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SUMMARY

Numerical and analytical procedures for the determination of column-deflection-curves in the case
of a nonlinear moment-curvature relationship are presented. Making use of an affinity relation a
simplified procedure for the design of masonry walls and reinforced concrete columns is
developed.

RESUME

L'article propose des procédures numériques et analytiques pour déterminer la déformée de
colonnes soumises a des efforts normaux en considérant un comportement moment-courbure
nonlinéaire. En utilisant une relation d'affinité, un concept de dimensionnement simplifié est
proposé pour des murs en magonnerie et des colonnes en béton armé.

ZUSAMMENFASSUNG

Numerische und analytische Verfahren zur Bestimmung von Gleichgewichts-Biegelinien von
gedrickten Staben mit nichtlinearem Momenten-Krimmungsverhalten werden dargestelit.
Durch Ausnutzung einer Affinitdtsbeziehung wird ein vereinfachtes Verfahren zur Bemessung
von Mauerwerkswanden vorgeschlagen.
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1. COLUMN-DEFLECTION-CURVES WITH A NONLINEAR MOMENT-CURVATURE RELATIONSHIP

1.1 Numerical Integration of the Column-Deflection-Curve (CDC)

Deflection curves of colums with a nonlinear moment-curvature relationship
were first developed by W. Ritter 1888 [1]. He solved the problem by graphical
methods (Figs. 1,2). T. von Karman 1910 [2] and E. Chwalla 1934 [3] used a
numerical procedure and generalized the method for arbitrary boundary condi-
tions.
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Fig.3 Nonlinear Moment-
Curvature Relationship Fig.” Numerical Construction of the CDC

The moment-curvature relationship M-¢ of a cross section under constant normal
force N can be represented as an eccentricity-curvature curve with M/N=e,
where e corresponds to the eccentricity of the normal force (Fig.3). The
curvature ¢ is related to the deflection w of the column by

d?w(x)

o = - T (1)
and using
wix) = e(x) (2)

the column deflection curve (CDC) can be determined by numerical integration
(Fig.4) from the equations

sz
€ % 81 T 93T T Gy X (3)
O, = 6, _; * &, _,Ax (4)

starting with a specific value, for example the maximum eccentricity ep at
mid-span of the colum.
Changing the value of ey a
w,e family of CDC for a
constant normal force N
e x Can be constructed as
N=const. shown in Fig.5. Such
families of CDC can be
directly used for the
Fig.5 CDC Family design of columns.
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1.2 Analytical Solutions

Equation (1) relates the curvature of the cross section to the deflection of
the colum. Using Eq.(2) and introducing a reference eccentricity e, Eq.(1)
can be rewritten:

d?n(x)

- -_d?_.e" = &(n) (5)
with
n(x) = eéx) : (6)

[+]
Eq.(5) holds for arbitrary eccentricity-curvature relationships &(n) and

represents the nonlinear differential equation of the deflection w(x)=n(x)-e,
of the beam-column. A direct solution of the equation (5) is generally not
possible. Hence the CDC families cannot be represented by elementary analyti-
cal functions.

For certain types of eccentricity-curvature relationships however closed form
solutions have been recently developed [8]. Assuming that the nondimensional
eccentricity n and the curvature ¢ are related by the equation

o(n) = T—)—EINO?T‘;-tamg-n)-[x + tan?(Z+n)] (7
where (EI), is the initial flexural stiffness of the cross section with
(N,9=0), the solution of the differential equation (5) is:

n(x) = %osin_1[sin(nm'g)-sinléi] (8)
ELASTIC SOLUTION NONLINEAR SOLUTION
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with
l ==

Eq.(5) is satisfied by differentiating Eq.(8) twice with respect to x and
substituting x with the inverse function x(n) of Eq.(8).

(EI)o11/2, .7
v[T] cos(nm 2). (9)

The family parameter np is the nondimensionalized eccentricity at x=1/2 and 1
the half-wave-length of the CDC. Equation (9) shows that due to the overpro-
portional increase of the curvature ¢ with the eccentricity n, the 1length 1
decreases from the initial critical length lg=m+[(EI),/N]1/2 for np=0 as a
cos-function cos(nm-n/Z). The n-¢ relationship and the CDC family are shown in
Fig.6 for the elastic as well as for the described nonlinear solution.

When np tends towards zero, the second derivative of the function ®(n) with
respect to n becomes zero, i.e. the n-¢-relationship becomes linear and the
CDC tends towards a sine-wave with a half-wave-length corresponding to the
elastic buckling 1length 1,. The solution is reduced to the classical elastic
solution. If the eccentricity ep tends towards e,, i.e. np = 1, the half-wave
of the CDC tends towards ¢two 1linear segments with a concentrated bend at
mid-span. For high values of np the solution is no longer exact due to the
linearization applied to Eq.(1). Such values, however, do not occur in the
design of structural columms.

A further analytical solution and combinations with the elastic solution are
given in [8].

2. DESIGN OF MASONRY WALLS

2.1 The Eccentricity-Curvature Relationship of Eccentrically Loaded Masonry
Walls

The geometrical pattern of the bricks as well as the joints cause an aniso-
tropic behavior of masonry. The joint material, the form of the joints, the
cracks strongly influence the behavior and the ultimate strength of masonry
walls.

These circumstances make it

e
‘W‘];‘ practically impossible to derive
d 0 the eccentricity-curvature rela-
290 tionship starting from the
{ stress-strain relationships of

the constituent materials (bricks
and joints), the pattern of the
bricks and the form of the
joints. Usually the stress-strain
N=750kN] relationship of a fictitious
"smeared" material is appropri-
ately calibrated to match the

N=300[kN]

——— experimental

onolyﬁcol opproach ensuing eccentricity-curvature
relationship with experimentally

(E1)°=2_3.1012[N-mm2] observed e-¢ curves. It seems
eo =1L-d more appropriate to calibrate the

eccentricity-curvature relation-

4
O T - T ™  ship directly f i 1
5 _5 5 ~ p ectly rom experimenta
0 10 210 310 @[mm '] observations respecting the con-
straining mechanical relations.
Fig.7 Calibration of n-¢ Curves
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In this way the parameters (EI), and e, of the presented analytical solution
are calibrated by approximating the experimental e-¢ relationship. Fig.7
compares experimental n-¢ curves [5] with calibrated analytical curves. In the
case of unreinforced masonry the maximum value of the eccentricity cannot
exceed d/2. The theoretical curves have been limited by a horizontal line at a
value of 90 percent of d/2 corresponding to n=0.9-d/2+e,. More refined
approaches are discussed in [8].

By assuming a constant value of e, for all n-¢ curves irrespective of the
level of the normal force N this curves are affine with respect to the n axis.
This assumption is fairly well confirmed by tests.

2.2 Calculation of the Colum Deflection Curves

The experiments described in [5] were performed on 2.5 m high and 0.9 m wide
clay brick walls subjected to a constant normal force and a progressive
rotation of the bottom end up to failure (Fig.8a).

——
h
c) de (x=u)
dx

Fig.8 Calculation of n-6 Curves

In Fig.8b the fitting of a wall of height h into a particular CDC is shown
with the boundary condition e=0 at the top. Using the analytical expression
for this particular curve the values e, and & as shown in Fig.8c can be deter-
mined. At the bottom end the eccentricity of the normal force is:

e e = e(x=u) (10)
u U
L}"]U:E N=100[kN] and the angle of rotation of the
2e, T —s o wall is expressed by:

. ey de(x=u)

| B = e, (11)

By varying the np value of a CDC
family (N=constant) the ey-6
relationship 1is determined. In
Fig.9 theoretical ey-6 curves for
different levels of N are
compared with corresponding
experimental curves taken from
reference [5].

o N=750[kN]

experimental
theoretical
01 T T 1 T 1T T 7T T T T e
0 01 02 6[rad]

Fig.9 Comparison of ny-6 Curves
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2.3 Design of Masonry Walls Subjected to Normal Forces

2.3.1 Introduction

Two Dbasic loading cases shown in Fig.10 are distinguished. In the case a) the
eccentricity at the end of the wall is prescribed and the wall can be designed
as an eccentrically loaded colum. In case b) the imposed rotation of the slab
produces an end moment. Usually the corresponding eccentricity is estimated in
order to reduce case b) to case a).

A more appropriate design procedure is
presented in [7] which is directly based
on the imposed end rotations for three

Suppoﬁ,// i i special boundary conditions of the wall.
imposed i imposed The' procedure makes use. of_ g sgt of
eccentﬁchy v rotation auxiliary graphs. Here a simplification of
1Al the design method is suggested wusing the
irif e="? assumption that the eccentricity-curvature

curves corresponding to different normal
a) Loading case E b)Loading case V forces are affine as discussed in chapter
2.1,
Fig.10 Loading Cases

2.3.2 Determination of the Eccentricity of the Normal Force

The mentioned auxiliary graphs are given in [7] for three extreme cases of
imposed end rotations, V1 to V3 represented in Fig.11. They allow the calcula-
tion of four specific values of the bending moment My in function of the angle
of rotation at the end of the wall (Fig.12). The resulting My-6 curve corre-
sponding to the case V2 is identical to the appropriate ny-06 curve shown in
Fig.9. The Mp-6 curve represents the bending moment of the slab in function of
the end rotation. The common point of the two curves My(6) and Mp(8) conforms
to the resultant angle of rotation 0y of the joint and the bending moment My
at the end of the wall.

. AN N N e i)
e BTe e 6 w >
H i V2 V3 | Mp(8)
B, godaf —ie50 50 N
= N TN N 8,
Fig.11 Extreme Cases of Imposed Rotations Fig.12 Wall-Slab Interaction

Assuming that all the n-¢ curves for different values of the normal force, the
initial stiffness and the wall-thickness are affine with respect to the n-axis
(compare Eq.(7) and Fig.7), a single set of My,(6,) curves can be determined
using appropriately transformed values of the normal force, the bending moment
and the angle of rotation (N,,M;,,8,). Such a set is shown in Fig.13a which
can be directly used for the design of masonry walls.

2.3.3 The Theoretical Crack Width

The analytical expression of the CDC allows the determination of the maximum
curvature and the corresponding maximum crack width r concentrated in a bed
joint. Fig.13b) shows r,-9, curves using the transformed values of the normal
force  the crack width and the end rotation angle (N,,r,,6,). The resulting
crack width r is proportional to the distance ¢ of the bed joints.
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. Mw
2.3.4 Design Concept Mo = =
The ultimate limit state and the *r2.(e1) H,=08
serviceability limit state have to be 0.064 Nc=————E—Jl 0.12
considered. The first is characterized by 1 h
instability of the wall or by local °%7 N 099
o

collapse of the material under factored .,
loads. Serviceability is checked by an i 0.06
estimate of the theoretical crack width (o3 -

under service loads. .

0.02+ 0.03
Stability failure is excluded when a :
common point of the My,-6, curve of the 001_ = Gﬁﬁd]
wall and the Mp,-6, curve of the slab for q) 5 ’
the loading cases V (enforced end 02 04 106 10
rotation of the wall) exists or when b) 9 [rad]
Myo.=N,*e is situated on the My,-6, curve >0
for the loading cases E (defined eccen-
tricity of the normal force at the end of 4.0
the wall). The cross sectional strength B
imposes limits on the end rotation 8. The ) N, =0.03 006 0.09 012 0.5
maximum theoretical crack width in a bed
joint is given in the r,-6, graph. fo = ezcc.r

o

Fig.13 Design Graph
3. DESIGN OF REINFORCED CONCRETE COLUMNS

3.1 Moment-Curvature Relationship

Using a second order parabolic-perfectly plastic stress-stain relationship for
concrete (Fig.14) and an elastic-perfectly plastic relationship for reinforc-
ing steel, the M-¢ curves can be computed numerically for different levels of
the normal force N. Such M-¢ curves have been computed for the rectangular
cross section of an experimentally tested beam (specimen SC-11, [10]). Figure
15 shows the ultimate moment-normal force interaction of the same cross
section, assuming a rigid-plastic behavior of both materials. The following
investigation is limited to normal forces varying between Ni and Npax.

Figure 16 compares the numerically computed M-¢ curves to approximate curves
using the analytical solution, Eq.(7). The parameters (EI), and e, in Fig.16
have been calibrated in order to match the numerical M-¢ curves. (EI), mayx is
the flexural stiffness for ¢=0 and N, defined in Fig.15. The analytical curves
are cut off at a value of 0.8+Mn/Mpax. The experimentally determined curve
with N/Npax=0.62 [10] is compared to the corresponding analytical solution.

Equation (8) gives the analytical expression of the colum-deflection-curves
for the design of columns.

N
1 G/fc,red 1-‘ Nmorx
- Nmax =fc red Actfsy-A
fc,rea=0.95-f, max ~ c,red ActlsyAs
E =103' f O 41.: N1
c c,red . Nrmon
£4,=0002 .
i - E/Esy o { 7Mmax
Ele] DOORURBLE Sl aREsSSOran Fig.15 Ultimate Moment-Normal

Relationship Force Interaction
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3.2 Analytical Design Procedure

The final aim is the development of an analytical column design procedure
using simplifications suggested by the affinity of M-¢ curves. For this a
systematic numerical analysis of the main parameters (fc,N,reinforcement
ratio, cross sectional shape) and a comparison with the results of deformation
controlled tests are necessary.

DEDICATION

This article is dedicated to Prof. Dr.-Ing. Herbert Kupfer, Technical Univer-
sity of Munich, FRG, on the occasion of his 60th birthday.
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