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A Simplified Computer Oriented Method of Ultimate Strength Check of a
Prestressed Concrete Column under Axial Load and Biaxial Bending

Une méthode calcul simple par ordinateur pour le calcul de la charge ultime
de grandes colonnes précontraintes en béton armé sous charge axiale et
flexion biaxiale

Eine vereinfachte computerorientierte Methode zur Berechnung der Bruchlast
grosser vorgespannter Stutzen unter axialer Last und zweiaxiger Biegung

Subrata DALAL Paul ZIA
Senior Structural Engineer Professor
Trudeau, Gascon, Lalancette and Co. North Carolina State University
Montreal, Canada Raleigh, N.C., U.S. A.

Zenon A. ZIELINSKI
Professor of Engineering
Sir George Williams University, Montreal
Quebec, Canada

1) INTRODUCTION

Prestressing a concrete column appears to be a guestion-
able idea if the eccentricity of the load is very small., But
when the eccentricities become quite big the idea of prestress-
ing the column becomes attractive to keep the size of the
column or the amount of mild steel or both within certain
limits. Prestressed concrete column under axial load and
bending has been treated by several authors (1,2,3,6). Refer-
ence 4 describes a procedure to design prestressed concrete
columns under uniaxial bending. Al~Rawi has developed inter-
action surfaces for axial load, bending moment and torsion
for circular prestressed concrete columns (5).

This paper discusses a method of calculating the ulti-
mate strength of prestressed concrete columns under biaxial
bending and of course, axial load. The sections of the
columns can be of any shape. The method described is suitable
for computerized calculation. For our purpose, we shall
investigate a hollow trapezoidal section. A similar case
can be found in the design of the Olympic Stadium, Montreal.
It might be said that a trapezoidal section may not be most
efficient in resisting biaxial bending. But, in many prac-
tical structures, column sections might be dictated by the
architect's idea.
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2) DEFINITION OF THE PROBLEM

The section of the column assumed is shown in Fig. 1
with the prestressing and non-prestressing reinforcements
defined, as shown in Fig. 2.

The following assumptions are made.

(i) Strains in concrete and reinforcing steel shall
be proportional to the distance from the neutral axis.
(ii) The maximum strain in concrete at ultimate failure,
e = 0.003.
cu

(iii) Stress strain relationships for prestressing steel
as shown in Fig, 3. The diagram can be idealized as made
of 3 straight lines. The maximum strain in prestressing
steel at ultimate failure €ou” 0.04.

(iv) Stress in non-prestressed reinforcement propor-
tional to modulus of elasticity of steel, E_, with continu-
ous maximum value equal to yield strength.
(v} A rectangular stress block for concrete at failure.
(vi) The column is a short column, with no buckling
effect,
{(vii) Bonded prestressing is used.
(viii) Though the interaction diagram between axial load
and bending moment for prestressed concrete sections does
not have a clearly defined balanced point, one will be assumed.
(ix) The following values of capacity reduction factors
(¢) shall be used:
When compression governs - ¢ = 0,70
For pure flexure - ¢ = 0,90 with interpolated
values for inter-
mediate cases.

The typical interaction diagram between bending moment
and axial load for a prestressed concrete column is shown
in Fig. 4(a). This is idealized in Fig. 4(b). The inter-
action diagrams can be drawn if Pu’ Muz’ Muy’ sz, sz, Pby

and M can be computed. Once the interaction diagram can
be drawn, M and Mu 5 values can be obtained from the value

of P
u

uza

g as shown in Fig. 4(b).

Then the ultimate strength will be acceptable if

(Muzd/M 1.5, 1.5

uza) < 1.0

(M, vaMuya)
3) ESTABLISHING INTERACTION DIAGRAM

As mentioned before, to establish the interaction dia-
grams one has to compute the values of Pu’ M Muy' sz, M

P and M

uz’ bz’

by bz*
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(i) VvValue of Pu

The value of Pu for tied column as given in Ref. 4 is:

= ¥ . . -— .
Py 0.7 x 0.85 [0.85 £ o Bo t Al fy Ag Eg

{e - (¢

se cw fce/Ec)}] (1)

The equation shows that the load capacity of the column
is composed of load carried by the concrete as well as the
non-prestressed vertical reinforcement minus the residual ten-
sion in the prestressing steel as given by the last term of the
equation,

(ii) value of + M.

T

To calculate Muz we have to define the balanced condition.

For the balanced condition under pure flexure the strain dia-
gram, actual and assumed stress diagrams are shown in Fig. 5.

From the strain diagram we get

- - 2
Yb [Ecu/(ecu + €su Ese)] d (2)
and we define
a, = K1 vy, (3)
where K1 is given by
fl
c
- - - 4
K1 0.85 .05 (Tﬁﬁﬁ 4) (4)

All the variables of the above equations being given
for a particular problem, Yb can be calculated.

Now, in Fig. 6, the cross-section is given with strain
and force diagrams. It is seen that if the depth of neutral
axis is known all unknowns can be computed.

At this point,we can find out the depth of neutral axis
by trial and error. A suggested method, suitable for computer
adoption is given below.

Step 1

Assume
a = a, x 0.1
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Step 2

Calculate the corresponding strains in the reinforcements
as follows:

Ssd = scu/(a/Kl) = K1 X ecu/a
€102 T "fcu ¥ Sga * Yo1
€304 = "fcu * Ssa ¥ Yo3
€12 = "fcu * Ssa * 101
®1314 T “fcu * Ssa * You3
®1516 = “%cu * Ssa * Yo1s
€34 T “fcu * Ssa * Y103
(NOTE: If prestressing steel strain €34 is greater than
€eu = Fge 9° back to Step 1 and start with the next value.)
Step 3

Calculate the corresponding stresses in prestressed and
non-prestressed reinforcements,

For non-prestressed reinforcements

Stress = € x Es < fY

For prestressed reinforcements, the stresses are to be
obtained from Fig. 3 for the corresponding strains from the
previous step plus By

e
Step 4

Calculate the corresponding forces in the reinforcements
by multiplying by respective areas.

Step 5
Calculate the forces in concrete.
If a < t_, C =-2_ xxax 0,85 f!
—_ 8] D (0

C

If a > t_, c.=C + C
p c cft cw

where
C = - Z x t_x 0.85 x f!
P o]
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and C = =- (a-t ) x 2 x t x 0.85 x f!
cw P W c
So, C=2C. *Cipa " C30q *Cy2
and T =Ty314 * T1516 7 T34
Then CTR = C/T
Step 6

If CTR < 1, go to Step 1, increase the wvalue of a and go

through all the steps until CTR > 1,

By going through the above six steps, the value of depth
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of neutral axis and hence of all internal forces developed are

calculated. Then we can say the value of Mu is given by:

Z

If a < tp
Muz = 0.9 [C102 X YOl + C304 X Y03 + C12 X Y197 +
Cc x 0.5 x a + T1314 X Y013 + T1516 X Y015 +
T34 ¥ Y1p3] (5)
and if a >tp
Mg = 0:7 [Cygp ¥ Y3 * C3p4 * ¥p3 + Cy5 X Yy +
+ Ccf X tp x 0.5 + ccw X (a+tp) x 0.5 + T1314
* ¥oig ¥ Togrg * Yous ¥ Taa X Ypgs) (6)
(iii) vValues of P, . and ﬂbzwlizel

In computing the values of + M we had to find the
values, through an iterative procesgzof successive increase-
ment of a value until internal forces balance. Now we can
ask the computer to either pick up or jump to the value when
a = a,_ and get the value of all internal forces developed,

namely Cig5s C304r €12, T13147 Tis167 Tag 274 C
Then
Ppz(+v) = %-71C102 * €304 * €12 * T1314 7
Tyg16 © T3a * cc] (7)
and, if a < tp
sz(+V ) = 0.7[C XY + C X Y +
e 102 ¥ Y01 * C304 * Yp3
C12 X YlOl + Cc x 0.5 x a +
Ty314 ¥ ¥Yp13 * T1s516 ¥ Yo15 *
T34 ¥ Yy93] (8)
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If a > t
p

"bz(+v ) = 0.7(C x Y. . +

o1 ¥ C304 03
+ Ccf X tp x 0.5 + CC X

W
X Y + T

102 ¥ Y

Ci2 ¥ Y101
(a+tp) x 0.5+ T

Y + T

1314 013 1516 *

015 34 ¥ Yy03] (9)

L)

(iv) Values of Moy Py and M

These values can be computed on the basis of the same
principle as described before. Only the difference with the
equations will be longer because of unsymmetric nature of
the section.

4) ULTIMATE STRENGTH CHECK

Once the critical values are found out, the interaction
diagrams can be drawn for the given section. Then the Mu

and M
u

za
values can be computed by getting the Pud value.

va
M Value
uzZa-—2a—=
If Pug < Py
Miza = Tz * (sz - Mhz) " Pud/sz (10)
and if Pud > sz
Miza = Moz = Mpz ¥ (Bygq = Bpg?/(By - Phz! (11)

Similarly, Mu a values can be computed from the other
interaction diagramn.

Then, check whether

M 1.5 M 1.5

( UZd) + (_EXQ) < 1.0

M M =
uza uya

If so, then the section is acceptable.
5) CONCLUSION

(a) A method is outlined to check the ultimate strength of

a prestressed concrete column under axial load and biaxial
bending. The method is suitable for computer adoption. With
this method any shape with any kind of distribution of pre-
stressed and non-prestressed reinforcements can be handled.

(b) The section of the column used for example, is a hollow
trapezoidal box section. It is assumed as a tied column. A
fifteen percentage reduction in strength is used for tied
columns.

(c) It is assumed as a short column. The effect of instability
is not considered. Reference No. 4 may be followed for that
purpose. :



6)

3g. 9 SB

Subrata DALAL — Paul Z!A — Zenon A, ZIELINSKI

NOTATIONS
a, = depth of equivalent rectangular stress block kl.d (in).
A = I(a + A + A + A_,) - total prestressing rein-
= gl 82 53 s4 forcing area (in?).
A__ = I(A + A .o A ))- total non-prestressing
He s01 s02 s016 reinforcing area(in?).
Asl to As4 = prestressing reinforcing area (in?),
- - . . . .2
AsOl to AsOlG = non-prestressing reinforcing area (in~<).
d = effective depth of column section (in).
D = overall depth of column section (in).
Ec = modulus of elasticity of concrete (psi).
E, = modulus of elasticity of steel (psi).
f'C = 28 day compressive cylinder strength of concrete (psi).
fpu = ultimate strength of prestressing steel (psi).
fy = yield strength of non-prestressed reinforcement (psi).

sz or Mb = ultimate flexure capacity of thg section
4 at the balanced point with bending about
Z or y—~axis respectively.

or M = ultimate capacity of the section in pure

RA ¥ bending about z or y-axis respectively.

M or M = ultimate M_ or M_ allowable correspond-

uza uya g z V%

ing Pud
= i developed correspondin
Muzd or Muyd gltlmate Mz or My evelop p g
ud.
sz or Pb = ultimate load on the section at balanced
Y point with bending about z or y-axis
respectively.

Pu = ultimate axial load capacity of the section

Pud = ultimate axial load developed

tG = thickness of wider flange (in).

tp = thickness of smaller flange (in).

t, = thickness of web (in).

Yy, = depth of neutral axis from extreme fibre (in).

y . = distance between extreme fibre of wider flange

El to centroidal axis (in).

y.. = distance between extreme fibre of smaller flange

p to centroidal axis (in).

YOl to Y015 = distance of non-prestressing reinforcing

from extreme fibre of smaller flange (in).
YlOl to Y103 = distance of prestressing reinforcing from
extreme fibre of smaller flange (in).

Z to 2,,, = distance of non-prestressing reinforcing
01 016 . .

from Y-Y axis (in).
yA to Z = distance of prestressing reinforcing from
101 104 : ;

Y-Y axis (in).
ecu = strain of concrete at ultimate failure.

117
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= initial strain of prestressing steel corresponding

to effective force.
= prestressing steel strain at ultimate failure

se

= capacity reduction factor
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SUMMARY

This paper presents a computerized method of analysis of the ultimate
strength of large size prestressed concrete columns of tubular section under
different axial bending and torsional loadings.

Such a column may appear in the design practice of bridges, towers or
stadiums. The analysis is carried out on examples of large 'talumn-consocles"
of Olympic Stadium in Montreal.

The safety of the columns is being analyzed, using interaction surfaces
describing the ultimate strength under multi-axial different moments and force
action.

RESUME

La contribution présente une méthode de calecul simple par ordinateur pour
le contrdle de la charge ultime de grandes colonnes précontraintes en béton armé
de section tubulaire sous différents cas de charge de flexion et de torsion.

De telles coclonnes se trouvent, en pratique, dans les ponts, tours et
stades. L'analyse traite des exemples de grandes "colonnes-consoles" du stade
Dlympique de Montreal,

La sécurité des colonnes est déterminée par l'emploi de surfaces d'inter-
action décrivant la résistance ultime sous différents moments et forces.

ZUSAMMENF ASSUNG

Der Beitrag zeigt eine computerorientierte Methode zur Berechnung der Bruch-
last grosser vaorgespannter rohrformiger Stahlbetonstitzen unter verschiedenen
Kombinationen von Normalkraft, Biegung und Torsion,

Solche Stlitzen finden sich in der Praxis bei Briicken, Tiirmen (Masten) und
Stadien. Die Berechnung wird an Beispielen grosser S&ulenkonsolen des Olympia-
Stadion von Mentreal gezeigt.

Die Sicherheit der Saulen wird dabei mit Hilfe von Interaktionsflachen
untersucht, welche die Beziehungen zwischen den verschiedenen Bruchschnitt-
krdften wiedergehen.
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