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Fatigue Crack Propagation and Reliability of Structural Elements
Propagation des fissures de fatigue et fiabilité des éléments de construction

Ermidungsrissausbreitung und Betriebszuveriassigkeit von Konstruktionsteilen

D.D. CIOCLOV

Dr. -Ing., Director

Institute of Welding and Metal Testing
Timisoara, Romania

SUMMARY
Reliability theory and fracture mechanics principles were combined to indicate the time-dependent

failure rate and survival probability of structural elements subjected to random loading. The analysis is
itlustrated for random loading of the Gaussian, stationary, narrow-band form.

RESUME
La théorie de la fiabilité et les principes de la mécanique de la rupture sont considérés conjointement,

en mettant en évidence la dépendance de la vitesse de défaillance en fonction du temps et la proba-
bilité de survivance des éléments de construction soumis & des charges aléatoires. |."analyse est illustrée
pour une charge aléatoire du type Gaussien stationnaire a bande étroite.

ZUSAMMENFASSUNG
Die Zuverlassigkeitstheorie und die Methoden der Bruchmechanik wurden angewendet, um die zeitab-

hangige Ausfalisrate sowie die Uberiebenswahrscheinlichkeit von Bauteilen unter variablen Lasten zu
bestimmen. Die Betrachtungen werden fiir einen stationaren Gauss'schen Schmalband-Belastungspro-

zess veranschaulicht.
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1. INTRODUCTION

The materials fatigue damage occurs in two stages :

a) the damage nucleation, a process which develops at microstruc-
tural levels ending with fatigue cracks initiation, b) crack pro-
pagation until the overall load carrying capacity is lost. The
nucleation stage can be extended over 80 - 90 % of the fatigue
life, in the case of smooth elements loaded in neutrsl environ -
ment, or can be suppressed in the presence of accute stress con-
centrators, preexistent defects or corrosive environment.In wel-
ded metallic structures stress concentrators arise from particu~
lar joint configuration while defects such as undercuts, lack of
penetration or even cracks can be induced during the welding pro-
cess, Undere these circumsternce the damage nucleation period is
short and the relisbility of a structural element or of the whole
structure is governed by the random intersction of the load, de~
fects size and the material respose to the fatigue crack propaga-
tion.

In the following & procedure will be presented, in order to esti-
mate the reliability of metallic elements containing accute de-
fects which propagate under random loadings.

2. RELIABILITY ANALYSIS

In 2 metallic element which contains & crack of semilength a

( figure 1 ), the descrease of residusl strength R as against
the number of loading cycles is expressed bta the general rela-
tionship :

dR. __dR; _da (1)
dn da dn

The residusl strength Rr of an element conteining a fatigue crack
can be evaluated by resorting to the basic relationships of frac-
ture mechanics :

R= —Ak_ (2)
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where K, is the fracture toughness ( under plain strain conditi-
onsg ) of the material and B is & correction for the finite dimen-
sions of the element [1],[2] . The rate of fatigue crack propaga-
tionda/dn can be evaluated by a Peris type relationship [3] :

g2 -c(q, Vina)¥ (3)

where O is the uniform strees amplitude applied sufficiently re-
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Figure 1.

moted from the crack tip region ( figure 1 ) 3§ C end k are mate-
rial constants,

If the random loading is stetionary and centred arround the mean
stress Om with the probability density p(0a) defined on the domain
(CGu; 0 ) as is illustrated in figure 1 , then the mean rate of
crack propagation da/dn derived by & mean type operation in

the reletionship (3) is:
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alL

k
o (ViiBa) g G,'p(0.)d0, (4)
Cae

where O, is the inferior threshold limit of the stress ampiitu-
de under which the fatigue crackes do not propagates any more 1

an.l
3

If Oe< 0, , then in eq. (4) the inferior limit of integration is
G,s while if Gie> Oy the correction for the load distribution
truncation must be introduced :

Gay
As & p(Ca )dCa (5)
Cac
Taking the derivative in the relationship (2) one results from
the conjunction with the relationship (1) and (4) the rate of

the mean residual strength decreasing as against the applied loe~
ding cycles :

G

_ o

S e Ai—(-‘)—nﬁcaﬁ & G* p(G.)d0s 6)
o T

Cae

By integrating in this equation and considering the relationship
(2) for the initial undamaged state of the element with the mean
strength -R-o and a preexisting crack of semi-length ao(i-e-ﬁo_—.
=Ir(ml\/,jmau)one results the mean residuasl strengthR, after n - loading
cycles :

f A1y IBC (Jie g f o (7
R,=R°[1-n—-1) (5 )'S a, p(OL)dcr]
2 M Rt g, ;

In this stage of analysis it ies pertinent to outline that the

mean residual strength after n-~loading cycles can be computed as

function of :

- the characteristic parameters of the loading distribution

P(0,), 0. ;00

~ the parsmeters associated with the material strength to fatigue
crack propagation : k, C and Q,, ;

- a geometric parameter B which depends on the shape and dimen-
giona of the metallic element;
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-~ initial mean static strength R, and fracture toughness Ky .

It is to be remarked in tbe eq. (7) that the ratio(K./R,)=JiBa,
is proportional with the initial crack length.

When the application of K céncept ig not appropriate due to
crack ~ tip plasticity effects one can resort to the critical
crack opening displacement ( COD ) concept [1] for making expli-
cite the residual static strength.

Knowing the expression of the residual strengthR, as function of
epplied loading eycles one can determine the failure riskA(N),
or the probability of failure in the (N+1) cycle if the involved
metallic element has survived N cycles. This probsbility is de-
termined by the condition that the maximum loadingQ,,, (ieGn,, =
=0,+0, ) applied in the N-th cycle be grater than the residual
strength under singular loading [4] :

Gar
A (N)=Prob(G,,, >R, )= & p(C; )dG, (8)
R=0m

In the reliability theory one defines the reliability function
Q(N) which quantifies for an element or a structure the cumula -
tive probability for attaining ( survival ) an endurence of N
cycles. The complementary function P(N)=1-Q(N) defines the cumu-
lative probability that fracture occurs at a certain endurance N,
The following relationship between these functions exists [4l[5]:

N
Q(N):1—P(N)=exp[—-&_)\(N)dN] (9)
0

From eqs. (8) and (9) one can estimete the reliability parame -
ters of a structural element which instantaneous residuasl strength
(eq.7) is governed by the fatigue crack propagation under random
loadings.

If the loading pattern ( applied in a region remote from the
crack influence ) is defined by the probability density of loa-
ding mexima p(0,,, ) then eq.(7) remains valid in its functional
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form, but with the particularization G,— G, - end appropriate
experimental constants C and k.

3. THE CASE OF NORMAL NARROW - BAND RANDOM LOADING

As an exemplification, at the application of the genersl theory
the case of a normal or Gaussian narrow - band random stationary
loading with a zero mean will be considered. For such a loading
case the loading maxima repartition coincides with amplitudes re-
partition, being of the Rayleigh type [6] :

z

(0, )=02_exp(- 0322 ) (10)
dg 2dg

which in conjunction with the relationship (7) one determines
the expression of the mean residual stress R, after n-loeding

cycles :

Re =R, (1-A, )12 (11)

where :

( Gazl.2 ) I—-l( Gac <1+ )
As(-NTIRC(VZ dp) —2% 2d5" 2 " Koy
1—exp(—0;L12d6) Ro

(12)

Since the Rayleigh distribution was truncated at the superior li-
mit 0, , the fracture cannot occur as long as the residual
strength ﬁ, was not decreased by the fatigue damage down to the
superior limit of the loading distribution G, , when the corres-

ponding number of cycles n* are :
ﬂtl{-dgL‘q] 1
nL Ro) (13)

The failure risk is zero for Osngn® and increases for n>n*
according to the relationship (8) which yields :

.)\(N)-{e Cat (1 A" )* 2 | _Qi} —exo(- i 14
xp[ ] exp( 20 )[1 exp( 22 )] (14)
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Now, the reliability function Q(N) and the cumulative probsbility
P that the fatigue creck propagation till to the complete frac -
ture be accomplished in N loading cycles results from the conjunc
tion of eq. (9) and (14).

ﬁ')exp( UaL k—21 An(_zgra_) 2 {[—‘ Gai.(1 AN)k-

P (N)=1-exp ﬂ Oal 1-Ant ; .
g, OaL
1-exp! Zda)
Ga
Va .k _
g T ) (15)
-exp(-g—'~)

In the relationships (12) and (15) I_'(tw?) ig the incomplete Gam-
ma function whose integral expression is :

t

Mt Q)-X et dt (16)

0

In figure 2 it i=s illustrated the cumulative failure probability
P(N) as against the number of cycles (N-n*) for a 50 class steel
element with K_2 55 dN/mm°K /R=10  ;B=1 and G =0 . The fa -

10

ﬁ) 2 3 G:JL n*
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1000 2000 3000 4000 5000 6000 7000 8000
N-n* Figure 2
. -1
tigue crack propagation parametersk=4 end C=10 are typical for

this type of steel [1] . The considered random loading is of Ray-
leigh type with G, /d;=4 , the different pattern of loading in-
tensity being specified by the ratio G /Ry=0,125;0250; 0,500.
It is to be remarked from figure 2 that the statistical variabi-
lity incresses as the random losding intensity decreases,

The proposed analysis is pertinent for the reliability evalua -
tion of a structurasl element in which s fatigue crack is prope-
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gating, By applying the theorems of probability composition Dﬂ

[5] one can further estimate the overall reliability of a struc-
ture with elements arrangend in series (static determinate) pa~-
rallel ( redundant ) or s combination of both pattern.
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