is L.
The use of semirigid joints, such as extended end plate connections, allows to reduce the

maximum bending moment and the inidspan deflection that the beam has to sustain so that a

smaller section can be adopted.
The design procedure of braced frames can be based on a very simple model represented

by a beam partially restrained at its ends. With reference to this model, five design conditions

have to be taken into account. The first two conditions arc the check of beam resistance

against the sagging and hogging moment, respectively. Other two conditions concern the
serviceability limit state requiring the limitation of the beam deflection under both live loads
and total loads. The last design condition is the check of the resistance of the joints subjected

to the hogging moments.
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The check of the beam resistance against the sagging moment requires lite fulfilment of the
following relationship:

» 6( 1 - a) (11)
«Vvrr c 3 a - 1

where:
Mb n,i (12)

(X

q, LV8
The check against the hogging moment is given by:

K <
6a <13)

Km ~ 2 - 3 u
It is important to untlcrliue that both in equation (11) and in equation (13) reference has

been made to the secant stiffness. This is justified taking into account thai an economic
design of joints requires a joint flexural resistance very close to the design hogging moment.
With reference to the serviceability limit state, according to Eurocode 3 [I5J, the maximum

beam deflection under live loads has to be less than 1/350 times the beam span. This
requirement can be expressed by the relationship:

K > —2 (,4)
1 - ß,

The parameter ß/ is given by:
5 j) 96 E I/, (15)
4 qk La

where qk is the characteristic value of the uniform live load and // L/350 is the limit
deflection under live loads.
With reference to the secant stiffness, equation (14) gives:

„ 6ß, (16)
~ 1 - ß/

In addition, according to Eurocode 3 [15]. the maximum beam deflection under the total
loads has to be less than ft L/250. This design condition leads to the relationship:

K > 6|i "7)K" - nr -fr

where:

„ _
5 f 96 Eh, (18)

I — T ,~T"4 q, L
It must be stressed that the use of the initial nondimensiona! rotational stiffness K (instead

of K .we) hi equation (14) is due to the teduccd load levels for serviceability limit states (i.e
in this case qt—gk+qk) which leads to a significant reduction of the bending moment
Mj.Sit- This justifies the use of the initial rotational stiffness of joints in evaluating the beam
deflection.
Therefore, according to the first four design conditions, the nondimensional rotational stiffness

of the joint has to be designed so that the secant stiffness lies in the range
*'we,,,,» - defined by:

K _ m,j6( ' ~ «) _6Ji_ 6ß, ] (19)

"j 3o - I
'

1 - ß, ' 1 - ß,j
6 a (20)

2 - 3 a
When the parameter a exceeds 2A there is not any limitation to the joint rotational stiffness.

The last design condition regards the cheek of resistance of the joints. This condition defines

the minimum strength that the joints have to develop, through the relationship:
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q,L2/12 Ksec ~ (2D

Mi,M Kmc + 2 - M

which, through equations (12) and (10), gives:
— I

M Z
(22)

3 a 2 g,«,

L/d„

4.2 Design algorithm
The previous design conditions and the relationships relating the joint rotational behaviour

to its geometrical parameters allow to develop a design algorithm which provides simultaneously

the beam section and the geometrical parameters of the joints. The design algorithm is

given by the following steps:
a) select the beam section, according to the most economical solution, to withstand a ben-

ding moment equal to qt L /16 which corresponds to a nondimcnsional secant stiffness
Ksec of the joint equal to 6;

b) as, in general, the design resistance of the selected beam section exceeds qi L /16, compute

the range of stiffness KseCmm - Ksc<m.n, given by equations (19) and (20), and the

corresponding range of the joint rotational deforntability q.w,,,!,, - q.s£>cniax defined by:
' „ - L L (23>

'I»«'« — ~1~'P 'I.— 77—jptlb (II, A.ï,Cmln

where q.snmi„ 0 when a exceeds 2/3.

c) for the selccled m/d ratio, compute the coordinates (r\secM*) of the point A (Fig.6)
corresponding to the intersection between the continuous curve representing the flexural
resistance which the joint is able to provide (i.e. equation (4) rearranged as M - q.u-e taking
into account that q.XPr =* 3 q) and the dashed curve, given by equation (22), representing the

design value of the bending moment (for a given a value). This figure refers to the practical

application of the proposed design method, corresponding to the example given in the
following Section;

d) control the location of the intersection point. If for the selected ni/cl ratio the intersection
point is outside the range q.w,„in - q.v«:lnnx the joint cannot be designed for the chosen
beam. In such a case, select the next beam section from the standard shapes and return to
point b). On the contrary, if for a selected m/d ratio the intersection point lies within the
above range, design the beam-to-column joints according to the following steps;

e) for the selected m/d ratio, compute the t parameter which, according to equation (7), is

given by:
C, (24)

~ v.0-25 n11 ~ C 5

0 compute the parameter te,/ through equation (6);
g) for a given column section, compute the end plate thickness through equation (5) which

provides:

_ teil tjr (25)

_ / ^I/-1(* - q
Equation (25) can be applied provided that tfc > teq. If the above condition is not satisfied

then select the next beam section from the standard shapes or, if any other design restraint
exists, increase the column size and return to point b).

In fact, it is important to underline that, for a given beam section, the requirement tfc > te(l
shows that it is not always possible to design joints having a fixed rotational behaviour, i.e.
strength and stiffness, with an arbitrary column section. This is justified by the fact that the
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joinr behaviour is also governed by some
components depending on the column section. Typical

cases are those of high beams which cannot
be combined with small columns due to the
collapse of one of the joint components belonging
to the column.

5. Application
In ordci to show the practical application of the

proposed procedure, the design of a braced
frames has been developed and a comparison, from
the economical point of view, between the solution

with pin-joints (as an example double web
angle connections) and that with semirigid joints
is carried out.
The bay span of the examined frame is equal to

7.0 m and the interslorey height is equal to 3.5
m (Fig.8). All members arc in Fe36U steel. The
uniform loads acting on the beams are 28.5
kN/m and 19 kN/m for permanent and live loads
respectively, including the partial safety factors
equal to 1.35 and 1.5 respectively.

In the solution with pinned joints the beams
have an IPE450 section, while the use of semiri-
gid joints allows to reduce the beam section up *'8*6 - Design procedure for braced

to an IPE360. The beam-lo-eolumn joints have frames
been designed according to the method previously

described. Reference has been made to an ni/d ratio equal to 2.
The graphical representation of the design procedure is given in the already mentioned

Fig.6, with reference to internal joints. For the given loading condition and the selected
beam (1PE360) the parameter a is equal to 0.75 and the required joint llexural resistance, as
a function of the joint rotational deformability, is represented by the dashed curve. The
intersection (A) with the continuous curve, representing for m/d= 2 the resistance that joint

TT 0is able to develop, provides M 0.52 and r|.V(F 1.624. This solution lies within the range
defined by equations (23), being %,<<•,„in 0 and q.vcclliax 16, therefore it satisfies resistance
and deformability requirements. The value of the parameter x defining the end plate thickness

is equal to 0.25. For each column section, the corresponding minimum value of the
required end plate thickness tcpmin. computed through equations (6) and (25), is given in
Fig.7 where the adopted design value ie/) is also shown. Furthermore, the design results
concerning external joints, obtained with the same method, are also indicated. In addition,
for each designed joint, this figure provides the values of the nondimensional secant and
initial rotational stiffness (Ksec and K, respectively) and flexural resistance computed by the
modified version [3,4.5] of Annex J for the adopted values of the end plate thickness.

On the basis of the computed joint rotational stiffness, the elastic analysis of the designed
semirigid frame has been carried out and the stability and resistance of members has been
checked according to Eurocode 3 [I5J.
With reference to the examined structural scheme, the use of semirigid joints has led to a

significant economy in structural weight (18.1%).

6. Conclusions

In this paper, the relationships between the parameters describing the rotational behaviour
of extended end plate connections, i.e. nondimensional strength and stiffness, have been

UMSTIHT.NEI» INTUKNAI. JOIN I S
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coinpanson with llie pinned solution

iccalled evidencing how
Ihey can be piediclcd on
the basis of some lmpoitant
gcomcliieal paiametcis,
such as the in/cl lalio. the
end plate thickness and the
column flange thickness

Stalling liom these icsults.
ellesliNC design tools have
been suggested and then
use in a tational design pio-
ceduie has been piescnled
loi biaced liâmes The
innovative Icatuic of the pio-
posed design ptoceduie
consists m its ability to guide

the dcsignci up to the
complete detailing of beam-
to-column joints
Finally, the design exam

pic piescnled in this papci has shown the economical convenience of using senuiigid joints.
Taking into account that, as suggested by some authois [16J. the incieasc ol cost with
îespect to pinned liâmes due to the detailing ol bcam-to-eolumn joints is about 5%. the

economy, liom the point ol view ol the oveiall cost of the sliuclutc, can icach 10% and
moie
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Summary

Column effective length factors ß have been computed for a number of sway sub-frames in
unbraced and partially braced precast concrete frames. The variable parameters were the

number of semi-rigid connections in each of the sub-frames, the relative flexural stiffness a of
the frame members, and the relative linear rotational stiffness of the connection to that of an

encastre beam. It is found that for values of Ks < 2 then ß factors arc more sensitive to

changes in K„ than a. This is an important finding because experiments have shown that Ks to
be less than 2 for typical sizes of beam. Parametric equations have been presented for the

variations in ß with Ks and a. The results enable designers to determine ß factors for situations

currently not catered for in codes of practice, in particular the upper storey of a partially
braced frame.

1. Effective Length Factors in Column Analysis

The determination of column effective lengths in the analysis of reinforced concrete skeletal
frames is well established and owes much to the work of Cranston (1), Wood (2), and
Timoshenko el al (3). The notion of using effective length factors ß to assess the buckling
capability of a column, either individually or as part of a structural frame, has found favour
with design engineers. Simple equations for ß have been presented in terms of column end

boundary conditions and/or relative frame stiffness functions, so that the designer may
compute, not only column buckling capacities but also second order deflections and ultimate
second order bending moments, often termed MadJ (See Appendix). The British Code for
concrete structures, BS 8110:1985 (4) has adopted such an approach after Cranston (1

whereby column end conditions were equated to u, the total relative stiffness of the column to
that of the beam(s) (or beams and slabs) framing into the ends of the column. The approach
may be used for both braced and unbraced concrete frames. The beam - column connections
are assumed to be fully rigid and of equal (or greater) strength to that of the members.

Precast concrete skeletal frames, Flg. 1, are designed using pinned-jointed connections
between columns, beams and floor slabs. The stability of an unbraced frame is therefore
provided only by the cantilever action of the columns at the foundation because transfer of
bending moments into the beams or slabs is not permitted. In determining ß, BS 8110 allows a

precast concrete frame to be analysed as though it were a rigid framework but with a 10.

With the wide range of different types of beam - column connections used in precast frames,
this arbitrary approach is neither rational nor representative of real behaviour, as previous and

present full scale testing of connections in precast frames by the authors (5,6) and by Mahdi
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(7) has shown. Although the rotational stiffness of the connections and the degree of semi-

rigidity. defined by Ks joint stiffness J / beam flexural stiffness 4EI/L, varies over a very
wide range, there is clearly scope for the implementation of ß factors which incorporate both

tlte flexural responses of the frame and of the semi-rigid connections.

Tig. I. Typical precast concrete skeletal frame.

In the context of the present work, stability implies general frame stability in which columns

will not buckle independently of one another. It is therefore necessary to investigate the

stability of a framework as a whole and to take into account a effects at both ends of the

column. This paper presents the results for column effective length factors in three types of
sub-frames commonly occurring in precast skeletal frames. Only sway frames are considered

in this work. This instability was obtained using a geometric second-order computer program
analysis developed by Aksogan and Görgün (8). In all cases maximum column loads in each

sub-frame, and hence ß factors are obtained for given values of a and Ks.

2. Parametric Study

Precast concrete sway frames are analysed either as fully unbraced frames, Fig. 2(a), or as

partially braced frames, Fig. 2(b), where shear walls (or cores) provide lateral bracing up to a

certain level and the frame is unbraced above this point.

Three sub frames, labelled Fl. F2 and F3 in Fig. 2, were identified for the analysis. Sub

frames Fl and F2 represent the upper floor and the ground floor levels, respectively, in an

unbraced frame, whilst sub frame F3 represents the upper floor in a partially braced frame

immediately above the level of the bracing. It may be seen in Fig. 2(b) that the columns

adjacent to the bracing walls are fully encastre at their upper end, and may therefore be

considered fully rigid at their lower end in the sub frame F3. In all cases the semi-rigid
connections are positioned at the ends of the beams, reflecting the true nature of precast
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skeletal frames having continuous columns (Fig. 1).

Fig. 2. Types ofprecast frames (a) unbraced (left) and (b) partially braced.
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Fig. 2(c). Definitions of sub-frames used in the analysis.

The linear - elastic degree of semi-rigidity of the beam-column connections was specified as

follows:
K, 1 x 10""; to simulate a pinned-joint;
1 x 10 " < Ks < 10; to simulate a semi-rigid joint;
Ks 1 x 10"; to simulate a fully rigid joint.

l;or the semi-rigid analysis, the range of values for a and Ks was obtained from realistic joint
values used in typical precast concrete frames, i.e. a 0.5 to 2.0, and from the experimental
test results for K, 0 to 10, but with a greater emphasis on the range Ks 0.1 to 2.0. (In fact
because the computer program requires a value for a greater than 0, a 0.001 was used to

simulate a 0, and the minimum value of K, for sub-frame Fl is 0.1 because this frame is

unstable for K, 0.) For simplicity and reliability in the analysis, the length of the beams and

columns in the sub-frames were made equal, and in general the cross sectional properties of the

column members were varied in order to necessitate a change in a, although this is not

important once the results are normalised with respect to a and ß. The maximum critical load

for the column converged to within an accuracy of better than 0.1 per cent of the ultimate
squash load for the column, so that the error in ß is approximately 0.1 per cent.
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3. Results

3.1 Variations in Column Effective Length Factors for Rigid Connections

Comparing the results obtained from this work and those calculated using BS 8110 equations
(see Appendix), Fig. 3 presents the results for the variation in (5 with a assuming fully rigid
connections. Note that in the case of sub-frame Fl, a, a,, where a. and a,are the relative
stiffnesses of the column to the lower and upper beams, respeetively. In sub-frame F2, a, 0

because the foundation is rigid. There is no equation in BS 8110 to deal with sub-frame F3.

a

Fig. 3. Variation in column effective length factor ß with frame stiffness a for rigid joints.

The results in Fig. 3 show that the code equations are in good agreement with analytical results
for 0 < a < 2, and conservative thereafter. It is postulated that an equation for sub-frame F3

may be taken as the mean of the equations for Fl and F2. The results suggest that the code

equations might be modified for values of a > 3.

3.2 Variations in Column Effective Length Factors for Semi-Rigid Connections

Figs. 4 and 5 show the results for the variations in [3 with Ks for selected values of a in the

upper storey sub-frame Fl. Although a mapping function is required to demonstrate the full
parametric variations, the three selected values for a show the trends clearly. The results in

Fig. 4 show that for values of Ks > 2 or 3 the change in ß is no more than about 5 per cent of
its fully rigid value. For this reason Fig. 5 is an enlargement of Fig. 4 for values of Ks < 2.

The dashed lines show the plots of the proposed parametric equations given in Section 3.3.
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Fig. 4. ß factors n' À' £ 10 for selected Fig. 5.

values of u in sub-frame Fl.
ß factors vs Kt < 2 for selected
values of a in sub-frame Fl.

Figs. 6 and 7 show similar sets of results for the same selected values of a for sub-frames F2

and F3, respectively. Results are presented only for values of K, £ 2 for the reasons outlined
above. As expected the values of ß in the ground floor sub-frame F2 converge at ß 2.0, and

are independent of a. The corresponding value in sub-frame F3 is ß 2.7. A major difference
between the upper floor (F3) the ground floor (F2) sub-frames is the more rapid decrease in ß

with K, in the upper floor sub-frame. This is because F3 contains four semi-rigid connections.

1.5 --

Fie. 6. ß factors v.v Ks <. 2 for selected Fig. 7.

values of u in sub-frame F2.
ß factors w ÂT, £ 2 for selected
values of a in sub-frame F3.
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(although one of them is located adjacent to a rigid column foundation) whereas F2 contains

only two. Also, F3 has eight degrees of freedom whereas F2 has only six. This result has

obvious implications for frameworks containing a small number of bays in the plane of
bending, say 2 or 3, where the number of semi-rigid connections is disproportionately large to
the number of columns. The variation in a does not appear to have any major influence on the

behaviour of the various sub-frames once the effects of changes in Kshave been removed.

3.3 Parametric Equations

Subtracting the value of 1.0 from all the data and normalising the results with respect to a, the

variation in 1/(1 with Ks is primarily linear and marginally quadratic. A simple analysis of a

right angled knee-joint (comprising one beam and one column connected by a semi-rigid
rotational spring) will show that the effect of the semi-rigid connection is to modify the relative
stiffness of the members from a to a' where

1

K
[1]

s/
For example ifa Ü.5 and K„ 0.6 (say), then the effect of incorporating a semi-rigid
connector is to increase the apparent stiffness of the column to a' 1.33, thus increasing ß

according to the results in Fig. 3. Thus the influence of the connector stiffness Ks is paramount
in the present parametric equations, whilst that of a is of lesser influence over the range
studied. The influence of Ks on (3 is greater for values of K, < 2 than when Ks > 2, and

therefore separate equations are presented to cater for the differences in behaviour at these

points.

Referring to Figs. 4 and 5, the data for the upper storey sub-frame Fl may be approximated by

using the following empirical relationship:

ß 1 + + for 0.1 <K,s2 [21
0.2 + 10.0Ks 0.3 + 1.8Ks - 0.45KS2

ß i.i +
1

+ " for 2 < Ks s 10 |3(
7.4 < 7.4K - 0.4K2 1 -6 + 0.3K

S S '

Thus, a 0.5 and Ks 0.6 for example, equation [2] gives ß 1.50. If the value for the

equivalent stiffness from Eq 1. (a' 1.33) is used in the BS 8110 equation, then ß 1.40.

This shows that equating a semi-rigid connection to a rigid connection in an equivalent frame

under estimates ß for these particular parameters.

Referring to Fig. 6, the data for the ground floor sub-frame F2 may be given as:

ß 1 +
1

+ for 0.1 < Ks i 2 [4]
2.0 + 2.OK + 4.OK

2 4 0 + °-5Ks
S ^

And for values of Ks > 2 not presented in the figures:

ß 1 + -!
+ for 2 < Ks s 10 15]

8.6 + 8.4K - 0.4K
2 3 9 + °-9Ks
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Referring to Fig. 7. the data for the upper storey sub-frame F3 may be given as:

ß i + + for 0.1 < Ks < 2 [6]
1.25 + 2.5K + 2.5K

2 2-25 + °'5Ks
S S

And for values of Ks > 2 not presented in the figures:

ß=l+
1

+
-a for 2 s K„ < 10 [7J

6.5 f 5.6Ks - 0.3K
2 2/7 + 03K*

4. Discussion

It has been established that where column effective length factors ß are determined within a

structural framework, the nature of that framework and its boundary conditions will influence

the results. All the results show an increase in ß with:

i) an increasing number of degrees of freedom, and an increasing number of
connections per sub-frame

ii) an increase in a
iii) a decrease in Ks.

In the context of precast concrete frame connections, where full scale experimental results

indicate values of Ks between 0.2 and 2.0 [5,6,7] it is significant that for values of K, < 2

the influence of connection stiffness on (3 is much greater than that of the relative stiffness of
the frame members, particularly in sub-frame Fl where all connections are semi-rigid (see Fig.
4 and eq. 2 and eq. 3). In the sub-frames comprising at least one rigid foundation (i.e. F2 and

F3) the variation in ß with Ks and a is about equal for Ks < 1, and more dependent on a for
Ks > 1. It is therefore concluded that maximum benefit in obtaining reductions in ß with
greater connection stiffness will accrue in upper storey sub-frames where Ks < 1, and in the

ground floor sub-frame where Ks < 0.5.

The results obtained for the upper storey in the partially braced sub-frame F3 are of particular
interest to designers because the boundary conditions for the column which is not adjacent to a

shear wall is unspecified in codes of practice. Treating the column alone would lead to very
high ß factors and an impossible design situation (which can be appreciated from the design
rules given in the Appendix). A pinned jointed frame can be idealised as shown in Fig. 8. In
Fig. 8[a] the deflected profile of a column held in position but not in direction at level N, and a

free cantilever abdve this level will have a ß factor of at least 3.0 (assuming equal storey
heights). However the true manner of slenderness induced deflections would be as shown in
Fig. 8|b] where the effective length of all columns is 2.7. The restoring force in the beam is

small but very significant in.terms of frame stability. Bending moments resulting from sway in
the unbraced part are carried over into the braced part of the frame, diminishing to zero with
distance to the level of the floor below, such that ß for the columns in the lower braced regions

may be taken as 1.0.
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Level N •

Deflected column profile

/ No force In beam *

.Pinned joints

Fixed Joint

Small restoring

^ lorce In beam
^

\
Fig. S. Behaviour of a partially braced frame, (a) discrete column deflection profiles (left),

(b) column deflection profiles in a frame environment (right).

5. Conclusions

Frame stability analyses on three types of one-storey x one-bay sub-frames in unbraced and

partially braced precast concrete skeletal frames have shown that column effective length
factors ß increase due to:

i) an increasing number of total degrees of freedom at the connections in the ends of
the beams. This is a direct measure of the number of semi-rigid connections per
column, and is influenced by the location of the connections in the sub-frame;

ii) an increase in u, the relative stiffness of the columns to the beam members;
iii) a decrease in Ks, the relative stiffness of the connection to a fully encastre beam

member. The influence of K„ on ß is considerably greater for values of Ks < 2 than
when Ks > 2.

Parametric equations have been presented for the variations in ß with K„ and a. There are
significant differences in the equations for values of K, less than or greater than 2. For K„ > 2

the change in ß is no more than about 5 per cent of its fully rigid value.

The results enable designers to determine ß faetors for situations currently not catered for in
codes of practice, in particular the upper storey in a partially braced frame.

References

1. Cranston, W. Analysis and Design of Reinforced Concrete Columns, Research Report
20. .Cement & Concrete Association, Wexham Springs, Aug. 1972.



K.S. ELLIOTT, G. DAVIES, H. GÖRGÜN 357

2. Wood, R. II. Effective lengths of columns in multi-storey buildings, Parts 1, 2 and 3,

The Structural Engineer, Vol. 52, Nos. 7, 8 and 9, July, Aug., Sept. 1974.

3. Timoshenko, S. and Gere, J. M. Theory of elastic stability, McGraw-Hill, 2nd. ed.,
1961.

4. British Standards Institute, Structural Use of Concrete, BS 8110, London, 1985.

5. Elliott. K. S., Da vies, G. and Mahdi. A. A. Semi-rigid joint behaviour on columns in

precast concrete buildings, COST CI Proceedings of the 1st Workshop, Semi-rigid
Behaviour of Civil Engineering Structural Connections, E.N.S.A.I.S., Strasborg, Oct.
1992. p 282 - 295.

6. Gdrgiiii, II. Semi-rigid behaviour of connections in precast concrete structures. Dept.
of Civil Engineering Report No. SR 96-001, University of Nottingham, Feb. 1996, 344

pp.

7. Mahdi. A. A. Moment rotation effects on the stability of columns in precast concrete

structures, PhD thesis. University of Nottingham, 1992.

8. Aksogan, O. and Görgiin, H. The nonlinear analysis of planar frames composed of
llexurally connected members, Cukurova University Journal, Faculty of Engineering
and Architecture, Vol. 8, No. 2, Dec. 1993, pi 17-129.

Appendix. Design Rules in BS 8110 for Columns in Unbraced Frames

[3 factors in Part 2, clause 2.5 for columns in frames may be taken as the lesser of:
(3 1.0 + 0.15 (a,, + a,,J
ß 2.0 + 0.3 u„m,:

where a,(= ratio of the sum of the column stiffnesses to the sum of the beam stiffnesses at
the lower end of a column,

a,, ratio of the sum of the column stiffnesses to the sum of the beam stiffnesses at
the upper end of a column,

a, m,, — lesser of «,, and al2

In the calculation of a,, and a,,, only members properly framed into the end of the
column in the appropriate plane of bending should be considered. In specific cases of relative
stiffness the following simplifying assumptions may be used:

(b) simply-supported beams framing in to a column: a, to be taken as 10;
(c) connection between column and base designed to resist only nominal moment: a, to be

taken as 10;

Deflection induced moments in solid slender columns, BS 8110, Part 1, clause 3.8.3.
account has to be taken of the additional moment induced in the column by its deflection.
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This may be taken as N {\MJby K h 12000, where N ultimate axial load, l„ clear
height, K a reduction factor that corrects the deflection to allow for the influence of axial
load, It overall depth of a column in the plane considered, and b smaller dimension of a
column.
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Summary

A new method for the plastie design of moment resisting frames with semirigid connections

is presented in this paper. The method is the extension to the case of semirigid frames
of a procedure for the failure mode control already proposed by the authors with reference
to rigid frames with full-strength beam-to-column connections. Starting from the analysis of
the typical collapse mechanisms of frames subjected to horizontal forces, the method is
based on the application of the kinematic theorem of plastic collapse. The beam section and
the connection details arc preliminary designed to resist vertical loads. As a consequence,
the unknowns of the design problem arc the column sections. They are determined by means

of design conditions expressing that the kinematically admissible multiplier of the
horizontal forces corresponding to the global mechanism has to be the smallest among all
kinematically admissible multipliers. The preliminary design of beams and connections can be
accepted provided that checks against the serviceability limit states are satisfied. Therefore,
the complete design procedure includes also an iterations to fulfil serviceability requirements.

In addition, second order plastic analysis is applied to account for Ihc influence of
I'-A effects through linearized mechanism equilibrium curves.

1. Introduction
The simple design criteria, suggested by modern seismic codes, do not always lead to

structural schemes failing in global mode. For this reason, a more sophisticated design
procedure, assuring the development of a collapse mechanism of global type, has been recently
proposed [1,2,3] and its reliability has been verified on a large number of structural schemes,

leading in all cases to the fulfilment of the design requirement [4],
The method is based on the observation that the collapse mechanisms of frames under

horizontal forces can be considered belonging to three main typologies (Fig.I). The collapse
mechanism of the global type is a particular ease of type-2 mechanism. The control of the
failure mode can be performed through the analysis of J/i, mechanisms (where n.< is the
number of storeys). It is assumed that the beam sections and beam-lo-column connections
arc preliminary designed to resist vertical loads. With reference to extended end plate
connections, this preliminary design can be carried out through the procedure suggested in
rclerencc [5,6J which is able to guide the designer up to the complete detailing of beam-to-
column joints. As a result of this preliminary design, only the column sections have to be
determined. Aiming at the failure mode control, the values of the plastic section modulus of
columns have to be defined so that the kinematically admissible multiplier of the horizontal
forces corresponding lo the global mechanism is less than those corresponding to the other
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hi

GLOBAL MECHANISM TYPE-1 MECHANISM TYPE-2 MECHANISM TYPE-3 MECHANISM

Fig.l - Analysed collapse mechanism typologies

T//,-/ kinematically admissibile mechanisms. It means that, according to the upper bound
theorem, the above stated multiplier is the true collapse multiplier and, therefore, the true
collapse mechanism is the global failure mode.

The results of the above design procedure, oriented only to the failure mode control, can be

accepted provided that the checks against serviceability limit states arc satisfied. In the

opposite case, the rotational stiffness of bcam-to-column joints or the beam sections have to
be increased and the design procedure for failure mode control has to be repeated. Convergence

is achieved when both failure mode control and fulfilment of serviceability requirements

are obtained.

2. Location of plastic hinges in beams with semirigid connections

The rotational stiffness and the flexural resistance of beam-to-column joints are strictly
related. In particular, this has been evidenced with reference to extended end plate connections

showing how, decreasing the joint rotational dcformability. the joint flexural resistance
increases [5,6]. Therefore, depending on the structural detail of the connection, scmirigidity
can lead to full-strength or to partial-strength joints. In the first case, yielding is located at
the member ends so that plastic hinges develop the beam plastic moment. On the contrary,
in the second case, yielding occurs in the connecting elements so that plastic hinges develop
the joint flexural resistance whose magnitude is less than the beam plastic moment. However,

it is important to stress that the location of the plastic hinges depend on the magnitude
of vertical loads acting on the beams as well as on the degree of flexural resistance of the
bcam-to-column connections. In the following, for seak of simplicity, reference will be
made only to the case of uniform loads acting on the beams. The results for other beam
loading conditions can be similarly derived.

In addition, the case of non-proportional loading will be considered, because failure mode
control assumes primary importance in seismic design. The seismic action is modelled
through a system of horizontal forces whose
distribution can be selected according to a ilfHlUUJHltiiq
proper combination of the cigcnmodcs. The
magnitude of these horizontal forces is governed

by the multiplier a, while the vertical
loads are assumed to be constant. For this
reason, at any loading stage characterized by a
given value of the horizontal force multiplier
a, the bending moment diagram of the beams
is the result of the superposition of those due
to both vertical and horizontal forces. It means

that, increasing the horizontal forces (i.e.
the multiplier a), the first plastic hinge is

always developed at the beam end or the con- Fig.2 - Plastic hinge location

imraiimifTtiq
i\
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neclion opposite to the horizontal forces (Fig.2).
Regarding the location of the second plastic hinge, it is strictly dependent on the magnitude

of vertical loads and on the flexural resistance of connections.
The flexural resistance of connections is expressed through the following nondimcnsional

parameters:

_ M - MST <•>
IIII ,,— III,

Mh Mh

where M'I'kJ and M)'$/'" arc the design flexural resistance of left and right bcam-to-column
joints, respectively; Mi, is the design plastic
moment of the beam section.
The location of plastic hinges can be deter-

minedjaking into account that the plastic
moment mrMb acts at one end, where the first
plastic hinge is formed, while at the second
end there is a bending moment M„ which
progressively increases due to the progressive
increase of the horizontal forces (Fig.3). The
maximum bending moment is attained at the
abscissa given by:

L M „ + mrM,, (2)
x 2~ ~

IHlliiilllitliinq _'(Js zjmrMb

mrMb

F ig.3 - Analysis of plastic hinge location q L
where L is the beam length and q is the

uniform load acting on the beam.
The maximum bending moment, which occurs at the abscissa provided by equation (2), is

given by:

M „
M„ - mr Mi, g L (M„ + III, Ml,)' (3)

2 8 2 q L2

It can be observed that the second plastic hinge can develop in an intermediate beam
section provided that the yielding condition M„m Mi, and the limitation M„ < ïûi Mi, are
contemporaneously satisfied. The yielding condition M,mx Mi, gives, through equation (3),
a second order equation whose positive solution is given by:

M„ ^2 M h q L2 (m, + 1 - m, M/, - <1.L (4)

which represents the value of the end moment M„ corresponding to the occurrence of the
second plastic hinge at the abscissa provided by equation (2).

By imposing the limitation M„ < iinMi,, a limit value is found for the magnitude of the
vertical load acting on the beams:

2 Mi, r — — —
•

— l/2t (5)
q > —pr J( 2 + m r-m I + 2 I m r + 1 (1 - un) J I

which, in the case of full-strength joints, provides q > 4 Mi,/L2.
This means that the second plastic hinge develops in an intermediate beam section provided

that relationship (5) is satisfied. In the opposite case, the two beam ends or connections
arc involved.
The abscissa of the intermediate section where the second plastic hinge forms, provided

that condition (5) is satisfied, can be computed by combining equation (4) with equation (2).
This gives:

a /. -
'2 M I, (mr+ 1 )V/2

(6)
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whcic, obviously, the limit case of full-strength joints is obtained for mr= 1.

3. Second order plastic analysis

3.1 Notation

The following notation is adopted:
n, is the number of storeys: • n, is the number of columns;
m, is the number of bays; • k is the storey index;
i is the column index; • j is the bay index;
i,„ is the mechanism index: • Lj is the span of the./'Ill bay;
Af,.n is the plastic moment, reduced for the presence of the axial internai force, of the ith
column of the kth storey;
M/,,( is the plastic moment of the /th beam of the Arth storey;
nir.jk is the nondimcnsional plastic moment of the right end bcam-to-column joint of the

jth bay of the kth storey;
mijk is the nondimensional plastic moment of the left end beam-to-column joint of the jth
bay of the kth storey;
</,* is the uniform vertical load acting on the jth beam of the kill storey;
ay* is the abscissa of the second plastic hinge of the jth beam of the kth storey, given by:

xj* - Lj -
2 Mb.jk '» r.jli + 1

1,1

<ljk

(7)

2 ;V/|, i- f 1/2
for *//* > —--J— J( 2 + m, jk - I'U.jk + 2 [ m,ß + 1 I - miß) 1

while Xß =0 in the opposite case;
Khjk is a coefficient related to the participation of the ./th beam of the A 111 storey to the
collapse mechanism; in addition, this coefficient accounts for the magnitude of the
rotations of the plastic hinges resulting:

R - Lj (8)
Khjk - ; -Lj jk

when the ./'th beam of the Ath storey participate to the collapse mechanism and R/,,* Ü in
the opposite case;
Ah,,* is a coefficient accounting for the participation of the /'th column of the Ath storey to
the collapse mechanism, being:
/?,„* 2 when the column is yielded at both ends
R, n 1 when only one column end is yielded
R, ,k 0 when the column does not participate to the collapse mechanism;
Drß is a coefficient, related to the external work of the uniform load acting on the /th
beam of the Ath storey, given by:

D _ kxiL (9)
; - 2

when the ,/lh beam of the Ath storey participate to the collapse mechanism and D,„* 0 in
the opposite case;
I'1

: F\ Fi Fk F„t is the vector of the design horizontal forces, where

Fk is the horizontal force applied to the Ath storey;
hr \ h I hz, hk /i„, I is the vector of the storey heights, where /i* is the
height of the Ath storey:
s is the shape vector of the storey horizontal virtual displacements (ilu=s dO, where t/0 is
the virtual rotation of the plastic hinges of the columns involved in the mechanism;
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• y' j V'i Vi Vk V',,, j is the vector of (lie storey vertical loads, where
VK is the total vertical load acting at the A:111 storey given by:

"h

X rn L, (10)
I

• B is a matrix of order m, x «, accounting for the location of the plastic hinges within the
beams, the element W(( of B is defined as:

Tm,i + in, ,t (II)
R jk — ^ A/ /i ,1 foi .v yI — 0

and:
1 + »hu r n (12)

Bjk Mbjt for .v,* >0

• C is the matrix of order n, x whose elements C« are equal to the column plastic
moments (i.e. Cn

• Rh is the matrix (order m, x n„) of the coefficients R/,,<;

• R, is the matrix (order n, x /;.,) of the coefficients R, ,k\

• D, is the matrix (order /?/, x«,) of the coefficients Dyjk\
• Af'( I A/,.u M, 2k M,-« A/,.,,,* I is the vector of the plastic moments of the

columns of the Arth storey, reduced due to the influence of the axial force;
• q is the matrix (order m, x //,) of the uniform loads acting on the beams.

3.2 Mechanism equilibrium curves

As already pointed out. the collapse mechanisms of moment resisting frames under seismic
horizontal forces can be considered belonging to three main typologies (Fig.l). The collapse
mechanism of the global type is a particular case of type 2 mechanism.
The linearized mechanism equilibrium curve can be always expressed as:

a, a - y 5 (13)

where a is the kinematically admissible multiplier of horizontal forces and y is the slope of
the mechanism equilibrium curve.
Concerning the evaluation of the kinematically admissible multiplier of horizontal forces

corresponding to the generic mechanism, it is easy to recognize that, for a virtual rotation dQ

of the plastic hinges of the columns involved in the mechanism, the internal work can be
expressed as:

If, [ /;( Cr R, + 2 //• Br Rh) ] clQ 14)

where ir denotes the trace of the matrix.
The external work due to the horizontal forces and to the uniform load acting on the beams

can be written as:

Wt [txFrs + Ir q1 Dr) | clQ (15)
Therefore the application of the virtual work principle provides the kinematically admissible

multiplier as:

ir CT R, + 2 tr B1 R,,) - ir( qr Dr | (16)
a F's

In order to compute the slope of the mechanism equilibrium curve, it is necessaty to
evaluate the second order work due to vertical loads. Willi reference to Fig.4. it can be observed

that the horizontal displacement of the Ath storey involved in the generic mechanism is

given by nk >\ sin0, where rk is the distance of the Ath storey from the center of rotation C
and 0 the angle of rotation.
The top sway displacement is given by 5= //„ siu0. where //„ is the sum of the inlerslorcy

heights of the storeys involved by the generic mechanism.
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The relationship between vertical and horizontal virtual displacements is given by
dvk= dm sinG. It shows that, as the ratio dvi/dm is independent of the considered storey,
vertical and horizontal virtual displacement vectors have the same shape. In fact, the virtual

horizontal displacements arc given by dm n il8, where
n defines the shape of the virtual horizontal displacement
vector, while the virtual vertical displacements are given
by dvi (5 / H„) i'k dQ and, therefore, they have the
same shape n of the horizontal ones. It can be concluded
that:

dv
II,

s dQ (17)

As a consequence,
loads is given by:

the second order work due to vertical

It',. V' s -- dQ (18)

Therefore, the slope of the mechanism equilibrium curve
is given by:

V1 s (19)

FTS

Fig.4 - Vertical displacements
The following notation will be used to denote the

parameters of the equilibrium curve of the considered mccha-

• a'u and ~JX' are. respectively, the kincmatically admissible multiplier of the horizontal
forces (rigid-plastic theory) and the slope of the softening branch of the a-5 curve,
corresponding to the global type mechanism;

• a!'1 and •$' have the same meaning of the previous symbols, but they are referred to the
I,,,lh mechanism of the /111 typology (t= 1.2.3).

The expressions of the above parameters will be furthcrly developed in order to evidence
the contribution of the columns to the internal work.

3.3 Global type mechanism

In the case of global type mechanism (Fig.l), the shape vector of the horizontal displacements

is given by s{K)=h. In addition, as all storeys participate to the collapse mechanism,
all beams are involved. This is taken into account through the matrix R)?' related to the

rotation of the plastic hinges and the matrix Dlx) related to the beam vertical displacements.
Ä/f is the value of Ri, and D\K) is the value of I), for the specific case of global mechanism.

Therefore, the kincmatically admissible multiplier is given by:

_
M'i I + 2 lr(B' R{f) - tr(qr l)T" ~ " lr sV) (20)

where / is the unit vector of order In addition, taking into account that H„ - because

all storeys are involved in the collapse mechanism, the slope of the mechanism equilibrium

curve is obtained from equation (19) for a a""'1 and H„

3.4 Type-1 mechanisms

With reference to the imth mechanism of type-1 (Fig.l), the shape vector of the horizontal
displacements can be written as:

A/,'/7 |/ii hj hs hi„. Ii,,,, hi.j (21)
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where the first element equal to corresponds to the /,„lh component.
The kinematieally admissible multiplier corresponding to the /„,th mechanism of typc-1 is

given by:
iU,'i 1 + 2 ir li' llh 1

+ M',, I - tr(qr U\u
a. _=_ (22)

' s,m

where Ä/," is the value of Rh for the /„,th mechanism of this type and D\" is the value of
I), for (he /„,lh mechanism of type-1.
In addition, only the first im storeys participate to the collapse mechanism, so that //„
As a consequence, the slope of the mechanism equilibrium curve is still computed

through equation (19), but assuming s =s,'," and H„

3.5 Typc-2 mechanisms

With reference to the /,„th mechanism of type-2 (Fig.l), the shape vector of the horizontal
displacements can be written as:

il,21 ' =10,0,0, 0 - //,„ _ I _ h„, - lu„ -1| (23>

where the first non-zero element is the /th one.
The kinematieally admissible multiplier corresponding to the /,„th mechanism of the lypc-2
is given by:

MaJ + 2 tr Bt )-/r( q'D£'
a,„ TrT.® (24)
,i2l

,(2)where is the value of Rh for the /,„lh mechanism of typc-2 and /A" is the corresponding

value of the matrix Dr.
In addition, the /„,(h storey and those above it participate to the mechanism. Therefore, the
slope of the mechanism equilibrium curve is obtained from equation (19) with
11,, - hI and.v=s|,f

3.6 Type-3 mechanisms

Finally, with reference to the /„,th mechanism of type-3 (Fig.l), the shape vector of the
horizontal displacements can be written as:

s!-.'r/' { 0. 0, 0, I. I, I / } (/fi) (25>

where the first term different from zero is the /,„th one.

Moreover, both the matrix Ä/,?' and the matrix are null matrix, because in this
mechanism there is not any beam participating to the collapse mechanism. Therefore, the
kinematieally admissible multiplier of the /,„th mechanism of lype-3 is given by:

(1) _
2 M'a. I

a'~
FrsO) (26)

which accounts for the fact that the columns of the /,„th storey are yielded at both ends.
As the th storey only is involved in the mechanism //„ liKt - _i, and the corresponding

slope ylin' of the mechanism equilibrium curve can be obtained by substituting this
value in equation (19) where also s =.v£' has to be assumed.

4. Failure mode control

4.J Design conditions
In order to design frames failing in global mode, the cross-sections of columns have to be
dimensioned so that, according to the upper bound theorem, the kinematieally admissible
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generic mechanism

Fig.5 - Design requirements

horizontal force multiplier corresponding to the
global type mechanism is the minimum among
all kincmatically admissible multipliers.
This condition is sufficient to assure the desired

collapse mechanism provided that the structural

material behaves as rigid-plastic so that the
horizontal displacements are equal to zero up to
the complete development of the collapse
mechanism. On the contrary, the actual behaviour
is elaslo-plastic with significant displacements
before the complete development of the collapse
mechanism. These displacements give rise to
second order effects which cannot be neglected in
the design process, particularly in the case of
semirigid frames.

From the practical point of view, the influence
of second order effects can be taken into account by imposing that the mechanism equilibrium

curve corresponding to the global mechanism has to lie below those corresponding to
all other mechanisms. However, the fulfilment of this requirement is necessary only up to a
selected ultimate displacement 5„ which has to be compatible with the plastic rotation capacity

of members and/or connections (S„ 0,, /;„ (Fig.5).
Therefore, the following design conditions have to be imposed:

a'*' - V'el 5„<a!',' - 8„ i,„= 1,2,3 i 1,2,3 (27)

This means that there are 3>i, design conditions to be satisfied in the case of a frame
having », storeys. These conditions, which derive directly from the extension of the upper
bound theorem to the mechanism equilibrium curves, will be integrated by conditions related

to technological limitations.

4.2 Cundilions to avoid undesired mechanisms

As an example, the method for deriving the design conditions to be satisfied to avoid any
undesired collapse mechanism will be presented with reference to lypc-1 mechanisms only.
The extension to the other collapse mechanism typologies can be developed in analogous
way. Even though considering full-strength connections only, the complete scries of design
conditions (i.e. including those for tvpe-2 and typc-3 mechanisms) arc given in references
12.31.
The », conditions given by relationship (27) tor /=/ can be conveniently expressed by
introducing the following parameters:

s, 2 tr(BrK\P) v --TV X" tr q (28)

With reference to the global mechanism, the parameter plsl represents the internal work
developed by the beams and/or the connections, the parameter t(*' is the external work due

to the uniform loads acting on the beams, while the parameter v(s) is related to the second
order work due to vertical loads. These parameters are known quantities, because it is intended

that a preliminary design of beams and connections has been carried out according to
the procedure suggested in [5,6] while the values of vertical loads are data of the design
problem.
In addition, it is useful to introduce the following non-dimensional functions of the mechanism

index
2 a- D » 2tr(BTR\},[)

I
K Frs{x) (29)
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tr(qrD\\l)
Ja)

(30)
tr q' Df X"

Thc function c,,„, represents the ratio between the internal work which the beams and/or the
connections develop in the /,„th mechanism of typc-1 and that developed in the global
mechanism. The function X,m represents the ratio between the external work which the horizontal

forces develop in the i',„th mechanism of type-1 and that developed in the global mechanism.

Finally, the function Ç,m represents lha ratio between the external work which the
uniform vertical loads develop in the i„,th mechanism of typc-1 and that developed in the
global mechanism. All these functions are known, because the plastic moments of beams

and of connections (w/.n and /»,.,<) are known. In fact, the beam sections are designed
to resist vertical loads. In addition, both the horizontal forces Ft and the uniform loads q,i.
are assigned.

Moreover, in order to account for the influence of second order effects, an additional
function related to the slopes of the mechanism equilibrium curves has to be defined:

1_

l_ iu.
X, v'*'

a!'> I'LftsM
f's!" ±

Vrs\u F'.v!"

v1 *"•" (31)

The parameter Al," represents the ratio between the slope of the equilibrium curve of the i,„th
mechanism of typc-1 and that of the global mechanism.
In addition, it is convenient to introduce the following parameter:

m
P.,,

Ml',.,

Ml 11

X
I I

X

(32)

which is the ratio between the sum of the reduced plastic moments of the /„,1h storey
columns and the same sum corresponding to the first storey columns.

By means of the above parameters, the /,„th condition to be satisfied to avoid lypc-1 collapse
mechanisms can be written in the following form:

m
Pc, S

j
h. X M,,,+ k

K,
4 v'^a!

'1 - i j 5 4- T1.(*) k'
K (33)

K X M, n

which has to be applied for /,„=/,2,3 //,.
The design conditions to be satisfied to avoid typc-2 and type-3 collapse mechanisms are

obtained in similar way, leading to other two series of parameters (p£' and p';'1). These
parameters arc still defined as the ratio between the sum of the reduced plastic moments of
the columns of tiic /„,th storey and the same sum corresponding to the first storey, but they
provide the values of this ratio to avoid type-2 and type-3 mechanisms [2,3],
Obviously, as these design conditions have to be contemporaneously satisfied for each

storey, the ratios p,„, (p,„, MUm l/M, 1/) has to satisfy the following relationship:
I (l) ,2) P" I

Pi.= max j p, p,. ,p,„ [ (34)
In addition, as the section of columns can only decrease along the height of the frame, the

values of p,_ (with /,„=/.2, ».,) obtained by means of the conditions derived through the
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application of the upper bound theorem have to be modified in order to satisfy the following
technological limitation:

pi>p2>p)> >p„, (35)

4.3 Evaluation of the axial load in the columns at the collapse state

If the sum of the reduced plastic moments of columns of the first storey is specified, then
the previously explained design conditions allow the definition, through the ratios p*
(k l,2 ii,). of the same sum corresponding to the Alh storey, which guarantees that failure
does not occur according to mechanisms belonging to the three examined typologies. In
order to define the plastic section modulus of the columns, the evaluation of the axial load
in the columns at the collapse state is required.
The evaluation of the column axial forces can be performed taking into account that, at the

collapse state, the shear forces transmitted by the beams are given by:

_
2 nir + nu Mi, (36)

2 ~ L

provided that the limit value of the uniform vertical load is not exceeded (i.e. equation (5) is
not satisfied) and by:

_
q_L_ A/,, + m, Mi, (37)

2 ~ L
where M„ is provided by equation (4), in the opposite case.
Both in equation (36) and in equation (37). for positive horizontal forces (from left towards
right), the sign plus is referred to the right end of the beam and the sign minus is referred to
the left end of the beam.
The sum of these shear forces transmitted by the beams at each storey, above the considered

one. provides the axial forces in the columns of the considered storey.

4.4 Design algorithm
It has been pointed out that the upper bound theorem allows the assessment of a condition
for avoiding each undesired collapse mechanism. As three different collapse mechanism
typologies have been considered, there are 3ns design conditions to be satisfied. These
design conditions have to be integrated by the technological condition (35). The above mentioned

relationships can be used to design frames failing in global mode and, therefore, having
a mechanism equilibrium curve given by equation (13), with the kinematically admissible
multiplier of horizontal forces given by equation (20) and the slope given by relationship
(19) (with //„ /)„, and x=.v(sl). The fulfilment of the above design requirements is a linear
programming problem which can be solved through the algorithm already described in [2,3].

5. Design procedure
The main difficulty in the elastic design of semirigid frames is due the fact that the internal

actions, which the members and the joints have to withstand, depend on the joint rotational
stiffness whose value, in turn, affects the flexural resistance that the joints are able to provide

[5,6]. This difficulty can be overcome provided that a plastic design approach, such as
that previously described, is adopled. Notwithstanding, some iterations can be required as
soon as serviceability requirements are also considered. In fact, the fulfilment of a given
limit concerning the intcrstorcy drift or the top sway displacement can lead to the need to
increase the joint rotational stiffness and/or the beam sizes. In such a case, the increase of
the plastic internal work due to the beams (the joint flexutal resistance increases as the joint
rotational stiffness increases) can undermine the expected failure mode, so that the plastic
design for failure mode control has to be repeated starting from the new bcam-to-column
joint details and/or the new beam sizes. As a consequence, the complete design procedure
can be based on the following steps, where the plastic method of design for failure mode
control, previously described, has to be intended as a «subroutine» only of the proposed
design method:
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a) perform a preliminary design of beams (i.e. Mi,ß). connections and columns to withstand
vertical loads only. This step can be accomplished through the method described in [5,6].
According to Eurocode 3 [7], the combination of actions 1.35 Gk + 1.5 Qk has to be considered

for the ultimate limit state and the combination Gk + Qk for the serviceability limit
slate;

I>) compute the preliminary values of the joint flexural resistance (m,,jk and /», ,<) through the
component method |8[;

c) design the column sections to assure a collapse mechanism of global type (i.e. through
the plastic design method described in the previous section), starting from the preliminary
values of mrjk and mlJk. According to Eurocode 8 [9], the vertical loads to be
considered in this step are those corresponding to the load combination Gk + xpe Qk while
the seismic horizontal forces have to be computed accounting for the presence of all
gravity loads appearing in the combination Gk +y Qk,\

d) modify, if necessary, the structural detail of beam-to-column joints to keep constant the
m values. In fact, as the previous step leads generally to column sections greater than
those obtained from preliminary design (step a), the joint flexural resistance could increase

(this depends on the weakest joint component) undermining the expected collapse
mechanism;

e) compute the joint rotational stiffness through the component method;
f) check the beams, the joints, the intcrstorey drifts and the top sway displacement for the

loading condition ^7 Gki + ji A /;,/ + ^ \|/2, Qu [9J. If anyone of the above checks is not

satisfied, modify the beam sizes or the joint structural detail (increasing m and the joint
rotational stiffness) and return to step c.

6. Conclusions
A new method to design semirigid frames failing in global mode has been presented in this

paper. The method is based on the extension of the kinematic theorem of plastic collapse to
the concept of mechanism equilibrium curve. This allows to include into the design process
the influence of second order effects, which play a very important role in the seismic design
of steel frames, particularly in the case of semirigid frames.

In addition, a complete design procedure including the fulfilment of the serviceability
requirements has been proposed.
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Summary

In this paper, a design handbook for designers of steel building frames is presented. This
handbook gives a quite complete overview of the design procedures for frame design -
including joint behaviour - which are included in Eurocode 3 Part 1-1 [1], In its first part, a

background information is given. The second part focuses on application rules for daily
practice and a particular attention is paid to structural joints. Finally, worked examples for
complete frame design are presented in the third part.

1. Introduction

Traditionally the analysis and the design of steel frame structures is based on the assumption
that the constitutive beam-to-column joints, splices and column bases are perfectly pinned or
perfectly rigid.

However studies performed in the last decade have clearly shown that:

Most of the joints used in daily practice are not fulfulling the requirements so to
be characterized by such idealized responses; they are said «semi-rigid» and
«partial strength» when their resistance is lower than that of the connected
members.
The fulfillment of these requirements is often involving extra fabrication or
erection costs
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Through economical investigations, it has also been progressively demonstrated that:

The traditional rules for design ofjoints are rather conservative.
The use of semi-rigid joints instead of pinned ones results in a decrease of the
weight of the structure, and therefore of their total cost (5 to 10 %) including
fabrication, transportation and erection costs.
The use of semi-rigid joints instead of rigid ones sometimes results in an
increase of the amount of steel needed, but also to a strong decrease of the
fabrication costs through a simplified detaining of the joints (less stiffening for
instance). The benefits varies here from 10 to 25 %.

To profit from these potential benefits requires new design methodologies for what regards
design assumptions,frame analysis and verification of the ultimate and serviceability limit states.

This need is now widely expressed by designers, what has engendered, at the european level,
different actions in the last years Among these ones, let us mention:

• The full revision of the Annex J ofEurocode 3 on "Steel Joints in Building
Frames" [ 2],
The SPRINT european project where simplified design procedures for joint
design and tables of standardized joints, all in agreement with EC3 Annex J,

have been suggested [3],

The first one provides a legal frame for the use of the new design techniques for joints while
the second focuses more on the practical aspects to which the designer is likely to be faced in
his daily practice.

In the frame of a recent ECSC project (contracts 7210-SA/212 and 320), the SPRINT action
has been prolonged so to cover also the implications of the joint behaviour on the structural
frame analysis and design. The guide for users resulting from this action is briefly presented in
the following pages.

The partners in this project are: University of Liège in Belgium as coordinator (R. MAQUOI
and J.P. JASPART), CTICM in France (B. CHABROLIN, I. RYAN and A. SOUA), CR1F in
Belgium (D. VANDEGANS), TNO Delft in The Netherlands (M. STEENHUIS) and RWTH
Aachen in Germany (K. WEYNAND).

2. Content of the design handbook

The ECSC user's manual covers the following three main aspects :

• The design of commonly used beam-to-column joint configurations such as
welded ones or bolted end plate and flange cleated ones. Beam splices are also
covered.

• Guidelines on how to incorporate joint behaviour in the structural analysis (both
1 st order and 2nd order, elastic and plastic).

» Design checks for the ultimate limit states (frame and member resistance and
stability, member and joint section checks,
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It is structured into three main parts which all deal with all the three different aspects
mentioned here above:

Part I-Technical Background

A primary objective of the manual is to facilitate the use of Eurocode 3 and it
has so been thought that this was requiring explanations about the general
design philososophy to adopt in particular cases, the successive steps to follow,
the assumptions to follow and the formulae to use.

• Part 2-App/ication Rules

In this section, practical guidelines are given in a straigthforward manner. The

designer should find there the recommendations he needs to perform frame

analysis, joint design and structural verifications. All the formulae are expressed

together with their limitations and their implications on further steps. For joints,
three different design approaches are expressed, as described in section 3 of the

present paper.

• Part 3-WorkedExamples.

Three different worked examples are included in the manual. They cover the
whole frame and joint design procedure and not only some specific aspects as

the joint characterization or the frame analysis. They should help the designer in

understanding the different steps of a semi-rigid frame design, and the sequence
of these steps according to the practical situation to which he is faced : engineer
or constructor responsible for both frame and joint design or share of the

responsibilities between the engineer (frame design) and the constructor (joint
design).

All the scientific aspects have been disregarded and the content of all the chapters has been
limited to the minimum but sufficient information which appears to be strictly useful to
practitioners.

3. Design of the structural joints

An important step in the design process is the determination of the mechanical properties of the
joints in terms of rotational stiffness, moment and shear resistances and rotation capacity.

For what regards this characterization, three approaches are followed :

• design sheets

These are short documents containing very simple rules allowing to calculate in

an easy and quick way the stiffness and resistance properties of some well-
defined types ofjoints:
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- beam-to column joints with extended endplates;

- beam-to column joints with flush endplates (2 types);
beam splices with flush endplates (2 types);

- beam-to column joints with angle flange cleats.

These simplified procedures strongly reduce the amount of calculation in

comparaison with the application of EC3 Annex J but are anyway in agreement
with the EC3 design philosophy. An example of such a design sheet is shown in

Annex 1 of the present paper.

design tables

These are tables covering standardized joints and providing the user with joint
detailing and stiffness / resistance properties (see Annex 2); information

allowing to classify the joints as pinned, semi-rigid or rigid, partial strength or
full strength is also given.

software

This PC software called DES1MAN is able to characterize the mechanical

properties of a wide range of usual or non-usual types ofjoints subjected to

bending moments and shear forces. It includes graphical pre- and

postprocessors (see Annex 3). The pre-processor allows a user's friendly
introduction of the data. It is connected to bolt, plate, material and profile
databases, so allowing a decrease of the time required to introduce the data. It is

also connected to another database in which all the calculations made can be

stored, in order to be used further if needed.

The post-processor of DESIMAN produces four main files :

- A short one just giving the main results of the computation : design
resistances in bending and shear, initial stiffness, collapse mode,

ductility, class for frame analysis (1/2 page).

- The previous one to which the resistance and the stiffness ofall the
constitutive joint components are added. Such a file allows the designer

to modify in an optimum way its joint when the design requirements are

not fulfilled 1 page).

- A calculation note (± 5 pages) presenting more detailed results of the

calculations, for each component and for the joint. This note is useful

when, for instance, the design has to be checked by a control office.

A füll calculation note just like that which could be produced by hand,
and in which the results of all the intermediate calculations are given.
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Annex 1: Example of simplified design procedure
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Annex 3: Input and output screens of DESIMAN software
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