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Torsional-Flexural Buckling of Partially Closed Thin-Walled Columns

Flambement par flexion et torsion de colonnes a parois minces
partiellement caissonnées
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SUMMARY

This paper discusses the buckling behavior of partially closed thin-walled sections, i.e. thin-walled
open sections with battens, under concentric or eccentric load. A rational method for determining
the torsional-flexural buckling load of such members is presented. The influence of prebuckling
displacements due to end couples is included in the analysis of instability for both open and
partially closed sections. Theoretical results are compared with experimentally obtained buckling
loads.

RESUME

Cette contribution concerne I'étude du flambement de colonnes dont la section droite est
constituée de sections ouvertes a parois minces reliées par des diaphragmes et soumises a des
charges centrées et excentrées. On y présente une méthode rationelle permettant de déterminer
la charge de flambement par flexion et torsion de tels éléments. L'influence des déformations
dues aux moments d'extrémités est prise en compte dans I'analyse de l'instabilité des sections
ouvertes ou partiellement caissonnées. Les résultats de cette analyse sont comparés avec les
charges de flambement obtenues expérimentalement.

ZUSAMMENFASSUNG

Dieser Beitrag behandelt das Knickverhalten des teilweise geschlossenen, dinnwandigen Stabes
und zwar des offenen dinnwandigen Querschnittes mit Versteifungsblechen unter Axialdruck
und exzentrischem Druck. Eine Berechnungsmethode fiir die Ermittlung der Verzweigungslast
bei Biegedrillknicken des Stabes wird vorgestellt. Bei der Analyse der Instabilitat wird der Einfluss
einer Verschiebung des offenen und des teilweise geschlossenen Querschnitts, die durch
Endmomente entsteht, berlicksichtigt. Theoretische Ergebnisse werden mit experimentellen
Knicklasten verglichen.
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INTRODUCTION

It is well known thst when torsionel-flexural buckling ocecurs, the critical
loed of thin-walled open sections will always be less than the in-plane
buckling or collapse load. However, if some batten plates are attached along
the open side of such members so that there exist several intermittent
closed sections, their load-carrying capacity will be increesed, and it is
roesible to transform the mode of failure from torsional-flexural buckling
to in~-plane instebility provided the spacing of battens is short enough to
prevent the member from warping end twisting. This problem hes been studied
by the writer in snother paper [1], in which the effect of prebuckling
deflection was ignored.

Owing to the fact that the torsional-flexural buckling load of an eccentric
column is more or less influenced by its prebuckling deflection,especially
for slender member under axial thrust and large terminzl moment, the effect
of prebuckling deflection has been investigated by Pekdz and Winter [2], who
assumed & parabolic curve to epproxirste the in-plane deflection. In this
paper, zn exact deflection curve is sdopted to estimote the influerce of
prebuckling deflection on teorsionel-flexural buckling load.

1. ELASTIC TORSIONAI-FLEXURAL BUCKLING OF SINGIY SYMMETRIC COPEN SECTIONS

The total potentizl energy of 2 singly symmetric section under axiel thrust
and equel termirnzl mwoments applied in the plane of symmetry 2s shown in
Fig.1 is 1

2
n-= -;-Jo [WI}ru"L * EI}:V"? + ECW\PHQ + (GJ—PrZ+Mﬁ%,)w'?

-P(u'?+v'9) + ?(PxO+M)V'?'] dz (1)

where x,y= symmetric end unsymmetric axie of the cross-section, resrectively;
B = modulur of elssticity; G = sheer modulus;

£ Iy,Iy = noments of inertia with respect to
x= gnd y-sxig; J = St Venant torsion constant
0 €o z Cy = werping constant; x, = sbecisse of the
‘ shear centre; u,v = displazcerents of the
SC shesr centre in the ¥ 2nd y direction; ¢ =
= angle of rotation of the cross-section sbout
the shear centre; P = cxiel thrust; M =
bending moment in the symmetric plene ond
2 2
rn = (Iy+4I5)/8 + xg (2)
1 )
N P - D
By = IyL ¥ (x2ay7 )b - Pxq (3)
For =imply surnported tream-ccolumns subjected
™ i tc erurl end momente M, ond evial thruet P
the deflecticon curve cen be expressed by the
//Y’ following ecuation [3]
M M
/1 - o -5 S e
/ Y T Peos (x1./2 5°°s(2 kz) - 5 (4)
. from which
) . X M= -RJ u" = Mo(coskz+tanwsink7) (5)
where d
/e ,/lp k = JP/EIy , (6)
w = kL/2 (7)

Figr,1 Sirgly symmetrice Since we are interested to ohtain the
open section under torsional-flexural buckling lcad only, the

eccentric leced expression for totesl potential energy can be
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reduced to
T
1 o i > 2 o? s NI
n-s n[EI”v +EC, " +(GI-Pr_+MB, ) “ Py +2(Px_+M)v'9t] dz, (e)

1,1 linhattened Cpen Sections

The deflection componentes v and ¢ under veriocus heoundary conditions 2re
2esumed a2e shown in Teble 1, in which vy end ¢, ere undetermined parameters,

Boundery Conditions

et 2=0.1L M ¥
U=v=p=0, u"=y"=p"=0 v ein(ge /1) Posin(Ez /1)
n=v=gP=0, u"=v"=P'=0 v ein(rz /1) Po [1-cos(2nz/1.)]
u=r=p=0, u"=v'=P'=0 v0[1 -cos(?n:z/I‘)__] Po [1 -—cos(?n:?/].)]

Tehle 1 Assumed deflection components

Substituting the epnropriate deflection components v,y and the in-plane mo-
ment given in ecn 5 into egn 8, and using the Rayleigh~Ritz method 2n zppro-
ximate velue of the torsionzl-flexmral buckling load czn be obtained, The
sclution is expressed in 2 generzlized form os follows

- ' = )
P -P K?zP(xo Cye, . (©)

e
2
' -l (=4 : L g \
onp(YO (‘1 VO) I'EQ(PL_ P,
Tynonsion of enn 2 leads to
> (P PP -P) - ¥o.P (x_~C,e )’ =0
Tec v XN 2~F) = EogP (xc_ 1%/ T
Selving this equetion yielés the torsional-flexursl buckling lo=d
P . 2o AD
P +P_ J(PX+PZ) ATP P,

wvhere " o
P =¥, mEI /1 (11)
¥ 22 o % " o
- “m s Y \! :
P, = (K_,FS‘IL EC /17 + GJ) Teq (12)
~ ”
13 - ¢ z
o = Bt c, 2 (13)
=M )
B I“.'O/P i o (14)
= a W & <ty 18)
D=1 1{?3(;rO C,e,) . (15)
= [
¥oz = J}(ﬁ}y%p (1%)
C1 ,C? = amplificetior freotors for cccentricity

Velues of coefficients Kiq,K'iJ- pnd samplification factore Cq,Cp 2re given in
Tehle 2. -

Since C4 2nd Cs ere furctions of P, direct solution of ean 10 weuld be either
difficult cr imposeible. 2nd method of sucecessive 2pproximation must be
emrloyed. The initiel wvelues for both C4 and Co may be tsken es unity, i,e.,
the member is assumed to be undeflected prior to buckling, thus z first
eprroximetion of the critiesl velue of P can be found. This velue is used to
compute C1 #2nd Co 2nd the second approximetion of P can te obtained hy sub-
stituting them into ean 10, Rereate the procedure until 2 setisfactory 2ccu-
rete resvlt ia reeched.
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Bourdery _
econditions ¥,, ¥X,, K1, K} 2z

o K33 ¥32 ¥z 2
at 2=0,1 2 2 77 32 piwa !

u =v =¥ =0 ﬂ?—2w2 tenw f2-2w2 tanw
N 'S E T BRC B e e
n =v :? =N e WL W o w W
2
W ot ! . 2 I g ;
Bl =gt =0 I I 3w 8 eP il | - PV
’ 2

1 =y =¢ =0 4 i 1 1 1 A tenw 412 tonw
u=v* =|p' =0 s 17’_?_ ""2 W 4172_ W.? R4

Tehle 2 Velues of ¥ K;j ¢nd expressione of €4,Co

i3

1.2 Onen Sections with Rettens

Sirce ratten plotes ore employed to form several closed sections intermit-
tently 2long the lonpitudinel 2xis of the member, we sssvme that the rote cof
chenge of twicting cngle ¢t these cections veniches provided the sheering
rigidity of the betten plztes is lorse enough to prevent the sections from
warping., Svrnose that the centre lines of bhattens divide the length of the
member inte n equal segments, thus the centre-to-cenitre apecing of hetiens
tecomes 2 = L/n 28 shovn in Pig., 2 .

Ltecording to the sspumption mentioned ztove, the deflection component ¥ must
gatisfy the following 2dditionel boundery conditiens:

$' =0 2t z =ja (i=1,2,3,...n~1)
Twe czoes ere studied for cingly e;ymmetric open sections with battens.
1.2.1 The treoundery conditions ot both ernds cre:r u = v = ¢ = 0, u"=v"=¢'= 0,
For tzttened membere under thies end conditions, the sssumed ceflection furc-
tion ¢ given in Teble 1 is renrleced by

- o3 _ .
P = Va{sin(i:l)r+eiv%2cos(‘; 1)#[1+(-1)13052§]} (17)

n

' (i =1,2,3,...,n41)

vhere i = j+1 #nd rn is 2n even number,

S Applying the Reyleigh-Ritz method one cbtairns the rame
expression for Pyw as eqn 10 only if Py ,Kpz,¥zp ond Foz
[ | cre repleced by
|
P, = (M EC./2? + GJ)/r2, (18)
on’ T < 241
= Foy = ==s—=gin= cor? ()T (19}
(w7 i ;
1 -
| Y';O - - bl (?0)

& Yoz =[¥ask3

Vhen n2 ?, the values of Koz vary from 0,2488 teo 0,2003

If r is 2n odd nunmter, eqn 17 is velid only for

g7 g(n-1)e /2 and (n+1)a/2<7< 1. For the mid-segment,
i.e., when (n-1)a/2<2<(n+1)a/2, the zssumed function
Fig.2 Open section  €hould te repleced by

< ) 1
vith bettens ¥ = 4%{005%% + ;(1—cos§%)(1-c052§£)] (21)
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Arnlying the same procedure 2= hefore, the coefficients Kf} and Kz
derived as follows

)
n
m
o}
o
[v/]

-

o T ”
K53 - 42 [——%}-—— gim + —= sin%%(1—cos§£)] (22)
4(nL -1 ) n 4n.'.._1 & s
’ ' 22 2 4 L z
K3? = KQB/'[2 sin (5;) + n(.-cosa;) ] (23)

When n>3, the values of Koz = ’K?3K%? very between C.897%2 end 02,9N03,
1.2,2 The boundary conditions at both ends ere: u =v =9¢ =0, u"=v'=90'=0,

In order to satisfy the toundary conditions o2t beoth ends and intermediste
battened sections, the assumed funciion for ¢ should be replaced by

# = Po{[1-cost ], i 0snlL M (o2 | (o0)
(n

evenr numbers, i = 1,2,3,...,n+1)
from which
L]

Kpg = Kpp = 1 (n =2) (25)
2
Y;B = ( ill ) Singz
? nL-4 ua ; &
Kl B en (n Z 4) (2u)

x> "
=2 (n?-z: )’"’ta.n-;
When n > 4, K?5 vary bhetween 0,8488 and 0.9003,

In the cases when n are odd numbers eqn 24 is valid only for 0=z =(n-1)e /2
end (n+1)e/2<7 <1, in the interval {n-1)a/2 €z <(n+1)2/? we use the follo-
ving function insteead:

B o wry 1 i 21z
¢ = ?C[(1+cosn)+ 2(1—cosn)(1—cos—;—)] (27)
from which "

] < n

Koy = %I 2 sin2: + == siﬁ%(1-co%§ﬂ (28)
2. Y2 -4 F2
' ' 1 n 1 w0

¥zp = K23/['§ sin“(;) + ;(1—0082 ] (r2o)

When nz3, ¥23 = fK93K32 very between 0.78%9 and 0.9003.

1.2.% Simplified 2pproach for determinings the torsionel-flexural buckling
loed of pertislly closed members.

It should be noted that if there is only one intermedirte betten plate
zttached 2t the mid-span of the member, i.e. n=2, its buckling behavior is
i{denticel to the unbottened member with the same dimensione, As s result,
vhen n=2, the coefficient Kpz will automatically ccincide with that given in
Table 2, and we can conclude that the buckling behavior of thin-wzlled ogpen
sections will not te improved if only one tatten plate is used. So thet 2t
least two batten plates ere required for bettened members.

Summzrizing the two ceces of end conditions in 1.2.1 end 1.2.2, the values

of ¥Q3 vary from 0.783%2¢ to C.900% except for n=2. Fortunsztely, the renge of
veristion is so smell thet we can usge 2 definite velue for Koz without

regerd to the number of tattens. For this reason the writter suggestes K23 =
0.9 for 211 the cases mentioned gbove, which yields a elightly conservative
value of the theoreticel dbuckling loed. Thus, egne10,11,13 to 16, end coeffi-
cients K90,01,C» given in Teble 2 ere also velid for partially cloced sec—
tions, but ecn 12 chould be repleced by eqn 1S and teke Koz = 0.9.
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2. INELASTIC TORSIONAL-FLEXURAL BUCKLING

For centrally lozded simple columna, the inelsstic buckling lozd can easily
be found by using the well known tengent modulus theory. However, when tor-
sional buckling occurs, the problem becomes more complex because both E and
G no longer remesin constents, so that the elastic section rigidities EI,,GJ
end EC, should be replaced by the tangent section rigidities {(EIx )¢, (GJ)t
and (ECy)t, respectively. Bleich [4] presented a simplified trestment for
inelestic torsionsl buckling, which was bzsed on the assumption thet E end
G in the whole section will be reduced to Etr and Gt synchronously, where T
is the retio of tsngent modulus E; to the elastic modulus E. In this peper,
Bleich's suggestion is s2dopted to determine the inelastic torsionel-flexurel
buckling loads. Thus eqn 10 is 21so velid for inelastic domain if E 2nd G in
eqns 11,12-are replz2ced by E7 2nd Gr.

2.1 Equivalent Length for Torsional-Flexural Buckling

For design purposes, & new concept, the souivelent length for torsional-
fiexurel buckling, is introduced herein.

From ean 9

' Z N V4
1 P +F, s (P +P, )2— re ng(xo Cie ) 5
5 = TET 3B P 2 (30)
b -2 r PP
eq x z
The larger root of 1/P correSponds to the smzller root of P, thus
K221r E I_/1°
PTF = ,,____ (31)
2 2 q2+r2 r2 —K2 (x C e )
TTeq eqy2_ eq 23 0 17
2 + ( 2 ) - 2
2s 28 8

where 2 2

P, = K, M El /L (32)

2

P, = (K”vr EtC, /1w2+ G‘CJ)Q/req (33)

2 renPu B Kjl_ Eer/Lw + GtJ

TP - 2 2

x K221r E'r:Ix/L
L2 Kiicw GJ
o ) (34)
227x I, E
W

K22,K33,K23 and Lw eare evaluated 23 follows:

For unbattened members: L =L; 22,K33 2nd 1{23 are given in Table 2.

For bzttened members: L =a, X K23= 0.9, K22 is given in Table 2.

33

2 2 5 7 S 5
a 41 5 +r r <K (x - C,e )
eq ea 2 e 2 o} 170
sz 5 .:/( ) ) - q 52_. LI = (35)
28 28 8

TF_K27TEI /(p1 ) (36)

in which pL is defined 28 the equivalent length for torsionsl-flexural buck-
ling. Since the inelestic faector = czn be eliminsted in ecn 34, so that the
equivalent-length coefficient 4 is velid for both elestic and inelsatic
buckling, end PTF can be obteained by using the besic column curve.

then
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%+ EXPERIMENTS

In order to confirm the theory, a2 series of test were performed. The tests
consisted of cold-formed thin-wzlled hat sections with various slenderness
ratios under concentric or eccentric loed.

Two or more intermediste batten nletes

with ecuzl specing were welded on the open ) Tﬂ“
aide of the member except those unbattened -1

onesa. ''he shzpe of the cross section is B

shown in Fig.3, end their dimensions =zre D PR

given in Teble 3. A thick plete was welded |

to each end of specimens, and both ends | 1 ‘4
were seated on the cruciform-knife supports,

thus the boundary conditions of the test I

columns approzch to u =v =¥ =0, u"=v"=¢'=0

2t both ends 2nd ¢'=0 At battened sections.

'I'he experimental ultimate loads Pgyp 2nd Fig.3 Cross section
theoreticel vzlues of Ppp ond the initial of specimens
yield loeds Pyg Are elso given in Teble 3.

4. CONCLUSIONS

A rztion2l method for determining the torsional-flexural buckling lozd for
thin-wzlled columns of open cross sections ies presented. This method is valid
for battened 2nd unbottened members under concentric or eccentrie lozd. The
influence of prebuckling deflection is teken into considerstion. For the con-
venience of design, the ecuivalent-length coefficient is introduced. This
coefficient is 2pplicsble for both elestic and inelestic buckling. Comparing
the theoreticel vzlues with exverimental resultis the following conclusions
m2y be drawn:

The torsionsl-flexursl buckling losd of an open thin-wzlled column cen be
increesed by 2tteching batten plates on its open side.

It is possible to transform the mode of failure from torsional-flexural buck-
ling into in-nlene instebility if sufficient number of bettens 2re used.

When PTF;BPYG torsionsl buckling does not occur, more bestten plete is unne-
cesrery because the ultimete lozd of the member can not be further increzsed.

REFERENCES

1. WANG, SEI-JI, Torsicna2l-Flexuresl Buckling of Open Thin-Wslled Columns
with Battens. lhin-Walled Struciures, No.3,1985.

2. PEKOZ,T.B. 2nd WINTER,G., Torsionel-Flexursel Buckling of Thin-Wslled
Sections Under Eccentric Loed, Journszl of the Structurel Division,ASCE,
Vo0l.95,N0.5T5, Proc. Poper 6571, May 1969,

3. TIMOSHENKC,S.P. #nd GERE,J.M., Theory of Eleatic Stability, 2nd edn.,
McGraw-H3ill, New York, 1961, p.14.

4. BLEICH,F., Buckling Strength of Metsrl Structures, McGrsw~Hill, New York,
1952,



	Torsional-flexural buckling of partially closed thin-walled columns

