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Strength of Columns under Biaxially Eccentric Loads
Résistance des colonnes soumises a des charges excentrées biaxiales

Tragfahigkeit von Stiitzen unter zweiaxig exzentrischer Belastung

Kiyoshi OKADA Takayuki KOJIMA lkuo HIRASAWA
Professor Assistant Professor Lecturer
Kyoto University Ritsumeikan University Chubu Instituteof Technology
Japan
I Introduction

In the ultimate strength design of the columns, it is quite important to
examine not only the ultimate strength but the ultimate deflection at the same
time, especially, for the slender columns under biaxially eccentric loads.

Computer analysis" are made on: (1) the failure envelope of column cross-
section and {2) the column deflection under biaxially eccentric load. The
strength and the deflection at ultimate stage can be predicted by combining
these two methods. This analysis,differently from those ever proposed, has
characteristics of dealing with the change of the location of the eccentricity
under biaxially eccentric load.

Based on the analysis and results of tests, the simple design procedure for
slender column is proposed.

II Test of the columns under biaxially eccentric loads

Totally sixty-two short and slender columns are made and tested? and the
test programs for slender column are shown in Table 1.

A11 of the slender columns have the same rectangular cross-section of 6x9
cm and the same initial eccentricity of 3 c¢cm. Columns of series A and B were
reinforced with four and six dia. 6 mm bars, respectively. The column lengths
of each group in two series were 60, 120 and 180 cm, respectively. Initial
directions of eccentricities in a group were I, IIT and V or I, II, III, IV and
V as shown in the remark in Table 1.

Fig. 1 shows the comparison of the measured deflections with the computed
ones. The stress-strain relationship of concrete as assumed in the calculation
is also shown in Fig. 1.

Fig.2 clearly shows the change of eccentricities with increasing load from
the initial to the final locations, the final eccentricities being not located
along the inclination of initial direction. These figures show that the analysis
coincide well with the results of tests.

The torsional deformation due to biaxially eccentric load is not considered
here, but it should be studied as an important problem in future.
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Fig. 1 Comparison of the measured deflections with the computed ones
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Fig. 2 Load-eccentricity relationships in the mid-height section of column



K. OKADA — T. KOJIMA — [. HIRASAWA 173

ITI Simple design solutions for the ultimate deflection and strength under
biaxially eccentric loads

(1) Ultimate deflection and strength

A slender column when subjected to biaxially eccentric load deflects as
already shown in Fig. 1 or 2.

Fig. 3 is also one of the measurements showing how the initial eccentricity
of load on the critical section actually varies with increasing load for each of
five slender columns subjected to uniaxially or biaxially eccentric load. The
initial (er,) and final eccentricities (e,, +ae,) projected on the e,-e, plane is
shown in Fig. 4(a). The final eccentricities are located on the inclination (N})
deviated from the initial direction (), and P-3 relationships are replotted in
Fig. 4(b). Radial ultimate moments based on the final eccentricity are calculated
from Fig. 4(a) and 4(b), and shown in Fig. 4(c).
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Fig. 3 Load-eccentricity relationships at the center section
of biaxially loaded columns
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(2) Modified additional moment method

Detailed calculations as illustrated in II
are rather complicated, so the simple design
procedure is proposed here.

It may be deduced that the radial eccentri-
city Qles,e,) at the final stage can be approxi-
mated by the following equation, as shown in Fig.

5.
’ ey 2 ey 2_
(&) + (o) =1 (1
The eccentricity e,, or e, is given by
€ = §5COS X

Supposed radial eccentricity
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where:
¢t and 3 in Fig. 5 are the inclinations of the lines joining the initial and
final loading points (eccentricites) to the centroid of the column cross-section,

respectively, and
&0 and e, are the final values of uniaxial eccentricity along x and y axis,

respectivéqu.
Actual radial eccentricity at the ultimate stage is given by eq. (2):

€ =y ef+ 93 (2)
and the relation between x and 3 is given as follows:
4 e
0= tan (g tano) (3)

Next, it may also be assumed that the outer 1imits of the ultimate moment
corresponding to Fig. 5 is approximately given by the expression as shown in

Fig. 6. V]
Mx= Mo /1 — ﬁ:: (4)
where and M,, are the equivalent uniaxial moments for the ultimate mo-

ment about x- and y-axis, respectively, and My and M, are the components of the

actual ultimate radial moment M, .
Equation(4) gives the following relations,

M, =M, cos 0 (5)
M .
* M, =M, sinf (6)
MXO M
———— M :i—[ﬂA‘, 1 - 1
Mx=Mxo } - 'MM'M r Asinf3 ] (7)
yo
My fm=m="22 ‘ (My.My) where A = 2-—-My—°--tanr3_ (8)
3 : MKO
! My Thus, from equations (2) and (7), the
0 My Myo ultimate load B under biaxially eccentric
load can be given by
Fig. 6 Approximation for p=M (9)
radial ultimate moment e
(3) Comparison with tests

The detailed comparison of the proposed simple design procedures with the
results of tests on actual five columns are shown, for example, in Fig. 7(a),
(b) and (c), concerning the ultimate deflection (e, ), the ultimate Toad (P, )
and the ultimate moment (M,), respectively.

For general use, when the uniaxial ultimate deflection and load calculated
by the additional moment method introduced by Prof. Macgregor in the Preliminary
Report Theme 11 (B.S. or FIP-CEB recomendation) are inserted into the above
$q%?ti?n% the authors' method agreeswell with the results of tests as shown in
able 1.

Then, the simple solution proposed here for the ultimate capacities of the
slender columns subjected to biaxially eccentric Toad may be used for design

purpose.



176 Il — STRENGTH OF COLUMNS UNDER BIAXIALLY ECCENTRIC LOADS

® measured
O calculated

J
6 x (cm)

Fig. 7(a) Comparison for Ba

® measured
QO calculated

0 30 60 90

Fig. 7(b) Comparison for Pr

® measured

MX (t-cm) o calculated

120
100

80
60

40

20

1 1 N M
0 20 40 60 80 100 Y

Fig. 7(c) Comparison for Mr

(t-cm)



anzi 'ba

Table 1. Comparison between test results with calculated results

, ertest Etest
Column 1 b h d/h | & Ty o | %test | o cal é:——; Rest | Feal 1 Remark
em cm cm kS em | 9 em cm cm cm Gl ton on £a
I 3.30| 3.16 |1.044 |7.75 | 8.59 |0.902
A 60 III| 60 6 9 |0.833 | 296 | 3430 3 3.30| 3.22 |1.025 |5.35 | 4.36 |1.227
v 3.47| 3.29 [1.055 {3.95 | 3.54 |1.116 S
I 4.20 | 3.65 |1.151 |7.40 | 7.96 10.930 | |°|
A 120 III] 120 6 9 |0.833 | 296 | 3430 3 4.50 | 3.88 |1.160 |3.65 | 3.10 [1.178 v
v 1 4.17| 4.1011.017 |2.68 | 2.37 [1.131 ||+
I 5.46 | 4.57 [1.195 |6.00 | 7.02 |0.855 |111- 45°
A 180 II1]180 6 9 10.833 | 296 | 3430 3 5.12| 4.99 [1.026 |2.45 | 2.11 |1.161
v 5.421 5.37 11.010 |2.09 | 1.56 |1.340
I 3.35] 3.16 |1.060 |8.87 | 9.06 |0.979
11 , 3.23] 3.18 |1.016 |5.40 | 6.97 |0.775
B 60 III| 60 6 9 |0.833 | 318 | 3430 3 3.27| 3.22 |1.016 [4.66 | 5.97 |0.781
IV 3.501 3.27 {1.070 | 4.40 | 5.51 10.799
v 3.59| 3.28{1.095 |4.69 | 5.39 |0.870
i 4.34| 3.66|1.186 |6.20 | 8.02 |0.773 | | /i1
11 4.48| 3.73 |1.201 |4.33 | 5,52 (0.78% | [~[A} 1
B 120 III| 120 6 9 |0.833| 293 | 3430 3 4.50 3.89 |1.157 | 4.16 | 4.30 |0.967 ||. &1,
IV 4.35 4.04(1.077 |3.35 |3.72 (0.901 ||, .
v 4.01 4.10|0.978 |3.00 | 3.55 |0.845
1 5,11/ 4.58|1.116 |5.05 | 7.28 [0.694 |IL = 22;5°
11 5.221 4.70 |1.111 13.65 | 4.33 |0.843 |v' = 67.5°
B 180 III| 180 6 9 10.833| 318 | 3430 3 5.45' 4.97 |1.097 | 2.93 | 3.06 |0.958
v : 6.45' 5.24 [1.231 |2.90 | 2.52 |1.151
v 6.251 5.34 [1.170 | 2.73 | 2.37 |1.152
A 60 IIT| 60 3.25! 3.22 1.010 | 4.28 | 4.50 [0.95]
A 120 III'| 120 6 9 |0.833| 333 | 3430 3 2.16. 3.87 |1.075 | 4.10 | 3.18 | 1.289
A 180 IIT| 180 555 4.96 11.119 | 2.44 | 2.16 [1.130
B 60 III'| 60 3.38| 3.22 11.050 | 4.75 | 6.05 |0.785
B 120 IIT| 120 6 9 |0.833| 333 | 3430 3 | 4.25( 3.88[1.005 | 4,40 | 4.44 |0.991
B 180 III'| 180 5.55| 4.96 |1.119 | 3.00 | 3.09 |0.971
Average 1.091 0.974
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IV Conclusions

A calculating method of the ultimate capacity of concrete columns with
taking into consideration the column deflection under biaxially eccentric loads
is proposed.

A simple design procedure is also proposed which is developed and refined
so as to achieve both simplicity in use and, as far as possible, a realistic
representation of actual behavior.

This method agrees well with the results of thirty model columns.
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SUMMARY

This paper deals with the design method for reinforced
concrete slender columng subjected to biaxially eccentric loads.
Firstly, the analysis of strength and deflection of slender
column at ultimate stage is made using computer, the results
are compared with the results of tests.

Next, taking into account the analysis, a simple design
solution is proposed. This method agrees with tests and shows
applicable for general use.

RESUME

Ce rapport présente une méthode de dimensionnement pour les
colonnes en béton armé élancées soumises & des charges avec
excentricité biaxiale. On procéde d'abord au calcul de la résistance
et de la déformation ultimes des colonnes élancées en utilisant
1'ordinateur; les résultats sont comparés avec ceux des essais.

On propose ensuite, en se basant sur les calculs, une méthode
gimple de dimengionnement. Cette méthode concorde bien avec les
résultats expérimentaux; elle est applicable dans la pratique.

ZUS AMMENFASSUNG

Der Beitrag behandelt die Bemessung von schlanken Stahlbeton-
stlitzen unter zweiaxig exzentrischer Belastung. Zundchst werden
die Berechnung der Traglast und der zugehdrigen Verformungen schlan-
ker Stutzen mittels Computer durchgefiihrt und die Ergebnisse mit
Versuchsresultaten verglichen.

Als nichstes wird, unter Beriicksichtigung der genauen Berech-
nung, eine einfache Bemessungsmethode vorgeschlagen. Diese Methode
fihrt zu Ergebnissen, die gut mit Versuchen Ubereinstimmen und zeigt
sich als allgemein anwendbar.
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