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Postcritical Behaviour of Thin Aluminium Plates
Comportement postcritique des téles minces en aluminium

Uberkritisches Verhalten diinner Aluminiumbleche

S. Fernezelyi, born 1942,
received his civil engineer-
ing degree and Ph.D. at the
Technical  University  of
Budapest. For eighteen
years he was involved in
problems of load-bearing
aluminium structures. He is
the designer of several large
span  aluminium  roofs.
S. Fernezelyi is now
responsible for the
engineering activity of the
Hungarian Aluminium Co.

Sandor FERNEZELYI

Civil Engineer

Hungalu Eng. and Dev. Centre
Budapest, Hungary

SUMMARY

According to our experiments, the structural components made of thin plates and loaded in
unidirectional and uniform compression, lose their load-bearing capacity so that a plastic
mechanism develops within which the lines of the plastic hinges are curved. Assuming a crushing
profile that adequately approximates to the reality and considering the difference between the
patterns of both the elastic and the plastic deformations, and also, considering the initial curvature
of the plate, the value of ultimate load can be determined as a function of the plate’s slenderness.

RESUME

Nos essais ont montré que les éléments en tole mince soumis & une compression uniforme
perdent leur capacité portante par formation d'un mécanisme de ruine dans lequel les lignes de
rupture plastique sont courbes. A I'aide d'un modéle de rupture proche de la réalité, en tenant
compte des différences entre les valeurs élastique et plastique des déplacements et en
considérant aussi les déformations initiales de I'élément, la valeur de la charge ultime de la plaque
peut étre déterminée en fonction de son élancement.

ZUSAMMENFASSUNG

Unsere Versuche haben gezeigt, dass die durch gleichmassigen Druck in einer Richtung
belasteten dinnen Blechelemente ihre Tragfahigkeit verlieren, indem sich ein plastischer
Mechanismus ausbildet, dessen Fliesslinien gebogen sind. Wenn wir ein der Wahrheit nahe
stehendes Bruchbild annehmen und den Unterschied zwischen den elastischen und plastischen
Verformungsmustern sowie die Anfangskrummung des Bleches bertcksichtigen, kann der Wert
der maximalen Last als Funktion der Blechschlankheit bestimmt werden.
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1. INTRODUCTION

Corrugated sheets being of wide use in building construction are made of sub-
stantially thinner material than that used in load-bearing structures in gen—
eral. In spite of the fact that increased attention has been focused on post-
critical behaviour of plates [1], [2], rather limited experimental and theoret-
ical knowledge is still available concerning such ranges of width-to—thickness
ratio. This is particularly true in the case of aluminium plates.

In order to establish the ultimate load, the form of collapse, the shape of the
plastic mechanism should previously be determined. Most of the authors [3],
[4], [5] assume that lines of the plastic hinges are straight, so that the shane
of the plastic mechanism involves two triangles and two trapezoids (See Fig.
3/a). It is also assumed [5] that ultimate strength of the nlate can be found
as the intersection of a post-buckling loading curve with a plastic un-
loading line. However, experimental data have not fully confirmed the theoret-
ical results [6].

2, DESIGN OF EXPERIMENTS

In order to expand our data base, a far-flung experi-

t _ mental project has been recently accamplished. Charac-
f teristic cross-section of the samples are shown on Fig.1.

b Eccentric compression was used for loading. The samples

4‘——4'- were prepared with the use of standard corrugated sheets
manufactured by the Hungarian Aluminium Corporation. For

the trial runs, samples of variocus length, width, thick-
ness and alloy were used. In all, 78 samples representing 22 types, were tested.
Thus, our results are considered fairly appropriate to draw conclusions of gen-

eral character.

Figure 1.

Our investigations included testing of:

- initial imperfections;

- critical buckling load experienced during the tests;

- post—critical behaviour, and the ultimate load of the plate;

- interaction between the general and local buckling, in order to determine
the ultimate load of the entire structural component.

The results were given in detail elsewhere [7], therefore, we shall herein use
only experimental results concerning initial imperfections and the ultimate
load of the plate.

‘We consider our experimental result a substantial one, namely that, in all
cases, the shape of the plastic mechanism is as shown on Fig.2, i.e. the lines
of plastic hinges are curved!

3. RANGE OF INVESTIGATIONS AND THE INITTAL
ASSUMPTIONS

For comparison with previous experiments ‘
we have limited the field of investigations and
made the following initial assumptions (for the
applied notes, see Fig.1):

(i) the sections are cold formed, their thick-
ness is constant, i.e. t = const.;

(ii) the plates are "extremely" thin, where
slenderness ratio of one cormponent plate
is: b/t > 80; Figure 2.
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(iii) slenderness ratio of the connecting plates is much lower, i.e. bi < 1/2 b.
Thus, buckling of such plates has no effect on the loading capacity of
the entire section. Otherwise, the widest plate can be considered being
simple supported;

(iv) the load is such as to cause uniform displacement at the loaded edges;
(v) the unloaded edges are stress free, thus, they do not remain straight;

(vi) collapse of the section shall always take place through the collavse of
the widest plate cawponent;

(vii) local deformation of the unloaded edges has no significant effect on the
collapse load.

Our experiments demonstrated that collapse of the camponent plate is
frequently associated with simultaneous collapse of the edges. The value
of yield stress is assumed to develop at the unloaded edges.

(viii) lines of the plastic hinges are curved.

4, SHAPE OF THE PLASTIC MECHANISM

Figure 3/a shows that shape of the plastic mechanism which has been normally
assumed in the literature, compared to Fig., 3/b which in turn, shows the shape
proposed by us in conformity with the experimental results.

The function that describes the surface (according to the co-ordinate system
shown in Fig. 3/b) is the following:

X

'
|
X :
/ X 1Bk
h
Z a
7 Y, y T/ oy
/1 2
; [
b b L, .
L 2 ¥ L 1 1 1
i i Figure 3/b.
Figure 3/a.
X, 7z _
Ttz = 1 (1)

Herein, "X" and "Z" represent functions of the curves which describe the lines
of the plastic hinges and determine the character of the buckled shape.

Perpendicular sections of the surface shall create straight lines. (This pro-
posed shape is the product of an approximation since the line described by
the "X" function does not lie in the reference plane, however, showed that
the resultant neglect is of no significance.)
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The "X" and "Z" curves which determine the surface as well as the in-plane
displacerent (8) are not independent.

2 2
e - 8
X= T (2)

The angle experienced at the lines of the plastic hinges shall be:

-1 262
e = tg 5 3
Zz°=5

v
Assuming existence of discrete angles in the plane of the other main curvature,
its value can be given as:

2 2 2 .2
_ 12 2°-36 LA I
A(DH—{Zéxi[ZZZ e Z _2] Z} cos (pv.Ax (4)

(3)

(2%-6%) 3 (72-6%)

where: x; gives the locality of the investigated horizontal section
Ax  distance between horizontal sections

With the use of the abowe findings and by taking notice of the yield conditions,
we can determine the external and internal part of the plastic work effected
during deformation.

5. STRESS DISTRIBUTION

Based on equal external and internal plastic work and after certain mathemati-
cal transformations, we can describe the distribution of stress:

n _ EHT_(_n_}ng[tgq 267 }
n.. 4 npl JRe 2 52

P

2 2. "

1 n 1 '2 3(5 Z 2 .2
pl 2 -5

where: n = 0.t normal stress
npl= oy.t yield stress

It can be seen that stress distribution depends soclely on the rate of in—nlane
campression (6) and the function which determines the shape of the yield
mechanism (Z).

If we consider a model of plastic-rigid material then the resultant in-plane
compression in the plastic mechanism, i.e.

6=6o=constant

shall be indentical with the total campression (6,). Assuming a constant
cross-section throughout (see condition iv.), this creates a geametric con-
tradiction in the vicinity of the edges. We shall then cbtain a solution well
in conformity with the experimental results by taking into consideration the
elastic canpressions, as well:

6 =6+ & = constant
o e
where: &a
Beyond the geometric data the elastic compression shall depend on the stress
distribution and, if we consider proportions of the shape of the nlastic
mechanism, the plastic compression shall be:

elastic camression
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2
Wpl L
2b 1—r10/ npl

‘I—n/nP:L

&= (6)

where: ng value of stress at the axis of symmetry
Wpl highest value of ocut-cf-plane displacement within the assumed
plastic mechanism

If we consider the omigsions that can be made concerning small angles, the rela-
tion (5) can be significantly simplified. Let's assume that function "2" is
described in the following form:

z=wpl.n.(%) (7)

This, and the substitution of the egqn. (6) into the egn. (5) and having imple-
mented the necessary reductions, we cbtain an explicit function that describes
the curve of stress distribution:

n =[1_(_n__> 2} £ +[1_ 1 (L)Z] .
npl npl Wpln 2 npl

2
(1-n_/n_.) ' "
.wg%(%nnz—gnzn>ﬁg— (8)
('I—n/npl) pl

It is evident that by knowing the function n, we can determine the relation
between the out-of-plane displacerent and the stress distribution. Since the
integral of the stresses constitutes the upper limit of the ultimate load, and
according to the theory of plasticity, its minimum value approaches mostly the
real value of load bearing capacity, we obtain the following variational
problem:

f——-n dy = min! (9)
n
pl

b
Since the exact mathematical sclution of this task inveolves extreme difficul-
ties, we resort to an approximation. We have investigated eight functions
which met the requirements of boundary conditions and came to the following
conclusions:

- a partial consideration of the elastic displacements as opposed to the purely
rigid-plastic model shall cause only an insignificant change with respect to
the ultimate load, however, the shape of yield mechanism becomes more real-
istic;

- in case of the curvilinear plastic mechanism (see Fig. 3/b) we obtain a sig-
nificantly (i.e. by 22 %) lower value for the ultimate load than in case of
the plastic mechanism containing straight lines., (See Fig. 3/a). Therefore,
it stands closer to reality;

- the choice of curved lire has a relatively small effect; the camparison of
the different curves yields a variance lesser than 10 %;

— fram among the considered trial-functions, the second order parabola, being
of the form of

Z = 0,955 W, [1-(2y/b) %] (10)
resulted in the minimum value. Thus, it describes the shane of the plastic

mechanism with a grade of precision that meets the requirements of engineer-
ing calculations.
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Having repeated the calculation concerning the egn. (8) applying numeric ap-
proaches, the resultant curves of stress distribution illustrated in Fig.4,
representing various kinds of different ocut-of-plane displacements. Also, with
respect to the case of W51/t = 5, we demonstrate a stress distribution which
can be calculated on the basis of a straight line plastic mechanism,

3
b

a2

} 6. PLASTIC UNLOADING LINE

By means of a repeated numeric integra-
tion, the values of the upper limit of
the ultimate load could be determined,
with respect to the values of out-of-
plane displacement. Thus, we could de—
velop the plastic unloading line (see
Fig.5).

. In order to find a more manageable form,
1T TTTTTR " we sought for an approximating function
o ¥pl_po which should describe with sufficient

precision the numerically determined
2y/b values.

We found that:
Pu _ 1
Ppl 1+0, 3Wpl/ t

where: P, ultimate load of the plate
ppl yield load of short plate

The formula shall provide the numerically determined values within a range
of +1.7 %.

R

—_—

Figure 4, (11)

7. ELASTTIC DEFORMATION LINE

The relation between the load and elastic deformation is considered being in
conformity with the literature and formulated according to our investigations:

— 1in case of initially flat plate:

P _ CIcr,:) [ 1—v2 (We) 2 + 1} (12)
P . oy 8 t

pl
Scr,p critical buckling stress
v Poisson's ratio
Vo elastic out-of-plane displacement

- when the characteristic value of the eccentricity is:

a = Wo/t
- 2
B. qu’frP 1-v? (ie_) _ aZ] + We/t-HJL (13)
Ppl oy 8 t We/t
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8. ULTIMATE LOAD

The intersection of the plastic unloading line with the load/elastic displace—
ment curve provids the wrer limit of ultimate locad (see Fig.5).

The real load/displacement path can be distributed to three phases:

L. elastic phase;

II. phase is where plasticity sets in. Here, the elastic pattern of displa-
cements transforms in to the plastic pattern of displacements;

III. plastic phase.

It can be seen that extremmm of
the real curve (wich indicatesthe
value of the ultimate load) is
situated below the intersection.
In order to assess this effect,
we present a vertical cross-sec—
tion of both the elastic pattern

P

$ Plastic unbading line

curve

- Ultimate load of displacements (Fig.6/a) and
Rep that of the plastic one, (Fig.
6/b) .
- .
Vo v
L L | B |
T 1 1

Figure 5.

-3b

Assuming that the transfoxmation should
take place at an identical value of in—
plane displacement (and using the legend
applied in Figure 6), we can determine the
following relation between the characteris-
tic values of ocut-of-displacement:

Figure 6.

- 3n/4 -
Wpl = W w7 1,500,

thile comparing the displacements, the above relation is used as a correction
factor. Thus, by equating the plastic displacement calculated fram the eqn.
(11) with the elastic displacement derived from the egn. (12), and taking into
consideration the correction (14), we cbtain the relation between the slender-
ness of the initially flat plate and its ultimate load:

(14)

sy D) i |
po 1,76P
where: ?PO slenderness of the initially flat plate
b

= P /P relative ultimate load
upl

If we perform the same camparison using the formula of load/elastic displace—
ment (13) which takes into consideration the initial eccentricity as well,
furthermore, if we assume, in conformity with our experimental results, the
value of the latter in the form of:

W 2
Mo LAYl 32 <
*=% (t) By-Ay r A =\ 00y T
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_ mEK
12(1*\)2)0
Y

The relation between slenderness of the plate and the ultimate load shall ke
the following:
T2.35 2__1 x4 ~
P PO g,79 P 1P
where: Ap slenderness of the initially imperfect plate
A slenderness of the plate of equal lcadability which was, however,
plane initially.

where: 1?-\1 = A

A 0,454
I 52 (17)
D

9. EXPERIMENTAL RESULTS

Fig.7 illustrates the curves calculated with the use of formulas (15) and (17).
The latter was calculated with respect to the initial curvature being of a
characteristic value of Ay = 0.141. This value was cbtained on the basis of
results of evaluation of 62 samples.

+ Braham,Rond al,Massonet The values of ultimate load
obtained through experiments,
were plotted in the figure,
where several well-comparable
measurement data can be db—
served, as well. It can be
established that the theore-~
tically determined curve fits
quite well with the experi-
mental results.

x Sherbourne,Korol
PA o Author

P 20 30 40 50 60 0 80 Ap
Figure 7.

10. IMPLEMENTED STRUCTURES

This process was used to control calculations concerning a roof structure of
30 meters span and manufactured fram 1 mm thick nlate. The roof structure was
subjected to a full scale loading test. The difference of the measured and
calculated values remained within a highly satisfactory range of 2.5 %.
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