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Structural Concrete as a Plastic Material
Béton armé comme matériau plastique

Stahlbeton als plastisches Material

M.W. BRAESTRUP

Lic. techn.

Department of Structural Engineering, TU
Copenhagen Lyngby, Denmark

SUMMARY

A rigid, perfectly plastic 3-parameter constitutive model for concrete is presented. The
modified Coulomb failure criterion is adopted as a yield condition with the associated
flow rule. The limited ductility is accounted for by neglecting the tensile strength in
practical applications and replacing the compressive strength by a reduced effective
strength. The dissipation in kinematical discontinuities is calculated, and the
relationship between cracks and yield lines is discussed. References to applications of
the modei are given.

RESUME

Un modéle rigide, parfaitement plastique a 3 paramétres constitutifs est introduit pour
le beton. Le critére de rupture de Coulomb modifié est proposé comme critére de
plasticité avec la régle d'écoulement associée. La ductilité limitée est prise en compte
en négligeant la résistance en tension en applications pratiques et remplagant la
résistance en compression par une résistance effective réduite. La dissipation
plastique dans des discontinuités kinématiques est calculée, et la relation entre
fissures et lignes d'écoulement est discutée. Des références aux applications du
modeéie sont indiquées.

ZUSAMMENFASSUNG

Ein starr-ideal plastisches, 3-parametrisches Materiaimodell fir Beton wird besprochen.
Das modifizierte CGoulombsche Bruchkriterium ist als Fliessbedingung mit dem
zugeordneten Fliessgesetz angenommen. Die begrenzte Duktilitat wird durch
Vernachldssigung der Zugfestigkeit in praktischen Anwendungen und durch Ersatz der
Druckfestigkeit durch eine reduzierte effektive Festigkeit berlicksichtigt. Die
Dissipationsleistung in kinematischen Diskontinuitdten wird berechnet und die Relation
zwischen Rissen und Fliesslinien wird diskutiert. Hinweise auf Anwendungen des
Modelies werden gegeben.
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1. INTRODUCTION

In order to make realistic predictions about the behaviour of structures under
applied loads, it is neccessary to model the response of the materials from first
loading to failure. However, if attention is restricted to the strength of the
structure, a short-cut can be made by considering the state of collapse only.
This is accomplighed by using the theory of plasticity and applying the theorems

of limit analysis, which are valid under certain idealized constitutive assump-
tions.

The theory of plasticity is a branch of the strength of materials, which can be
traced back to the work of GALILEC [1638], who determined the failure moment of

a beam composed of a material with infinite compressive strength (p 115, op.cit.).
CoULOMB [1776] established a yield (or rather failure) criterion (cf. Section 2
below), and gave an engineering formulation of the upper bound theorem (p 343-
344, op. cit.). The plastic potential was introduced by v. MISES [28.1] who, in

a generalization of earlier work, proved that the work done by a given plastic
strain rate is stationary in the actual state with respect to varying stress
states satisfying the yield criterion. Significant work was carried out in the
Soviet Union in the thirties and forties, cf, GVOZDEV [49.1].

In fact, the theorems of limit analysis were stated by GVOzDEV [38.1], but his
work was not widely known and credited in the West till much later. The commenly
cited formulation is due to DRUCKER, PRAGER, & GREENBERG [52.2] and is based
upon variational theorems proved by HODGE & PRAGER [48.2] and HILL [50.1]. PRa-
GER [55.1] and KOITER [53.2] extended the theorems to bodies with singular yield
surfaces.

The plasticity theory of Gvozdev was formulated with explicit reference to
structural concrete. On the other hand, the school of Prager and Hill was mostly
concerned with metallic bodies, and concrete was long regarded as a brittle ma-
terial, generally unfit for plastic analysis. The implications of applying ri-
gourcus limit analysis to reinforced concrete structures were discussed by
DRUCKER [61.1].

When plasticity is applied to reinforced concrete structures, a main problem is
the formulation of a suitable constitutive description of the concrete. Early ;
investigations of plane elements relied upon the square yield locus for plane
stress (cf. below), which may be generalized into the modified Coulomb yield
condition, used by CHEN & DRUCKER [69.1] to treat a problem of plain concrete.
Within the last decade, this material model has been applied to a number of non-
standard cases, mainly shear in plain and reinforced concrete, by a research
group at the Technical University of Denmark, NIELSEN & al. [78.7], BRAESTRUP &
al. [78.1], JENSEN [77.2]. Similar research has been carried cut at various otherx
institutions, notably the Swiss Institute of Technology, MUELLER [78.6], MARTI
[80.4]. In May 1979 a Colloguium on Plasticity in Reinforced Concrete was orga-
nized in Copenhagen, sponsored by the International Association for Bridge and
Structural Engineering. Most of the results obtained so far are collected in the
conference reports [78.3],{79.5].

The collapse of a structure is characterized by large irreversible deformations.
By comparison, the elastic geometry changes are small, and in the absence of
stability problems they may conveniently be neglected. Also work-hardening ef-
fects are without great importance for the collapse load. Thus the structure is
idealized as a rigid, perfectly plastic body.

The theory of perfect plasticity only involves the rates or increments of plas-
tic strains, and deces not predict the magnitude of the total deformations. How-
ever, when we describe the structure as rigid-plastic, and only consider the

instant of collapse, then the incipient plastic deformations are the first and
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only to occur, and it is immaterial whether they are regarded as increments or
not. Consequently, the use of superposed dots is avoided, and although the term
"rate" is employed, the distinction from conventional "small strains" is merely
academical.

The constitutive equations of plasticity and the validity of the limit analysis
theorems require unlimited ductility, i.e. the materials shall be able to under-
go arbitrarily large deformations at constant stress level. Apparently concrete
cannot be considered to satisfy this requirement to any reasonable degree. An
abstract discussion of this matter is quite complicated and rather futile. In-
stead it is proposed to regard the theory of plasticity as a mathematical tool
by which it is possible to describe the behaviour of concrete structures at col-
lapse. The merits of the approach will then have to be judged by the correspon-
dence between the theoretical predictions and experimental evidence.

2. MODIFIED COULOMB CRITERION
One of the simplest descriptions of the strength of a material is the frictional
hypothésis introduced by courLoMB [1776]}, stating that in a section subjected to
the shear stress T and the nermal stress ¢ failure occurs for

T = ¢ - otany (1)
Thus the strength is defined by two material parameters, the ¢ohesion ¢ and
the angle of internal friction ¢ . For ¢ = 0 , the criterion reduces to

Tresca's condition of maximum shear stress.

For a material obeying equation (1), the uniaxial tensile strength ft and com—
pressive strength fc are:

£f = 28 and £f = 2CVE (2a,b)
LY & :
where k = E;LE#EQ (3)
1 -siny

The Coulomb criterion is used mainly for soils, but it may also be applied to

other granular materials, such as concrete. One drawback of the model is that

for reasonable values of the angle of friction, the ratio between tensile and

compressive strength, implied by equations (2}, is unrealistically high. This

can be amended by introducing Rankine's maximum stress criterion, stating that
tension failure occurs for

g = ft {4)
The combination of equations (1) and (4) is called the modified Coulomb failure
criterion, visualized in Fig. 1.

couroMB [1776], p 348-349, attempted to determine the cohesion of a material by
locading a specimen in pure shear, and found that failure occured for a shear
load approximately equal to that required to break the specimen in direct ten-
sion. This led Coulomb to identify the cohesion ¢ with the tensile strength

£ . As seen from equation (2a), this is in fact correct for a Coulomb material
with k = 4 , correspending to tang= 0.75, which is precisely the value adopted
by Coulomb in his applications, cf. HEYMAN [72.1], p 120-121. However, if the
Coulomb criterion is wvalid, then failure in pure shear will occur at a shear
stress which is less than the tensile strength f£_, cf. Fig. 2. The fact that
the same value was obtained shows that the materidl (a sandstone) ocbeys a modi-
fied Coulomb criterion, where tension failure takes place by separaticn rather
than by sliding. For such materials, the cohesion is substantially higher than
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the uniaxial tensile strength, as
seen in Fig. 2.

The idea of combining the criteria
of maximum shear stress and maximum
normal stress appears to be due to
DCRN [48.1], in the case of cast
iron. For concrete, the combination
of Coulomb sliding failure and
Rankine separation failure was sug-
gested by COWAN [53.1], paunL [61.2], -
and SANDBYE [65.1]. d

Fig. 1 shows the modified Coulomb f T
criterion as the envelope of the L f. fl[

Mohr's circles for the states of A A

stress which can be sustained on

a section in the material, and such

a failure criterion was proposed by Fig. 1 Modified Coulomb failure

mMOoHR [1900G]. Mohr's failure envelcope criterion

is also called the intrinsic curve

of the material, and COWIN [74.1] has shown that the Mohr-Coulomb criterion fol-
lows from a simple constitutive assumption.

Many suggestions have been made for the shape of the failure envelope. Cne of the
earliest is a parabola, cf. LEON [35.1], reflecting the experimental fact that
the angle of friction, i.e. the slope of the curve, decreases with increasing
compressive stress. On the other hand, the parabola is defined by two parameters
only, whereas the modified Coulomb criterion has the attractive feature that the
tensile strength may be varied independently of the compressive strength and the
angle of friction.

The failure envelope of Fig. 1 is open towards the negative direction of the
o-axis, which means that theoretically the material is able to sustain arbitrari-
ly high hydrostatic compression. It is further characteristic for any Mohr-
Coulomb criterion that it does not involve the intermediate principal stress,
which does have some influence, according to modern investigations. To take ac-
count of these defects, various more sophisticated criteria have been formulated,
e.g. MAGNAS & AUDIBERT [71.1],

De GARIEL-THORON [77.1], DRAGON At
& MrOZ [79.3], orrosEn [79.7].

Failure of concrete may also be
defined as the onset of un- Modified Coulomb
stable internal cracking, de-

pending upon the loading path,

KOTSOVOS & NEWMAN [78.4],[79.6], Loulomb
or defined by a limiting volu-

metric strain, CARINO & SLATE

[76.1]. A maximum strain crite-

rion, LOWE [78.5], leads to a

model which is very similar to

the modified Coulomb conditicn.

Surveys of failure criteria for i o
concrete are also given by CHEN " fy j

[78.2] and wasTiELS [79.8].

Y

Fig. 2 Modified and unmodified Coulomb cri-
teria with Mohr's circles of stress
for pure shear and uniaxial tension
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3. CONSTITUTIVE MODEL FOR CONCRETE

To be able to subject structural concrete to plastic analysis, we introduce the
assumption:

Concrete is regarded as a rigid, perfectly plastic material with the
modified Coulomb failure criterion as yield condition and with the
associated flow rule. The compressive strength is f£* , the tensile
strength is fz ; and the angle of friction is ¢ . ¢

When the failure criterion of Fig. 1 is adopted as yield condition, the yield
surface can be determined in the space of principal stresses (¢,,0,,0.) . Fig. 3
shows the yield loci in the cases of plane strain and plane stress. ey are
found from the yield surface by projecting on, respectively intersecting with,
the plane o0, = 0O . Figure 3 also illustrates the associated flow rule, the ge-
neralized strain rates being the principal strain rates (e,,e.,€,) . The slope
of the yield locus corresponding to sliding failure is determined by the para-
meter k , given by equation {3).

The validity of the associated flow rule for granular materials like concrete is
guestionable, It is obvious that concrete dilates at failure, but experimental
evidence seems to indicate that it is not nearly as much as predicted by the
normality condition. However, tests of this kind are difficult to interpret
because they are based upon an assumed uniform state of deformation, and failure
of concrete (and rock) tend to be localized in narrow zones, cf. Section 5 be-
low.

The constitutive description of concrete, introduced above, is very crude in the
sense that it attempts to define the strength properties and the deformations at
failure by means of only three material parameters, viz. £% , £% , and ¢ . It
would have no purpose to pretend that such a primitive modef is particularly rea-
listic, and the approach is open to criticism, BAZANT & TSUBAKI [80.2]. on the
other hand, surprisingly ac-

curate predictions may be Ao, (€5}

obtained, provided some care
is taken in the definition
of the strength parameters.

The stress-strain curve of
concrete in compression is A ale,)
characterized by the total »
absence of a yield plateau
and by a falling branch.
Consequently,the redistribu-
tion of stresses, which is a ;
condition for the validity h““*ﬂg
of the limit analysis theo- )
rems, can only take place at
the expense of losing strength. c
This is taken into account by __///
assuming f¥* , called the ef- plane stress
fective Congrete strength, to
be a certain fraction of the
uniaxial compressive strength . 1+siny
£, estimated by standard D 1-sing
tests (cylinders, prisms,
cubes, etc.). The ratio
v = fk/f is called the FPig. 3 Yield loci for concrete in plane stress
effec%iveness factor, and and plain strain

plane strain \(k,-ﬂ
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since it is primarily a measure of concrete ductility, it decreases with increas-
ing strength level. Empirical investigations have shown that this trend may be
described by assuming the effective strength f* to be proportional to £ .
Incidentally, the same empirical relationship appears to exist between the ten-
sile strength ft and the compressive strength fc :

A theoretical estimate of the effective concrete strength may be cbtained, EXNER
[79.4], by requiring the strain energy (i.e. the area under the stress-strain
curve) for a certain limiting strain € to be identical for the actual and the
idealized materials. Based upon experimgntally determined stress—-strain curves,
the effectiveness factor is then found as a function of the comcpressive strength
f_ , which is very similar toc the square root dependency described above. COLLINS
[79.2] finds that the efifective concrete strength does not only depend upon the
value of the corresponding principal compressive strain, but also on the magnitude
of the co-existing maximum shear strain.

In addition to reflect the ductility, the effectiveness factor must also incorpo-
rate all the effects which are not explicitly accounted for in the theory, e.g.
initial state of stress, stiffness of the materials, size effects, etc. Therefore
the effectiveness factor for a given type of structure will have to be evaluated
by comparing the predictions of plastic analysis with results of tests.

The behaviour of concrete in tension is almost brittle, hence the effective ten-
sile strength ft is very small. If f£f* = 0 is assumed, the lack of ductility
in tension becomés immaterial, and the theorems of limit analysis may be applied
with confidence. Problems arise if the strain rates change from tensile to com-
pressive, but that is not relevant for simple yield pcint analysis. Consequently,
the tensile concrete strength is prudently neglected for all practical purposes,
which means that reinforcement must be provided if tensile stresses cannot be a-
voided. For f* = 0 , the yield locus for plane stress (fig. 3) reduces to the
socalled square yield locus for concrete, cf. Fig. 4.

The angle of internal friction appears

to be fairly independent of the concrete
quality, and ample experimgntal evidence
suggests the value ¢ = 37 , correspond-
ing to tan = 0.75 and k = 4 . This
'value corresponds to the slope of the A
experimental Mohr-Cculomb failure enve-
lope for stress states in the vicinity
of (01,0 ,03) = (0, 0, -£ ). As mention-
ed in Sec%ion 2, the angle of friction

is reduced by the superposition of a
high hydrostatic compression. Sometimes c
substantially higher angles of friction
are quoted, BAZANT & TSUBAKI [79.1], (-f% _£%) ‘55555““‘[81,
[80.2], based upon the shear transfer cr'c

in cracks. However, what is effectively

measured by such tests is the slope of

the modified Coulomb criterion, Fig, 1, Fig. 4 Square yield locus for concrete
at the intersection with the T-axis. in plane stress

€,)

The modified Coulomb criterion with a zero tension cut-off was used by DRUCKER &
PRAGER [52.1] as a yield condition for scil. For concrete, CHEN & DRUCKER [69.1]
introduced a non-zero tensile strength. The yield condition has been discussed
by CHEN [70.1] and JENSEN {77.2].

The square yield locus for concrete in plane stress was applied by NIELSEN [64.1]
to ¢labs, and later to walls, NIELSEN [71.2}, and shear in beams, NIELSEN [67.1].
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.

In the latter context, NIELSEN [69.2] introduced the concept of effective con-
crete strength.
4. CONSTITUTIVE MODEL FOR REINFORCEMENT
For the steel reinforcement, we introduce the assumption:
The reinforcing bars are regarded as rigid, perfectly plastic, and
able to resist forces in their axial direction only. The tensile yield

stress of the steel is fY g

It follows that dowel action of the

bars is neglected. So is usually €« £ s {€s)
the contribution from compressed - — o
reinforcement, because it is small o fy

in comparison with that of the sur-

rounding concrete. The one-dimen-

sional yield locus for steel subject—~ Fig. 5 Yield locus for reinforcing steel
ed to the axial stress o is vi~-

sualized in Fig. 5. For steel without a definite yield point, the yield stress
fy is defined in a suitable manner, e.g. as the 0.2% offset strength.

The reinforcement is assumed to be either concentrated in lines (stringers) or
continuously distributed over the section (smeared). In the latter case, the bars
are assumed to be parallel and sufficiently closely spaced. The tensile strength
of a stringer is the yield force T = Asf . where A_ is the cross-sectiocnal
steel area. The strength of smeared’reinfotcement is characterized by the equi-
valent yield stress rfy , where r is the reinforcement ratio, defined as

o

s
SO . 5
ro= o= {5)
C
Here Ac is the area of the section of concrete perpendicular to the bars of
area AS .

The actions of reinforcement in different directions are assumed to be independ-

ent. Generally, problems with bond and anchorage are neglected. Thus perfect bond
is assumed in upper bound solutions. In lower bound solutions, any stress transfer,
including complete slip, is possible.

5. DISSIPATION IN YIELD LINES

In the derivation of upper bound solutions, it is very convenient to use failure
mechanisms where the deformations are localized in failure surfaces, separating
rigid parts of the body. The angle between the relative displacement rate v

and the surface is termed o , where -n/2 < a < n/2 , cf. Fig. 6b. The inter-
section of the failure surface with the normal plane containing the displacement
vector is called a yield line. The yield line is a kinematical discontinuity
which may be regarded as an idealization ¢f a narrow zone of depth A with high
strain rates, assumed to be homogeneous, cf. Fig. 6a.

In the normal plane, the local components of the strain rates are
= Y sina = 0 = 2 =2 cosa
n T 2 St : e T v @ue T Ve T 2

The transformation formulae (Mohr's circle) then yield the principal strain rates:

—l 3 :—l - g1
€, = A (1 + sina) and 62 0 (1 - sina) (6a,b)



10 STRUCTURAL CONCRETE AS A PLASTIC MATERIAL

a) b)

Fig. 6 Yield line in plain concrete
a) Narrow zone with high straining
b) Kinematical discontinuity

The principal directicns of strain rate, which coincide with the principal direc-
tions of stress, are indicated in Figs. 6. The first principal axis bisects the
angle between the deformation wvector and the yield line normal.

In the cases of plane stress (0, = 0) or plane strain (e3 = 0) , the rate of
internal work per unit area of the discontinuity is

= 7

D (6101-+8202) (7)

Referring to equations (6), note that the dissipation is independent of the assumed
depth A of the deforming zone.

The principal stresses (01,02) which are able to produce the principal strain
rates (g4,€p) given by equations (6) are determined by the flow rule and the
yield condition, Fig. 3. The stress regime on the yield locus depends upon the
direction of the strain rate vector, i.e. upon the value of a .

‘'Inserting into equation (7), we find:

1

D =5V fZ(E-m sina) (8)
for ¢ < a < 7/2 (plane stress or strain)
1 ,

D = 3V fz(l-SLna) (9)
for - w/2 <a <9 (plane stress)

Here the parameters £ and m are defined as
= - - ¢ 3 = _ *
s 1 (k- 1) f’;/fc p m 1 (k+ 1) f’:‘:/fC (10a,b)

Note that equations (8) and (9) are identical for o = (¢ . Equation (9) is valid
for plane stress only, because the flow rule and the yield condition exclude
yield lines with o < ¢ in the case of plane strain. To describe such deforma-
tiens, it would be necessary to introduce a more sophisticated constitutive model,
€.g. by assuming a curved failure envelope (cf. Fig. 1) or a non-associated flow
rule.

The derivation of equations (8) and (9) is explained in further detail by JENSEN
[75.1], c£. also [78.6]. General formulae for the dissipation in a modified Cou-
lomb material are given by JENSEN [77.2].
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Suppose a reinforcement stringer intersects a yield

#
line at the angle 8 , where 0 < B <7 and B =0
corresponds to the same direction as o =0 , cf. Fig.
7. The rate of strain = in the stringer is then
g =~ sinBcos (B - a)
s A
The rate of internal work is determined by the flow B
rule and the yield condition, Fig. 5: a
WI = v TY cos (B - o) ' for B-a < m/2 (11) v
WI = 0 for B-a > w/2

Fig. 7 Yield line with
If the yield line is crossed by a band of smeared reinforcing bar
reinforcement, the contribution to the rate of internal
work per unit area of the discontinuity is

D

v rfy cos (B - a)sinB for B-a < m/2 (12)

D=0 for B—ai‘n/Z
The factor sinf takes account of the fact that the reinforcement ratio r is
defined per unit area perpendicular to the reinforcement, cf. equation (5).

6. CRACKS AND YIELD LINES

Cracks in concrete are damages which are always present at the micro-level, and
may occur for a number of reasons, including changes in temperature and humidity.
Under load, visible cracks tend to form perpendicular to the direction of first
principal stress. Thus from Figs. 6 we conclude that a yield line will only co-
incide with the crack direction provided that it is perpendicular to the rela-
tive displacement rate. In that case, the yield line may be termed a collapse
crack, MUELLER [76.2],[78.6].

During a loading history leading to collapse, the principal axes (and the cracks)
are likely to change directions, and at failure the latest formed cracks will ge-
nerally be at an angle to the vield line. This means that shear stresses are
transferred across the discontinuity, presumably by aggregate interlock in old
cracks and by crushing zones between cracks.

The transfer of shear in yield lines is expressed by the rate of work dissipated,
which depends upon the direction o of the deformation, cf. Figs. 6. For o =
m/2 , equation (8) reduces to D =v ¥ , i.e. the resistance of concrete to
cracking is equal to the tensile strength. However, as soon as a tangential de-
formation is introduced (o < m/2) , the resistance increases dramatically, and
the compressive strength becomes dominant.

If the tensile strength is neglected, the stress state in the yield line is given
by the corner ¢ of the yield locus, Fig. 3; for ¢ < o < 1/2 in plane strain

and - /2 < o € /2 in plane stress (- 7/2 < @ <@ in the case of finite
tensile strength). Hence the principal stresses are (o ,02) = (0, - f:) , corre-
sponding to the local stresses in the yield line (cf. Figs. 6):
1 1
= em e - gi = arme lab
o 5 fZ(l sina) ’ Te =3 f: cosa (13a,b)

Note that the shear stress increases to a maximum of half the compressive strength
in the case of pure shearing (a = 0).



12 STRUCTURAL CONCRETE AS A PLASTIC MATERIAL

To minimize the rate of internal work, concrete will tend to fail mainly by
cracking, with as little shearing as possible. The efficiency of steel bars as
reinforcement is to a large extent due to the restraint they offer against the
dilation of cracking concrete. The principal merit of the modified Coulomb con-
dition is that it offers a simple and rational description of this behaviour.

The adoption of a zero tensile strength is equivalent with the assumption that
the concrete is potentially cracked in all directions, whether cracks are detect-
ed or not. Still, the concrete behaves as an isotropic material, in the sense
that the cracks in one directicn do not affect the strength in other directions,
unless the cracking is associated with significant strains, cf. Section 3. It
might be feared that.the presence of cracks would reduce the resistance to slid-
ing failure in certain directions. However, experience indicates that the crack
width should be very large (several millimeters) before the shear transfer is
significantly reduced.

A different approach is that of BAZANT & TSUBAKI [79.1],[80.2)}. They regard
cracks as unable to transfer shear without the presence of compressive stresses,
but rather than describe this behaviour by the modified Coulombk criterion with
a zero tensile strength they introduce a so-called slip-free criterion, which is
effectively the Coulomb criterion with zero cohesion (c¢f. BRAESTRUP [80.3]). For
isotropic concrete this implies zero compressive strength, but the criterion is
intended for concrete under predominantly tensile leading, and with large crack
openings. Thus the cracked concrete is assumed to be anisotropic. A constitutive
model for cracked concrete valid for small crack displacements has recently been
proposed by BAZANT & GAMBAROVA [80.1].

7. APPLICATIONS OF THE MODEL

Early applications of plasticity to structural concrete consists of cases where
the strength is mainly governed by the reinforcement, e.g. flexure of beams and
slabs, and for such problems, the use of a plastic approach has become standard.
Prominent examples are the yield hinge method for beams and frames, BAKER L56.1],
and the yield line theory for slabs, JOHANSEN [43.1]. In these cases, the role
of the concrete is merely to provide a suitable compression zone.

Plastic analysis of concrete structures subjected primarily to shear loads repre-
sents a comparatively new development. Such non-classical applications include
in-plane shear in overreinforced (constrained) walls, shear in joints, shear in
slender beams with vertical, inclined or no stirrups, shear in deep beams and
corbels, punching shear and pull-out, concentrated loading, anchorage and bond.

A common feature of these problems is that the strength of the structure is
largely dependent upon the concrete properties, which means that the constitutive
model for the concrete plays a dominant part.

The predictions of the plastic analysis have been compared with experimental evi-
dence, and in most cases a remarkable gqualitative agreement has been found. The
quantitative agreement hinges upon the assumed values of the effective strength
parameters, cf. Section 3. It appears that reasonable strength predictions are
obtained by neglecting the tensile strength f* and adopting an effectiveness
factor v = f’é/fc of the order of v = 0.5 , fc being the cylinder strength.

A detailed account of the individual applications is outside the scope of the

present paper, and the reader is referred to the papers and reports menticned

in Section 1, as well as to a monograph by NIELSEN and a thesis by BRAESTRUP,

both in preparation. A summary of the results will alsc appear as a chapter of
a forthcoming Handbook of Structural Concrete.
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8. DISCUSSION

Mathematical models for material response are tools by which engineers may pre-
dict the strength and deformations of structures. By introducing a sufficiently
large number of constitutive parameters it is possible to describe the behaviour
of the most complex material to any desired degree of accuracy. The computaticnal
difficulties arising from the application of such complicated models can be over-
come by the use of numerical methods adapted for large electronical computers.
However, the machine does not give any indications on how to assign realistic
values to the various material parameters in any particular application.

In the preceeding sections we have introduced a description of concrete at ulti-
mate which is extremely simple, in the sense that it relies upen eonly three para-
meters, which are easily evaluated, the physical significance being straightfor-
ward. If the tensile strength ft is neglected, and the standard value @ = 37

is adopted for the angle of friction, then the only parameter left to characterize
the material is the effective concrete strength f* , which essentially is a con-
servative estimate of the uniaxial compressive streéength.

It is cbvious that such a primitive model cannot furnish any detailed description,
even when attention is restricted to strength properties. Nevertheless, experience
indicates that surprisingly good predictions are obtained concerning the failure
of structures in plain and reinforced concrete.

It appears that the best results are produced for problems invelving plane stress.
For plane strain, and particularly axisymmetric c¢ases, the solutions tend to sig-
nificantly overestimate the load-carrying capacity. This is probably due to the
fact that the yield condition is unconservative in the presence of high hydrosta-
tic compressicon. A refinement of the model should address that problem, e.g. by
substituting a curved failure envelope for the straight line of the Coulomb cri-
terion, cf. Fig. 1.

A reasonable amendment would be to
replace equation (1) by the para-

bola: \\\\ x
T e %fg(l -sing) 2 -¢ £ sin®  (14) .

This failure envelope has the pro- N

perty that the inclination is equal S

to ¢ for the stress state corre- S

sponding to uniaxial compression.

The tension cut-off, equation (4), S

only becomes effective for a ten- A

sile strength ft < % fc(1-sinw)2/

sinp.

The modified failure envelope is Py

shown in Fig. 8 for £, = 0 . Note fe

that in this case the yield locus e o |

for plane stress still is the

sguare yield locus, cf. Fig. 4. Fig. 8 Parabolic failure envelcope with
For plane strain the lines with zero tension cut-off.

slope k (Fig. 3) are replaced by

hyperbolas with asymptotes parallel with the hydrostatic axis. Thus plain strain
yvield lines with deformation inclinations o < become possible, albeit the
resistance against pure shearing (o = 0} is infinite. This should lead to a bet-
ter description of axisymmetric problems without the introduction of additional
parameters.
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