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A Design Formula for Thin-Walled Steel Box Colums
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SUMMARY
A simple formula for calculating the ultimate strength of thin-walled steel box columns subjected
to the combined action of axial load and unequal end moments is proposed. The formula accounts
forthe effects of local buckling of component plates welding residual stresses and initial column
curvatures. Development of the formula is briefly described and its accuracy is verified by
comparing predicted failure loads with available test data. The proposed formula is simple to use
and is suitable for repeated analyses often required at the design stage.

RESUME
Les auteurs proposent une formule simple pour le calcul de la resistance ultime de poteaux
metalliques reconstitues en profil creux et parois minces soumis ä l'action combinee d'un effort
normal et de moments inegaux aux extremites. La formule tient compte des effets du voilement
local des parois, des contraintes residuelles de soudure et de la courbure initiale du poteau.
L'etablissement de la formule est decnt, sa precision est venfiee par comparaison avec des
resultats d'essais. La formule proposee est d'une utilisation simple, eile est pratique pour des
calculs qu'il faut souvent repeter au Stade du projet.

ZUSAMMENFASSUNG
Es wird eine einfache Traglastformel für Stahlstützen mit dünnwandigen Hohlquerschnitten unter
kombinierter Beanspruchung (Normalkraft und ungleichen Endbiegemomenten) vorgestellt. Sie
berücksichtigt lokales Beulen, Eigenspannungen der Bleche und Vorverformungen der Stütze.
Die Herleitung der Gleichung wird kurz beschrieben und die Genauigkeit durch Vergleiche mit
Versuchsdaten überprüft. Die vorgeschlagene Bemessungsformel ist einfach und eignet sich für
wiederholte Berechnungen, wie sie beim Entwurf oft vorkommen.
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1. INTRODUCTION

The effects of local buckling are important in steel box columns built up
from thin plates. It interacts with overall column buckling and causes a

significant reduction in load carrying capacity. Neglect of such effects at
design stage will result in overestimation of ultimate strength. In addition,
the adverse effects of welding residual stress and initial column and plate
out-of-straightness should be considered.

In the field of cold-formed steel construction, the effect of local
buckling of plate elements (1,2) is accounted for in terms of effective width
(3). The new British Standard for use of structural steelwork, BS5950: Part 1:
1985 (4) has adopted an empirical approach based on reduced yield stress to
allow for local buckling of component plates in compression members. In
addition, a further reduction of 20 N/mm in yield stress is applied to box
sections fabricated from plates by welding. Although the availability of such
empirical techniques is a great asset, there is also a need for simple and
rapid analytical methods that can be used conveniently at the design stage.
Such methods are useful for a designer to obtain a true understanding of the
behaviour of the structure without having to interpolate or extrapolate from
available empirical values.

The authors have previously (5) described a method for predicting the
ultimate load carrying capacity of thin-walled box columns subjected to axial
force and equal end moments. Simplified piecewise linear stress-strain
relationships to account for local buckling of component plates were
proposed. The method was subsequently generalised to consider thin-walled box
colums under arbitrary end loads (6). The analytical predictions were found to
agree well with experimental collapse loads of box column models (7,8). Based
on the analyses, column curves for a wide ränge of parameters such as plate
width-thickness ratio (b/t), column slenderness ratio x), moment
ratio (<), level of welding residual stress (a' and initial column
curvature (()>.), were proposed. Although simple, the method needs the use of
Computer ancr, the column curves should be interpolated to obtain the failure
load of columns with intermediate values of parameters.

Simple design formula has,therefore, been proposed by curve fitting the
data obtained from the column curves. The present paper describes, briefly,
the method to compute the ultimate strength of thin-walled box columns
subjected to arbitrary end loads. Development of the simple interaction
formula which accounts for axial load, unequal end moments and plate width-
thickness ratio is presented. The formula allows for fixed level of residual
stress and initial column crookedness. The accuracy of the formula is
established by applying it to many experimental columns that are available in
the published literature.

2. METHOD OF ANALYSIS

The analytical method consists of two stages; in the first stage, moment-
curvature-thrust (M-(}>-P) relationships are developed for individual cross
sections and in the second stage the column analysis is carried out by
integrating the governing differential equation along the length of the
column. The technique of Lee and Hauck (9,10) and Rossow, et al. (11) who

employed the stability criterion developed by Hörne (12) is used to construet
the envelope of equilibrium curves and then the column curves.

2.1 Assumptions

1. The material is homogeneous and isotropic in both the elastic and

plastic states. 2. Material is characterised by an ideal elastic-perfectly
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plastic stress-strain curve for tension and, the local buckling of the flange
plate under compression is allowed by applying an appropriate stress strain
curve from the set of curves given in Fig 1. The portion of the web plate under
compression is treated in a similar manner to that of the compression plate by
applying the stress strain curve with the assumption that 'b' is equal to the
depth of the compression zone. 3. Strain distribution is linear across the
depth of the cross section. 4. The local buckling of the plate due to shear is
ignored. 5. Residual stresses in the component plates are in self-equilibrium
and are distributed in the form shown in Fig. 2. 6. No strain reversal at any
point. 7. The deflections are small and hence the curvature can be
expressed as the second derivative of deflection.

5
a'= 0 52 0 Ue -0 016[b/t)il

a 16-0 011[b/tl-0 16e' \
cl

C

\ \
b/tS30
b/t (.0

CT=E yr"l—V-——¦—"
• t!/l 55

5

/ a -- 1 21 -0 Olltb/tl - 0 2e-

/ i i

1

1 b/t BO

1

1

i

0-5 10 I 5

Z - £/£„

2C 2-5

tension

G,\*<\' 1

beding a»:s

c-_^

K
compression

3_

Fig. 1 Piecewise Linear Stress-strain Curves Fig. 2 Residual stress pattern

2.2 Moment-Curvature-Thrust (M-fr-P) Relationships
The moment-curvature-thrust (M-*-P) relationships are computed numerically

using the method similar to that adopted by Nishino, et al. (13). A section of
the column is divided into small elements as shown in Fig. 3, the coordinate
system being chosen to pass through the centroid of the section. When the
section is under the action of bending moment and axial thrust, the strain at
any element i can be expressed in the non-dimensional form

e • e 2y. e
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y y y

in which e. total strain at element i, positive if in tension; e
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Fig. 3 Thin-walled Box Section
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y

at initial yielding for bending, $ 2e /d; y^ - distance of the centre of
element i to the centroidal axis; e • residual strain at element i; eri yyield strain; and d depth of cross-section.

The corresponding stress a. is obtained by making use of the appropriate
stress-strain curves given in Fig. 1, <j. being positive if in tension.

The axial thrust and moment are then computed by making use of the
following equilibrium equations.

1 n ai
" -*.= 7^1 (2)

1=1 y

1
n ai

m 4 S — y,AA. (3)1 i=l CTy
x x

where p - P/Py; m - M/M ; n total number of elements; A area of cross-
section; z plastic modulus; aA. area of element i; Py squash load; and M

ayZ.
The moment developed about the centroidal axis of a cross section can be

obtained numerically for a given value of applied axial thrust and curvature.
Successive values of R can be interpolated and the correct value is determined
such that the compressive force from the resulting strain distribution defined
by R and <j> obtained from Eqs. 1 and 2 matched the given axial thrust. The

resulting moment can be obtained from Eq. 3 and the procedure repeated for
other values of o>.

2.3 Column Analysis
Box columns under eccentric load can be treated by considering the

cantilever column subjected to axial force P, transverse shear force Q and
bending moment M at the free end as shown in Fig. 4. Initial crookedness is
represented by constant curvature throughout the length of the column. The

equilibrium condition and the curvature-displacement relation are given,
respectively, in non-dimensional form as

Ar
m try - y- (pw + qx) (4)

2
d w 2r rL
—2 (+ + *1) -s- (5)
dx

in which m M/M mf Mf/M p - P/P q Q/P AT, x X/~/r, w W/r,
* */# *y 2£y/d.

y y

The deflected shape of a column for given values of m^, p and q and
prescribed values of o>. can be obtained by integrating Eq. 5 in view of Eq. 4.
and the m-dp-p relationship for the particular cross-section developed
earlier. In order to simplify the integration of Eq. 5a numerical procedure
similar to that used in Ref. (5) and (6) is adopted.

2.4 Equilibrium Curves and Column Curves

The relation between m and x can be obtained for a set of p, q and $. and

various assumed values of m^. The m-x relationships thus obtained are plotted
as shown in Fig. 5 and they are referred to as equilibrium curves. Applying
Horne's (12) stability criterion the envelopes of the equilibrium curves can be

constructed as indicated in the figure. The envelope is the boundary of the
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stable equilibrium domain of the cantilever column of certain length subjected
to the combined action of end moment, axial thrust and shear.

It is more useful, for design purposes, to present the ultimate strength
of box columns in the form of column curves. The equations developed for
cantilever column can be extended to the treatment of simply supported box
columns subjected to unequal end moments as shown in Fig. 6. The simply
supported column may be treated as two cantilever columns of lengths X, and X?
with fixed ends at point 0. The part of the column to the right of point 0

corresponds to the cantilever column of Fig. 4 with Q M(1-k)/L whilst the
part to the left of point 0 corresponds to a column under a transverse load Q

opposite in sense to that shown in Fig. 4 and hence care should be exercised in
using the appropriate envelopes.

Typicai envelopes for the whole length of a column with particular values
of <j>. and q and various magnitudes of p are shown in Fig. 7. The envelopes on
the left correspond to the cantilever column of length X^ and on the right to
the cantilever column of length X„. For given values of p and q, at the limit
of stability, the points (m, X17 and (<m, X0) must be on the envelopes
correponding to p and q.
equations

The critical valueS of X, and x, must satisfy the

X. + X„ - X (6)
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Fig. 8 Flow Chart for Column Analysis
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and

" =ÄF
Z_ m(l - <)

TT X
(7)

To construet a typicai column curve, a value of x is first assumed along with
the prescribed values of k, m and p. The value of q is then determined from
Eq. 7 and the values of x, and X? and hence X are computed from the envelopes
corresponding to the set of values of p and q. When the assumed value
of X matches the computed one, the correct value of p is then determined. The
whole process is repeated for another x value. A family of column curves for
various values of m and k can thus be constructed.

3. NUMERICAL STUDY

Various steps involved in
the column analysis are
summarised in the flow chart as
shown in Fig. 8; a Computer
program was written to carry out
the analyses. Using this
program, thin-walled box columns
having several values of plate
width-thickness ratios (b/t
30,40, 55,80), column slenderness

ratios (x 0,0.2,0.4,
1.8), end moments (m 0,0.1,
0.3), moment ratios (k 0,0.5,
1.0, -0.5, -1.0), initial
curvatures (<|j. 0, 0.1, 0.2)
and residual slresses (a1 - 0,rc0.1, 0.2) were analysed for
ultimate strengths, and column
curves were plotted. Typicai
column curves are shown in Fig.
9(a-b) in which curves are
presented for m 0,0.1, 0.3.
Fig. 9(a) shows the curves for
columns in which there is no
local buckling whilst the effect
of local buckling on column
strength is clearly illustrated
in Fig. 9(b).

m; M/M

?l I?
QOt

6 11

L/TirlvET

(a)

\ e
c=IO
55. b/d

— m= M/M \
Y

IL 16 It
\= L/Tcr

b

Fig. 9(a-b) Typicai Column Curves

In Fig. 10, the column curve corresponding to m 0, b/t < 30, a' =0.2
and <+>i =0.1 is shown along with those of ECCS (14), SSRC (15) anef BS5950
(4). The proposed column curve is seen to lie very close to the other curves.
Therefore, computed curves corresponding to fixed values of 0.2 and 0.1,
respectively, for compressive residual stress and initial curvature were used
to develop the proposed design formula.

4. PROPOSED DESIGN FORMULA

Based on the column curves obtained in the previous section, the following
formula for box columns subjected to axial load and uniaxial bending moment is
proposed:
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fl"—- ~~~-- ^7 b/t «30. b/dal
I

; "^W \K Euler

\ SSRC Curve 12) ^^^ ^: ECCS Curve |b)

; 8S5950 ^S
Authors l*,=01. Cyt=0 2r

¦¦ ¦ ¦ I ¦ •
J j l

0 2 Ol 0 6 I 2 U 16 16

max
P

u

where

P
u

C M
m max

+ M (1 - P 7Mus max e

0.64'

\ |L/Ttr)vT^

Fig. 10 Comparison of Column Curves

< 1.0

0.87/X

0.64*
0.710.09(b/t)

0.87/x2

0.09(b/t)0,71

(8)

for X < 1.5, b/t < 30

for X > 1.5, b/t < 30

for X < 1.5, 30 < b/t < 80

for X > 1.5, 30 < b/t <. 80

C

1.0 for b/t < 40

22.17/(b/t)°*84 for 40 < b/t < 80

1/x2

0.6 + 0.4k > 0.6

in which Py squash load, My plastic moment, < end moment ratio, Pmax
maximum axial load, Mmax Pmax'e> e eccentricity and x (L/ttO/e

The proposed formula can be used to predict the ultimate load carrying
capacity of simply-supported square or rectangular box columns subjected to
axial load and uniaxial bending moment. It is assumed, in the case of
rectangular box columns, that the bending is applied about the weaker axis.
The formula allows for column imperfections due to welding residual stresses
and initial curvature and accounts for the effect of local buckling of the
component plates.
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5. ACCURACY GF THE PROPOSED FORMULA

To establish the validity of the formula, the ultimate collapse loads of a
number of test columns available in the published literature were predicted. 35

large-size column tests have been carried out by Usami and Fukumoto (16,17);
the column slenderness (L/r) was varied from 35 to 65 whilst the plate width-
thickness ratio (b/t) ranged from 22 to 59. Tests on 20 small-scale box
columns were recently reported by Chiew, et al. (7) in which higher plate
width-thickness ratios, up to 80, were used. In all these tests local and
overall interaction buckling were considered. Details of all the test columns,
measured column imperfections, details of the test rig, Instrumentation and
füll description of the tests are given in Refs. 7, 16 and 17.

The values of the observed load at failure of the various test columns may
be compared with the corresponding values predicted by the design formula
presented in the previous section. The results are also compared with the
corresponding predicted values using the column curves(5) and BS5950(4).
Because the yield strength of steel in the test columns is not constant, valid
comparisons can only be made if the results are presented in a non-dimensional
form. Thus the observed collapse loads together with their predicted strengths
are presented as ratios of the collapse load to their corresponding squash
load.

Tables 1, 2 and 3 give the comparisons of test results and predicted
strengths. In each of the tables, the mean value of predicted to observed
strength and the Standard deviations are also given. These results are also
plotted in graphical form in Figs. ll(a-b). The comparisons show that the
formula presented in this paper gives reasonable correlations. The predictions
in most cases lie within ± 155«. The British Standard, however, seems to be
highly conservative in all cases.

SPECIMEN

EXPERIMEN1AL COLUMN CURVES (5) FORMULA EQ. 11) BS5950 (4)

prexp pcal pcal/py Pcal Pcal/py Pcal pcal/py

py py ' exp' y py pexp'"y py P /Prexp' y
(1) (2) (3) (4) (5) (6) (7) (8)

S-35-22 0.852 0.846 0.993 0.838 0.984 0.624 0.732
S-35-33 0.722 0.834 1.155 0.778 1.078 0.386 0.535
S-35-38 0.621 0.820 1.320 0.699 1.126 0.329 0.530
S-35-44 0.544 0.770 1.415 0.630 1.158 0.278 0.511
S-50-22 0.740 0.700 0.946 0.679 0.918 0.548 0.741
S-50-27 0.672 0.720 1.071 0.696 1.036 0.445 0.662
S-50-33 0.670 0.704 1.051 0.638 0.952 0.356 0.531
R-50-22 0.743 0.720 0.969 0.698 0.939 0.556 0.748
R-50-27 0.731 0.720 0.985 0.691 0.945 0.444 0.607
R-50-33 0.709 0.704 0.993 0.642 0.906 0.357 0.504
R-50-38 0.639 0.700 1.095 0.580 0.908 0.305 0.477
R-50-44 0.579 0.673 1.162 0.646 1.116 0.259 0.447
R-65-22 0.593 0.565 0.953 0.546 0.921 0.460 0.776
R-65-27 0.637 0.565 0.887 0.537 0.843 0.383 0.601
R-65-33 0.585 0.565 0.966 0.495 0.846 0.317 0.542
ER-50-22 0.557 0.560 1.005 0.523 0.939 0.460 0.826
ER-50-27 0.557 0.500 0.898 0.521 0.935 0.366 0.657
ER-50-33 0.542 0.548 1.011 0.495 0.913 0.291 0.537

Mean 1.049 0.970 0.609
Standard Deviation 0.135 0.091 0.115

Table 1 Comparison of Ultimate Loads (Usami & Fukumoto; Ref. 16)
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SPECIMEN

EXPERIMENTAL COLUMN CORVES (5) FORMULA (EQ. 11) BS5950 (4)

prexp Pcal Pcal/py pcal pcal/py Pcal pcal/py

py py P /Pexp' y py P /?exp' y py pexp'py
(1) (2) (3) (4) (5) (6) (7) (8)

R-40-29 0.798 0.800 1.002 0.833 1.044 0.510 0.639
R-40-44 0.644 0.720 1.118 0.625 0.970 0.311 0.483
R-40-58 0.498 0.596 1.197 0.515 1.034 0.225 0.452
R-65-29 0.619 0.580 0.937 0.621 1.003 0.426 0.688
R-65-44 0.521 0.500 0.960 0.459 0.881 0.273 0.524
R-65-58 0.441 0.408 0.925 0.381 0.864 0.201 0.456
ER-40-29ei 0.610 0.600 0.984 0.636 1.043 0.412 0.675
ER-40-44e, 0.501 0.548 1.094 0.50B 1.014 0.254 0.507
ER-40-586J 0.391 0.460 1.176 0.418 1.069 0.183 0.468
ER-40-44e2 0.411 0.463 1.126 0.429 1.044 0.210 0.511
ER-65-296! 0.435 0.445 1.023 0.458 1.053 0.353 0.811
ER-65-44e! 0.406 0.441 1.086 0.375 0.924 0.229 0.564
ER-65-58e, 0.312 0.345 1.106 0.313 1.003 0.167 0.535
ER-65-44e,
ER-65-58e2

0.325 0.378 1.163 0.324 0.997 0.195 0.600
0.268 0.323 1.205 0.271 1.011 0.142 0.530

ES-40-44e, 0.441 0.512 1.161 0.507 1.150 0.250 0.567
ES-40-58e1 0.363 0.418 1.152 0.417 1.149 0.181 0.499

Mean 1.083 1.015 0.559
Standard Deviation 0.090 0.075 0.097

Table 2 Comparison of Ultimate Loads (Usami & Fukumoto; Ref. 17)

SPECIMEN

(1)

EXPERIMENTAL COLUMN CURVES (5) FORMULA (EQ. 11) BS5950 (4)

p
exp

py

(2)

pcal

py

(3)

pcal/py

P /Pexp' y
(4)

pcal

py

(5)

pcal/py

P /Pexp' y

(6)

pcal

py

(7)

?caY?,

P /Pexp' y
(8)

A-S-40-10
A-S-40-25
A-S-40-33
A-S-40-45
A-S-40-56
A-S-57-56
A-S-62-10
A-S-62-25
A-S-62-30
A-S-80-10
A-S-80-25
A-S-80-33
A-S-80-56
A-R-40-40
A-R-57-40
A-R-57-52
A-R-80-40
B-S-40-33
B-S-57-33
B-S-80-33

1.119
1.036
0.897
0.785
0.802
0.562
0.687
0.590
0.581
0.534
0.507
0.496
0.321
0.884
0.740
0.669
0.563
0.768
0.556
0.412

0.900
0.900
0.870
0.828
0.818
0.571
0.661
0.630
0.638
0.500
0.480
0.470
0.360
0.860
U.680
0.650
0.480
0.670
0.570
0.400

0.804
0.869
0.970
1.055
1.020
1.016
0.962
1.073
1.098
0.936
0.947
0.948
1.121
0.973
0.919
0.972
0.853
0.872
1.025
0.971

0.805
0.783
0.761
0.721
0.679
0.527
0.584
0.568
0.557
0.492
0.479
0.465
0.414
0.739
0.574
0.538
0.366
0.617
0.475
0.371

0.719
0.756
0.848
0.918
0.847
0.938
0.850
0.963
0.959
0.921
0.945
0.938
1.289
0.836
0.776
0.804
0.650
0.803
0.854
0.900

0.608
0.576
0.557
0.530
0.505
0.325
0.341
0.323
0.316
0.248
0.234
0.227
0.209
0.541
0.345
0.330
0.221
0.443
0.262
0.185

0.543
0.556
0.621
0.675
0.630
0.578
0.496
0.547
0.544
0.464
0.461
0.458
0.651
0.612
0.466
0.493
0.393
0.577
0.471
0.449

Mean 0.970 0.876 0.534
Standard Deviation 0.081 0.126 0.078

Table 3 Comparison of Ultimate Loads (Chiew, et al.; Ref. 7)
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6. CONCLUSIONS

There is significant reduction in the load carrying capacity of thin-
walled box columns due to the local buckling of component plates and its
interaction with overall buckling. In a column anaylsis, such effects can be
taken into account by the use of appropriate stress-strain relationship which
may be obtained from the set of curves given in Fig. 1. Based on the analysis,
a simple design formula for Computing the collapse load of thin-walled box
columns subjected to the combined action of axial load and end moments is
presented. The formula allows for local buckling of component plates and fixed
values of initial column imperfections.

Results presented for box columns of various plate width-thickness ratios,
column slendernesses and shapes have confirmed the accuracy of the design
formula. Due to its simplicity, the proposed formula is suitable for the many
repetitive analyses sometimes required at the design stage. Comparisons have
also been made with the authors' column curves (5) and BS5950 (4) for box
column design. The column curves are seen to be able to predict the failure
loads with reasonable accuracy whilst BS5950 seems to be highly conservative.
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