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Préface

La nécessité de publier rapidement les contributions scientifiques de nos
membres nous empéche de publier des volumes de Mémoires liés & un théeme
donné. C’est d’ailleurs le role des publications relatives & un symposium ou a
un congreés. Le présent volume contient douze apports & des préoccupations
actuelles des spécialistes des ponts et charpentes. Ces exposés sont d’un trés
haut intérét et s’inscrivent bien dans la tradition de nos Mémoires.

Je saisis cependant I'occasion de cette préface pour susciter la réflexion
sur un nouveau style possible de nos publications. La mission de ’'AIPC est
de faire avancer la science et la technique des structures. Elle doit le faire
dans un esprit large, considérant tous les matériaux, établissant des comparai-
sons sur les plans théoriques, conceptuels, d’exécution et économiques. Il serait
donc heureux, dans tous les cas ou la chose est possible, que 'auteur situe sa
contribution par rapport aux autres théories ou systémes et qu’il indique les
répercussions possibles sur les plans de ’exécution et du cofit.

Je remercie les auteurs et souhaite, pour I’avenir, une participation de
collégues de langue frangaise et allemande.

Zurich, avril 1974.

Le Président de ’AIPC:

Prof. MAURICE COSANDEY
Président de I’Ecole Polytechnique Fédérale de Lausanne

Les Secrétaires Généraux:

Dr. sc. techn. HANS VON GUNTEN Dr. sc. techn. PIERRE DuBas
Professeur a I’Ecole Polytechnique Professeur a ’Ecole Polytechnique
Fédérale de Zurich Fédérale de Zurich

JORG SCHNEIDER
Professeur a 1’Ecole Polytechnique Fédérale de Zurich



Vorwort

Der Zwang, in rascher Folge die wissenschaftlichen Arbeiten unserer Mit-
glieder zu verdffentlichen, erlaubt es nicht, einzelne Bénde unserer « Abhand-
lungen» einem in sich geschlossenen Themenkreis zu widmen. Im iibrigen ist
dies Aufgabe der anlédsslich von Symposien und Kongressen herausgegebenen
Veroffentlichungen. Der vorliegende Band enthélt zwolf dusserst wertvolle
Beitridge von Fachleuten aus dem Briickenbau und Hochbau und fithrt damit
die bewihrte Tradition unserer « Abhandlungen» fort.

Dieses Vorwort gibt mir jedoch Anlass zu gewissen Uberlegungen iiber
einen neuen Charakter unserer Verdffentlichungen: Die Aufgabe der IVBH
besteht darin, Wissen§chaft und Bautechnik zu fordern. Sie soll dies in einem
weiten Gesichtskreis tun und dabei alle Baustoffe beriicksichtigen sowie gleich-
miéssig Theorie, Entwurf, Ausfithrung und Wirtschaftlichkeit behandeln. Es
ware deshalb wiinschenswert, dass jeder Autor seinen Beitrag soweit moglich
unter vergleichender Beachtung anderer Theorien bzw. Systeme bearbeitet
und dabei auch die moglichen Riickwirkungen auf Ausfithrung und Kosten
einbeziehen wiirde.

Ich danke den Verfassern und hoffe, in Zukunft auch die Kollegen fran-
zosischer und deutscher Zunge hier vertreten zu sehen.

Ziirich, April 1974.

Der Prasident der IVBH :

Prof. MAUurICE COSANDEY

Priasident der Eidgendssischen Technischen Hochschule Lausanne

Die Generalsekretare:

Dr. sc. techn. HANs voN GUNTEN Dr. sc. techn. PIERRE DuBas
Professor an der Eidgenossischen Professor an der Eidgenoéssischen
Technischen Hochschule Ziirich Technischen Hochschule Ziirich

JORG SCHNEIDER
Professor an der Eidgendssischen Technischen Hochschule Ziirich



Preface

The requirement of early publication of our members’ scientific contribu-
tions prevents us from compiling volumes of ‘“Publications’ on a given theme.
This is essentially the role of publications relating to symposia or congresses.
The present volume contains twelve contributions concerning current preoccupa-
tions of building and structural engineers. These papers are of considerable
interest and correspond to the customary standard of our “Publications”.

Nevertheless, I am taking the opportunity, in writing this preface, to invite
some thoughts on a new style that could be introduced in our publications.
The aim of the IABSE is to further the knowledge and technology of struc-
tures. This must be done in the broadest possible sens, taking into account all
materials, establishing comparisons as to theory, concept, execution and
economy. It would therefore seem to be advantageous for each author to
situate, whenever possible, his contribution in relation to other theories or
systems, and to indicate possible repercussions in execution and costs.

I thank the authors for their contribution and look forward to receiving
some items also from our French and German speaking colleagues.

Zurich, April 1974.

The President of TABSE:

Prof. MAURICE COSANDEY
President of the Swiss Federal Institute of Technology, Lausanne

The General Secretaries:

Dr. sc. techn. HANS voN GUNTEN Dr. sc. techn. PIERRE DuBas
Professor at the Swiss Federal Institute Professor at the Swiss Federal Institute
of Technology, Zurich of Technology, Zurich

JORG SCHNEIDER
Professor at the Swiss Federal Institute of Technology, Zurich
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Analysis of Slender Reinforced Concrete Frames
Calcul des cadres en béton armé selon la théorie du 2e ordre

Berechnung von Stahlbetonrahmen nach der Theorie 2. Ordnung

K. AAS-JAKOBSEN M. GRENACHER
Dr. sc. techn., formerly, research associate Research associate

Institute of Structural Engineering, Swiss Federal Institute of Technology (ETH),
Zurich (Switzerland)

1. Introduction

This paper outlines a method to determine the maximum load carrying
capacity of a plane frame with given cross sections and reinforcements.

The present paper based on an investigation described in [1] differs from
other investigations [2], [3], [4], [5], [6], [7], [8] in three respects:

— The frame can have an arbitrary geometry.
— An arbitrary load history can be followed.

— A displacement controlled procedure is used which allows the determination
of unstable configurations of the frame.

The two main difficulties in the analysis of slender reinforced concrete
frames are due to

— the influence of the displacements on the equilibrium of the frame, pro-
ducing a “‘geometrical’’ non-linearity;

— the non-linear stress-strain-time relations for the materials causing a
“material’’ non-linearity.

The two non-linearities are treated separately as shown schematically in
Fig. 1. The geometrical non-linearity is considered in a second order elastic
analysis. Given are loads P, bending rigidities £ I and axial rigidities £ 4 for
all elements of the frame. The moment M, the axial force N and the cor-
responding strain distribution for all sections are determined. The strain
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1. Geometrical non- linearity v :
2™ order analysis P,EI,EA = M, N, r

m
3

force
equality

strain
equality

2. Material non - linearity ]
cross sectional analysis Mi,N; <= Eni, '/

Fig. 1. Schematic illustration of the analysis.

distribution is given by two parameters. Herein, the middle strain ¢,, in the
reference axis of the members and the curvature 1/r are used.

The material non-linearity is taken into account in the cross sectional
analysis. Given are cross section, reinforcement, stress-strain-time relation for
the materials and a strain distribution (e,,;, 1/r;). The subscript “¢’’ is used for
reference to the cross sectional analysis. The moment M; and axial force N;
are determined.

The elastic and the cross sectional analysis are coupled together by the
requirement of equality of the determined forces in the elastic and the cross
sectional analysis. Similarly, equality of the strains determined in the elastic
analysis and of the strains assumed in the cross sectional analysis must be
satisfied.

The critical load of the structure corresponds to the peak on a load-deflec-
tion curve separating the stable from the unstable equilibrium configuration.
In this range a deformation controlled procedure must be used to assure con-
vergence. Hence, the deformation at some point of the structure is increased
by steps to obtain the load-displacement response.

2. Second Order Elastic Analysis

The elastic frame analysis is performed by means of the finite element
method. A frame may be visualized as an assemblage of elements inter-
connected at their ends which are referred to as nodal points or nodes. If the
force-displacement relations for each element are known, the equilibrium
configuration of the complete structure can be expressed in terms of the nodal

w‘i’Pa WG’ P6
w — e } w xl.
1,P, 47 ujw ‘ 4,P, "
Wa,P, W5, Py
2

Fig. 2. Element in local coordinates.
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displacements. The force-displacement relationship for the element shown in
Fig. 2 can be written as

[K]{w} = {P}, (1)

in which {w} is the displacement vector of the element and { P} the correspond-
ing force vector:

Wy )

W F,

_ W3 _ B
{w} - w4 s {P} - ﬂ
Wy Fy

We Fy

Applying standard finite element techniques, the stiffness matrix [K] can be
written as
[K] = [K;]+[K,],

where [K,] is the first order stiffness matrix,
[K,] is the non-linear geometrical stiffness matrix,
[K,] and [K,] are given in Fig. 3.

If the element is inclined at an angle 8 with the z-axis, as shown in Fig. 4,
the given stiffness matrix above relates to the local coordinates x;,—z;. The

-| EA _EA =
(<)== t [Kz]=N
12El| BEl | 12E1| 6El s | L N
3 |2 3| 12 50 | 10 50 |10
| |ee|2el 20| [LlL
1 Z ™1 15 10 | 30
EA ,
symmetric | L symmefric '
12E1 | 6EI 6 (.1
3 lZ 5t 10
4El 2L
1 15

Fig. 3. Local element stiffness matrix [K]=[K,]+[K,].

W3 ,Py

P

W."),P5 L

Fig. 4. Global forces and displacements.
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global stiffness matrix [K] in the -z coordinate system is then given by
[K] = [R]T[K;][R].

[K;] is the local stiffness matrix given in Fig. 3.
[R] is the transformation matrix relating local displacements {w;} and global
displacements {w}, or local loads {P;} and global loads { P} as follows:

{w} = [RB]{w}, (2)
P} = [RI{P},
[R] is given in Fig. 5.

The global element stiffness matrix [K] = [K,]+[K,] is given in Fig. 6.

[R]=]| c|s {w} = [R] {w}
s|c {r} = [rR] {P}
1
Cc S S =sine
S |1 C = coso
1
Fig. 5. Transformation matrix [R].
[k %A C2+ 1215' s? (—%——12 %)SC - %%—'— S - kyy “ky2 ki3
%‘5821-1—%—'-02 %ET' c “ki2 - ka2 k23
4 ET‘ ~kyz ~kes Z—FI‘
symmetric kg ki2 ~ky3
k22 -kas
kaz
[kg)=N 5—6,T 52 - -5§[ sC - 715 S - Ky ~ ke ks
=c? % c - k2 - k22 k23
%— - ki3 - ka3 - ':'TLG
symmetric kg kizg - Kq3
Koo ~koz
k33

S=sine C=cose

Fig. 6. Global element stiffness matrix [K] = [K,]+[K,].
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Similar to the force-displacement relationship for the element the force-
displacement relationship for the complete structure, or the complete system
of elements, can be written as

[K]{w} ={P}, (3)

in which {w} now contains all nodal displacements and {P} all nodal loads.

The system stiffness matrix for the complete structure is obtained by
superposition of the individual element stiffness matrices.

When the system stiffness matrix [K] and the load matrix {P} have been
established, the system of equations is adjusted according to the given boundary
conditions. If some displacement, for instance wj, is identical to zero, this can
be taken into account in a simple manner by replacing the diagonal stiffness
coefficient K;; by a large number, say 1050,

" The solution of the linear system of equations, Eq. (3) is most efficiently
carried out taking into account the symmetry and the banded structure of
the system stiffness matrix.

It should be noted that the axial force N must be known in order to evaluate
the element matrix [K,] in Fig. 6. The axial force is usually not known in
advance, and an iterative procedure must be used. In the first cycle N is
chosen equal to zero and the first order forces are calculated. In the second
cycle the axial forces found in the first cycle are used.

Usually the axial forces are practically not influenced by the second order
effects, such that two cycles are generally sufficient.

When the displacements have been determined, the element forces are
found by substituting {w} back into Eq. (1). It should be noted that [K] in
Eq. (1) is the local element stiffness matrix given in Fig. 3. The global dis-
placements are transformed into local displacements according to Eq. (2).

3. Cross Sectional Analysis

In the cross sectional analysis each section is divided into narrow strips
which are assumed to behave as concentrically loaded fibers.

cross section strain internal forces

Fig. 7. Cross section, strain distribution and forces.
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The resultant forces M; and N; are given by (Fig. 7)

.Mi=ZO'ZAA,

N, =>0dA4. )

The strain e, positive when in tension, is assumed to be linearly distributed
over the section. Then
1
€ = €pi (“") Z, (5)

r;

where ¢, is the axial strain in the reference axis,
1\ .
(7) is the curvature,
[3

2 is the distance from the axis.

The assumed stress-strain relationship for a virgin concrete specimen (pre-
viously not loaded) under instantaneous loading up to failure is shown in
Fig. 8. For instantaneous unloading or reloading a linear relation between
stress and strain is assumed both for steel and concrete:

oc=E(e,—¢,—¢,), (6)

where o is the stress in the considered strip,

E is the “‘elastic’’ modulus for the material,

¢; is the total strain,

€, is the “‘plastic’’ strain in the strip from the previous load history,
€

,» 1 the initial strain in the strip, for instance due to prestressing.

The ‘““plastic’’ strain ¢, is due to yielding, creep and shrinkage. At a given
time, the magnitude of the plastic strain can be determined from Eq. (6):

€ =€—0o/E—e¢,. (7)

Steel is assumed to be elasto-plastic as shown in Fig. 8. Thus, the stress
given by Eq. (6) is limited by the yield stress f,.

The concrete stress determined from Eq. (6) is assumed to be limited by
the stress-strain relationship for a virgin concrete under instantaneous loading.
Hence, the stress-strain relationship for a virgin specimen is the envelope
curve for the concrete stress-strain relations. The concrete is assumed to have
no tensile strength. Concrete shows a time-dependent increase of the plastic
strain e, due to shrinkage and creep.

At a constant sustained stress the plastic strain due to creep is assumed
to be given by

€oc = €0 P> (8)
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where ¢, is the limiting creep factor,
T is the elapsed time until half the limiting creep is reached,
o is the short-time strain given by:

€ = —0.002(1—]/@). (10)

The hyperbolic expression in Eq. (9) has been used in a number of investi-
gations and seems to be in reasonable agreement with experimental data.
Creep under variable stresses is calculated by dividing the stress history

Gs
[
fS 7 Il
/ . .
’ steel stress-strain relation
arctan Eg
— -
0010
concrete stress -strain relation
Gc (neg) £ £ 2
short-time: G, =fc[2(o—.o—o?)+ (6.60*2) ] for 02 €2 ~-0.002
-] e

/ . "
] (~———— instantaneous loading
-t instantaneous unloading

[ 2 7
X, _,%orctun E¢
creep under constant stress

arctan E¢
T 7 = € (neg)
~0.002 -0.0035
Fig. 8. Stress-strain relations.
stress history rate of creep method
6¢
|
Gc2]
6yl T

Fig. 9. Creep under variable stresses.
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into time intervals and assuming a constant stress within each interval as
indicated in Fig. 9. The “rate of creep’’ method is applied. It is assumed that
the creep under variable stresses can be obtained from creep curves for con-
stant stresses. Such curves, for two stress levels o,; and o,,, are indicated with
solid lines in Fig. 9. In the time interval 4¢=t, —¢; the increase of strain under
the stress o,, is given by

t+At t
P+ At T+t

Aecc:‘ (11)

where € = —0.002 (1 — Vl +9f33).
c

The procedure for determining the stress o,, at the end of the time interval
t+4¢ is outlined in Fig. 10. Given are the total strain e at the time ¢+4+¢, the
prior plastic strain e, the initial strain €, and the stress o, at the time {. As
an approximative solution the stress o,, is used to determine the increase of
creep strain 4e, from Eq. (11). In the case of shrinkage, the corresponding
shrinkage strain is added to 4de,. The stress o,, is determined from Eq. (6).
If o,, exceeds the short-time stress corresponding to the total strain e, the
latter stress is chosen. The plastic strain e, at the time ¢+4¢ is given by
Eq. (7).

start

given: € ,€¢c ,€p, 6¢y , 1, At

D€ ={ Eq. 11 }

Gcz = Ec (e 'Ecc—Aecc‘Ep)

G¢, inside the
nvelope curve

yes G¢, is determined from
the envelope curve

€c =€-€,-6,, /E;

finished

Fig. 10. Determination of stress and “plaétic” strain.
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4. Computation Procedure

The load carrying capacity of a frame with given cross sections and rein-
forcements is calculated in successive steps up to the maximum capacity.

Fig. 11 shows the flow-chart used for determining a point on the load-
displacement curve. The procedure starts with assumed rigidities for all ele-
ments. In a second order elastic analysis, the elastic forces M and N, and the
strain distribution expressed by middle strain ¢, and curvature (1/r) are
determined for all elements. The internal forces M; and N; are determined in

geometry of frame, loads, materials,

) ' given
cross sections, reinforcements
El, EA assumed

Y

[K] = [Ke]+ [Ke]
{w}=[x]™" (P}
M 4 , .
2"% order elastic analysis
N
f ({w})
€l’l‘\
(1/r)
M; }
'\ f (€q,1/7) cross sectional analysis
N;

Y€S one point on the load -

displacement curve

determined

no

El=-M,/ (1/r)
EA = Nl/ Sm
Y

secant rigidities

Fig. 11. Flow-chart for frame analysis.
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a cross sectional analysis based on the strain distribution found in the elastic
analysis. Thus strain equality is automatically satisfied. Force equality then
becomes the iteration criterion of the procedure *). If equality is not satisfied,
improved secant rigidities are determined from the internal forces, and the
procedure is repeated.

The maximum load capacity of slender reinforced concrete frames is
associated with instability as indicated in Fig. 12. In a load controlled proce-
dure where the external load is increased in steps poor convergence develops
near the maximum load. The unloading part of the curve cannot be calculated.
In a displacement controlled procedure, where a characteristic displacement
is increased step by step and the corresponding load is calculated, no problems
of convergence are encountered.

Load
| fmaximum load capacity, instability failure
————
-=— materia!l failure
load displacement
‘controlled§ | controlied

- Displacement

Fig. 12. Load-displacement curve for a slender reinforce:d concrete frame.

In the present study, external loads on a frame are divided into constant
and proportional loads (Fig. 13). The latter are proportional to a load factor A.
A displacement controlled procedure will be used. The displacement w is
increased in steps until the maximum value of A has been found.

For each value of the specified displacement w, the corresponding load
factor A is found iteratively as outlined in the following. First rigidities are
assumed for all elements. Then, the load factor A is increased in steps until
calculated and specified displacement coincide. New rigidities can now be
determined in the cross sectional analysis. The procedure is repeated until
assumed and calculated rigidities agree. The outlined procedure was slightly
modified in the above mentioned program in order to speed up the conver-
gence (see Fig. 13). Generally, a non-linear relation exists between the load

*) A slightly different procedure was used in the computer program [1] in order to
ensure convergence. In the cross sectional analysis the middle strain em; was determined
iteratively to satisfy the axial force equilibrium. The curvature was kept constant.
Moment and middle strain equalities become the iteration criterion in this case.
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A
elastic analysis, EA,EI,N are assumed
constant in each iteration
A=2

_~—real load-displacement curve

2 1.iteration

——

|

last iteration /

/ AP AP

Vw
17 /J Nh=1 H 1

= controlled displacement w

Fig. 13. Displacement controlled determination of a point on the real load-displacement curve.

factor and the displacements even if the rigidities are kept constant. The
reason is that the geometrical stiffness matrix [K,] (Fig. 3) depends on the
axial forces N which, in turn, depend on the load factor A. However, if the
axial forces introduced into the geometrical stiffness matrix are assumed
independent of A, a linear relation between A and the displacement results.
Hence, it is sufficient to consider two loading cases, for instance A equal to 1
and X equal to 2. The load factor corresponding to the specified displacement
w is found by linear interpolation as indicated in Fig. 13. For this new load
factor new rigidities and axial forces to be introduced in [K,] are determined.
The procedure is repeated until the calculated rigidities and axial forces agree
with the assumed ones.

Under sustained loads, specified by the long-time load factor A, and dura-
tion ¢, the displacement w can be calculated as follows:

The displacement w is increased in steps as before. For each step of w, the

" AP Ay P
i tant
Ny s constan _.+ W)
i H
g , {

N
e ]
| | |
| | [
| | I
‘ l ‘ = t{ime
o 4 Tt

Fig. 14. Displacement controlled]procedure under sustained loads.
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time is increased in increments. (Fig. 14 corresponds to one value of w; the
starting time is ¢,.) For each increment of time the corresponding load factor
A is determined as before considering the creep of concrete. When the cal-
culated load factor A is equal to the given load factor A,, the time to reach the
chosen displacement has been found. If the calculated A at the starting time
ty is less than A,, creep instability has taken place.

5. Examples
The following examples illustrate the application of the described analysis.

a) Comparison with Test Results

Three test columns under different types of loads [9] were analysed accord-
ing to the described method. The three columns had hinged ends on both sides
and were of the same length and same cross section (Fig. 15). Due to the
symmetry only one half of each column was considered. The column was
divided in 6 elements.

Column 24 was loaded in a short time test up to failure (Fig. 15). The
measured and the calculated load capacity of 24.2t agreed favourably. The
slightly overestimated middle deflection 8 can be explained with the assump-
tion of no tensile strength of the concrete.

Column 25 (Fig. 16) was loaded by a sustained load P,=16.4t during 141
days. After this time the increase of deformation was very small. Also for this
column the agreement of the measured and computed failure load in the final

P(t)

Maximum load P=24.2 ¢
20
fs= 4610kg /cm?
2.7 —
# 3.14cm? 15
314cm?
2r B
25
e oo Test
x x x Calculation. with fo = 257 kg/cm?
O T T T T T T T T T T T T -
0 5 10 3 (cm)

Fig. 15. Load-displacement curve (column 24).
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Lood‘ P(t)
Py=164- X
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1
|
|
|
|
|
[
i
|
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|
T
[ ]
{1
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[
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b
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Fig. 16. Test under sustained load and final short time test (column 25).

short time test was good (< 29,). The computed deflections both under
sustained and under short time loads are too big due to the already mentioned
reason. The relation between the middle deflection 6 and the time is shown in
the lower part of Fig. 16. The agreement of the two curves is satisfactory
considering the big scattering which usually is involved in creep problems.
Fig. 17 shows a test under sustained load. The column failed due to creep
buckling. The computed load-displacement curve is in good agreement with
the measured one. With a middle deflection 5 of 9 cm the column becomes
unstable under the constant sustained load P,=18.9t. The relation between
the deflection 6 and the time ¢ agrees well up to =61 days. The computed time
at failure is 185 days. The computation of the time depends very much on
the assumed concrete strength. To illustrate this the computed time-displace-
ment curve is also given in Fig. 17 for a concrete strength f, 109, lower than
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Load P(t)

creep failure
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Fig. 17. Long time test up to creep failure (column 22).
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Fig. 18. System and loads.
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the corresponding f, of the test specimen. In this case the duration of time
up to creep failure (¢=68 days) is reduced to one third.

b) Arch Under Snow Loads

The arch as shown in Fig. 18 is analysed. As an extreme loading a snow
load of A-3.00t/m’ over half the span is assumed for the computation. The dead
load ¢=3.66t/m’ is constant over the whole span. Fig. 19 shows the computed
relation between the load factor A and the maximum deflection at about one
third of the span. The dotted line corresponds to a short time loading. In
addition to that this relation is also given for a combined short-time and
sustained loading. First, the load is increased up to A=0.70 and after a sus-
tained load during 300 days the load is increased up to the maximum load
capacity.

AP

g
A Ty
Oy

bl

9
A 1
|

1.2-

104

08+

061

04

02

0 T U T T o
O 10 20 30 40  Splem

Fig. 19. Load-deflection behavior of an arch under ghort time and sustained loads.

Notation
M  moment
N  axial force
“4>”  subscript ‘4’ is used for reference to the cross

sectional analysis
{P} external loads
P,  sustained load
A load factor for proportional loads
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A load factor for sustained loads
[K] stiffness matrix

[K;] first order stiffness matrix
[K,] non linear geometrical stiffness matrix
[R] transformation matrix

{w} nodal displacements

E  modulus of elasticity

A area of cross section

l length of element

EI Dbending rigidity

E A axial rigidity

o stress

fs yiel stress of steel

fe cylinder strength of concrete
€ total strain

€ “plastic’’ strain

initial strain (e.g. due to prestressing)

€ short-time strain

¢ limiting creep factor

7 time

T elapsed time until half of the limiting creep is reached
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Summary

An approach to analyse reinforced concrete frames is outlined. The effects
of second order and non linear material behavior are considered. The com-
putational process described is based on the finite element method. The effec-
tive stiffnesses for each state of loading are determined by iteration. The
influence of creep and shrinkage are taken into account. Two examples are
given to demonstrate the possibilities of the proposed analysis.

Résumé

L’objet de ce rapport est la déscription d’une méthode de calcul selon le
2e ordre pour les structures composées de barres inélastiques. La méthode des
éléments finis est & la base de ce calcul. Les rigidités flexionnelles sont calcu-
lées pour chaque état de charge par itérations. Les éffets du fluage et du retrait
peuvent étre considerés. On montre a 1’aide de deux exemples les possibilités
de cette méthode.

Zusammenfassung

Es wird eine Methode zur Berechnung von Rahmentragwerken aus Stahl-
beton beschrieben. Dabei wird der Theorie 2. Ordnung, wie auch dem nicht
linearen Materialverhalten, Rechnung getragen. Der beschriebene Rechnungs-
gang basiert auf der Methode der finiten Elemente. Die effektiven Biege-
steifigkeiten fiir jeden Belastungszustand werden iterativ ermittelt. Langzeit-
effekte, wie Kriechen und Schwinden, kénnen beriicksichtigt werden. Anhand
von zwei Beispielen werden die Moglichkeiten des Rechenverfahrens gezeigt.
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The Fatigue Strength of Steel and Butt Welds in Definite Working
Conditions

La limite de fatigue d’acier et de soudages bout a bout dans des conditions
déterminées de service

Die Dauerfestigkeit von Stahl und Stumpfschweissungen wunter fest-
begrenzten Betriebsbedingungen

WLADYSLAW BOGUCKI ANDRZEJ NIEDZIELSKI
Prof. Dr. inz. Doec. Dr. inz.
Technical University of Gdansk (Poland)

Introduction

In design of civil engineering structures such as bridges, crane beams etc.,
which are working under dynamic loading the fatigue strength is taken into
account. The fatigue strength is usually taken from standard tests which are
performed under conditions characterized by the testing equipment and not
by the real dynamic loading of the structure.

To consider the real working conditions it was decided to take into account
the cessations in the loadings. At the same time, by keeping up to fracture
the investigated specimens in constant temperature, the influence of cooling
is considered.

Description of Tests

The investigations were performed on specimens made of steel St 37S with
chemical composition: 0,119, C; 0,499, Mn; 0,04%, Si; 0,0329, P; 0,029, S, and
average mechanical characteristics R,=31,25kG/mm?, R, =52,95kG/mm?,
a=25,859%,, ¢=38,63%,. The shape and dimensions of the specimens were
taken according to the instruction of Schenck-Pulsometer (Fig. 1).

In investigation specimens with 100 and 120 mm? cross-sectional areas
were used. The specimens were cut from plates of 10 mm thickness. The
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Specimen I type (monolithic)
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thickness of the part at which measurements were taken, was reduced to
6 mm within the accuracy of + 0,05 mm. The grinding was undertaken by a
disk-type grinding wheel with intensive cooling by an adequate emulsion.
Finally all the specimens were polished.

The butt welds were made by hand with the electrode EP 52-28. With the
help of X-ray tests only specimens with defectless welds were chosen. In
several cases the fatigue fractures showed minor defects (such as gas cavities,
slag inclusions). The results from such tests were neglected in the analysis.

In spite of a very careful manufacturing the discrepancies from the theo-
retical values in the cross sectional areas were up to +1,59%,, which was taken
into account in the determination of the loading.

Three hundred fifty specimens were prepared (175 monolithic, 175 welded)
and 336 were considered in the analysis.

The investigations under tensile pulsations with frequency 960 cycles/min
were performed on a hydraulic testing machine manufactured by the Losen-
hausen Company. The investigations under tensile-compression pulsations
with frequency 3000 cycles/min were performed on a resonance testing machine
manufactured by Schenck of Darmstadt.

The temperature was measured with an accuracy of +19%, with the help
of a special equipment made in the G.D.R.

In the investigations 5 minute cessations were applied at 15 minutes inter-
vals. In the case of cooling the temperature was kept nearly at 18°C degrees.
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The Results of Investigations

The results of investigations in the case of coefficient of uniformity of load

R 1,25(K =—U—"3) are given in Table I.

Oqg

Table 1
Types of Loading Zyj gtar}dqrd R, Comparison
. p eviation

specimens cessations kG/mm? kG /mm? kG/mm? of results *)
monolithic without 33,50 +2,47877 52,95 100
welded without 30,09 +1,60032 — 89,82
monolithic with 34,31 +0,34275 52,95 102,44
welded with 30,53 4-1,67600 — 91,14

*) As 1009, the strength Z,; of monolithic specimens, equal to 33,50 kG/mm?, is taken.

The table shows that the influence of cessations is advantageous, but very
small. The increase in fatigue strength is 2,49, for monolithic and 1,5%, for
welded specimens. The influence of cooling was not considered because the
increase of temperature was insignificant.

The results in the case of coefficients of uniformity of load «=0 are given
in Table 1I.

Table 11
Types of Loading Zire gtar}d@rd R, Comparison
. . eviation

specimens cessations kG/mm? kG /mm? kG /mm? of results*)
monolithic without 16,22 +0,63906 52,95 100
welded without 15,06 +1,21669 — 92,88
monolithic without

and cooling 18,50 +0,69356 52,95 114,12
welded without

and cooling 17,42 +41,17644 — 107,46
monolithic with 18,33 +1,01880 52,95 113,04
welded with 16,97 +1,09279 — L 104,66

*) As 1009, the strength Z,. of monolythic specimens, equal to 16,22 kG/mm?, is taken.

In this case the introduction of cessations led to an increase of the fatigue
strength equal to 139, for monolithic and 12,79, for welded specimens. The
influence of cooling is of the same order and corresponds to 14,19, for mono-
lithic and 15,79, for welded specimens.

The influence of the change of the velocity of loading (frequency) in the
two cases was not considered.

In Fig. 2 and 3 the Wohler diagrams are given the coefficients of uniformity
of loading «=1,25 and «=0.
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Conclusions

1. The results of standard fatigue tests do not correspond adequatly to the
working conditions of civil engineering structures in view of the cessations
in loading, and large surfaces which help to keep the structure at the
ambient temperature.

2. The application of cessations in loadings increases the fatigue strength of

steel and butt welds. For the same kind of steel the amount of increase

depends upon the coefficient of uniformity of loading and the time of
cessations.

The problem should be considered for other types of structural steels.

4. Based on further tests an adequate safety factor should be defined which
takes into account the cessations in loading along with different factors
such as shape, quality of manufacturing and material.

b

Summary

The paper presents the experimental results of the strength of butt welds
subjected to cyclic loads corresponding to the working conditions of bridge
structures.

The problem was discussed on the basis of research performed at the Chair
of Steel Structures at the Technical University of Gdansk on specimens made
of steel St 378S.

Résumé

Ce travail traite les résultats expérimentaux de la résistance de soudages
par rapprochement soumis & des charges cycliques correspondant aux con-
ditions de service des constructions de ponts.

Le probléme a été discuté sur la base de recherches entreprises & la chaire
des constructions en acier de 1’Université technique de Gdansk sur des spéci-
mens en acier St 37 S.

Zusammenfassung

Die Arbeit vermittelt die experimentellen Ergebnisse der Festigkeit von
Stumpfschweissungen gegeniiber zyklischer Belastung entsprechend den
Betriebsbedingungen von Briickenbauten.

Das Problem wurde auf der Basis von Untersuchungen beim Lehrstuhl fiir
Stahlbau an der Technischen Universitit Gdansk an Stahlproben St37S
diskutiert.
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On Finite Strip Analysis of Continuous Plates
Analyse par bandes finies de plagques continues

Uber die Finite-Streifen- Berechnung von Platten

A. GHALI G. S. TADROS
M. ASCE, Professor of Civil Engineering, Post-doctoral Fellow,
The University of Calgary, Calgary, Alberta, Canada

Introduction

Semi-analytical finite element procedures have been used to reduce drasti-
cally the number of equations and solution cost for two-dimensional and three-
dimensional situations. In the application of these procedures to plates in
bending, long elements or strips are used (Fig. 1a and b) and the transverse
deflection of a strip is expressed in the form

Simply supported
x /or clamped /___b_,/

A M/WWM B o

Any boundary
conditions

1 )

a ° clompecil
>

-(aw/ 3y)

T

"D
)_’ Simply supported
fo-
y ¥

Pictorial Views of a Typical Strip

(a) (b) Positive directions (c) Coordinate system:
of w and 8 { .}
a

Fig. 1. Finite Strip Idealization.
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wt= 3 uwf= 3 @Y, 1)

where f () is a polynomial of x only and Y,, are basic functions satisfying the
end conditions in the y direction. When a third degree polynomial is used for
f(x), the unknown displacement parameters are two for each nodal line and
for each term of the series: w,,, and 6,,,, where 8 = — (0w/dx). This is the finite
strip method, first developed by CHEUNG, for the analysis of simply-supported
slabs [1] and later by CHEUNG and others for other structures idealized into
strips subjected to in-plane as well as to bending forces. For the simply-
supported slab, the basic function is a trigonometric series:

mmy
T

Y, =sin (2)

Applied loads must also be resolved into series similar to the displacement
function, and a load vector {F*} is then related to the nodal parameters. For
the strip in Fig. 1b, this relation takes the form:

[S*HD*} = {F*}, (3)

where [S*] is a square matrix of order 4r representing the stiffness of the
strip, and the displacement vector

{D*} = {{D*}1,{D*},, .. ..{D*},}, (4)
where {D*},, = {w;, 0,,w;,0},,. (5)

The stiffness matrix of the strip can be partitioned into rXxr submatrices
[S*],. corresponding to each term of the series. Due to the orthogonality of
the chosen function Y,, and its derivatives, it can be shown that the sub-
matrix [S*],,, = [0] when m £n. Thus, Eq. (3) will actually uncouple, and for
each term of the series we can write for one strip

For each term of the series, a stiffness matrix of the plate [S],, of order s xs
(where s is twice the number of nodal lines) is assembled from the stiffness
matrices [S*],,, of the individual strips. Adding the forces on each nodal line
from the two adjacent strips, we obtain a load vector {#7}, . Solution of the

equation

gives the s displacement parameters for the mth term of the series. Thus, the
uncoupling makes it necessary to solve r sets of s equations instead of one set
of r X s equations. The half-band width of the matrix is reduced by a factor 7;
thus, the reduction in computer time due to uncoupling can be quite con-
siderable.
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CHEUNG [2] used the finite strip method with the basic function Y, other
than trigonometric, to analyze plates with two other end conditions: simply-
supported-clamped and clamped-clamped. Unfortunately, with these func-
tions the uncoupling described above can not occur.

The object of the present paper is to use the trigonometric basic function
of Eq. (2) for all the three boundary conditions described above. The effect
of the fixing moment at the clamped edge is accounted for by superposition.
Thus, in all cases benefit is obtained from the uncoupling of the equations.

Simply supported Simply supported
—— or clamped or clamped
i 2. > ¥
T
A
ny £, y
boundary 4
conditions Plate is i;mi:zmsr:’ep;c’”ed Panels
- continuous ' / - continuous
£ over this Y- Z over these
support / supports
12
Any boundary lz
conditions
7 T - T 000
Simply supported Simply supported
or clamped or clamped

(a) ()

Fig. 2. Continuous plates in Bending.

Any of the plates of Fig. 2 continuous over a number of panels can be
analyzed by the proposed method. Each panel is first analyzed with its two
edges parallel to the x axis simply supported, then the compatibility of rota-
tion at these edges is satisfied by the application of couples and the final
result is obtained by superposition.

CHEUNG et al. [3] analyzed continuous bridges similar to the plate in Fig. 2a
by solving a simply supported plate of span equals (/;+1,), and superposing
the effect of concentrated transverse forces to bring the deflections at the
intermediate support back to zero (force method of analysis). This approach
may result in ill-conditioned equations when the plate is continuous over a
number of spans and a large number of strips is used.

Procedure

The finite strip method for analysis of plates in bending is given in the
references mentioned above and in more detail with simplified example in
Ref. [4]. For this reason, the derivation of some of the equations which is
available in these references is deleted from the following presentation.
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The deflection of a strip (Eq. (1)) can be expressed in terms of the nodal
parameters for its sides ¢ and j. A general term of the series is

wo = [L*],{D*},,, (8)

where

3x2 243 2x2 a3\ | [3a2 2x%\|[x2 ¥
%k — R e _ R - o
(2790 = (1= 5 5 (== b)!(bz i) (5 )| T @

Define a system of four coordinates for each strip: The rotation (dw/dy) at the
ends y =0 and y =I of its nodal lines (Fig. 1c¢).

% X *k k
=T e () () e (G 0
0 Yy x=0,y=0 0 ?/ x=0,y=I 0 Y x=b,y=0 0 y x=b,y=l

Substitution of Eq. (8) into Eq. (10) gives

{a*}m = [C*]m{D*}m’ (11)
where [C'*],, is the strip displacement transformation matrix for the mth term
[H], [0] ]
C*), = " 12
N 42
m 1 0
and [ = E [eosmw O] ) (13)

The edge bending moment normal to the short sides of the strip is assumed
to vary linearly between nodal lines. Define a vector {@*} of the four values
of the moment (per unit length) at the ends of the nodal lines. The edge
bending moments can be expressed in a form of trigonometric series of a
transverse load of intensity '

q =-ZQm Lo (14)
h _2malb—zx|b-x x| x Q0 ‘ 15
where In =g |~ | cOSMT|p|pcosmm {Q@*}. (15)
The load vector (see Eq. (20.108) of Ref. [4]).
1b
{F*} = .({O[L]£Qm Y, dedy = [G*],{@*}. (16)

Substitution of Eqgs. (9) and (15) in Eq. (16) gives the force transformation
matrix

20 0 cosmm 20 90 3T
| B e | e
. o '—2—0 —2—Ocosm7-r —§6 ——%Cosmﬂ .
=771 35 | 38 76 | 70 - )
20 20 cosmaaT 20 ?OCOSW’LW
b2 b2 bZ bz
L g’(‘)‘ %Cosm‘ﬂ % E(‘jcosmﬂ“
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For the assembled structure two vectors are derived: {«},, and {@}, each
of order s. An element of {@} corresponding to one end of a nodal line is
obtained by adding @* for the strips at its left and its right. In a similar way
a transformation matrix [(G],, of the structure (of order s X s) can be assembled
from the transformation matrices [G*],, of the individual strips. Thus, for the
assembled structure Eq. (16) becomes

{Fn = [G1.{Q}- (18)

The rotation vector of the assembled structure is related to the nodal dis-
placement parameter by the equation

{a}m = [O]m {D}m s (19)
[H],, N
where [C],, = _ (20)
m | submatrices ‘

| not shown are null [H],, |

Combining Eq. (7) with Eqgs. (19) and (18)

{otn = [Cl [ST5 {F 1 (21)
and {a}m = [f]m{Q}a (22)
where (fln = [Cln ST G- (23)

[f1,, represents the contribution of the mth term to the “flexibility matrix
relating {«},, and {@}. The ‘“flexibility’’ matrix relating {«} and {@Q} is

/1= mZI[O]m (STt [G - (24)

For an example of application of the above equations consider a one panel
plate with the edges parallel to the x axis clamped. The bending moment
normal to the clamped edges is of intensities {¢} at the nodal lines ends. For
compatibility the rotations due to {@} on a simply-supported slab (=[f]{@})
must be equal and opposite to the rotations {«} = > {«},, due to actual loading;
thus, combining this condition with Eq. (21) gives

{Q} = - [f]_lmz_l{a}m = [f]—l le[O]m [S]EI{F}m (25)
It is to be noted that the above equation satisfies the compatibility condition
(0w[oy)=0 only at the ends of the nodal lines. The error resulting from this
approximation is negligible and decreases as the width of the strips is decreased.
(When b — 0, the compatibility condition is satisfied at all points.)

The clamped plate can now be analyzed as a simply-supported one, sub-
jected to the combined load {F}, and {Q}. The contribution of the mth term
to the displacement parameters (see Egs. (7) and (18)) for the clamped plate
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(D = (ST Fh+ 3 (815461, 4@}- (26)

Choosing p=r, Eq. (26) becomes
(D}, = [STH F Y (27)
where {F = {F}+ 610 {Q}. (28)

Thus, the analysis of a clamped plate is reduced to that of a simply-supported
plate with the load vector {#'},, replaced by {F},,.

Examples

To check the method of analysis for the effect of edge moments derived
above, consider isotropic plates simply supported on four sides and subjected
to uniform moment M, per unit length normal to the two sides A B and C'D
(see Fig. 1a and Table 1). Due to symmetry, half the plate is analyzed with
a/2 divided into five strips. Table 2 gives the results of plates as in the first
example but subjected to uniform load and the edges A B and C'D clamped
instead of simply supported. Poisson’s ratio in both examples equals 0.3.

A study of convergence is made in Table 3 for one of the plats in Table 2
with //a=1.0. Odd terms only contribute to the results. A somewhat large
number of terms is required if high accuracy is desired. However, for the
values considered the contribution of any two consecutive odd terms are of
opposite signs, and the average of the answers with two consecutive odd terms
is close to the exact solution. The results in Tables 1 and 2 are averages of
solutions using 7 and 9 terms. For further study of convergence, see Ref. 6.

Table 1. Analysis of Plates Simply Supported on Four Sides and Subjected to Moments M,
on Hdges AB and CD (Fig. 1a)

la Central Central Central P
Deflection M, My
2.0 1.746 0.156 —0.005 F. 8.
’ 1.740 0.153 -0.010 Exact [5]
L5 2.800 0.267 0.052 F.S.
: 2.800 0.264 0.046 Exact
1.0 3.685 0.397 0.262 F.S.
: 3.680 0.394 0.256 Exact
0.75 6.199 0.425 0.482 F. 8.
: 6.200 0.424 0.476 Exact
0.50 9.647 0.385 0.775 F.S.
’ 9.640 0.387 0.770 Exact
Multiplier | Mg £2/(100N)*) My Mg

*) £ is the smallest value of [ and a.
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Table 2. Analysis of Plates Clamped on Sides AB and C D, Simply Supported on the Two

Other Sides Subjected to Uniform Load of Intensity q (Fig. 1a)

la Central Central Central My at A
Deflection M, M, Middle of A B

0.5 0.00253 0.0135 0.0410 —-0.0852 F.S.

) 0.00260 0.0142 0.0420 —0.0842 Exact [5]
1.0 0.00186 0.0239 0.0325 —-0.0718 F.S.

’ 0.00192 0.0244 0.0332 —-0.0697 Exact
2.0 0.00834 | 0.0862 0.0475 —-0.1269 F.S.

) 0.00844 ‘ 0.0869 0.0474 -0.1191 Exact
3.0 0.001162 0.1144 0.0421 ~0.1370 F. 8.
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