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On the Finite Element Method in the Field of Plasticity
Sur la méthode des éléments finis en plasticité

Zur Methode der finiten Elemente auf dem Gebiet der Plastizitét

EDOARDO ANDERHEGGEN
Professor of Applied Computer Science
Swiss Federal Institute of Technology
Zurich, Switzerland

SUMMARY

The fundamental aspects of some broadly applicable finite element procedures for the analysis of
structures assuming ideal elasto-plastic or rigid-plastic material behaviour are presented and shortly
discussed.

RESUME

Les aspects fondamentaux de certains procédes trés généraux basés sur la méthode des éléments finis
pour I'analyse des structures avec un comportement élasto-plastique ou rigide-plastique du matériau
sont présentés et brievemeni discutés.

ZUSAMMENFASSUNG

Die Grundprinzipien einiger allgemein anwendbarer, auf die Methode der finiten Elemente sich
stitzender numerischer Verfahren zur Berechnung elasto-plastischer und starr-plastischer Tragwerke
werden geschildert und kurz diskutiert.
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1. INTRODDUCTION

The main reason for the extraordinary success of the finite element method in
structural engineering lies certainly in its very broad applicebility to all
kind of structure types, loading conditions and material properties. OFf course,
this 1is alsc true in the field of plasticity, where computer based finite ele-
ment procedures represent powerfull tools for the numerical analysis of complex
real life structures.

The aim of the present paper is to present a short state-of-the-art theoretical
review of some general finite element procedures assuming ideal elasto-plastic
or rigid-plastic material behaviour. In order to confine the discussion to few
fundamental questicons, no speciic structure type and no specific material will
be considered here. It should be clear, however, that much research work in
recent years has led to very many different approaches for taking into account
plastic deformations, some of them being certainly more straightforward, if pos-
sibly less generally applicable, then those discussed here.

It is assumed that the reader is familiar with matrix notation and with the main
principles of conventional finite element analysis.

2. FINITE ELEMENT MODELS

Finite element models are used to build parametric fields satisfying prescribed
continuity conditions. Parametric fields for the components of the displacement
vector {u} defining the displacement state and for the stress vector {o} defin-
ing the stress state within a structure are given in matrix notation by

{u} = [@]1{U} . (1)
{c} (vl{z} , (2)

where U- and Z-components of the global vectors {U} and {L} are nodal displace-
ments and stress parameters respectively. The coefficients of the matrices [¢]
and [¥] are shape functions defined piecewise within each element by generally
simple analytical functions and satisfying prescribed continuity conditions along
the element interfaces.

It is typical of the finite element method to use for the virtual displacements
the same assumptions as for the real ones, thus restricting the infinite class
of virtual functions considered by conventional virtual work methods to those
given by the assumed shape functions of the matrix (®]. Denoting virtual quanti-
ties with an asterisk the virtual displacement field {u*} is given by

{u*} = [&]{u*}, (3)

where the U*'s are virtual displacement parameters.

The strain state within the structure is defined by a strain vector {e} whose
components are obtained from the displacement vector {u} applying an operator A,
i.e. using kinematical strain-displacement relations:

{e} = {Au} = [A®]{U}. (4)

As small displacements shall be assumed, A is & linear operator, thus identical
relations can be written for the virtual strains {e*}:

{e*} = {Au*} = [A®]{U*}. (5)
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The main problem of finite element structural analysis is that of finding a
feasible internal stress distribution {c} satisfying equilibrium with the pre-
scribed external loads {p}. This is often achieved by applying the principle of
virtual displacements which says that the internal stresses {g} are in equilib-
rium with the external loads {p} when the internal and the external virtual
works are equal for all possible values of the virtual displacements {u*}:

[{e*} {otoav = J{u*} {p}eav, | (5)
\ v

where {e*} and {u*} are kinematically compatible, i.e. {e*} is derived from {u*}
according to Eg. (5). V is the total volume of the structure consisting of sever-
al finite elements. Using the parametric virtual displacement field

{e*} = [A®]1{u*}, Eg. (B) leads to

{r} = {P}, (7)

where the vector {R} of the internal nodal reaction forces due to the stress
state {0} and the global vector {P} of the external nodal loads are defined as
follows:

{R}

I[A@]T{c}-dv, (8)

v .
{PY = f[@lT{p}-dv ‘ - (9)

v

Eg. (7] represents a set of generalized equilibrium equations between the in-

ternal nodal forces {R} and the external nodal loads {P} leading, in general, to
an only approximate satisfaction of the microscopic equilibrium conditions. To

solve the problem of finding {0}, however, the material behaviour has to be taken
into account.

3. IDEAL ELASTO-PLASTIC STRESS~STRAIN RELATIONS

If the stresses are sufficiently small the material is assumed to behave perfect-
ly elastically. The stress-strain relations are then given by Hooke's law

{o} = [(D1({e} - {EO}], (10)

where [D] is the material dependent, symmetric and positive-definite "elasticity"”
matrix. The €5's are initial strains (e.g. due to temperature change) which are
not directly associated with stresses. For simplicity initial strains shall not
be considered here.

Eq. (10) is assumed te be valid only if the following yield conditions are satis-
fied:

£ {oh) <o (k = 1 to KJ, (11}
where the f, 's are generally non-linear functions of the stress components. The
ck's are positive material constants. In the stress space the equations

f lo}) = ¢ (kK =1 to K) (12)
piecewise define the yield surface of the materiel (see Fig. 1)}. This can, of
course, in some cases be defined by a single non-linear function (K = 1). In
order to take into account strain hardening or softening effects the cyk's are
sometimes assumed to be functions of stress-strain histery. For simplicity this

shall not be considered here, i.e. ideal elasto-plastic material behaviour with
constant ci's shall be assumed.
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If the stresses increase so much as to reach one of the surfaces (Eqg. 12) delimit-
ing the yield surface the relaticns between {o} and {e} change, and in fact it is
only possible to give tangential relations between stress increments d{o} and
strain increments d{e}, the total stresses {0} being path dependent functions of
the total strains {e} {non-conservative material behaviour).

It is then convenient to think of the strain increment d{e} as a sum of an
"elastic” increment d{eg1} and a "plastic" increment d{epil:

d{el = d{eel} + d{epl} ; (13}

where d{eg1} produces a stress increment d{c} according to Hooke's law, while
d{epl} acts exactly as the initial strains {gg} of Eg. (10), i.e. is not associat-
ed with any stress changes:

d{o} =[D]d{€el} = [pB] (d{e} - d{epl}]. (14)

According to the theory of plasticity the plastic strain increment vector d{epl}
has to be perpendicular to the yield surface, i.e. parallel to the gradient
{grad i} of the function . ({c}) for
Gm *Eplm {o} given by fi({o}) = ck, and pointed
: . towards the outside of the allowable
. 5o d{epL} stress domain (see Fig. 1):

d{epl} = {grad Fk}'da . (15)

llowable | f({G}) = C
s k({ }) K where do is an arbitrary non-negative

stress {G} constant which can be determined by re-
domain guiring the stress increment d{c} to

G, satisfy the k'th yield condition exactly,
C—— i.e. to be parallel to the yield surface:

b : {grad fk}Td{O} = 0. (16)

Fig. 1: Yield Surface defined by a
set of non-linear yield
conditions

From Egs. (14), (15) and (18} simple algebra leads to a tangential relation be-
tween d{co} and d{e} similar to Hpoke’s law:

d{o} = [D;ld{e}, (17)
where [DT] is a symmetric, positive-semidefinite "tangential” matrix satisfying
[DT]d{Epl} = [DT]{grad £l = 0. (18)
Eg. (17), however, is not really valid for any d{e}. If unloading takes place,

i.e. if d{e} is such that a purely elastic stress increment d{c} = [Dld{e} would
point towards the inside of the allowable stress domain:

{grad FK}T[D]d{E} < 0, (18)

then the material is assumed to behave elastically again (fDT] = [B]).
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1f, after the stress vector {o} has reached the yield surface satisfying the
single k'th yield condition exactly, the strains are increased any further,

other yield conditions might become satisfied exactly, the stress vector {o}
reaching "edges” or "corners” of the yield surface. The procedure explained above
has then to be generalized for taking inte account simultaneously more than ong
of the conditions (15), (16) and (19).

Of course, all this guite complicates elasto-plastic analysis and it is certain-
ly an advantage if the material behaviour can be described by just a few non-
linear yield conditions, possibly by a single one.

4. ELASTO-PLASTIC INCREMENTAL ANALYSIS

In finite element elasto-plastic analysis the primary unknown of the problem is
generally chosen to be the displacement state of the structure described by the
parametric field of Eg. (1].

As long as the material behaves elastically {{o} = [Dl{e}) the internal nodal
reaction forces {R} of the structure can be expressed as linear function of the
unknown nodal displacement parameters {U}:

{rR} = I[Acb]T{o}-dv = [Ki{u} , (20)
v
the global linear elastic stiffness matrix [K] being defined by

(K] = f(a0] [(D]1A®]-aV. (213
Vv

The U's are then found by selving the system of linear equilibrium equations
(K1{u} = {P}. (22}

However, when, due to high stress levels in some parts of the structure plastic
strains occur, the relations between {R} and {U} become non-linear. It is then
necessary to increase the external loads {P} in steps A{P} and to find a new
stress distribution after each load increase satisfying equilibrium (7) while
taking into account the elasto-plastic stress-strain relations discussed above.
The most widely accepted iterative algorithm to do so can be described as follows:

a. Initialize {U} := {P} := 0

b. Increase {P} := {P} +A{P} and {U} := {U} + A{U}, where A{U} is obtained from
the solution of the following system of linear equations:

KIA{U} = A{P}, (23)

(K] being a approximation of the stiffness matrix valid for the current load
step as explained below.

c. Determine the internal nodal reactions {R} according to Eg. (8) from the ac-
tual stress state, {o} obtained from the incremented strain state
{e} = [A®)}{U} corresponding to the new {U}.

d. If, within a prescribed tolerance {R} = {P} repeat from b.

e. Otherwise apply the nodal loads {P}-{R} representing unbalanced residual nodal
forces obtained from the difference between the external loads {P} and the
internal reactions {R}.
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A corresponding displacement increase A{U} is found by solving the system of
linear equations:

[K1a{U} = {P}-{R} (24)
f. Increase {U} := {U}+A{U} and repeat from c.

As in most cases a limit load is to be found rather than the response of the
structure to a prescribed load, the external loads {P} have to be increased un-
til an equilibrium stress state can not be found anymore or until the displace-
ments in some parts of the structure grow beyond prescribed "collapse” limits.

Two main guestions arise. The first one concerns the stiffness matrix [K] of

Egs. (23) and (24}, which, ideally, should describe the relation between {R}-

and {U}-increments within a load step for the partially plastified structure.
Often [K] is approximated by the linear elastic stiffness matrix (K], the method
described here being then often called (somehow improperly) the "initial stress
method”. Fig. 2 shows its basic principle when applied to a single degree of free-
dom system for a single load step (AP = P). Sametimes a better approximation for
[K] is used taking into account the changes in stiffness caused by the plasti-
fied zones of the structure.

Fig. 2: Initial stress method for Fig. 3: Newton-Raphsaon method for
a single degree of freedom a single degree of freedom
system system

A frequent choice for [K] is the tangent stiffness matrix [Ky] relating infinitesi-
mal d{R}- and d{U}-increments at the beginning of a load step or during the itera-
tions within & load step:

d{Rr} = [KT]d{U}. (25)

The [Kyl-matrix can be obtained, like [K] in Eg. (21), from a sum of the contri-
butions of each single element using instead of [D) the elasto-plastic tangen-
tial [Drl-matrix defined in Eq. (17):

(K1 = j[A@]T[D 1048] -dv. (25)
v T

If [K.] is used, the solution procedure described above corresponds to the so-

called "NewtonrzRaphson-Method” for the solution of non-linear systems of coupled

equaticns,. Fig. 3 shows its basic principle. Obviously a much faster convergence
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is obtained when using [K7] instead of [K], however, the computational effort need-
ed at each step will increase very much. In fact not only the numerical evaluation
of [K7} is time consuming, but also a totally new solution of the Egs. (23) or (24)
is needed each time [KT] is changed. which is not the case when using allways the
same elastic stiffness matrix [K]. An obvious possibility would be to evaluate [KT]
(or some more or less cruce approximation of it) only from time to time, thus us-
ing the same [KT]-matrix for several steps. It should be noted, however, that con-
vergence (quite contrary to geometrically non-linear problems) can in many cases

be obtained using allways the same linear elastic stiffress [K].

A second question concerns the way the internal reactions {R} or their increases
A{R}, which, of course, can also be obtained from a sum of element contributions,
are evaluated from the stress increments A{c} caused by the strain increments

Ae} associated with A{U}. Obviously, A{e} not being infinitesimal, the use of the
incremental relations between d{o} and d{e} derived obove (Eq. (17)), will, in
general, involve some approximations. Details should not be discussed here, it
should be noted, however, that as long as a stress distribution can be found which
satisfies equilibrium, i.e. leading to {R} = {P} violations of the elasto-plastic
incremental stress-strain relations are not too disturbing. In fact from the lower-
bound theorem of the plasticity theory one knows that the stress distribution ob-
tained can only underestimate the limit load, thus leading to a safe design.

5. RIGID-PLASTIC ANALYSIS

If rigid-plastic materiael behaviour is assumed the statical f{or lower-bound) and
the kinematical (or upper-bound) theorems of the theory of plasticity represent
powerful tools for the evaluation of a 1limit load factor A multiplying given ex-
ternal loads {p} and possibly of the shape of the collapse mechanism.

According to the statical theorem a stress state {0} has to be found which satis-
fies equilibrium with the external loads A{p} as well as the yield conditions
everywhere within the structure. The limit load is then found by maximizing A.

By introducing a finite element parametric stress field (Eq. (2)) the internal
reactions {R}, which have to equal A{P} in order to satisfy equilibrium (7), can
be evaluated as linear functions of the unknown nodal stress parameters {I}:

{R} = j[Acb]T{o}-d\/ = [Ei{z} = A{P}, (26)
Vv

where [E] is a global "equilibrium”-matrix obtained, as usual, by a sum of element
contributions and definded by

(E] = f[ACI)]T[‘if]°d\/. (273

V
The stress parameters {I} will also have to satisfy yield conditions. These will
have to be checked in Q discrete "checkpoints” throughout the structure, where
the stress components assume the values {OQ} = [¥,1{Z} (g = 1 to Q). Allthough
the use of the non-linear yield conditions (Eg. (11)) 1s possible, it is certain-
ly convenient in rigid-plastic analysis to use lipear ones, thus introducing poly-
edrical yield surfaces (see Fig. 4}, even if a larger number of inequalities may
become necessary. Linear yield conditions are given by:

T
{r} {oq}_g % q (k =1 toK; g=1 toQ) (28)

or, for all conditions together at a checkpoint g

[fJT{oq} < o) (a=1toq, (29)
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where Ck represents the resistance
of the structure at a checkpoint g
for a stress direction {fk}.

From the optimality condition A —+
maximum, from the equilibrium ecqua-
tions (26]) and from the linearized
yield conditions (29} the following
lipear program for the unknowns A and
{Z} is found (see also Fig. 5):

A = maximum

{c} = -{PIx + [E]{Z} (30)
0<e - [f]T[wq]{z} (@ =1 to Q).
Fig. 4: Yield surface defined by a set of
linear yield conditions
20
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Fig. 5: Tableau of the linear Fig. 6: Tableau of the linesr program (31}):
program (30): A 2> minimum
X+ maximum

-
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I L] L4
[

From the kinematical (or upper-bound] theorem the folleowing linear program, whose
derivation shall not be given here is found (see also Fig. 6):

A= E{CQ}T{éq{ > minimum,

o =1 - {P}T{U},

{0} = (e1T(0} - g[waT[fl{éq}
{éq} > {a} (g =1 toQ),

(31)



‘ E. ANDERHEGGEN 147

where the U's are nodal displacement velocity parameters and the Bk 's are gen-
eralized strain velocity parameters somehow related to the da's introduced in
Eq. (15) (see Ref. [4]).

The linear programs (30) and (31) are "dual” to each other. The same load factor
A will therefore be obtained. As expected the value of A only depends on the
mathematical model, not on the method of solution used (statical or kinematical
approachl]. A lower bound of the true value of A will be obtained if the assumed
Y-functions and the linear inequalities (28) guarantee that microscopic equili-
brium conditions and yield conditions are nowhere violated. An upper-bound (at
least for the linearized yield condition used) will be cbtained if kinematical
compatibility conditions are satisfied exactly. In many cases, however, a bound
for A will not be found, but just an approximation of it.

By solving one of the linear programs (30) or (31) the solution of the other one is
also known. Numerical values net only for A but also for the Z-, U- and B-para-
meters are therefore obtained. The displacement velocity parameters {U} describe
the collapse mechanism. The stress parameters {I} define a corresponding state of
admissible stresses. However, because this is defined in an unigue way, only in

the regions and in the directions in which plastic flow occurs, the values of the
Z-parameters will generally not be very meaningful as large portions of the struc-
ture may remain rigid during collapse. The B-parameters provide informations on

the distribution of plastic flow during collapse.

The procedure described here, while being at least in principle generally appli-
cable, has the disadvantage of being a two-field procedure as independent para-
metric assumptions both for the stresses and for the displacements have to be
introduced. In fact the crifteria for chosing these parametric fields are not al-
ways clear. Moreover, it would certainly be an advantage not to have any equi-
librium eqguations in the linear program (30), which would be the case if stress
assumptions satisfying a priori equilibrium conditions could be found.

This is in some cases possible if parametric finite element fields for stress
functions (like Airy's for plate stretching problems) are introduced. The stress
components building the vector {c} are then derived, generally by differentation,
from the stress functions leading to:

{o} = [¥}{Z} + r{o}, (32)

where the columns of the [¥]-matrix corresponding to the nedal stress function
parameters {I} represent homogeneous stress states while A{G} represents an in-
homogeneous stress state satisfying equilibrium with the external loads. From the
statical theorem the following linear program is then obtained:

A =+ maximum,
(o} < {oy} - [ﬂT{Eq}x : [fJqum}, tq =4 g G (33)

Of course from the kinematical thecorem a corresponding dual linear program could
also be derived which would show that the g's, i.e. the collapse mechanism, will
not be obtained by this approach (but the B's will).

An important advantage of the stress functien approach is that equilibrium condi-
tions can, in many cases, be satisfied exactly, thus being possible to obtain a
true lower-bound of the load factor A. There are, however, also some drawbacks:
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not for all kinds of structure stress functions exist (e.g. not for framed struc-
tures); the stress distribution {6} is easily found if only surface loads along
the structure boundaries are present, which is often the case for plate-stretch-
ing and rotationally symmetric problems but almest never for plate-bending and
shell problems; the assumed parametric fields for the stress functions have of-
ten (e.g. in the case of Airy's function) to satisfy stringent continuity condi-
tions at the element interfaces; finally some complications arise for multiply
connected domains.

An other, generally applicable approach to obtain stress assumptions satisfying

a priori, at least approximately, equilibrium conditions would be to use linear
elastic analysis to find both the inhomgeneous stress state {T} and the homogen-
eous ones building the columns of the matrix [¥]. These can be obtained by speci-
fying as load cases any number of different initial strain distributions result-
ing in an egual number of homogeneous [but not necessarily linearly independent)
stress states.

6. ON PLASTIC OPTIMUM DESIGN

If some kinds of relation between the ckq—coefFiCients representing the resistance
of the structure at a checkpoint g for a stress direction {Fk} (see Fig. 4) and

a "merit”-function M (....,ckgs....) can be mathematically established, an opti-
mum design problem leading to an optimal distribution of the resistance coeffi-
cients Ckg for a prescribed design load {p} can be formulated. Using, for simpli-
city, stress assumptions satisfying a priori equilibrium (i.e. Eq. (32) with

A = 1), the following mathematical program for the unknown Ckg- and Y-coefficients
1s found:

LY > i »
M[""’qu' ) optimum

= Tys = T + =
{a} < -[f] {oq} [f] [‘Pq]{Z} {cq} (g = 1 to Q).

(34)

An obvious difficulty of this approach lies in the choice of the merit function M.
An other difficulty arises when several different loading cases govern the design
of the structure as different sets of I-coefficients defining an "optimal” homo-
geneous stress state for each of the loading cases considered would have to be
determined.

This last difficulty can be avoided when the inhomogeneous stress distributions
{Gn} for each of the N loading cases considered (n = 1 to N) can be found by line-
ar elastic analysis. This 1s only possible if the ckq's , 1.e. the plastic resist-
ance distribution within the structure, can be assumed not to have any influence
on the elastic stress distribution (e.g. this is possible when looking for an opti-
mal reinforcement distribution in a given concrete structurel. From Eg. (28) the
yield conditions for k = 1 to K and g = 1 to Q can then be formulated as follows:

0 < -max({f }{o_1}1 - {£ }{¥ }z} + o_, (35)
- i k ng K d kg

where at each checkpoint g and for easch stress.direction {fg} only the most un-
favourable load case n is expliciltely checked [fﬁh 1 represents the elastic
stresses due to the n'th load case at a checkpoint gql), while for all lcading cases
together a single "optimal” homogeneecus stress distribution defined by the stress
parameter vector {I} is introduced. According to the so-called shake-down theorem
of the plasticity theory, this procedure will result in the design of a structure
capable of stabilising for any conceivable load cyecle, i.e. a structure which will
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behave perfectly elastically after plastic flow has occurred in the first load
cycles. But the real advantage of this procedure, when applicable, is that the
optimum design problem will be mueh simplified when several loading cases have
to be considered which is, of course, almost always the case.

7. DOVERVIEW AND CONCLUSIONS

In the field of plasticity most procedures suggested to date are based on an
elasto-plastic approach, the initial stress method, with or without stiffness
modification, being certainly the most generally applicable one. In different
well-known general purpose finite element computer programs this kind of ana-
lysis is implemented. The main advantage of the elasto-plastic approach is that
it can provide all needed informations on structural behaviour from working condi-
tions until collapse. Other non-linear effects due to large deformations, crack
propagation, creep, contact problems, friction, in fact, at least in principle,
to any kinds of material behaviour that can be mathematically described can be
taken into account by step-by-step iterative methods. An other important field
of application is non-linear dynamic analysis by time-step integretion of the
dynamic equations.

However, the difficulties involved in an elasto-plastic analysis when applied to
real life problems should not be underestimated. The computational effort needed
will generally be high as reiterate salutions of iarge systems of linear equa-
tions will be necessary as well as reiterate evaluations of internal forces and
stiffness matrices for each element by numerical integration procedures. Model-
ing problems might also arise as it is often necessary, in order to reduce com-
puting time, to approximate reality by simple models, i.e. by coarse finite ele-
ment meshes. This reqguires from the user of the computer program a very clear
understanding of the way the program internally works and of the approximations
involved. Finally, the interpretation of results and their relation to the actual
design of the structure may alsc present some difficulties.

Rigid-plastic limit load analysis has received, so far, less attention than elasto-
plastic analysis. This is probably due to the limited scopes that can be pursued
by such an approach, as no information cn working stresses or on displacements
before collapse can be obtained. For real life problems an additional linear
elastic analysis will therefore in most cases be necessary. An other difficulty
arising from the rigid-plastic approach is caused by the great computational
effort generally needed for solving the large linear programs involved. It is felt
that more research work is needed for finding faster solution methods taking ad-
vantage of the peculiar nature of the problem. If this succeeds, however, rigid-
plastic limit analysis, possibly combined in the same computer program with linear
elastic analysis, could well become a widely used tool for everyday's structural
engineering., being certainly easier to apply to real life problems than elasto-
plastic analysis.

Rigid-plastic optimum design, and actually any kinds of direct optimum design
procedures has found very few applications in civil engineering. In fact the pre-
vailing attidude today is that the design of a structure cannot be done in a com-
pletely automatic way, but always reguires a close interaction between the designer
and the computer, which is more a problem of man - machine communication than of
the theoretical approach used for the design. In some cases, however, the most
important being probably the problem of finding a minimum weight reinforcement dis-
tribution for a given concrete structure, plastic optimum design methods can be
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useful to find the best sclution among a narrow choice specified by the designer
working in an interactive computer aided design environment.
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