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Ultimate Strength and Design of Reinforced Concrete Beams
under Bending and Shear

Resistance et dimensionnement despoutres en beton arme soumises ä la flexion
et ä l'effort tranchant

Bruchwiderstand und Bemessung von Stahlbetonbalken unter Biegung
und Schub

JOSEF GROB BRUNO THÜRLIMANN
Dr. sc. techn. Professor Dr. sc. techn.

Institute of Structural Engineering, Swiss Federal Institute of Technology (ETH) Zürich (Switzerland)

1. Introduction

In the present paper the plastic resistance of underreinforced concrete beams
under bending and shear is investigated using the theory of plasticity. A truss
model with variable inclination of the concrete diagonals is applied. This model
consists of the longitudinal reinforcing bars acting as stringers, the stirrups as

vertical ties and the concrete diagonals as inclined struts forming a continuous
compression field. The obtained Solutions are special forms of the general yield
criterion of underreinforced concrete walls with both the longitudinal and the
stirrup reinforcement yielding. In this case a sufficient shear transfer within the cracks
is assumed so that the concrete diagonals can reach their final inclination under
ultimate loads. Due to the fact that the shear transfer within a crack decreases
with increasing crack widths, additional considerations become necessary. Hence,
limits of the inclination of the concrete diagonals are introduced.

Finally design equations for the dimensioning of reinforced and prestressed
concrete beams under combined bending and shear are derived and compared
with test results. The new Swiss Specifications based on these equations are discussed.

2. Shear Wall Element

The ultimate strength of many reinforced concrete structures, e.g. beams with
solid, thin-walled open or closed cross sections, long cylindrical shells, depend on
the carrying capacity of shear wall elements. For instance a beam with a thin-walled
open cross section can be subdivided into a number of shear walls. To describe
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their behavior a truss model is assumed with the longitudinal bars acting as

stringers, the stirrups as vertical ties and the concrete diagonals as inclined
compression struts.

Stringer o

Shear Wall ^^
Stringer b

a

Stirrups

Concrete Struts

(Compression Field)

Fig. 1. Shear Walls of a Thin-Walled Reinforced Concrete Beam.

In order to simplify the mathematical treatment the longitudinal reinforcement
is assumed to be concentrated into stringers located in the corners of the cross
section.

2.1 Static Relations

The static relations for a discret model with a 45°-inclination of the concrete
diagonals were derived by Ritter and Morsch about 70 years ago. In the case of
torsion and bending, Lampert and Thürlimann [8] introduced the more realistic
truss model with variable inclination of the diagonals. This model has recently
been applied to other cases like bending and shear or warping torsion.

Stringer a

Stirrup

<*

?_!Äg
Stringer b

h • cot oc

Fig. 2. Static Behavior of a Shear Wall Element.

The truss forces shown in Figure 2 are acting in the plane of the shear wall.
The compression diagonals form a continuous compression field. The corresponding
concrete stresses are assumed to be constant over the heigth of the shear wall
element. Therefore these stresses furnish the resultant D acting at mid-heigth -§.

Its components Z and Q show that an applied shear force Q produces a normal
force Z:

Z Qcotoc (1)

Since the stirrups together with the stringers provide a continuous support for
the diagonals, a constant distribution of stirrup forces is obtained in the shear
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wall element. Because there are | * cot oc stirrups per element the following relation
exists between the shear force Q and the tensile force B of a stirrup:

Q B -cotoc
t

(2)

Resisting Forces Acting Forces

Z=Q cotoc

.£*- t>»
Fig. 3. Equilibrium in a Shear Wall.

If the shear wall element is subjected to a bending moment M, a normal force
N and a shear force Q, the equilibrium conditions lead to the following stringer
forces:

M N Q
Za h — + -• cot oc

h 2 2

M N Q
Zb= l + — -cotoc (3)

2.2 Plastic Resistance

The plastic resistance of an underreinforced shear wall under bending and shear,
Figure 3, is investigated. The amount of reinforcement is such that the resistance is

determined by yielding of the reinforcements and not by crushing of the concrete.
The carrying capacity is then calculated using the lower bound or static theorem
of the theory of plasticity.

The yield force of the stringers a and b is Zf and that of one stirrup Bf,
respectively.

The equilibrium conditions are obtained from Eqs. (2) and (3):

Q B--cotoc
t

M Q
Za + — • cot oc

h 2
^ M Q
Zb —+--cotoc

h 2

According to the lower bound theorem the highest values for Mp and Qp

(p plastic) will lead to collapse provided equilibrium is fulfilled and the yield
conditions are not violated. Here the maximum is reached if yielding of the stringer b
and the stirrups occur. Thus the following equations are obtained:

Qp== Bf- -cotoc
t

Zf -p + Qp. cota
Mp

h

(4)

(5)



108

Eq. (4) gives cot oc
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MB
Substituting in Eq. (5) Zf — +

h

QP2

2-Bf-i»

It can be rewritten in the form of an interaction equation:

M„
- +m-iMPorVQp°7

x ^
with the reference values for the "Plastic Moment" Mp0 and the "Plastic Shear
Force" Qp0:

Mp0 Zf-h forQp =0

QpO ~\/^f'^{'T for Mp 0

Eq. (6) is plotted in Figure 4. However, as will be discussed in Section 2.3, its

validity is limited by the following values for the angle oc:

0.5<|tanoc| <2.0 (7)

Assuming the lower limit, tan oc 0.5, the highest shear capacity follows from
Eq.(4):

QP 2Bf--

For the upper limit, tan oc 2.0, Eq. (5) gives

Mp0 4 Zf

(8)

(9)

The derived Eqs. (6), (8) and (9) describe the bending-shear interaction diagram
of Figure 4.

QPo

iii

Reference Values

QpO*,/22* B' J?-

Eq (8) tanoc 0 5

Mpo Zf h

x 20
Examples

I fl Jf 07

* T,T-™
\ Eq (4) tonoc 20

M y- ^=0.3

Mp

mpo pXg 4 Bending-Shear Interaction Diagram
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It can be seen from Figure 4 that the value Qp0 will not be reached if the
Bf h

ratio of stirrup to longitudinal reinforcement is small, i.e. — • -< 0.5. The interaction
Zf t

is then limited by Eq. (8). Vice versa Eq. (9) bounds the interaction for high values
of the bending moment, but the numerical influence of this limitation is negligible.

Using the upper bound or kinematic theorem of the theory of plasticity the
equivalent kinematic Solution has been derived in Ref. [5]. Since this Solution agrees
with the presented static Solution, the following different mechanisms based on the
interaction diagram can be distinguished.

/ Shear Strain Increment

9 Curvature Increment

5sU
QPo

1-

f

Shear //
Mechanism /

Combined

/ M
/ \/ \

r Mechanism

f"""" ^ Bending

W
' '

Mechanism

1 MD

Fig. 5. Yield Surface and Mechanisms.

A combined mechanism occurs when both the longitudinal and stirrup reinforcement

yield (Eq. (6)). A bending mechanism or a shear mechanism is obtained for
yielding of the longitudinal (tan oc > 2.0) or stirrup reinforcement (tan oc < 0.5),
respectively. Of course the bounds tan oc 0.5 or 2.0 should not be considered
as fixed values. They indicate the transitions between the three different mechanisms.

2.3 Kinematic Considerations

In this paper the kinematic relations are discussed only to the extent necessary to
explain the limitations on the inclination of the concrete compression field. Further
details are given in Ref. [5]. Since only underreinforced members are considered,
the concrete is assumed to be rigid. Hence, all deformations are caused by elongations
of the reinforcements.

Due to aggregate interlock the direction of the crack opening is first assumed
to be normal to the crack direction. Hence, the following State of motion in a shear
wall element is obtained for a constant displacement field, eR being a convenient
displacement parameter, i.e. the mean crack width divided by the mean crack
distance.

The strains are directly obtained from the displacement diagram in Figure 6.
The shearing strain y describing the distortion of the rectangular element is

composed of the elongations in the longitudinal and transverse reinforcement:
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Stringers

Stirrups
\

cota

1«

e0-

r cosa

k
,CR • cosoc

6L cota —^ eL cota

Fig. 6. Displacement Diagram for a Shear Wall Element.

y eL • cot oc + eB • tan oc

The elongations eL and eB are interconnected by

£b £l * cot2 oc,

(10)

(11)

valid for an orthogonal crack opening. The displacement parameter eR is related
to the elongations of the reinforcement as follows

With: 8Rsin2 oc =eL eRcos^oc =8B £r — £l + £b (12)

However, the orthogonal crack opening as well as the inclination oc of the
compression field are subjected to certain limits. Responsible for these limits are the
deformations, especially the crack widths necessary to reach ultimate resistance,
i.e. yielding of both the longitudinal and stirrup reinforcement. To obtain an
estimate of the ratios between the crack opening and the yield strains of the
longitudinal and transverse reinforcement, respectively the relations (11) and (12) are
taken. The parameter eR, significant for the crack widths, reaches the following
values:

At yielding of longitudinal reinforcement: eR ef -(1 + cot2 oc)

At yielding of stirrup reinforcement: eR ef • (1 + tan2 oc).

Thus the displacement parameter eR and hence the crack widths at the onset
of yielding is a function of the angle oc. Figure 7 shows that the parameter eR

is a minimum for oc 45° and increases to infinity for oc 0° or oc 90°.
A redistribution of the internal forces from the cracking to ultimate load, due to

changing of the angle oc, is only possible if a sufficient shear transfer by aggregate
interlock in the previously formed cracks occurs. If the cracks Start to open at an
accelerated rate (see Fig. 7) the shear transfer deteriorates rapidly and no further
redistribution becomes possible.
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£R

£f
Onset of Yielding i

10 -
l I

Longitudinal Stirrup
t Reinforcement
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6R Displacement Parameter

6 £f Yield Strain of Reinforcing Steel

4 -
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"i
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0.5 < tana < 2.0

Fig 7 Displacement Parameter eR at Onset of Yielding

From tests (6) the previously mentioned bounds have been chosen:

0.5 < tan oc < 2.0

Eq. (11) expressing orthogonal crack opening is only applicable within these
limits.

tanocmin=05 05 < tancx < 20 tanocmax 2 0

£r"*Ei

eR^eR £r-*£b'£l

Fig 8 Limit Inchnations of Concrete Diagonals

In the ränge 0.5 < tan oc < 2.0 the strains of the longitudinal and transverse
reinforcement are connected as shown in Figure 8. In this case the longitudinal
and transverse reinforcement of a shear wall have to yield in order to form a collapse
mechanism. Beyond the limits tan oc 0.5 or 2.0 yielding of the transverse or
longitudinal reinforcement alone produces a mechanism.

The above results can also be obtained from a physical model using a saw-
toothed crack as shown in Figure 9.

05 < tana < 20 tanocm=20

*lR ^B

£r~~£|_

Fig 9 Limit Inchnations of Concrete Diagonals
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In [2] Braestrup defined his limit of the inclination oc as a function of the
concrete compression strength and the yield force of the reinforcement only. Based

on test results (e.g. [3]) it can be stated that in the case where the reinforcement
in one direction does not yield Braestrup's theory leads often to higher ultimate
loads than observed.

2.4 Concrete Stresses

So far only underreinforced shear walls have been considered where the
reinforcement yields prior to failure of the concrete. Concrete failure can be
caused by crushing of the bending compression zone or of the concrete compression
diagonals. These kinds of failure should be avoided and therefore the concrete
stresses must be checked.

The stresses in the bending compression zone can be determined by using the
well-known bending theory. The case is treated in more details in [8] for combined
torsion and bending.

The stresses aD in the compression field are caused by the diagonal force D,
Figure 10.

Va X
®b

m

J^l{

aD:

Fig. 10. Stresses in the Compression Diagonals.

D Q

Introducing the nominal shear stress x

d • h • cos oc d • h • sin oc • cos oc

Q
dh'

the following expression is obtained: —
x sin oc • cos oc

This term is plotted in Figure 11 as a function ofthe angle oc.

(13)

(14)

(15)

2.5

2.0 ^-?*-o

30° 45° 60'

0.5 < tana < 2.0

90° a

Fig. 11. Stress aD as Function of Angle oc.
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It is interesting to note that the compression stress aD does not vary signifi-
cantly within the given bounds of the angle oc. The maximum deviation from the
minimum value at 45° is only 25%. Thus the average web stress aD can be
controlled by limiting the nominal shear stress x independently of the inclination oc

of the compression diagonals.

3. Design of Reinforced Concrete Beams

To describe the behavior of shear wall elements a truss model was assumed
in Section 2. The development of such a regulär truss action in beams is disturbed
by discontinuities caused by concentrated forces. Their influence is shown in
Figure 12. A statically admissible stress field is found by introducing fan-shaped
stress distributions which are in equilibrium with the concentrated forces [12].

The forces acting in the stirrups are the same in the fan as well as in the
regulär truss, whereas the stringer forces Za and Zb are influenced by the fans.
This effect is shown in Figure 12.

i

umx Am,

Compression Cord

Tension Cord

ft
¦| cota cot

-z cota — cota

P-l

©

© P-l
cota

Actual Curve f

Approximation-1

Fig. 12. Longitudinal Forces in Beam.

The actual curves for the stringer forces are sufficiently approximated by the
dotted straight lines. Hence, the calculation of the reinforcement should be made at
a distance -§ • cot oc from the concentrated loads.
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The following design provisions based on the described truss model have
been introduced into the Swiss Specifications [11]. The longitudinal reinforcement
FL(M) due to bending is calculated and the stresses in the bending compression
zone are checked by using the simple bending theory:

FL(M)-afL -y
with: y distance between bending and compression resultant.

(16)

To simplify the procedure of calculating the shear reinforcement, the distance h0

between the longitudinal reinforcing bars enclosed by the stirrups is used. Eq. (2)
determines the cross sectional area of the stirrups due to shear:

FB(Q)afB Q-tanoc
h0

(17)

The additional longitudinal reinforcement due to shear is obtained from Eq. (3).

FL(Q)-afL=--Q-cotoc (18)

The inclination oc of the concrete diagonals is restrained within the bounds

|<|tanaj <| (19)

For design closer limits are prescribed than given by Eq. (7). The evaluation
of cracking of test beams ([3], [4] and [9]), showed an adequate behavior under
service loads if the limiting values (Eq. (19)) are used. Figure 13 shows the observed
maximum shear crack widths rmax under service load taken as the theoretical
ultimate load divided by a global safety factor of 1.8.

0 2

<lrmflJmm)
tana =0.5

2 tana =0.6

D IiiUl 't.

[3] STUTTGART M

Fig. 13. Maximum Shear Crack Widths of Beams under Service Load.

Next the cost of the longitudinal and stirrup reinforcement as a function of
the inclination of the concrete diagonals is investigated. The sum of the yield forces

(Eqs. (16), (17) and (18)) ofthe longitudinal and stirrup reinforcement per unit beam
length can be taken as a measure of the steel volume:

—h Q I -• cot oc + tan oc

y \2
(20)
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Introducing the ratio p between the costs ofthe stirrup and longitudinal reinforcement

the following relative price index is obtained:

C —h Q I -• cot oc + p • tan a
y \2

(21)

with: p
unit price of stirrup reinforcement

unit price of longitudinal reinforcement

The function c(oc) determines the most favorable value for the angle oc

c(oc) -• cot oc + p • tan oc (22)

This function is plotted in Figure 14 within the prescribed ränge of the
inclination oc of the diagonals.

c(a)

2 « 2.0

5= 1.5

3-

9 1.0

9 0.5

I T • i

0° 15° 30° 45° 60° 75° 90

Fig. 14. Relative Cost Function of Reinforcement.

The practical value for p lies somewhere between 1.0<p< 1.5. Hence, the
selection of an angle oc approaching 30° gives the most economical Solution.

The nominal shear stress x is a measure ofthe concrete stress in the web:

x ¦

d„-hn
(23)

with: d0 minimum web thickness;
h0 distance of the longitudinal reinforcing bars enclosed by the stirrups.

No shear cracks occur below the value xr. Therefore the shear is carried by
the concrete alone and no or only a nominal shear reinforcement is required.

x < xr (24)

The values of xr given in the current Swiss Code [10] and in the new Swiss
Specifications [ 11] depend on the concrete strength ßw (cube strength).
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Cube Strength ßw (kg/cm2): 200 300 400 > 500

Approx. Cylinder Strength ßc: 150 225 300 > 375 (25)
Design Shear Stress xr: 8 10 12 14

On the other side the nominal shear stress x should not exceed the maximum
value xmax which depends on the concrete strength and the maximum stirrup
spacing t.

x < xmax (26)

Vi

Normal Spacing: xmax 5xr for t < —, but t < 30 cm

h0
(27)

Close Spacing: xmax 6xr for t < —, but t < 20 cm

Between the uncracked state, x < xr, and the fully developed truss action, about
x > 3xr, a transition takes place. Observations on test beams show that the initial
shear strength ofthe uncracked beam is reduced progressively with the development
of inclined cracks. The contribution of the concrete to the shear strength is

certainly caused by its tensile strength. For design purposes the following approximation
is used:

Forxr<x<3xr: Qc =i'(3xr - x)-d0-h0
(28)

Forx>3xr: Qc 0

This additional contribution is taken into account only for the design of the
stirrup reinforcement by deducting Qc from the applied shear force Q. Thus the final
design equations follow from Eqs. (17), (18) and (28):

Stirrup Reinforcement:

FB(Q) • er« (Q — Qc) •,—'tan a> but > 4 * xr • t • d0 (min. stirrup reinforcement). (29)

Longitudinal reinforcement due so Shear:

FL(Q)-crfL 4-Q-cotoc (30)

These relations can be put in a non-dimensional form.

FB(Q)-afB 3 (x \ 1

For xr <x < 3xr: —— -• —1 tana > -Vt-do 2 \xt / 2

FL(Q) • PfL _
T COt 0C

xr-d0-h0 xr 2

„ ^a Fß(Q)afB x
For x > 3xr: — —=—-tana

Vt-do xr

FL(Q)-cTfL_ x cota
xr-d0-h0 xr 2
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In Figure 15 design diagrams based on the above expressions are given for the
practical ränge of the inclination of the concrete diagonals, e.g. from about 30° to
45°. The current Code RL 17 of the Swiss Specifications SIA-162 lies between
these two limits of tan a 0.6 and tan a 1.0. It is based on a 45°-truss model
with a constant deduction Qc ([1], [10]). The new Code [11] uses the here
described truss model with a variable inclination of the concrete diagonals. As
shown in Figure 15 smaller inchnations lead to a reduction of the stirrup
reinforcement but to an increase of the longitudinal reinforcement. Test results of beams
which reached limit inchnations due to a weak stirrup reinforcement are also
plotted in Figure 15. The observed ultimate loads exceeded the calculated theoretical
strengths assuming tan a 0.6. Even with tan a 0.5, save values would be obtained.
However as previously stated the higher value tan a 0.6 assures adequate cracking
Performance under working loads.

4 FB(Q)gfE
Tr • t • d0

«l FL(Q)-G-fL

rd0'h0
/ SIA-162Stirrup

RL 17Reinforcement

Longitudinal
tan ex =0.6 Reinforcement

NO 'Min i

Reinforcement /. OQ
A O

v; 0A° A

/^
0-* i.

Un-

tana 0.6

crackedl Transition
0 1 £ 3

Truss
4 5 6

Tests A Stuttgart [s],
o Zürich [3] [4]

" v<Vho

Shear Sfrength of Concrete

Fig. 15. Design of Shear Reinforcement.

So far the influences of a variable depth of the beam and of inclined prestressing
tendons have not been considered. They can be taken into account by substituting
the applied shear force Q by the effective web shear force Qeff:

M 5
Qeff Q '2 tan --Vsinß

y 2
(31)

The sign Convention for the forces and the angles are indicated in Figure 16.

Inclined tendons produce a vertical component corresponding with the deduction
V-sin ß in Eq. (31). In order to simplify the design procedure the force V in the
tendon is taken equal to the prestressing force of the tendon. Hence, no possible
allowance for an increase of this force at ultimate load is made. Prestressing
influences also the cracking behavior by retarding the onset of cracking in the
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Variable Oepth Inclined Tendons

(\ i) "T---
"

£'

'—
H

2.

H

H— 2
«—

2 N- Prestressing Force

Fig. 16. Variable Depth and Inclined Tendons.

web. Thus, the contribution Qc to the shear strength decreases under higher
nominal shear stresses in comparison with ordinary reinforced beams. Practical
considerations show that this influence can be neglected without economical

consequences except in cases where no bending cracks occur even at ultimate
load (e.g. in support zones of precast pretensioned beams). If the maximum
concrete tensile stresses due to bending do not exceed the value 2xr the new
Code [11] allows a higher deduction Qc than given in Eq. (28). This deduction
can then be used in Eq. (29) for the design of the stirrup reinforcement.

forK-xr<x<(2 + K)-xr:Qc=^-[(2 + K)-xr-x]-d0-h0
(32)

for x>(2 + k)-xf: Qc o

V prestressing force;
Fb area of concrete.

K /l +
Fb'Xr
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Notation

B

Bf
D

Fb
Fb(Q)
FL(M)

Fl(Q)

M
Mp
MPo

N

force in a stirrup.
yield force of a stirrup.
resultant force in the concrete compression

diagonals.
area of concrete.
area of a stirrup due to shear.

area ofthe longitudinal reinforcement due
to bending
area ofthe longitudinal reinforcement due
to shear.

bending moment.
plastic (ultimate) bending moment.
ultimate bending moment for pure bending,

normal force.

h0

ßw,ßc
Y

5

distance between top and bottom longitudinal

stringer.
distance between the longitudinal
reinforcement enclosed by the stirrups.
maximum shear crack width under service
load.
stirrup spacing.
distance between compression and tension
resultant in bending,
inclination of concrete diagonals.
inclination of prestressing tendons.
cube, cylinder strength of concrete.
shear strain.
angle of cross sectional depth changing,
normal strain.
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Q shear force.
Qc contribution of the concrete tensile

strength to the shear capacity.
Qeff effective shear force in web.

Qp plastic (ultimate) shear force
Qp0 ultimate shear force for pure shear.

V prestressing force.
Z longitudinal force due to shear.
Za, Zb force in top respectively bottom stringer.
Zf yield force of stringer.
c(a) parameter for relative reinforcement

costs.
d wall thickness.
d0 minimum wall thickness.

£l
£r
£f
K

P

<?fB

<SfL

T

^max

stirrup strain.
stringer strain.
displacement parameter of shear wall,
yield strain of reinforcing steel.

ratio, Eq. (32).
ratio between the costs of stirrup and
longitudinal reinforcement.
stress in concrete diagonals.
yield stress of stirrup reinforcement.
yield stress of longitudinal reinforcement.

nominal shear stress.

design shear stress, Eq. (25).
maximum shear stress, Eq. (27).
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Summary

A theoretical analysis of the strength of reinforced concrete beams subjected
to combined bending and shear has been presented on the basis of a truss model
with variable inclination of the concrete diagonals forming a continuous com-
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pression field. The analysis of the carrying capacity is based on the theory of
plasticity. In order to insure the formation of a mechanism by yielding of the
reinforcing steel, both the concrete stresses in the bending compression zone and
in the inclined compression field have to be limited. Based on the analysis presented
in this paper new Swiss Specifications have been prepared and introduced for the
design of reinforced and prestressed concrete beams under bending and shear.

Resume

La resistance ä la rupture des poutres en beton arme soumises ä la flexion et
ä l'effort tranchant a ete analysee sur la base d'un modele de treillis avec inclinaison
variable des bielles. La deduction de la charge de rupture s'appuie sur la theorie de
la plasticite. Pour avoir la certitude de la formation d'un mecanisme par ecoulement
des armatures, il est necessaire de contröler les contraintes dans le beton de la
zone de compression et des bielles comprimees. La theorie exposee a servi de base
ä des recommanctations suisses qui ont ete developpees et introduites pour le

dimensionnement pratique des poutres en beton arme et precontraint soumises ä
la flexion et ä l'effort tranchant.

Zusammenfassung

Der Bruchwiderstand von Stahlbetonbalken unter Biegung und Schub wurde
aufgrund eines Fachwerkmodelles mit variabler Neigung der Druckdiagonalen
untersucht. Die Herleitung der Bruchlast erfolgt nach der Plastizitätstheorie. Um
die Ausbildung eines Mechanismus durch Fliessen der Armierung zu gewährleisten,
müssen die Betonspannungen sowohl in der Biegedruckzone als auch in den
Druckdiagonalen kontrolliert werden. Aufgrund der beschriebenen Theorie wurden neue
schweizerische Richtlinien ausgearbeitet und für die Bemessung von biege- und
schubbeanspruchten Stahlbeton- und Spannbetonbalken eingeführt.
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