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Reinforced Concrete Corbels — Some Exact Solutions
Consoles en béton armé — quelques solutions complétes

Stahlbetonkonsolen — einige vollstandige Losungen

B.C. JENSEN

Lic. techn.

Ingenidrfirmaet Axel Nielsen A/S
Odense, Denmark

SUMMARY

The paper presents some equations for the load carrying capacity of reinforced concrete corbels.
The solutions are exact solutions based on the classical theory of plasticity.

RESUME

La résistance uttime des consoles en béton armé est examinée en appliquant la théorie classique de la
plasticité., Quelques solutions complétes sont obtenues.

ZUSAMMENFASSUNG

Die Tragfahigkeit von Stahlbetonkonsolen wird mit Hilfe der klassischen Plastizitdtstheorie untersucht.
Einige vollstandige Losungen werden angegeben.
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1. INTRODUCTION

In this paper some lower and upper bounds for the load carrying capacity of re-
inforced concrete corbels will be presented.

The solutions are based on the
assumptions of zero tensile
strength in concrete and plane
stresse field. Concrete and rein- &
forcement are idealized to rigid- )2
perfectly plastic materials. The
bars carry forces in the axial
directions only. The yield crite-
rion of concrete is the well > o,
known square yield criterion, see
fig. 1. From the work on shear
problems carryed out in Denmark,
it 1s known that the strength of
concrete cannot be expected tc be
the normal uniaxial compressive
strength £ , see f.ex. [1]. The
same condiftion is well known from
normal bending calculations. To

take this into account we intro- (-vfe , -vfc)
duce the effective compressive
strength\)fc, where v < 1. Fig. 1. 8Square yield criterion for concrete.

2. HORIZONTAL CONCENTRATED REINFORCEMENT

2.1 Lower bound soluticns

Consider the stress de-
stribution shown in fig. a
2. The force T in the
reinforcement is trans- [)1 E

ferred to the concrete ////’\\\ K
at the length EF. Inthe 1 gu -
regions ABC and DEF

there are hydrostatic F
compression. In the re-

gion BCDF there is un- £
axial compression. The
hydrostatic stress is

‘equal to the unaxial 5
stress, and both are

equal to the cdncrete
strength\)fc.

A C 7

,r_L._‘z ,*_;)F

From right-angled tri-
angles in fig. 2 we get  Fig. 2. Stress destribution.

2.9

{(a + 5

24(h-y)? = (a-2)%+ n? - (32 + y2) (1)

From this equation we get

x =-a + va?+2y(h-y) {2)
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The lower bound solution is thus
P =
X Vo, (3)

Using T = P/h we get

T
—_ = =y
o

c

+ \/(v%)z + 2\)% (v -v %) (%)

g o

Maximum for (4) is found for Y/h = . However, the tensile force T is equal to

the compression force at the region EF, i.e.

= < AT
T=yv fc < ¥y (5)
Here 1s A the area of the :r'e:Lnforcemeﬂtf and f is the yield strength.hWe intro-
duce the degree of reinforcement ¢ =‘HE¥" Fr%m,(B) we then get y =07 /v but
1 c

with maximum ¥Y/h = 3.

Inserting in (4) we get

a v
T VS /(\)%)2 + 2 ¢(v-9) °< 3 (6a)
g a P I I AV
¢ vyt \)‘/(E) + 3 ¢ > 3 (6b)

These equations are lower bound solutions if the reinforcement is placed with an
effective height hy = h-}y or

(Ta)

Ml role

(To)

If the effective

height is less than

given in eguation 7

the stress destribu-

tion in fig. 3 can a

P
be used. §
a¥n

The stress destribu-
tion is in fact the D E
same as in fig. 2,
- _,r
£

except the region T e
GHDE. In this region F
we have wmilaxial

stress equal to the B
concrete strength >‘I

v |
¢

. ¥
The lower bound solu- A % &
tions are found in : = =
the same way as (6),
and we get Fig. 3. Stress destribution

a T h
* A+ 2y Te—cb) d <v

+ \)/(%)2 + (uf)2 &>V

-y —he- (8a)
h
—f (8b)

T
—(j_

5l oe

c Y
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These lower bound solutions are valid when h, is less than given in (7). If he

is greater we cannot use this consideration because the tensile force in the re-

inforcement now is de-

termined by the di-

stance h—h . At the

limit h = hg the lower

bound in this way will

be =zero. p

If h, is greater than
given in (7) we can ; Dy 1414 i44° "
use the stress destri- T E|] * 7
bution in fig. 4. In

this case the tensile F
force is transferred o
to the concrete as a

shear stress 1 = T/z. B
In the region ARC >{
there is hydrostatic

compression and in A C

region BCDF there is . X z
uniaxial compression. .

A1l stresses are equal

to the concrete Fig. 4. Stress destribution.
strength\)fc.

From right—angled triangles in fig. L we get

(a-2)% + (b =P -x*-y% = (a+5)? + (n-%)° (9)

From (9) we find

x =-a+ JaZ + y(2he = 7) (10)

Also from gecmetrical considerations we get

he/ a‘ + y(2he—yf+ ya- hea

7 = ool
h, - L
€ 2
Noew we regard the equlibirum of the triangle DEF. The moment equation gives
2 2
G = VO £_t2.y_ (12)
c Z

And then the load P turns out to be

P=oggz= \)Oc(—a + va‘ + y(2he— y) ) gy

This force is equal to the vertical force on AC.
Maximum for (13) is found for y = h,. However, horizontal projektion gives

= =T z-< AT 1h
T =yvo, s B, (1h)
This means that y = ¢ h/v , but with maximum y = h_. Inserting in (13) we get

the same lower bound solutions as in (8), which then i a general lower bound
solution. The stress destribution in fig. L4 can of course be used instead of
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the stress destribution
in fig. 2 and fig. 3.
However, the way of
transferring the tensile
force to the concrete is
quite different.

2.2 Upper bound solutions

The failure mechanism is
shown in fig. 5. Part IT
rotates the angle 0 about
A. The yield line AB has c
pure comp?ession and AC A¢/ 7
1s a tensile crack. The -

tensile crack reaches
the upper side of the -
corbel at an arbitrary o
place inside the load. I A

S

iy

The work equation con-
sist of 3 contributions B A
Wg, WiR, WIic from the x |
external force, the re- :
inforcement and the con-

crete. Fig. 5. TFaililure mechanism.

The contributions are

g

W

Pla + x)a (15)

1l
fi=d
H

)
|

e

Q

IR y e (16)

e 1 2 2
e Qvfc(x + y%a (17)

The work equation WE = WIR + wIC then yields
_2v(x®* y2)+ oh(he-y)
a +

P _ )
f b
c

where © = (A fy) /(1 fc)

Minimizing with respect to X and y ve get

¢
y =3h - (9)

&n,, . _&h
\)(Ehe \))

x = —-a + va? + (20)

Inserting in (18) we get the minimum

a Wy By o e
—_— = =y — + — . S
o VT ‘/Nh) +<I>(2\)h &) (21a)
The upper limit for the validity of {2la)} is the contribution 0 from the rein-
forcement, that is hg =y or ¢ = (ha/h). If the degree of reinforcement is
greater we get
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he

Lo gl +V/(3)2 4 (Eha)2 3> v = (21b)

o h
c

The upper bound sclutions (21) are identical with the lower bound solutions (§).
The solutions therefore are exact.

3. INCLINED REINFORCEMENT

3.1 Lower bound solutions

In case of inclined re-
inforcement. The stress

destribution is shown T a P
X

K

F

in fig. 6. In the re- “\b
gions IKFD, KIGF and
CDEB there are uniaxial ¥
compression and in the
regions ABC, DFE and
FGE there are hydrosta- D E
tic compression. All o
stresses are equal to = H >I
the concrete strength. c E
>
"4

The side EF is perpen-
dicular to the rein- ]
forcement and the re- 2;18
inforcement is passing z A By
through the middle of .

EF. Fig. 6. Stress destribution.

From the geometri we
can find two different expressions for the diagonal BD. Then we get

(a =3(x+x,))2+(n_~(a + dx)tan 6 + 3y)? ~(x?+ y?)

= (a + 3x - 3x,)%+(h - (a + Ix)tan6 - Iy)? (22)

In this we have x; = y tan 0 and from (22) we find

x = -a + ya? + y(QIEE— 2atanf -y) (23)

The lower bound solutions is thus

P=vo(x+ x,) ' (24)

and we get

-OP—=\)ytan6+\)/aT+y(2he—2atan8—y) -va (25)
¢

Maximum for (25) is found for

= - . Z < -
y =h, - atanb +S1n9/he +(cos e)2 2a h, tan® (26)

However the tensile force must be equal to the compression force on the side EF,
which yields
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yvf < ATf cosH
c - y

This means that
)
=--h s 0
vy \) co

and with the maximum given by (26).

Inserting in (25), and using T = P/h, we get the lower bound solutions

oy
. -y 2 Ay2 =} _sa
dsinb-v +vﬂvh) + ®cos 8(2 =Y -2

" vtan ©® — ®cos 6)

oy
L B _
(o] e a 2 V g 2 a 2
I -y 2 — -
\)——h tan 6 \)h(l+tan B+ cos B \/(h) +(hcose)

Z ahg
2

tan 6

{29a) is wvalid when

h

e a V - 2 12
< -y = -

®cos § < viT -V tan 0+ s:Lne;/he +(cose

)2~2ahetan6

3.2 Upper bound soluhbions

The failure mechanism is
the same as in fig. 5,
see fig. 7.

The contributions to the

work equstion from con-

crete and from the ex- ¢ 2] 7
ternal load are given by
(17) and (16). The con-
tribution from the rein- o ¥
forcement is determined A
by the distance from A
perpendicular to the re- J ;I
inforcement. This di- ¥
stance is (h ~y)cos 8 .
+ x sin 6, and the work

equation then is Fig. 7. Failure mechanism.

P _2v(x®+y?)+oh((Pe-y)cos O+ x sinb)
OC a + x

Minimum is found for

¥ %hcos@

x = —a + /a? +%hcose(2he— 2atan8—%hcos 8)

(27)

(28)

(292)

(29b)

(30)

(31)

(32)
(33)

Inserting in (31) we find an upper bound solution equal to (29a). The upper 1li-
mit for the validity of this equation is the contribution 0 from the reinforce-

ment, that is

(he—y)cose +x 5in 8§ =0

(34)

Inserting (33) in (31) we get (26), and then we get the same limit as in (30).

If (30) is not fulfilled, the upper bound sclution is (29b).



300 V — REINFORCED CONCRETE CORBELS

L. CONCLUSION

The developed upper bound solutions are identical with lower bound solutions.
Therefore the solutions (8) and (29) are exact solutions.

In the same way as here, the load carrying capacity of corbels with destributed
reinforcement and with

combined horizontal and

inclined reinforcement

can be found. Fig. 8

shows the stress destri-

bution with horizontal

and inclined reinforce- | P

ment. ‘

It 1s noteworthy that l//f&j
the failure mechanism

in all cases is a sort

of bending-shear

failure. Only in a very

special case, a sliding

failure gives the right

upper bound solution.

The sliding failure

mechanism corresponds ’

to the stress destri-

bution in fig. 2, where

the yield line will

appear between C and D. Fig. 8. Stress destribution.

The load carrying capa-

city for corbels presented in [1] is therefore only exact when (7) is fulfilled.

The results presented here can of course be transferred to the shear capacity of
beams without shear reinforcement.

Just now we carry out a comparesion of the eguations with tests.
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