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"A General Yield Criterion for Orthogonally Reinforced Concrete Slab Elements
Critére général d’écoulement pour des éléments de plagues en béton armé avec armature orthogonale

Eine allgemeine Fliessbedingung fir orthogonal bewehrte Betonplattenelemente

P.J. COOKSON

Project Engineer

Burks Green & Partners
Newark, England

SUMMARY

A general criterion for orthogonally reinforced concrete slab elements yielding under combined
bending, twisting and membrane forces is derived. An upper yield surface is obtained in parametric
form, and an approximate closed form criterion is proposed. The approximate criterion reduces to
the commonly accepted criteria for membrane forces, and bending and twisting moments, when
acting alone as special cases.

RESUME

Un critére général d'écoulement est développé pour des éléments de plaques en béton armé avec
armature orthogonale sollicités par des actions combinées de flexion et de membrane. Une surface
d’écoulement circonscrite est obtenue sous forme paramétrique et un critére approché est proposeé.
Pour les actions isolées de flexion ou de membrane, le critére approché est semblable aux critéres
généralement acceptés dans ces cas.

ZUSAMMENFASSUNG

Eine aligemeine Fliessbedingung fir orthogonal bewsehrte, durch kombinierte Biege- und Membran-
krafte beanspruchte Betonplattenelemente wird entwickelt. Eine umschriebene Fliessflache wird in
parametrischer Form dargestellt, und eine Néherung daflir in analytisch geschlossener Form wird
vorgeschlagen. Die Naherung flhrt flr reine Beanspruchung durch Membrankréfte beziehungsweise
durch Biege- und Drillungsmomente auf die allgemein anerkannten entsprechenden Bedingungen.
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1.INTRODUCTION

Reinforced concrete structures compesed of thin-walled elements
often carry external loads which produce membrane forces in the
plane of the elements in combilnation with bending and twisting
moments about axes in the plane.To be able to apply plesticity
‘theory to such structures at - the ultimste limit  state it 1is
nacessary to know the vyield critericn of a slab elemont under
combined stress resultants.

This paper is concernad with obtaining such 2 yield criterion for
a concrete slab element which has been reinforced orthogonally
with layers of steel in the (x,y) directions parallel to the siab
mid-plane.The sign convention for the stress resultants per unit
width 1is shown in fiqgure(l),for rectangular. coordinates (n,t)
rotated © clockwise from the (x,y) directions. :

It - will ba assumed that the
transverse shear forces (Vt,Vn) and
stresses normal to the plane of the
e¢lement have negligible effect on
the strength.The general yi=sld
criterion is then defined by six
independent stress resultants,and
may be represented by a closed
conveaex yield surtace in
six-dimensional spacc.Previous work
on such vield c¢riteria is described
by Morley[l].

Fig.!1 Sign Convention for Siress

The commonly accepted critericon for Resultants
yielding to occur under bending snd
twisting alone is that the be nulng moment on 3 diven

cross-section should reach a value which i1s a function of  the

yield moments in the x and y diresctions alcne.This "normal momant

criterion,which was adopvted by Johansen for his yield line
theory,has been adequately justifiad by a method which considers

the respective contributions of the steel and thz concrete to the

stress resultants ftor a specified set of strain rates. (s 2.0,

ref[2]).

A suitable criterion for combined bending,twisting and membrane
forces which is analagous to the normal woment c¢riterion 1is not
cbyious.In order to obtain such a criterion recourse is made to
tne method of postulating a sgt o©f sctrain rates,and from an.
evaluation of the contribution of each layer of material in the
slab,the stress resultants are obtaincd by 1nLLgLat1ng across the
slab thickness. -

A yield criterion using this approzch has pezen obtained [3] for a
set of straln and curvature rates€p Ky W= O and€nt £ Mn #
U, w1erﬂ€n,€f Ent are the mid-depth strein-rates,andMpMpy Micre tiae
curvature rutﬁs.9051t1ve directions corresponding to the positive
direction of the appropriate stress resultant.These strain rates
aescribe classical yielad lines,but with 7 the additional
possibility of in-plane snear deformation in the vyield linc.A
relationship Q(¥n,kn,¥nt) = 0 is obtained between the banding
moment,normal force and . in-plane shaar torce acting in
combination on a yieclding cross-section of the slab.lf Mn,Nn,Ent
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are then expressed in terms of iMx,My,Mxy,bx,Ny,Nzxy and © ,the
angle between the x
hyperplanss is definad in

anc

n axes(fig.l) a one parameter set of

(MX...o.. .NXY) space.The hypersurface
enveloped by this one parameter family represents an "upper yield

surface circumscribing the actuzl

body,and is defined by the set of

hyperplanes which touch the true yield surface.Mathematically the
is obtaincd by eliminating® between the expressions for

surface" ,which 1s a convex
yield surface of the
envelope

= ¢ andd 80=_OJEraestrup{4]

and Save[5]  have obtained upper

yield surfaces in  this manner for the yielding of plates under

bending &nd

The six-

strain rate in the direction

zerc. The

&imensional

gencralisati

twisting alone.

yield
yield surface in (Mx....&xy)
strain rate field having

on

is

surface o©btained represents a total
space,even though it is based on 2
one principel curvature rate and one
of zero <curvature rate egual to
valid because other combinations of

strain rate and curvature rate can be described when the flow

rule 1is

- applied to the intersecticns of the hypersurfaces which

constitute the upper yield surface.

In  theé

finally

following a -

the approxim

yield
derived,a safe epproximation to this criterion 1s proposed,and

ate

S

criterion in parametric form is

urface is transposed into (MX....Nxy)

space.No rigorous proof of the continuity or the convexity of the
yield surface is given

2. PARANETRIC YIELD CRITERIOK

The yield criterion derived below in perametric form is described
in more detail elsewherel[3,6],but @ brief outline 1is included

here tor

completeness.

If it is assumed that transverse shear and stresses normal to the
slab plane are unimportant,then the yield criteriz for the steecl
and the concrete are requirzsd in plane stress.The steel is taken

to carry

stresses 0

vields at a stress %0

Under an

applieg se

nly

h

n the original bar directions,and it

.The concrete is taken to be an isotropic
rigid plastic material with negligible tensile strength,and with
a square principal stress yield criterion as shown in figure(2).

t

of

stress Ao
resultants the element is tsken to
be yielding with a strain rate sct B A > o,
defined by Enns2Ent Mnn,as the only -0,
nen-zero strain rates.Under such
conditions,assuming plang sedtions i
remain plane,the strain rates at a — 2
distance Z from the median
plane(fig.l)are given by: .
c o
et =€H = 0
&nt =€t = constant
&, =€+ Nnn Fig.2 Yield Criterion for Concrete
From an examinetion of sohr's circle it can be seen thet for

these conditions the principal strain rates are nen-zero and of
sign.Therefore

cpposite

from the normality law the corresponding
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stress states in the concrete must be definesd by cornsrs B and D
of the vyield criterion.Assuming that the concrete is isotropic
the principal directions of stress and strain rate coincide,and
the stress values at level z can be defined as follows:

Ch = - O¢

Oc |1 - ___€n Tot =0¢ - Cot.
>, J&n + aen) J(eﬁ + 4R )

The contribution of the concrete to the stress resultants can now
be tound from the integrals: '

hia g, he
.C [ C - o
Mpn = jﬁ z.dz Ny, = fOndz Npt = jtnfaz
-k ~hfg, ~hp |

Similer wunigquely defined expressions exist for Mt'“r'“ *,as(ﬁlu
uniquely dctermined when épp # 0.
It can then be shown that

M =0 . (z) [kP ‘%) ﬁ(?\ﬂﬁ]
Ny = O .1;. [X_)_(u—q
Nep =

|

#3
ME‘
’
1:|

where A=(&,/28y) at z = +h/2 and W=(&,/2ey) &t z = =h/2

and ' : ) )
” y=(1+ N = 2 Q=N+ X1 plt + 21"
P=loge| A+ {1+ 2* |
At

Again similar parametrlp equations can be defined for the
reactions M? N ,Mm .In order to obtain a closed form expression
for the yield crlthlon in generalized stress spdce it would be
necessary to eliminate K,M from the azbove expressions,and then
add the steel contribution to obtain the _ fotal stress
resultants.It would be difficult to eliminate ‘A and W directly
so & simple conservative approximation to the parsmetrlc surface
is sought.

Approximations which are within 10% of the values given by the
parametric surface  are discussed elsewhere[3].However 1in the
tollowing an alternative approximation is proposed which is more
conservative,but which allows a simple transformation of the
yield surface into (Mx....Nxy) space. 5

3 APPROXIMATE YIELD CRITERION

The fcllowing conditions are used as an approximate relationship
between the concrete stress resultents: ‘

NGf + NS.[O, h + N&1 4+ 20,.0,

i}

0 for 820 ....(1)

for €,$0

I
[

Nt 4+ Np.lO.h + Npl - 2Mh.G
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The two paraboloids defined by eguations (1) correspond to the
approximation suggested by Janes and Sawczuk([7] for a material
with a maximum normal stress condition at failure.These
relationships are plotted for given wvalues of NR,in fig.(3)
together with the values obtalned from the parametri¢ equations
for the = same vqlues oi N .It can be seen that under certain
combinations of Pf ,Mn th» approximate surface is very
conservative.For Npt =0 or Mn—G however,the parametric values and
the approximate relationships COInCIGc.bUt the approximate
surface has & corner when M =0 whilst the parametric surfece is
smooth.

——— paremeiric criterion

—— - ApPCOXimate criterion
on NE

Fig.3 Yield Surfaces for Concrete Stress Resultants

The total SLrescs r§su1tants are oObtained by 2dding the stee
contributions Mn,hn,nm ,&hd egquations (1) become:

(Npp B35t )+ (Np=N3 ). [Och+ (Ny=Kj) 1 + 2(Mg-Mp) .0

0 ...(2a)

(Nt Nt )%+ (N =Ny ) . [Oh+ (Np-Nj)1 - 2(Mp-Mp)-O. =0 ...(2b)

it is noted that eguations (2a,Zb) are also valid for&p=0 i.e. a
convential yield line.Under these circumstances Op at a given
gepth 2z is -0O¢ or 0,but C; is indesterminate as the stress states
are no longer conflneo to the corners in fig.(2) 2and Mﬁ is
therefore unknown ME nt son the other hend,is known to be zero.

4. TRANSFORMATION GF THE YIELD CRITERICN TQ (Mx,My...Nxy) SPACE

To define the yield locus in (Mx...NxXy) space Mn etc.are first
expressed in terms of (Mx,My,.....Nxy,0),giving a function $ =0.A
yield surface envelope 1is then obtained by eliminating®betwcen
the eguationsP=0 andgd /8e=0C.

The steel reinforcement 1is treated as plates o©0f constant
thickness at the level of the bar centres which are only able to
carry stress in the original bar directions,and which yield at a
stress iOy.The slab nas k layers o0f reinforcement in the x
direction,each layer of area g per unit length and at depth z=¢;
from the median plane.Ay and Hy are defined by:

=2, a: L Hy =28
x-_% it e
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where r; 1is the ratio of the stress in layer (i) to the vyield
stress O .The ratio r when determinate takes the value of
tl.Similar expressions also define Ay and  Hy .The steel
contributions can.now be defined: :

Oy(AX—Ay).sine;cose

Ny = Oy(A,cos?® + Aysin®®) Ny
M; = Qy(chos*e + Hysinaﬁ) -Mﬁ-= oy(waHy).sinelcosﬁ
Supstitution of these values into equation(za),tégether with the
known expressions for Nn etc.in terms of Nx,Ny,Nxy,® gives,with
some rearrangement:
@:[N;y +0Ch(NX "A)(O y) + (I‘]x "AxOy)z + 2(MX'HXGY)OC] COSzﬁ
+[N;‘y +0ch (Ny -AyOy) + (‘Ny —AyQy ¥ o+ 2 {My ~Hy Oy)O¢ 1 8in’®
= [Myy L (Ng=AxCOy) + (Ky-AyOy) + Och} + 2MyyO 18in26 =0 . .(3)
Elimination of © betwegen the expréssion for@and@@@@ﬂ) gives:
[Ny + Och (M =Ax Ty )+ (Ng=AxQy ¥ + 2(M,~ByOy)G 1. [Ny + O h(8y -A,Oy)
+ (ly-By Oy} + 2(My-ByOy)O 1 = [Nxy. { (N, =B, 0y ) + (8¥y-By0y) + Ochl
“ g
+ Zzhixygc ] - R (45)
and for hogging principal c¢urvature the eguivalent expression is:
{N;, +0 h(Ny -2,0y ) + (Ny-AxOy ¥ =2 (My ~HyOy )0 1 - [N;‘] +0  h Ny -A)',oy )
‘ \2 ; ; _ - - ' :

The general yield criterion defined by eguations (4a,4b)can. be
used to detcrmine which combinations of the six stress resultants

(bx, My, Mxy,Nx,Ny ,Nxy) will cause yielding of & given orthogonally

reinforced concrete slab element.
5.8FPECIAL CASES FROM THE GENERAL YIELD CRITERIGNf

5.1.8x = Ny = Nxy = 0

Under these con&itionsIQQuation (4a) reduces to:
Ly = Oy (Bx+Bx (D=ByQy ) }1.[My - Oy(Hy +Ay (h-AyTy)}] = B
! 2 o0 T e A s
which with Ax,Ay,Hx,Hy,constant for &zll values of © ,becomes:
: 2

(Mpx. - Mx).(Mpy - My) = Mxy _ seeess(5a)
where lpx,Mpy are the ultimate moments for simple bending in the
X 3and y directions respectively.The corresponding exprr351on for
negatlvc bending is:

(Mpx + Mx). (Mpy + My) = ng ......(Sbﬂ

where Mpx,Mpy are the ultimate hogging moments in the x and y
directions.
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. Equations (5a) and (5b) are the commonly accepted expressions for

the ield -eriterion under bending alone.But it should be noted
that €y #0 on the yield line. :

5.2.Mx,My,Mxy=0

If Hx=Hy=0 (which could occur for egqual top and bottom
reinforcement in & plate)then egquations (4a,4b) become:

- ' < " 2 ' 2
2 2 v
= Ny LN, -AOy) + (Ny-By0y) +C.h]
which reduces to:
% v _ - - N2
[(N,~5,0, ) (N, -Ay0y) +0ch{ (N,-AC) (N, ~A,0y) +0ch} - Ny, ]

. A R =
- L8, -A,0,) (M -A0y) =N 1 = 0

thus either Ng, = (N -A,0,) . (Ny-A,0y)  eev...(62)
or h;y = [(Ng =AyOy ) +0ch]. [ (Ny~A Oy )+0 h]. .. (6b)

Eguations {6&,€6b) correspond to the yield criteria for in plane
forces derived by Nielsen[8}.It should be noted that thesa
eguations c¢oincide with the parametric equations and are
therefore sxact as they satisfy equilibrium,yield and are
kinematically admissible.Nielsen derived them on the basis of
static admissibility.

6.DISCUSSION OF THE GENERAL YIELD CRITERICN

The values to be used for Ax,Ay,Hx,Hy,in equations (4a,4b) are
various.When a layer of steel is in tension or compression then
the contribution to Ax etc.is clearly defined.However when the
strain rate in a given steel layer is zero the steel stress is
indeterminate,lying in the range -Oy<stUOs<+0Oy.When this occurs
the corresponding value of Ax,Ay,Hx,orHy is not uniquely defined
for the given set of strain rates.,Consequently "flat"™ zones arec
produced in the yield surface in 6-D space as each steel layer
undergoes a stress change from -Oy to +0y.

In most practical cases two layers of steel will be provided in
the x and y directions;top steel and bottom steel.To consider
every combination of tensile,compressive or indeterminate stress
would lead to an extremely complex yield surface.It is therfore
suggested that a restricted set of steel stresses be considered
when 2 slab has known amcunts of top and bottom steel.(The
restrictions are unnecessary when using the yield criterion for
provision of strength formulae).It is proposed that the top steel
is taken to be + 0Oy in both directions,or - Oy in both
directions,and similarly for the bottom steel.The four
permutations which can be introduced into equations (4a,4b) will
give eight relationships which define a yield surface in
(Mx....Nxy) space.The range of validity of the eight
relationships will be defined by the boundaries created from the
intersection of each of the eight hypersurfaces.The yield 1locus
thus derived either. ccincides with,or circumscribes,the locus
which would be obtained if proper account were taken of the other
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combinations of stresses occurring in the steel.Conseguently the
above assumptions "about the steel are unsafe in . some
circumstances in that they overestimate the resistance of tne
slab element  to certain combinations of applied stress-
resultants.However for practical reinforcement percentages the
error involved will not be great,and will often be offset by the
¢conservatism introduced by the safe approximation of the coneretn
contributions relative to the parametric values.

The parametric "yield criterion was derived by considering a
strain rate field which had one principal curvature rate,and one
strain rate in the direction of zero curvature rate,equal to
zero.Nevertheless the yield criterion obtained’ for - (Mx...Nxy)
space  is valid for any combination of strain rates and curvature
rates because the flow rule applied at the intersection of the
surfacés ‘composing the vyield criterion will déscribe the other
combinations of strain and curvature rates.The' six-dimensional
surface thusg derived rzpresents an upper yield surface for an
orthogonally reinforced concrete plate,when transverse shezer and
stresses normal to the plane of the plate can be taksn to have
negligible influence. ' 3 '
The simplified approximate yield «c¢riterion could be used for
calculations using assumed collapse mechanisms by applying the
normality law,but such computation does not strlctly represent an
upper bound calculation as the yield criterion used 1is a lower
bound approximation.Results for collapse 1loads thus obtained
could therefore be less than or greater than the true collapee
load,and subseguent comparison with ‘experiments could give 2
misplaced confidence in the accuracy of the theory.For upper
bound «c¢alculations it may be preferable to use approximations
closer to the parametric yield surface.Such computation is
feasible (seel3]) as the yield surface does not need to bo
defined in (Mx...NXy) space in these circumstances.

The range of validity of a lower bound approximgtion to an upper
vield surface is debatable.Nevertheless the parametric equations
represent the true yield surface for a useful set of strain rates
i.e. generalized yield lines,and the suggested approximations are
not too crude for most practical cases.Therefore sufficient
grounds exist to accept the resulting yield surface as a wuseable
criterion.The proposed vyield criterion is more likely to be of
use for lower bound calculations,and in particular for deriving
formulae for the provision of reinforcement in slabs.

1. MORLEY, C.T. "Yield Criteria for Elements of Reinforced Concrete Slabs in

Plasticity in Reinforced Concrete, Introductory Report." IABSE Colloqulum 1979

2 MORLEY, C.T. "On the Yield Criterion of an Orthogonally Reinforced
Concrete Slab Element.” J.Mech.Phys.Solids.14,1966 pp 33-47

3. COOKSON, P.J. "Generalized Yield ILines in Reinforced Concrete Slabs." To
be published in J,Struct.Mechanics

4. BRAESTRUP, M.W. "Yield-Line Theory and Limit Analy31s of Plates and Slabs"
Mag.Conc,.Res,Vol.27 No.,71 pp99-106

5% SAVE, M, "A Consistent Limit Analysis Theory for Relnforced Concrete Slabs"

' Mag.Conc.Res.Vol.19 No.58 pp3-12

6. COOKSON, P.J. "Collapse of Concrete Box Girders involving Distortion of

_ the Cross-Section.”" PhD Thesis Cambridge 1976 p.227

7. JANAS, M. & SAWCZUK, A. "Influence of Positions of Lateral Restraints on
Carrying Capacity of Plates." C,E.B.Bulletin No,58 1966 ppl64-189

8. NIELSEN, M.P, "On the Strength of Reinforced Concrete Discs." Acta
Polytechnica Scandinavica. Ci 70, 1971 p.261



	A general yield criterion for orthogonally reinforced concrete slab elements

