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Preface

La necessite de publier rapidement les contributions scientifiques de nos
membres nous empeche de publier des volumes de Memoires lies a un theme
donne. C'est d'ailleurs le röle des publications relatives ä un Symposium ou a
un congres. Le present volume contient douze apports ä des preoecupations
actuelles des specialistes des ponts et charpentes. Ces exposes sont d'un tres
haut interet et s'inscrivent bien dans la tradition de nos Memoires.

Je saisis cependant l'occasion de cette preface pour susciter la reflexion
sur un nouveau style possible de nos publications. La mission de l'AIPC est
de faire avancer la science et la technique des structures. Elle doit le faire
dans un esprit large, considerant tous les materiaux, etablissant des comparai-
sons sur les plans theoriques, conceptuels, d'execution et economiques. II serait
donc heureux, dans tous les cas oü la chose est possible, que l'auteur situe sa
contribution par rapport aux autres theories ou systemes et qu'il indique les

repercussions possibles sur les plans de l'execution et du cout.
Je remercie les auteurs et souhaite, pour l'avenir, une participation de

collegues de langue francaise et allemande.

Zürich, avril 1974.

Le President de l'AIPC:

Prof. Maurice Cosandey
President de l'Ecole Polytechnique Federale de Lausanne

Les Secretaires Generaux:

Dr. sc. techn. Hans von Gunten Dr. sc. techn, Pierre Dubas
Professeur ä l'Ecole Polytechnique Professeur ä l'Ecole Polytechnique

Federale de Zürich Federale de Zürich

Jörg Schneider
Professeur ä 1' Ecole Polytechnique Federale de Zürich



Vorwort

Der Zwang, in rascher Folge die wissenschaftlichen Arbeiten unserer
Mitglieder zu veröffentlichen, erlaubt es nicht, einzelne Bände unserer «Abhandlungen»

einem in sich geschlossenen Themenkreis zu widmen. Im übrigen ist
dies Aufgabe der anlässlich von Symposien und Kongressen herausgegebenen
Veröffentlichungen. Der vorliegende Band enthält zwölf äusserst wertvolle
Beiträge von Fachleuten aus dem Brückenbau und Hochbau und führt damit
die bewährte Tradition unserer «Abhandlungen» fort.

Dieses Vorwort gibt mir jedoch Anlass zu gewissen Überlegungen über
einen neuen Charakter unserer Veröffentlichungen: Die Aufgabe der IVBH
besteht darin, Wissenschaft und Bautechnik zu fördern. Sie soll dies in einem
weiten Gesichtskreis tun und dabei alle Baustoffe berücksichtigen sowie gleich-
massig Theorie, Entwurf, Ausführung und Wirtschaftlichkeit behandeln. Es
wäre deshalb wünschenswert, dass jeder Autor seinen Beitrag soweit möglich
unter vergleichender Beachtung anderer Theorien bzw. Systeme bearbeitet
und dabei auch die möglichen Rückwirkungen auf Ausführung und Kosten
einbeziehen würde.

Ich danke den Verfassern und hoffe, in Zukunft auch die Kollegen
französischer und deutscher Zunge hier vertreten zu sehen.

Zürich, April 1974.

Der Präsident der IVBH:

Prof. Maurice Cosandey
Präsident der Eidgenössischen Technischen Hochschule Lausanne

Die Generalsekretäre:

Dr. sc. techn. Hans von Gunten Dr. sc. techn. Pierre Dubas
Professor an der Eidgenössischen Professor an der Eidgenössischen

Technischen Hochschule Zürich Technischen Hochschule Zürich

Jörg Schneider
Professor an der Eidgenössischen Technischen Hochschule Zürich



Preface

The requirement of early publication of our members' scientific contributions

prevents us from compiling volumes of "Publications" on a given theme.
This is essentially the role of publications relating to symposia or congresses.
The present volume contains twelve contributions concerning current preoecupations

of building and structural engineers. These papers are of considerable
interest and correspond to the customary Standard of our "Publications".

Nevertheless, I am taking the opportunity, in writing this preface, to invite
some thoughts on a new style that could be introduced in our publications.
The aim of the IABSE is to further the knowledge and technology of structures.

This must be done in the broadest possible sens, taking into aecount all
materials, establishing comparisons as to theory, coneept, execution and
economy. It would therefore seem to be advantageous for each author to
situate, whenever possible, his contribution in relation to other theories or
Systems, and to indicate possible repercussions in execution and costs.

I thank the authors for their contribution and look forward to reeeiving
some items also from our French and German speaking colleagues.

Zürich, April 1974.

The President of IABSE:

Prof. Maurice Cosandey
President of the Swiss Federal Institute of Technology, Lausanne

The General Secretaries:

Dr. sc. techn. Hans von Gunten Dr. sc. techn. Pierre Dubas
Professor at the Swiss Federal Institute Professor at the Swiss Federal Institute

of Technology, Zürich of Technology, Zürich

Jörg Schneider
Professor at the Swiss Federal Institute of Technology, Zürich
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Analysis of Slender Reinforced Concrete Frames

Calcul des cadres en beton arme selon la theorie du 2e ordre

Berechnung von Stahlbetonrahmen nach der Theorie 2. Ordnung

K. AAS-JAKOBSEN M. GRENACHER
Dr. sc. techn., formerly, research associate Research associate

Institute of Structural Engineering, Swiss Federal Institute of Technology (ETH),
Zürich (Switzerland)

1. Introduction

This paper outlines a method to determine the maximum load carrying
capacity of a plane frame with given cross sections and reinforcements.

The present paper based on an investigation described in [1] differs from
other investigations [2], [3], [4], [5], [6], [7], [8] in three respects:

— The frame can have an arbitrary geometry.

— An arbitrary load history can be followed.

— A displacement controlled procedure is used which allows the determination
of unstable configurations of the frame.

The two main difficulties in the analysis of slender reinforced concrete
frames are due to

— the influence of the displacements on the equilibrium of the frame,
producing a "geometrical'' non-linearity;

— the non-linear stress-strain-time relations for the materials causing a
"material" non-linearity.

The two non-linearities are treated separately as shown schematically in
Fig. 1. The geometrical non-linearity is considered in a second order elastic
analysis. Given are loads P, bending rigidities EI and axial rigidities EA for
all elements of the frame. The moment M, the axial force N and the
corresponding strain distribution for all sections are determined. The strain
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1. Geometrical non-linearity
2nd order analysis

2. Material non-linearity
cross sectional analysis

Fig. 1. Schematic illustration of the analysis.

M. GRENACHER
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distribution is given by two parameters. Herein, the middle strain em in the
reference axis of the members and the curvature 1/r are used.

The material non-linearity is taken into aecount in the cross sectional

analysis. Given are cross section, reinforcement, stress-strain-time relation for
the materials and a strain distribution (emi, l/rt). The subscript "i" is used for
reference to the cross sectional analysis. The moment Mi and axial force Nt
are determined.

The elastic and the cross sectional analysis are coupled together by the

requirement of equality of the determined forces in the elastic and the cross
sectional analysis. Similarly, equality of the strains determined in the elastic

analysis and of the strains assumed in the cross sectional analysis must be

satisfied.
The critical load of the structure corresponds to the peak on a load-deflection

curve separating the stable from the unstable equilibrium configuration.
In this ränge a deformation controlled procedure must be used to assure

convergence. Hence, the deformation at some point of the structure is increased

by steps to obtain the load-displacement response.

2. Second Order Elastic Analysis

The elastic frame analysis is performed by means of the finite element
method. A frame may be visualized as an assemblage of elements inter-
connected at their ends which are referred to as nodal points or nodes. If the
force-displacement relations for each element are known, the equilibrium
configuration of the complete structure can be expressed in terms of the nodal

wi,pr

6,P,3,P

7- W4
U |W

W5,PW2,P2

Fig. 2. Element in local coordinates.



ANALYSIS OF SLENDER REINFORCED CONCRETE FRAMES 3

displacements. The force-displacement relationship for the element shown in
Fig. 2 can be written as

[K){w} {P], (1)

in which {w} is the displacement vector of the element and {P} the corresponding
force vector:

{«,}

Applying Standard finite element techniques, the stiffness matrix [K] can be
written as

[K] [K1] + [K,],
where [iTx] is the first order stiffness matrix,

[if2] is the non-linear geometrical stiffness matrix,
[ÜTJ and [K2] are given in Fig. 3.

If the element is inclined at an angle 6 with the #-axis, as shown in Fig. 4,
the given stiffness matrix above relates to the local coordinates xl — zl. The

wx (Pl
ws A
w3 {P} -

p*
p*

W>5 p5

w6 Pe

h] EA
l
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l
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l
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Fig. 3. Local element stiffness matrix [K] [K1}-{-[K2].

_ x
W3,P;

"* WL Pl

Z, "2«P2
W6,R

F\4,P

5,P

Fig. 4. Global forces and displacements.
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global stiffness matrix [K] in the x-z coordinate system is then given by

[Ä]-[jj]r[jr,][Ä].
[K{\ is the local stiffness matrix given in Fig. 3.

[B] is the transformation matrix relating local displacements {w^ and global
displacements {w}, or local loads {Pz} and global loads {P} as follows:

{«%} [B]{w},
{P,} [Ä]{P};
[B] is given in Fig. 5.

The global element stiffness matrix [K] [K-^ + [K2] is given in Fig. 6.

(2)

[R]. c s

-s c

1

c s

-s c

1

{« l} - [R] {«}

{pJ • [R] {P}

s sin e

c cose

Fig. 5. Transformation matrix [i?].

[kJ- ¥EA r2. 12EI c2 (M.12^)SC 6EI Q -kn -k12 k13

EAQ24.12EI r2
l b l3 ^ 6EI rt2 ^ "k12 _k22 k23

4^ "fc« ~ k23
2EI

l

Symmetrie *11 k12 "k13

k22 -k23

k33

[k2]=n _§_ o2
51 S "^SC 10 b ~»<11 - k12 *«

_6. C2
51 U -3-C

10 u -ki2 - k22 k23

Symmetrie

2L
15 -kis - k23

l" 30

kn k12 -k13

k22 -k23

k33

S=sine C=cose

Fig. 6. Global element stiffness matrix [K] [Xx] + [XJ.
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Similar to the force-displacement relationship for the element the force-
displacement relationship for the complete structure, or the complete system
of elements, can be written as

[K]{w} {P}, (3)

in which {w} now contains all nodal displacements and {P} all nodal loads.
The system stiffness matrix for the complete structure is obtained by

superposition of the individual element stiffness matrices.
When the system stiffness matrix [K] and the load matrix {P} have been

established, the system of equations is adjusted according to the given boundary
conditions. If some displacement, for instance Wj, is identical to zero, this can
be taken into account in a simple manner by replacing the diagonal stiffness
coefficient K^ by a large number, say IO50.

The Solution of the linear system of equations, Eq. (3) is most efneiently
carried out taking into account the symmetry and the banded structure of
the system stiffness matrix.

It should be noted that the axial force N must be known in order to evaluate
the element matrix [K2] in Fig. 6. The axial force is usually not known in
advance, and an iterative procedure must be used. In the first cycle N is
chosen equal to zero and the first order forces are calculated. In the second
cycle the axial forces found in the first cycle are used.

Usually the axial forces are practically not influenced by the second order
effects, such that two cycles are generally sufficient.

When the displacements have been determined, the element forces are
found by substituting {w} back into Eq. (1). It should be noted that [K] in
Eq. (1) is the local element stiffness matrix given in Fig. 3. The global
displacements are transformed into local displacements according to Eq. (2).

3. Cross Sectional Analysis

In the cross sectional analysis each section is divided into narrow strips
which are assumed to behave as concentrically loaded fibers.

cross section strain

AA£/sssssssss;;;;;;;;* —l

internol forces

MVr.)

Fig. 7. Cross section, strain distribution and forces.
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The resultant forces Mi and Nt are given by (Fig. 7)

Mt ^azAA,
N< =Z°AA.

The strain e, positive when in tension, is assumed to be linearly distributed
over the section. Then

¦Gl* (5)

where emi is the axial strain in the reference axis,

I—I is the curvature,

z is the distance from the axis.

The assumed stress-strain relationship for a virgin concrete specimen
(previously not loaded) under instantaneous loading up to failure is shown in
Fig. 8. For instantaneous unloading or reloading a linear relation between
stress and strain is assumed both for steel and concrete:

a E(ei-ec-€p), (6)

where er is the stress in the considered strip,
E is the "elastic" modulus for the material,
et is the total strain,
ec is the "plastic" strain in the strip from the previous load history,
ep is the initial strain in the strip, for instance due to prestressing.

The "plastic" strain ec is due to yielding, creep and shrinkage. At a given
time, the magnitude of the plastic strain can be determined from Eq. (6):

ec e-*/E-ep. (7)

Steel is assumed to be elasto-plastic as shown in Fig. 8. Thus, the stress

given by Eq. (6) is limited by the yield stress fs.
The concrete stress determined from Eq. (6) is assumed to be limited by

the stress-strain relationship for a virgin concrete under instantaneous loading.
Hence, the stress-strain relationship for a virgin specimen is the envelope
curve for the concrete stress-strain relations. The concrete is assumed to have
no tensile strength. Concrete shows a time-dependent increase of the plastic
strain ecc due to shrinkage and creep.

At a constant sustained stress the plastic strain due to creep is assumed
to be given by

9 v«>Y+t' ^
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where y^ is the limiting creep factor,
T is the elapsed time until half the limiting creep is reached,
€0 is the short-time strain given by:

0.002 H-?)- (10)

The hyperbolic expression in Eq. (9) has been used in a number of investigations

and seems to be in reasonable agreement with experimental data.
Creep under variable stresses is calculated by dividing the stress history

steel stress-stroin relation

arctan E$

-i——6
0.010

G"c (neg)

fÄ- sspe

f-~x/£3arctan Ec

arctan E

concrete stress-strain relation

6 \21rshort-time: Sc =^[2(5^) + (^) ] for 0>£> -0.002

instantaneous loading
instantaneous unloading

creep under constant stress

£ (neg)
-0.002 -0.0035

Fig. 8. Stress-strain relations.

stress history

Gc.9"

...J

rate of creep method

-•- t

bcc

AECC2

A6CC1

— t

Fig. 9. Creep under variable stresses.
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into time intervals and assuming a constant stress within each interval as

indicated in Fig. 9. The "rate of creep" method is applied. It is assumed that
the creep under variable stresses can be obtained from creep curves for
constant stresses. Such curves, for two stress levels crcl and orc2, are indicated with
solid lines in Fig. 9. In the time interval A t
the stress ac2 is given by

tY + At
Aen eo9

where -0.002

T + t±'T + ti + At

H c2l+~

-t2 — tx the increase of strain under

(ii)

The procedure for determining the stress crc2 at the end of the time interval
t + A tis outlined in Fig. 10. Given are the total strain € at the time t + At, the
prior plastic strain ecc, the initial strain ep and the stress acl at the time t. As
an approximative Solution the stress acl is used to determine the increase of
creep strain A ecc from Eq. (11). In the case of shrinkage, the corresponding
shrinkage strain is added to Aecc. The stress ac2 is determined from Eq. (6).

If ac2 exceeds the short-time stress corresponding to the total strain e, the
latter stress is chosen. The plastic strain ecc at the time t + At is given by
Eq. (7).

Starti
given: £ ,£cc £p, 6"C1 ,t,At

1 '

A£cc {Eq. 11}

<^-^bC2 inside the^^-^ no
^^^em/elope curvej^--^

' '

yes 6TC2 is determined from
the envelope curve

i r

^CC ^ ~~ ^p " ^C2 ' '-C

finished

Fig. 10. Determination of stress and "plastic" strain.
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4. Computation Procedure

The load carrying capacity of a frame with given cross sections and rein-
forcements is calculated in successive steps up to the maximum capacity.

Fig. 11 shows the flow-chart used for determining a point on the load-
displacement curve. The procedure starts with assumed rigidities for all
elements. In a second order elastic analysis, the elastic forces M and N, and the
strain distribution expressed by middle strain em and curvature (1/r) are
determined for all elements. The internal forces M4 and N* are determined in

geometry of frame, loads, materials,

cross sections, reinforcements
given

El, EA

w

[k]= [k,] + [k2]

{w}-[K]"-{P}
M

N
¦ < ({»})

(1/r) J

v

i

ML ]

/^ |M - Mi 1 < A M^».
"\. |N-Ni|<AN ^^

Tno

El - Mi / (1/r)

EA= NL/£m

assumed

2nd order elastic analysis

cross sectional analysis

yeJ_ one point on the load -

displacement curve

determined

secant rigidities

Fig. 11. Flow-chart for frame analysis.
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a cross sectional analysis based on the strain distribution found in the elastic
analysis. Thus strain equality is automatically satisfied. Force equality then
becomes the iteration criterion of the procedure *). If equality is not satisfied,
improved secant rigidities are determined from the internal forces, and the
procedure is repeated.

The maximum load capacity of slender reinforced concrete frames is
associated with instability as indicated in Fig. 12. In a load controlled procedure

where the external load is increased in steps poor convergence develops
near the maximum load. The unloading part of the curve cannot be calculated.
In a displacement controlled procedure, where a characteristic displacement
is increased step by step and the corresponding load is calculated, no problems
of convergence are encountered.

Load

I f displacementload
controlled! controlled

r-maximum load capacity, instability failure

-*- material failure

Displacement

Fig. 12. Load-displacement curve for a slender reinforced concrete frame.

In the present study, external loads on a frame are divided into constant
and proportional loads (Fig. 13). The latter are proportional to a load factor A.

A displacement controlled procedure will be used. The displacement w is
increased in steps until the maximum value of A has been found.

For each value of the specified displacement w, the corresponding load
factor A is found iteratively as outlined in the following. First rigidities are
assumed for all elements. Then, the load factor A is increased in steps until
calculated and specified displacement coincide. New rigidities can now be
determined in the cross sectional analysis. The procedure is repeated until
assumed and calculated rigidities agree. The outlined procedure was slightly
modified in the above mentioned program in order to speed up the convergence

(see Fig. 13). Generally, a non-linear relation exists between the load

*) A slightly different procedure was used in the Computer program [1] in order to
ensure convergence. In the cross sectional analysis the middle strain €mi was determined
iteratively to satisfy the axial force equilibrium. The curvature was kept constant.
Moment and middle strain equalities become the iteration criterion in this case.
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2- 1. Iteration /
last iteration / /

^X=1

elastic analysis, EA, El, N are assumed
constant in each iteration
X=2

¦real load-displacement curve

X-P X-P

•j.

»~ controlled displacement w

Fig. 13. Displacement controlled determination of a point on the real load-displacement curve.

factor and the displacements even if the rigidities are kept constant. The
reason is that the geometrical stiffness matrix [K2] (Fig. 3) depends on the
axial forces N which, in turn, depend on the load factor A. However, if the
axial forces introduced into the geometrical stiffness matrix are assumed
independent of A, a linear relation between A and the displacement results.
Hence, it is sufficient to consider two loading cases, for instance A equal to 1

and A equal to 2. The load factor corresponding to the specified displacement
w is found by linear interpolation as indicated in Fig. 13. For this new load
factor new rigidities and axial forces to be introduced in [K2] are determined.
The procedure is repeated until the calculated rigidities and axial forces agree
with the assumed ones.

Under sustained loads, specified by the long-time load factor As and dura-
tion t, the displacement w can be calculated as follows:

The displacement w is increased in steps as before. For each step of w, the

w is constant/
Xs-P

time
to U

T h
Fig. 14. Displacement controlledjprocedure'underjäustained loads.
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time is increased in increments. (Fig. 14 corresponds to one value of w; the
starting time is t0.) For each increment of time the corresponding load factor
A is determined as before considering the creep of concrete. When the
calculated load factor A is equal to the given load factor Xs, the time to reach the
chosen displacement has been found. If the calculated A at the starting time
t0 is less than Xs, creep instability has taken place.

5. Examples

The following examples illustrate the application of the described analysis.

a) Comparison with Test Besults

Three test columns under different types of loads [9] were analysed according

to the described method. The three columns had hinged ends on both sides
and were of the same length and same cross section (Fig. 15). Due to the
symmetry only one half of each column was considered. The column was
divided in 6 elements.

Column 24 was loaded in a short time test up to failure (Fig. 15). The
measured and the calculated load capacity of 24.2 t agreed favourably. The
slightly overestimated middle deflection 8 can be explained with the assumption

of no tensile strength of the concrete.
Column 25 (Fig. 16) was loaded by a sustained load Ps~ 16.4t during 141

days. After this time the increase of deformation was very small. Also for this
column the agreement of the measured and computed failure load in the final

Maximum load P=24.2 t

Plt)

"^

20
3.75cm

TVfc~ fs=4610kg/cm
2.7*=

3.14cm2
3.14cm2

£
27*=10 25

S P

• • • Test

xxx Calculation with fc * 257 kg/cm2

_ —>—i—i—i—i—i—i—i—i 1—i—»¦*-
0 5 10 8 (cm)

Fig. 15. Load-displacement curve (column 24).



ANALYSIS OF SLENDER REINFORCED CONCRETE FRAMES 13

Load P(t)

20-

Po=164

10

Pmax ;ia9t Pmax 19-2t

• • • Test

xxx, Colculati

-i—i—
5

ion with fc 219kg/cm2

t 1 r-
10 Displacement (cm)

Time (days)

140-

120-

100

80
60-

40-

20-

5 Displacement (cm)

Fig. 16. Test under sustained load and final short time test (column 25).

short time test was good (< 2%). The computed deflections both under
sustained and under short time loads are too big due to the already mentioned
reason. The relation between the middle deflection S and the time is shown in
the lower part of Fig. 16. The agreement of the two curves is satisfactory
considering the big scattering which usually is involved in creep problems.

Fig. 17 shows a test under sustained load. The column failed due to creep
buckling. The computed load-displacement curve is in good agreement with
the measured one. With a middle deflection 8 of 9 cm the column becomes
unstable under the constant sustained load Ps= 18.9t. The relation between
the deflection § and the time t agrees well up to t= 61 days. The computed time
at failure is 185 days. The computation of the time depends very much on
the assumed concrete strength. To illustrate this the computed time-displace-
ment curve is also given in Fig. 17 for a concrete strength fc 10% lower than
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Load P(t)

20
Prs =18.9

20

0-1

A
creep failure

¦*?

• •• Test

xxx Calculation witf

0 1 2 3 4 5 6 7 8

Time (days)

180-

160-

140-

120-

100-

80
OO-

60-

40
20-

fc= 266 kg/cm2

—i—i 1 -^10 11 12 Displacement (cm)

xxx Calculation with fc =266 kg/cm2
000 Calculation with 0.9 fc=240 kg/cm2
• • • Test

10 Displacement (cm)

Fig. 17. Long time test up to creep failure (column 22).

p=3.00t/m

®® '

®g=3£6t
®

®
® »fe31crrS

fc=200kg/tmt|,
fs=4200kg/cm2

4800cm

k =0.050 cm/to±il=
m

Fig. 18. System and loads.
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the corresponding fc of the test specimen. In this case the duration of time
up to creep failure (£ 68 days) is reduced to one third.

b) Arch Under Snow Loads

The arch as shown in Fig. 18 is analysed. As an extreme loading a snow
load of A • 3.00 t/m' over half the span is assumed for the computation. The dead
load 0 3.66 t/m' is constant over the whole span. Fig. 19 shows the computed
relation between the load factor A and the maximum deflection at about one
third of the span. The dotted line corresponds to a short time loading. In
addition to that this relation is also given for a combined short-time and
sustained loading. First, the load is increased up to A 0.70 and after a
sustained load during 300 days the load is increased up to the maximum load
capacity.

X p

g

X
- i

1.2-

1.0-

ttI.10

/ /
rl.01

0.8- / /l—r
0.6-

04-

I
1

30O

/feoo-

/ 100-

t (doys)
ij02-

0-

/ ' - t/

max

0 10 20 30 40 Smaxta")

Fig. 19. Load-deflection behavior of an arch under short time and sustained loads.

Notation

M
N

{P}
Ps

A

moment
axial force
subscript "i" is used for reference to the cross
sectional analysis
external loads
sustained load
load factor for proportional loads
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K load factor for sustained loads

m stiffness matrix

t*j first order stiffness matrix
[*d non linear geometrical stiffness matrix
[R] transformation matrix
{w} nodal displacements
E modulus of elasticity
A area of cross section
l length of element

EI bending rigidity
EA axial rigidity
a stress

fs yiel stress of steel
fc cylinder strength of concrete
€ total strain
€C '"plastic" strain
€P initial strain (e. g. due to prestressing)
€0 short-time strain
<?oo limiting creep factor
t time
T elapsed time until half of the limiting creep is reached
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Summary

An approach to analyse reinforced concrete frames is outlined. The effects
of second order and non linear material behavior are considered. The com-
putational process described is based on the finite element method. The effective

stiffnesses for each state of loading are determined by iteration. The
influence of creep and shrinkage are taken into account. Two examples are
given to demonstrate the possibilities of the proposed analysis.

Resume

L'objet de ce rapport est la description d'une methode de calcul selon le
2e ordre pour les structures composees de barres inelastiques. La methode des

elements finis est ä la base de ce calcul. Les rigidites flexionnelles sont calculees

pour chaque etat de charge par iterations. Les effets du fluage et du retrait
peuvent etre consideres. On montre ä l'aide de deux exemples les possibilites
de cette methode.

Zusammenfassung

Es wird eine Methode zur Berechnung von Rahmentragwerken aus Stahlbeton

beschrieben. Dabei wird der Theorie 2. Ordnung, wie auch dem nicht
linearen Materialverhalten, Rechnung getragen. Der beschriebene Rechnungsgang

basiert auf der Methode der finiten Elemente. Die effektiven Biege-
steifigkeiten für jeden Belastungszustand werden iterativ ermittelt. Langzeiteffekte,

wie Kriechen und Schwinden, können berücksichtigt werden. Anhand
von zwei Beispielen werden die Möglichkeiten des RechenVerfahrens gezeigt.
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The Fatigue Strength of Steel and Butt Welds in Definite Working
Conditions

La limite de fatigue d'acier et de soudages bout ä bout dans des conditions
determinees de service

Die Dauerfestigkeit von Stahl und Stumpfschweissungen unter fest¬

begrenzten Betriebsbedingungen

WLADYSLAW BOGUCKI ANDRZEJ NIEDZIELSKI
Prof. Dr. inz. Doc. Dr. inz.

Technical University of Gdansk (Poland)

Introduction

In design of civil engineering structures such as bridges, crane beams etc.,
which are working under dynamic loading the fatigue strength is taken into
account. The fatigue strength is usually taken from Standard tests which are
performed under conditions characterized by the testing equipment and not
by the real dynamic loading of the structure.

To consider the real working conditions it was decided to take into account
the cessations in the loadings. At the same time, by keeping up to fracture
the investigated specimens in constant temperature, the influence of cooling
is considered.

Description of Tests

The investigations were performed on specimens made of steel St 37 S with
chemical composition: 0,11%C; 0,49%Mn; 0,04%Si; 0,032%P; 0,02%S, and

average mechanical characteristics Be 31,25 kG/mm2, Bm 52,95 kG/mm2,
a — 25,85%, c 38,63%. The shape and dimensions of the specimens were
taken according to the Instruction of Schenck-Pulsometer (Fig. 1).

In investigation specimens with 100 and 120 mm2 cross-sectional areas
were used. The specimens were cut from plates of 10 mm thickness. The
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Fig. 1.

thickness of the part at which measurements were taken, was reduced to
6 mm within the accuracy of ± 0,05 mm. The grinding was undertaken by a

disk-type grinding wheel with intensive cooling by an adequate emulsion.

Finally all the specimens were polished.
The butt welds were made by hand with the electrode EP 52-28. With the

help of X-ray tests only specimens with defectless welds were chosen. In
several cases the fatigue fractures showed minor defects (such as gas cavities,
slag inclusions). The results from such tests were neglected in the analysis.

In spite of a very careful manufacturing the discrepancies from the
theoretical values in the cross sectional areas were up to ± 1,5%, which was taken
into account in the determination of the loading.

Three hundred fifty specimens were prepared (175 monolithic, 175 welded)
and 336 were considered in the analysis.

The investigations under tensile pulsations with frequency 960 cycles/min
were performed on a hydraulic testing machine manufactured by the Losen-
hausen Company. The investigations under tensile-compression pulsations
with frequency 3000 cycles/min were performed on a resonance testing machine
manufactured by Schenck of Darmstadt.

The temperature was measured with an accuracy of ± 1 % with the help
of a special equipment made in the G.D.R.

In the investigations 5 minute cessations were applied at 15 minutes inter-
vals. In the case of cooling the temperature was kept nearly at 18° C degrees.
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The Results of Investigations

The results of investigations in the case of coefficient of uniformity of load

k 1,25 Ik =—I are given in Table I.

Table I

Types of
specimens

Loading
cessations

Zrj
kG/mm2

Standard
deviation
kG/mm2

Rr
kG/mm2

Comparison
of results*)

monolithic
welded
monolithic
welded

without
without
with
with

33,50
30,09
34,31
30,53

±2,47877
±1,60032
±0,34275
±1,67600

52,95

52,95

100
89,82

102,44
91,14

*) As 100% the strength Zrj of monolithic specimens, equal to 33,50 kG/mm2, is taken.

The table shows that the influence of cessations is advantageous, but very
small. The increase in fatigue strength is 2,4% for monolithic and 1,5% for
welded specimens. The influence of cooling was not considered because the
increase of temperature was insignificant.

The results in the case of coefficients of uniformity of load k 0 are given
in Table IL

Table II

Types of Loading Zrc
Standard

Rr Comparison
specimens cessations kG/mm2 kG/mm2 kG/mm2 of results*)

monolithic without 16,22 ±0,63906 52,95 100
welded without 15,06 ±1,21669 — 92,88
monolithic without

and cooling 18,50 ±0,69356 52,95 114,12
welded without

and cooling 17,42 ±1,17644 — 107,46
monolithic with 18,33 ±1,01880 52,95 113,04
welded with 16,97 ±1,09279 — 104,66

*) As 100% the strength Zrc of monolythic specimens, equal to 16,22 kG/mm2, is taken.

In this case the introduction of cessations led to an increase of the fatigue
strength equal to 13% for monolithic and 12,7% for welded specimens. The
influence of cooling is of the same order and corresponds to 14,1% for monolithic

and 15,7% for welded specimens.
The influence of the change of the velocity of loading (frequency) in the

two cases was not considered.
In Fig. 2 and 3 the Wöhler diagrams are given the coefficients of uniformity

of loading k 1,25 and k 0.
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Conclusions

1. The results of Standard fatigue tests do not correspond adequatly to the
working conditions of civil engineering structures in view of the cessations
in loading, and large surfaces which help to keep the structure at the
ambient temperature.

2. The application of cessations in loadings increases the fatigue strength of
steel and butt welds. For the same kind of steel the amount of increase
depends upon the coefficient of uniformity of loading and the time of
cessations.

3. The problem should be considered for other types of structural steels.
4. Based on further tests an adequate safety factor should be defined which

takes into account the cessations in loading along with different factors
such as shape, quality of manufacturing and material.

Summary

The paper presents the experimental results of the strength of butt welds
subjected to cyclic loads corresponding to the working conditions of bridge
structures.

The problem was discussed on the basis of research performed at the Chair
of Steel Structures at the Technical University of Gdansk on specimens made
of steel St 37 S.

Resume

Ce travail traite les resultats experimentaux de la resistance de soudages

par rapprochement soumis ä des charges cycliques correspondant aux
conditions de service des constructions de ponts.

Le probleme a ete discute sur la base de recherches entreprises ä la chaire
des constructions en acier de l'Universite technique de Gdansk sur des specimens

en acier St 37 S.

Zusammenfassung

Die Arbeit vermittelt die experimentellen Ergebnisse der Festigkeit von
Stumpfschweissungen gegenüber zyklischer Belastung entsprechend den
Betriebsbedingungen von Brückenbauten.

Das Problem wurde auf der Basis von Untersuchungen beim Lehrstuhl für
Stahlbau an der Technischen Universität Gdansk an Stahlproben St37S
diskutiert.
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On Finite Strip Analysis of Continuous Plates

Analyse par bandes finies de plaques continues

Über die Finite-Streifen-Berechnung von Platten

A. GHALI G. S. TADROS
M. ASCE, Professor of Civil Engineering, Post-doctoral Fellow,

The University of Calgary, Calgary, Alberta, Canada

Introduction

Semi-analytical finite element procedures have been used to reduce drasti-
cally the number of equations and Solution cost for two-dimensional and three-
dimensional situations. In the application of these procedures to plates in
bending, long elements or strips are used (Fig. la and b) and the transverse
deflection of a strip is expressed in the form

_Simply supported
or clamped

A /////////////////////////////////////////, R

W77777Zfr7777ZZ77777777777777777777777\

f Simply supported
or clamped

Any bo ndary
conditi

/ö=-(dw/ dy)
y i

(a)

Pictorial Views of a Typical Strip

(c) Coordinate system:

Fig. 1. Finite Strip Idealization.

(b) Positive directions
of w and 8
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«>*= 2 «;*= 2 f(x)Ym, (1)
m= 1 m=l

where / (x) is a polynomial of x only and Ym are basic functions satisfying the
end conditions in the y direction. When a third degree polynomial is used for
f(x), the unknown displacement parameters are two for each nodal line and
for each term of the series: wim and 6im, where 9 — — (dw/dx). This is the finite
strip method, first developed by Cheung, for the analysis of simply-supported
slabs [1] and later by Cheung and others for other structures idealized into
strips subjected to in-plane as well as to bending forces. For the simply-
supported slab, the basic function is a trigonometric series:

Ym sm-^. (2)

Applied loads must also be resolved into series similar to the displacement
function, and a load vector {F*} is then related to the nodal parameters. For
the strip in Fig. lb, this relation takes the form:

[£*]{£>*} {#*}, (3)

where [S*] is a square matrix of order 4r representing the stiffness of the
strip, and the displacement vector

{D*} {{D*}1,{D*}2,...,{D*}r}, (4)

where {D*}m {wi, Qi, wi, 0,.}TO. (5)

The stiffness matrix of the strip can be partitioned into rXr submatrices
[S*]mn corresponding to each term of the series. Due to the orthogonality of
the chosen function Ym and its derivatives, it can be shown that the sub-
matrix [8*]mn [0] when m^n. Thus, Eq. (3) will actually uncouple, and for
each term of the series we can write for one strip

[S*lmm{D*}m {F*}m. (6)

For each term of the series, a stiffness matrix of the plate [S]m of order sxs
(where s is twice the number of nodal lines) is assembled from the stiffness
matrices [S*]mm of the individual strips. Adding the forces on each nodal line
from the two adjacent strips, we obtain a load vector {F}m. Solution of the
equation

[S]mP}m {n» (7)

gives the s displacement parameters for the mth term of the series. Thus, the
uncoupling makes it necessary to solve r sets of s equations instead of one set
of r Xs equations. The half-band width of the matrix is reduced by a factor r;
thus, the reduction in Computer time due to uncoupling can be quite
considerable.
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Cheung [2] used the finite strip method with the basic function Y, other
than trigonometric, to analyze plates with two other end conditions: simply-
supported-clamped and clamped-clamped. Unfortunately, with these functions

the uncoupling described above can not occur.
The object of the present paper is to use the trigonometric basic function

of Eq. (2) for all the three boundary conditions described above. The effect
of the fixing moment at the clamped edge is accounted for by superposition.
Thus, in all cases benefit is obtained from the uncoupling of the equations.

Simply supported
or clamped

Any

boundary

conditions Plate
continuous
over this
suppon

Simply supported
-or clamped

W//^?JMMi

Simply supported
or clamped—t-

Any boundary

conditions

X-
Panels
continuous
over these-
supports

Simply supported
or clamped

(a)

Simply supported
or clamped

(b)

Fig. 2. Continuous plates in Bending.

Any of the plates of Fig. 2 continuous over a number of panels can be

analyzed by the proposed method. Each panel is first analyzed with its two
edges parallel to the x axis simply supported, then the compatibility of rotation

at these edges is satisfied by the application of couples and the final
result is obtained by superposition.

Cheung et al. [3] analyzed continuous bridges similar to the plate in Fig. 2 a
by solving a simply supported plate of span equals (^-fZg), and superposing
the effect of concentrated transverse forces to bring the deflections at the
intermediate support back to zero (force method of analysis). This approach
may result in ill-conditioned equations when the plate is continuous over a
number of spans and a large number of strips is used.

Procedure

The finite strip method for analysis of plates in bending is given in the
references mentioned above and in more detail with simplified example in
Ref. [4]. For this reason, the derivation of some of the equations which is
available in these references is deleted from the following presentation.
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The deflection of a strip (Eq. (1)) can be expressed in terms of the nodal
parameters for its sides i and j. A general term of the series is

«£ [£*1»P*}„> (8)

(9)

where

_ ["/ 3x? 2x*\ I 2x2 a?\ jSx2 2x*\ ix? a?\
[L Jm- |ji-_ + _j ^-s +_-_j ^2 ^ j \j--p)
Define a system of four coordinates for each strip: The rotation (d wjd y) at the
ends y 0 and y 1 of its nodal lines (Fig. 1 c).

[\8y /x=o,s/=o \ 8y L=o,v=i \ dy !x=b,y=o \ dy ix=b,v=i)

Substitution of Eq. (8) into Eq. (10) gives

{«*}» [C*U#*}«> (ii)
where [C*]m is the strip displacement transformation matrix for the mth term

\lH]m [0] 1

L[0] [H]J

and [H]m =ÜLü[
X °1. (13)m i Lcosm7r oj

The edge bending moment normal to the short sides of the strip is assumed
to vary linearly between nodal lines. Define a vector {Q*} of the four values
of the moment (per unit length) at the ends of the nodal lines. The edge
bending moments can be expressed in a form of trigonometric series of a
transverse load of intensity

[C*L [[ (12)

where am =¦
2m->

P
[~6 — x b—x

cos mir -cosm ^]{ö*}.

The load vector (see Eq. (20.108) of Ref. [4]).
I b

{F^m=fj[LZqmYmdxdy [G*]m{Q*}.
00

(14)

(15)

(16)

Substitution of Eqs. (9) and (15) in Eq. (16) gives the force transformation
matrix

21
20

'20''

20

62

[ö*]m

" lb
20

62

TO77 20

l 36
20

62

30

cos m 77

cos m tt

cos m 77

30 cosm 77

1*
"20

30

20

6*

20

36
2ÖC°Sm7r

62
— cosm,

20 cosm 77

62
—- cos m 77

(17)
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For the assembled structure two vectors are derived: {a}m and {Q}, each
of order s. An element of {Q} corresponding to one end of a nodal line is
obtained by adding Q* for the strips at its left and its right. In a similar way
a transformation matrix [G]m of the structure (of order sXs) can be assembled
from the transformation matrices [G*]m of the individual strips. Thus, for the
assembled structure Eq. (16) becomes

{F}m [G]m{Q}. (18)

The rotation vector of the assembled structure is related to the nodal
displacement parameter by the equation

{«}m [C]»P}m> (19)

mm
submatrices

not shown are null [H]n

Combining Eq. (7) with Eqs. (19) and (18)

{«}m lC]m[S]-i{F}m (21)
and {a}m [f]m{Q}, (22)

where [f]m [C)m[8]^[G]m. (23)

[f]m represents the contribution of the mth term to the "flexibility matrix
relating {<x}m and {Q}. The "flexibility" matrix relating {a} and {Q} is

[/]= 2 [C]m[S]-i[G]m. (24)
m l

For an example of application of the above equations consider a one panel
plate with the edges parallel to the x axis clamped. The bending moment
normal to the clamped edges is of intensities {Q} at the nodal lines ends. For
compatibility the rotations due to {Q} on a simply-supported slab [/]{#})
must be equal and opposite to the rotations {a} 2{a)m due to actual loading;
thus, combining this condition with Eq. (21) gives

{Q} - [fr1 £ {«}„, - UV1 2 [G]m [S]~HF}m. (25)

It is to be noted that the above equation satisfies the compatibility condition
(dwldy) 0 only at the ends of the nodal lines. The error resulting from this
approximation is negligible and decreases as the width of the strips is decreased.
(When 6-^0, the compatibility condition is satisfied at all points.)

The clamped plate can now be analyzed as a simply-supported one,
subjected to the combined load {F}m and {Q}. The contribution of the mth term
to the displacement parameters (see Eqs. (7) and (18)) for the clamped plate
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{D}m [S]^{F}m+ Z [Sr^GUQ}-
n=l

Choosing p r, Eq. (26) becomes

0}m [S]-1{F}m,
where {F}m {F}m + [0]m{Q}-

(26)

(27)

(28)

Thus, the analysis of a clamped plate is reduced to that of a simply-supported
plate with the load vector {F}m replaced by {F}m.

Examples

To check the method of analysis for the effect of edge moments derived
above, consider isotropic plates simply supported on four sides and subjected
to uniform moment M0 per unit length normal to the two sides A B and CD
(see Fig. la and Table 1). Due to symmetry, half the plate is analyzed with
a/2 divided into five strips. Table 2 gives the results of plates as in the first
example but subjected to uniform load and the edges AB and CD clamped
instead of simply supported. Poisson's ratio in both examples equals 0.3.

A study of convergence is made in Table 3 for one of the plats in Table 2

with Ija 1.0. Odd terms only contribute to the results. A somewhat large
number of terms is required if high accuracy is desired. However, for the
values considered the contribution of any two consecutive odd terms are of
opposite signs, and the average of the answers with two consecutive odd terms
is close to the exact Solution. The results in Tables 1 and 2 are averages of
Solutions using 7 and 9 terms. For further study of convergence, see Ref. 6.

Table 1. Analysis of Plates Simply Supported on Four Sides and Subjected to Moments M0
on Edges AB and CD (Fig. la)

l/a
Central

Deflection
Central

Mx
Central

My
Source

2.0

1.5

1.0

0.75

0.50

Multiplier

1.746
1.740

2.800
2.800

3.685
3.680

6.199
6.200

9.647
9.640

M0£2I(100N)*)

0.156
0.153

0.267
0.264

0.397
0.394

0.425
0.424

0.385
0.387

MQ

-0.005
-0.010

0.052
0.046

0.262
0.256

0.482
0.476

0.775
0.770

MQ

F. S.
Exact [5]
F. S.
Exact

F. S.
Exact

F. S.
Exact

F. S.
Exact

*) f is the smallest value of l and a.
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Table 2. Analysis of Plates Clamped on Sides AB and CD, Simply Supported on the Two
Other Sides Subjected to Uniform Load of Intensity q (Fig. la)

Ija Central
Deflection

Central
Mx

Central
My

My at
Middle ofAB Source

0.5

1.0

2.0

3.0

Multiplier

0.00253
0.00260

0.00186
0.00192

0.00834
0.00844

0.001162
0.001168

qP/N*)

0.0135
0.0142

0.0239
0.0244

0.0862
0.0869

0.1144
0.1144

q?

0.0410
0.0420

0.0325
0.0332

0.0475
0.0474

0.0421
0.0419

-0.0852
-0.0842

-0.0718
-0.0697

-0.1269
-0.1191

-0.1370
-0.1246

F. S.
Exact [5]
F. S.
Exact
F. S.
Exact
F. S.
Exact

*) £ is the smallest value of l and a.

Table 3. Study of Convergence. Uniformly Loaded Square Plate Clamped on Sides AB and
CD, Simply Supported on the Two Other Sides (Fig. la)

Number Central Deflection Central Mx Average of Two
Consecutive Solutions

of Terms
in Series Sum of Contribution Sum of Contribution Central Central

Terms of Last Term Terms of Last Term Deflection Mx

1 16.713 16.713 1.837 1.837
17.898 2.264

3 19.083 3.770 2.691 0.854
18.756 2.423

5 18.428 -0.655 2.155 -0.536
18.554 2.348

7 18.681 0.253 2.541 0.386
18.620 2.391

9 18.559 -0.122 2.240 -0.301
18.593 2.364

11 18.627 0.068 2.487 0.247
18.606 2.382

13 18.585 -0.042 2.277 -0.210
18.599 2.368

15 18.612 0.027 2.459 0.182
18.603 2.379

17 18.594 -0.018 2.299 -0.160
18.600 2.371

19 18.607 0.013 2.442 0.143
18.602 2.377

21 18.597 -0.010 2.312 -0.130

39 18.602 0.001 2.408 0.070
18.602 2.375

41 18.601 -0.001 2.342 -0.066

Multiplier io-"4 q 1*1N 1()~2 q P IO-4 q l*jN IO-2 q l*
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Conclusion

The Solution of plates simply supported on two opposite sides when analyzed
by the finite strip requires Solution of a small number of equations because of
the orthogonal properties of the trigonometric basic functions used. If other
functions are used to satisfy boundary conditions other than simply supported,
the orthogonality does not occur and both the number of simultaneous equations

to be solved and their half-band width are much increased. The method
presented allows the use of trigonometric functions for all cases of clamped
or continuous plates. The analysis is done for simply-supported panels and
the compatibility of rotation at the clamped or continuous edges is achieved

by the application of unknown "connecting" moments determined by the
force method. The accuracy of the proposed method is demonstrated by
examples.

Notation

[C] transformation matrix.
{D} displacement parameters.
{F} load vector.
[/] flexibility matrix.
{Q} — intensity of end moment normal to the short sides of the strip. The

positive directions of the end moments are the same as the directions
of{a}.

[S] stiffness matrix.
{a} nodal line end rotation.
a width of the plate.
6 width of the strip.
I length of the strip.
N flexural rigidity.
r number of terms.
s ~ twice the number of the nodal lines.
Ym basic function.
w — transverse deflection.

Note: A star used as superscript refers to the strip while the absence of a
star means that the symbol refers to the assemblage of strips.
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Summary

The finite strip Solution for rectangular plates in bending is a semi-analytic
procedure which reduces drastically the number of equations involved
compared with the finite element method. This is particularly true in the case of
a plate having two of its opposite edges simply supported, and the deflection
Variation perpendicular to these edges is expressed as a sum of basic trigonometric

series. With other edge conditions, other basic functions must be used,
which lack the orthogonality of the trigonometric functions and result in a
large increase in the number of simultaneous equations and their half-band
width. An alternative finite strip procedure is presented, in which using
superposition, the trigonometric basic functions can be maintained for all edge
conditions including clamped or continuous.

Resume

La resolution par la methode des bandes finies du probleme des plaques
rectangulaires soumises a la flexion est un procede semi-analytique qui reduit
considerablement le nombre des equations necessaires compare a la methode
des elements finis. Ceci est particulierement valable dans le cas de plaques
dont deux cötes opposes sont simplement appuyes, et dont la Variation de la
fleche perpendiculairement a ces cötes est exprimee sous forme de somme de
series trigonometriques. Pour d'autres conditions aux limites, on devra utiliser
d'autres fonctions de base, qui nuisent a l'orthogonalite des fonctions
trigonometriques et impliquent une augmentation du nombre d'equations simultanees
et de la largeur de leurs demi-bandes. On presente une methode basee sur les
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bandes finies alternatives pour lesquelles, par superposition, on peut conserver
les fonctions trigonometriques de base pour toutes les conditions aux limites,
y compris les encastrements ou les appuis Continus.

Zusammenfassung

Die Finite-Streifen-Lösung für rechteckige Platten unter Biegung ist eine

halbanalytische Methode, die die Anzahl Gleichungen, verglichen mit der
Methode der finiten Elemente, wesentlich reduziert. Dies trifft besonders für
den Fall einer Platte mit zwei entgegengesetzten frei aufliegenden Rändern zu,
wo die Variation der Durchbiegung senkrecht zu diesen Rändern durch eine
Summe fundamentaler trigonometrischer Reihen dargestellt werden kann.
Andere Randbedingungen erfordern andere Grundfunktionen, die die Ortho-
gonalität der trigonometrischen Funktionen nicht besitzen, und aus denen
eine grosse Zunahme der Anzahl simultaner Gleichungen und deren
Bandbreiten resultiert.

Alternativ wird eine andere mögliche Finite-Streifen-Methode beschrieben,
bei der, durch Gebrauch von Superposition, die fundamentalen trigonometrischen

Funktionen für alle Randbedingungen einschliesslich Einspannung und
Auskragung beibehalten werden können.
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Abstract

The behaviour of cantilever beams under the constraint of symmetrical
and unsymmetrical cyclic deflections is investigated theoretically as well as

experimentally. An analytical technique is developed to predict the behaviour
of cantilever beams from cyclic moment-curvature relations derived from
cyclic strain control tests. Twenty tests were conducted on rectangular structural

steel sections under pure bending to establish these relations which
couple the moment ränge and mean moment to curvature ränge. A linear
nonlinear model is proposed which fits the moment ränge data; a tripartite model
is suggested to fit the mean moment data. The modeis are capable of accom-
modating, in discrete form, the phenomena of hardening and softening of
aggregation of fibers constituting a structural section as well as relaxation of
the mean moment.

Nine tests were conducted on cantilever beams under completely and
partially reversed tip deflections. The load ränge changed little with changes
in mean deflection. The mean load, in general, relaxed with increasing cycling.
The theory presented modelled the experimental behaviour fairly accurately.
It also suggested that the behaviour may be comprised of
1. an elastic case, where mean load is proportional to load ränge,
2. an intermediate ränge where the effects of mean deflection cannot be

ignored, and
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3. the case of large inelastic cyclic deformation where the effects of mean
deflection can be completely ignored except for associated changes in structural

geometry and its secondary membrane effects.

Introduction

Cyclic loads have long been recognized as a cause of failure in structural
elements such as aircraft components, pressure vessels, turbines, etc. These
loads usually produce nominal (global) elastic stresses and highly localized
plastic flow leading to conventional fatigue failure. Despite the fact that this
topic has been the subject of extensive study, the phenomenon of fatigue is
not yet fully understood from the engineering point of view. Low-cycle fatigue,
on the other hand, deals with failure of components where the stress is in
excess of the yield stress and the number of cycles necessary to promote failure
ranges from one quarter of a cycle (monotonic failure) to IO5. Failure at IO6

cycles or more is considered to be the domain of conventional or high-cycle
fatigue.

Most of the early work involving repeated loads on structures above the
elastic limit concerned the shakedown problem. Neal [1] proved that a structure

can accumulate increasing deflections under a particular load cycle such
that the structure becomes unserviceable. This kind of failure was designated
"incremental collapse". Various experiments [2, 3] were conducted to establish
the shakedown load leading to the proposition that theoretical predictions of
shakedown loads are, in general, conservative. The main reason for such

divergence between theory and experiment is that section behaviour is assumed

to be invariant (elastic-plastic or static strain-hardening) regardless of cyclic
history.

An altogether different approach to the same problem includes provision
for the change in material response to cyclic loads and consideration of the
highly non-linear nature of the problem.

The nature of the cyclic loading on structures is random, and consequently
it is very difficult to study such a complex problem directly. The loading
conditions can be divided simplistically into load and deformation control. At
the structural, sectional and fiber level this corresponds respectively to load,
moment and stress on the one hand, and deflection, curvature and elongation
on the other.

Royles [4] suggested a moment-curvature relation derived from stable
sectional behaviour under deformation control conditions. He predicted the
behaviour of single and three-span continuous beams under completely reversed
deflections, each subjected to a single concentrated load at the central section.
Experiments were conducted on similar structures and the results were
compared with theoretical predictions.
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Sherbourne and Krishnasamy [5] suggested two modeis for the cyclic
moment-curvature relation under deformation control: one model takes into
account initial linear elastic behaviour and the other ignores it. They predicted
the cyclic response of a cantilever beam under a single concentrated load at
its tip. The tip deflection was cycled between two fixed Symmetrie values.
Tests were carried out on the same beam configuration and experimental
results were found to be in reasonable agreement with theoretical predictions.

A major shortcoming of the method after Royles was its inability to predict
the behaviour of the structure at each cycle of loading. The theory developed
by Sherbourne and Krishnasamy, however, can predict the response of a
structure at every stage of loading.

Topper [6] suggested a derivation of the cyclic moment-curvature relation
(for deformation control problem) from cyclic stress-strain data and section
geometry. This idea was developed by other researchers (Royles [4],
Sherbourne and Krishnasamy [5]) and proved acceptable.

A moment-curvature model under load control was suggested by Krishnasamy

et al. [7]. It incorporates cyclic strain aecumulation effects (creep) by
introducing a cyclic (or time) dependent function into the moment-curvature
relation. Using this expression one can predict the behaviour of a cantilever
beam under completely reversed load applied at its tip. Experiments were
performed on similar structures to verify theoretical predictions.

In the load and deformation control problems discussed above, only fully
reversed (or alternating) conditions were considered. But it is seldom that a
structural element will be subjected to alternating loading only and, here, it is

necessary to investigate situations where mean loading is present.
The present work concerns mild steel beams under deflection control where

the limits of cyclic deflection need not be symmetrical about the initial rest
position. Obviously, unsymmetrical deflection limits will, in general, give rise
to mean load, present at all times in the system; the relaxation of this mean
load is also investigated. The theory postulated herein proposes that cyclic
structural behaviour can be predicted from sectional behaviour where the
latter is a function of cyclic material properties and sectional geometry. Hence,
relevant moment-curvature modeis can also be developed under these ambient
conditions.

Experimental

The experimental program is divided into two parts. The first consists of
experiments on pure bending specimens to establish cyclic moment-curvature
relations. The second part is concerned with the testing of a set of cantilever
beams subjected to cyclic unsymmetric deflections. Both the pure bending
and the cantilever beam specimens were made from the same material, reeeived
the same heat treatment and were tested under similar ambient conditions.



38 M. M. GHAMIAN - S. KRISHNASAMY - A. N. SHERBOURNE

The specimens were machined from 3/8Xl1/2,/ hot-rolled, semi-killed, 1020

mild steel bars, the chemical composition of which is shown below.

Si s P Mn C Ni Cr Mo V Cu Fe

0.210 0.025 0.010 0.710 0.203 0.063 0.050 0.010 0.003 0.16 remainder

Fig. 1 shows a monotonic stress-strain curve obtained from a typical axially
loaded coupon. The experiment was conducted in an Instron Universal Testing
Machine and strains were measured by a clip-on extensometer mounted on
the test section of the specimen.
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¦* 40
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1 1 1 1 1 1 1 1 Fig. 1. Stress-Strain Curve.
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All specimens were rough machined and then stress-relieved by retreating
at 1600° F for a half hour and air cooling to room temperature. The final finish
was carried out with care to minimize any residual stresses that might be
induced.

The frequency of cycling for both kinds of tests (pure bending and cantilever)

ranged between 6 and 15 cpm. Sufficient evidence is available to show
that material response in this ränge can be considered as practically independent
of frequency [8]. Moreover, the experiments were conducted under deformation

control. Keshavan [8] showed that frequency plays a more significant
role in load control than in deformation control. The wave shape used was
sinusoidal throughout the experiments; the effects of wave shape are discussed
elsewhere [8].

The test frame used employed a closed-loop servo-hydraulic (self-cor-
recting) system, Fig. 2. A hydraulic actuator applied the load to the specimen
and a load cell measured the load or reaction, depending upon the set-up of
the testing fixture. The actuator ram displacement is measured electrically
by means of a Linear Variable Differential Transformer (LVDT). Either the
load or the ram displacement signal can be used as a control mechanism; thus
one can obtain load or stroke control.

The pure bending device shown in Fig. 3 and used by previous researchers
[9] is used in the present study. It makes use of the principle of four-point
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loading which produces a region of uniform moment in which the bending
specimen of Fig. 4 is placed. The device basically "converts the axial movement
of the (test frame) ram into two equal and opposite rotations" at the ends of
the bending specimen [9]. From the dimensions of the device, the uniform
bending moment can be related to the load as measured by the load cell. The
relation between ram displacement (stroke) and test section curvature was
established experimentally as indicated in Fig. 5. The advantages of using
stroke control (the case in the present work) over curvature control (measuring
the extreme fiber strain by an extensometer) are indicated elsewhere [10].
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Fig. 5. Stroke Versus Strain Calibra-
tion Chart.
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The cantilever beam specimen is shown in Fig. 6. The depth of its haunched
section is a function of the location and the two radii of fillet curvature
(Appendix I). Each radius was measured accurately by means of an optical
device. Simple measurements yielded the depth at consecutive sections along
the beam length. The depth and width of these consecutive sections provide
the input for a Computer program, that will be presented later, to determine
beam response.

The cantilever beam fixture shown in Fig. 7 was used previously [11] and
is subject to minor modifications. The beam (1) is held at the "fixed end" by
fixture (2) which, in turn, is fastened to the test frame hydraulic ram (3). The
cyclic concentrated load, on the other hand, is applied to the beam at its "tip"
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Fig. 7. Cantilever Beam Fixture.
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by two rollers contained in a box (4). This box swings about an axis that con-
nects it to a supporting element (5) attached to the load cell (6).

The load is measured by the load cell and the deflection of the beam"s
fixed end with respect to the free end is considered equal to the ram displacement.

This implies that the test frame deformation is negligible as was verified
experimentally.

Control Conditions

The trace of cyclic generalized force with respect to the corresponding
generalized deformation yields a hysteresis loop that degenerates to a straight
line when no plastic deformation is involved. At the sectional level this is a
moment-strain loop. If the strain limits are fixed, any increase in the moment
ränge is interpreted as hardening and any decrease as softening. Similarly, for
fixed moment limits. an increase in strain ränge is softening; a decrease is

hardening.
Other phenomena exhibited by the hysteresis loop are those of cyclic creep

and relaxation. The first is an accumulation of strain (curvature) under load
(moment) control: the second is a decrease in mean load (moment) under
deformation (curvature) control. The pure bending tests discussed in the
following section were conducted under exclusively constant strain control;
hence, cyclic creep was not present.
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Pure Bending

Moment Strain Relations

Fig. 8 shows the moment ränge versus cyclic state for a constant curvature

ränge (or extreme fibre strain ränge). The moment ränge decreases with life,
Fig. 8 a. For larger strain ranges, however, the moment ränge remained practi-

Fig. 8a-g. Cyclic Variation of Moment Range and Mean Moment.
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cally constant or even increased, Figs. 8e, f, g. Hence the section as an aggrega-
tion of fibres, may be softening, stable or hardening depending upon the cyclic
strain ranges involved in the individual elements.

The experimental results demonstrated that the moment ränge, for a
certain strain ränge, varies little with the change in the mean strain value.
Fig. 8d, for example, shows the moment ränge versus number of cycles for
an extreme fiber strain ränge of 0.0113 and mean strain ratios of 0, 0.25 and
0.5. The maximum discrepency from the average value is less than 2%. For
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this strain ränge the section softens during the initial 300 cycles or so then
almost stabilizes for the remainder of its life.

The case where the mean strain has the greatest effect on moment ränge is

depicted in Fig. 8b. This is due to the fact that the loop corresponding to zero

mean strain and the given strain ränge has a small plastic strain component
whereas that incorporating mean strain has a larger plastic component. This
is illustrated in Figs. 9 a and 9b. Nonetheless, for higher cycles, larger plastic
strain would have developed within the total strain ränge of Fig. 9 a, and the
moment ränge approaches the value exhibited by the other specimens. The
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greatest discrepancy, however, is of the order of 15%. Such discrepancy will
be ignored in the modelling suggested below, i.e., only an average moment
range-strain ränge relation will be adopted for any cyclic stage regardless of
the mean strain ratio. This may cause some predictive error only in the early
stages of life of the structure. The significance of the error introduced will be
discussed later.

The diagrams of Fig. 8, in addition to showing the moment ränge Variation
versus the number of cycles, show the relaxation of mean moment. It is clear
that, for all strain ranges, the mean moment, in general, is a function of the
mean strain.

Life span, on the other hand, did not seem to be significantly affected by
mean strain. The tests, as a whole, did not show any definite trends in this
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Fig. lOa-g. Discrete Cyclic Moment-Strain Relations.
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direction and the lack of correlation can probably be accounted for by the
scatter inherent in fatigue behaviour.

For a certain cyclic state, the compilation of moment ränge versus strain
ränge data yields cyclic moment range-strain ränge relation as shown in Fig. 10.

Similarly, the compilation of mean moment versus strain ränge yields
corresponding cyclic mean moment-strain ränge relation. As an example, Fig. 10 d
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is obtained by cross-plotting the data in Fig. 8 at N= 100. The other diagrams
of Fig. 10 are derived in a similar way.

A two phase model of the type

AM d
Ae EI 2

AMd {AM \ß

A€==-El2 + cc\JWe-lJ

for elastic behaviour,

for inelastic behaviour

(i)

(ii)
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4x10

is proposed as a fit to the moment range-strain ränge data where

Ae strain ränge,
AM moment ränge,
A Me — proportional moment ränge,
EI flexural stiffness,
d depth of section,
a,j8 section and material constants.
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4x10

This model is continuous and, as shown in Fig. 10 fits the data reasonably well.
Dividing both sides of Eqs. (I) and (II) by d/2, leads to a cyclic moment-
curvature relationship of the form:

Ak AM
EI'

ai AM 2 (AM \fi

d«XAM-e-

(III)

(IV)

Since strain can be considered as dimensionless, the diagrams of Fig. 10 are
semi-dimensional (only the moment axis has units) and can be easily employed
for any rectangular structural section provided that the applied moment is
adjusted by the appropriate ratio of the two section moduli, that of the section
in Fig. 10 to that of the particular section under consideration.

The flexural stiffness, EI, for the test section was calculated theoretically
from the section geometry and a value of 29.6 X IO6 psi for E. The constants
a, ß and AMe were established from a least Squares curve fitting analysis.
Thus, for each cyclic stage, a set of values for these constants was established
(Appendix II).

The effect of mean strain on the moment range-strain ränge relation is
shown in Fig. 11 for N equal 5 for which the discrepancy is largest. Four fitted
curves are shown: three corresponding to the three mean strain ratios and the
fourth to an average. The largest discrepancy corresponds to mean strain
ratios of 0 and \ and a strain ränge of 0.00415. It is less than 15%. The deviation

from the average curve, however, is about 8%. For larger strain ränge
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value, the Variation is not more than 5%. These variations become insignificant
when N reaches large values, as discussed previously.

The cyclic softening and hardening characteristics of flexural sections can
be visualized by examining the moment range-strain ränge relation at different
cyclic stages. Such relations can be seen in Fig. 12 for ^=10 and ^=1000.
The figure shows three different regions with respect to the extreme Aber
strain ränge: from zero to 0,0032 where the all curves coincide; from 0.0032
to 0.018, where the curve for ^=1000 lies below that for ^ 10, leading to
cyclic softening within that ränge; and the region for strain ränge greater
than about 0.018, where the section hardens with cycling. It is worth noting
that, for the particular strain ränge value of 0.018, the section neither hardens
nor softens but remains practically stable (or neutral) throughout its life. The
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curves for N between 10 and 1000 cycles lie within the two limiting states of
response. One such curve (iV 100) is shown in dashed lines on the same
figure.

Conversely, the mean moment versus strain ränge relationship poses a
more difficult problem. A glance at Fig. 10 reveals that the curve required
to fit the data for any mean strain ratio should have three regions: an
initial straight line, an intermediate convex curve and finally a concave region
where the curve asymptotically approaches zero for large values of curvature
ränge. The slope of the initial straight part is simply equal to that of the
initial portion of the A M — A e relation times the mean strain ratio (ratio of
mean strain over strain ränge). The latter region of the experimental data is
modelled by an equation of the form:

where Mm is the mean moment and 81 and #2 are constants to be established
by least square analysis. The intermediate ränge is assumed to have the form:

Mm C1 + C2Ae + C3Ae^ + C^AeK (VI)

This is a third degree polynomial with four arbitrary constants. From the
continuity of the function and its slopes at the first transition point, i.e.,
between initial and intermediate regions, and the second transition point
(between the intermediate and last regions) four equations will be obtained.
Solving these equations simultaneously will establish the constants Cx to C4.
Some approximation was used to locate these two transition points and Appen-
dices III and IV deal with this concept in more detail. Fig. 10 shows the
experimental data and the fitted curves.

Behaviour and Models

A total of twenty pure bending tests were conducted. The extreme fiber
strain ränge assumed seven values: the smallest was 0.00428 or 1.36 times the
monotonic yield strain ränge value; the largest was 0.0479 which is very close

to the monotonic strain-hardening ränge value. At each level three tests,
comprising a single set, were conducted except for the largest strain ränge
where the set included only two tests. In each set, the first test involved no
mean strain; the second included a mean strain equal to one-fourth the strain
ränge; the third test had a mean strain equal to one-half the strain ränge.

The results of each set of tests were consistent within themselves. The
moment ränge varied little with the introduction of mean strain. Thus, any
inconsistency could have been readily identified. A maximum discrepancy of
15% of moment ränge in one set with a particular strain ränge is explained
in terms of the proportion of plastic strain within the given total strain of the
hysteresis loop. The mean moment, on the other hand, increased with the
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increase in mean strain for small strain ranges. For large strain ränge values,
however, the increase in mean moment was not that pronounced. In both
cases, the experimental findings could be easily explained using the well-
known rheological model [12]. The life observed for the tested specimens
ranged from 300 cycles to above 100,000 cycles. Thus, most of the low cyclic
fatigue ränge, pertinent to structural design, was covered.

The moment ränge versus the strain ränge obtained experimentally has

been described by the two phase model of Eqs. (I) and (II). Fig. 10 shows that
the suggested model fits the data reasonably well. The model could even be

simplified to elastic strain hardening (bi-linear) without much loss of accuracy.
However, this simplification was unnecessary since the structural calculations
are computerized. The parameter AMe decreased with cycles as did a; in
contrast ß did not show an amenable trend, hence the moment range-strain
ränge was presented as a discrete function of cyclic life. Also, the mean moment-
strain ränge relation was considered as such. Due to the tri-partite nature of
the latter relation there were eight parameters to be established for each mean
strain ratio: four in constant C, two in 6 and two transition point strain values
[Eqs. (V) and (VI)]. If the last two terms of Eq. (VI) were neglected, two
parameters would be eliminated. However, the replacement of the third degree
curve by a straight line would induce some unwarranted inaccuracy and two
discontinuities in the model.

The experimental data revealed that the mean moment decreased rapidly
as the strain ränge increased. Thus for A e equal to three times the maximum
elastic strain ränge, the mean moment could be neglected, its value being less

than 2% of the moment ränge. Therefore, the value of the mean moment-
strain ränge model is confined to the intermediate domain of strain ränge, i. e.,
where the strain ränge is larger than the limit elastic strain ränge, for which
linear classical theory applies, and smaller than the values associated with
negligible mean moment.

Cantilever Beams

Bending Under Unequal Tip Deflection

The behaviour of the cantilever beam shown in Fig. 6 will be predicted
theoretically and investigated experimentally in the present study. A single
cyclic load is applied at its "tip" to cause cyclic deflections confined to two
predetermined values, i. e., the beam is under deflection control. The deflection
limits need not be symmetrical; the symmetrical case, however, is studied
first in order to develop the method of calculation. The unsymmetrical case
will be examined later.

The cantilever is under deflection control. If the associated load is well
below the elastic limit of the material, there will be negligible softening or



STEEL STRUCTURES UNDER CYCLIC UNEQUAL DEFLECTIONS 53

hardening and section of the beam can be presumed as being under either
moment or curvature control. If the load exceeds the linear limit, the sections
are under neither moment control nor curvature control but under some
mixed control condition. Nonetheless, it seems reasonable to predict cyclic
structural behaviour, in this case, from a moment-curvature relationship based
on controlled, fixed curvature limits [11]. The basic assumptions made in this
investigations are as follows:

1. Inertia forces and weight of specimen are negligible.
2. The effects of shearing stresses can be ignored, arising from the geometry

of the specimen as related to load position.
3. Variable cross sections can be idealized as a series of short, discrete segments

each having a constant cross-section.
4. Plane sections before bending remain plane after bending.
5. Small deflection theory is applicable.
6. The normalized cyclic moment-curvature relation describes the behaviour

of all geometrically similar cross-sections made of the same material.
8. Local and other kinds of buckling are prevented.

Analysis

As presented previously, the cyclic moment range-strain ränge relation
can be regarded as independent of the mean strain. Hence, the cyclic load
range-deflection ränge relationships can be expected to be independent of the
mean deflection. The case of symmetrical deflection limits will first be
presented and will be followed by consideration of the non-zero mean deflection
case.

The method of predicting response is an iterative one; for a given deflection,
a load ränge is assumed and the resulting deflection ränge is calculated. If
this deflection ränge is equal to that specified, the assumed value of load ränge
is the one sought; if not, the load ränge is adjusted and the entire process is
repeated until convergence is obtained to within the desired error.

To obtain the deflection of the tip of the cantilever under an assumed
concentrated load at the same point, the beam is divided into a number of
segments. For each segment end and for the depth and width at that segment
end, the curvature corresponding to the moment at that location is calculated
from the cyclic moment-strain equation and section depth given as input data.
Having established the curvatures at successive locations along the length of
the beam, the "elastic curve" can be constructed. Elementary mathematics
yield the deflection at any segment end of the beam. Appendix V presents the
mathematical Operations involved. Table I describes the main steps of a
Computer program based on the method presented herein.

For the cantilever beam under unequal deflection limits the method is a
little more involved. The input data should include the mean deflection ränge.
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Table I. Flow Chart

Read: span of beam, number of segments,
V number of mean moment strain ränge

curves, applied load ränge

Read details of beam
geometry

Calculate: depth of
beam segments in
fillet region

Read: moment range-strain ränge relation
V constants\ Depth and width of relavent sectioni

™Read: mean moment-strain ränge
relation constants 7

Calculate: moment ränge at segments ends
and corresponding curvatures

Establish: ränge of "elastic curve" including
ränge of tip deflection

Print: load ränge and
v ränge of tip\ deflection

o
Assume a minimum

mean load

Calculate: mean moment,
mean curvature

Establish: mean "elastic curve"
including tip mean
defection

Print: mean load, tip
mean deflection

Increment mean load

^smaller tnan an upper^"^-^ limit ^^
No

Stop
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The desired values, on the other hand, are the corresponding load ränge and
mean load. A trial mean load is first assumed and the corresponding mean
deflection is calculated. If this mean deflection is equal to the specified mean
deflection to within the tolerable error, the assumed value of load is accepted;
otherwise, the assumed mean load is adjusted until the corresponding mean
deflection converges to the specified value. The method presented for the
calculation of deflection ränge is used again to calculate the mean deflection
with one difference; the curvature ränge (or extreme Aber strain ränge) at the
end of each beam segment is replaced by the mean curvature or mean strain
at the same location.

Fig. 13. Schematic Interpolation for Mean Strain.
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For the calculation of this mean strain at a certain section, designated
A—A, it is necessary to have at hand the strain ränge established from load

ränge calculations and the mean moment calculated from the assumed mean
load at the same section. These values are designated by A eA_A and MmA_A

respectively. Fig. 13 shows the moment ränge and mean moment-strain ränge
relations with the X axis distorted for the sake of clarity. Now, the mean
moment value corresponding to a strain ränge of A eA_A and a mean strain
ratio equal to R (I) is established, / being 2 for the first attempt. If the resulting
mean moment is larger than MmA__A, the actual mean strain ratio is inter-
polated linearly between R(I) and R(I — 1); if smaller, / is increased until
the desired condition is met. Thus, the product of the interpolated mean strain
ratio and strain ränge is an approximation to the desired mean strain. The
mean curvature is simply the mean strain over half the beam depth.

Results and Discussion

Nine tests were conducted on cantilever beam, four pairs and a single. Each
pair of beams had a single deflection ränge; one beam had no mean deflection
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and the other had a mean deflection equal to about one eighth of the deflection

ränge, i.e., completely and partially reversed deflections.
The deflection ränge for the first pair was 0.17". The strain ränge at the

critical section at the fifth cycle was, as obtained from the Computer program,
equal to 0.0034. This was less than the limiting linear strain ränge at the same
cyclic state which was equal to 0.00415, Fig. 10a. Therefore, and since the
material did not harden from the first to the fifth cycle for that strain ränge,
the completely reversed deflection beam remained elastic up to at least the
fifth cycle. Assuming the same conclusion was applicable to the partially
reversed deflection case, the mean strain ratio would be equal to the mean
deflection ratio, i.e., about one eighth. The maximum strain amplitude
calculated on this basis, however, was found to be slightly higher than the maximum

linear strain amplitude. Hence, the second beam has undergone some
plastic deformation. This was readily observed from the hysteresis loop which
was a straight line for the first beam and had some width for the second beam
at the cyclic state under consideration.

As cycling progressed, the material softened. At N 5000, for example, the
limit linear strain ränge dropped to 0.00261 whereas the strain ränge at the
critical section increased to about 0.0044. Naturally, both beams had undergone

some plastic deformation although this was limited to small lengths
along the beam. This conclusion was again supported by observations on the
relevant hysteresis loops. The failure of the beam under zero mean deflection
took place after 105,000 cycles; the test on the second beam was halted at

Fig. 14a-e. Experimental Versus Theoretical Results.
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117,000 cycles and failure was not attained. Hence, this deflection ränge may
be considered to promote conventional fatigue.

For this deflection ränge Fig. 14 a shows the theoretical load ränge and
mean load versus cyclic life. The two solid lines were obtained by connecting
discrete theoretical points corresponding to cycles 5, 10, 50, 100, 500, 1000
and 5000. The experimental results are also shown as discrete point at the
above-mentioned cyclic states.
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In a similar manner, Figs. 14b, 14c, 14d and 14e show the theoretical and
experimental results as well as life span for four larger deflection ranges equal
to 0.207", 0.242", 0.393" and 0.750". It can be seen that the experimental load
ränge associated with the smallest deflection ränge, Fig. 14 a was not signi-
ficantly influenced by mean deflection - the maximum relative discrepancy
was about 3% at iV 5000. Among all the deflection ranges, the maximum
discrepancy occurred in the case of deflection ränge equal to 0.242" and N 5.

This discrepancy was 9% or a Variation of less than 5% from the average
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value. For the deflection ranges equal to 0.207" and 0.242", the Variation was
not more than 4% measures about the average. It is worth noting here that
the experimental load ränge for zero mean deflection was, in general, larger
than that for non-zero mean deflection. The discrepancy of 9% is less than
the value of 15% presented previously in the discussion of the effect of mean
strain on the moment-strain relation. This is due to the fact that the structural
behaviour is an aggregate of sectional behaviour and that only at the critical
section the mean strain ratio approaches the value of \ for the large deflection
ranges.

For the largest deflection ränge of 0.75", the maximum strain at the critical
section was 0.034 at the fifth cycle and dropped to 0.023 at ^=1000. Both
strain values are lower than the maximum value investigated under pure
bending. Larger deflections, that will cause larger strain ranges, were not
investigated as the effects of geometry change leading to membrane action
cease to be insignificant for such deflections; the consideration of the effects
of geometry change falls outside the domain of the current work.

The difference between the theoretical load ränge and the averaged experimental

one, on the other hand, compared fairly well, the maximum difference
being not more than 4% for any deflection ränge. It can be seen that the
theoretical predictions are closer, in general, to the experimental results for
non-zero mean deflection case than to the zero mean deflection one. This can
be explained with reference to Fig. 11 which shows that the average moment
range-strain ränge fits the partially reversed or repeated strain cases better
than the completely reversed case. But since the error involved is fairly small,
neglecting the effect of mean strain on moment ränge under pure moment
and on load ränge under deflection control can be easily justified.

The theoretical and experimental mean load values, on the other hand,
compare fairly well as shown in Fig. 14, especially when they are most
significant, i.e., over the three lowest deflection ranges. When the mean load is
added to and subtracted from half the load ränge, the maximum and minimum
load limits are obtained, respectively. Simple calculations show that the relative

error between theoretical prediction and experimental value for these
limits is less than 5 %.

Conclusions

Cyclic moment-strain relations, based upon deformation control tests
conducted on rectangular structural steel sections were established. A model
describing the moment ränge versus extreme fibre strain ränge, independent
of the mean strain value, is presented. A second suggested model describes
the mean moment versus the extreme fiber strain ränge for different ratios
of mean strain over strain ränge at the same fiber. These modeis reduce cyclic
flexural behaviour of sections to a pseudo-static representation amenable for
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use in cyclic structural analysis. These modeis are capable of accommodating,
in discrete form, the phenomena of hardening and softening of aggregations
of fibres constituting a structural section as well as relaxation of mean moment.

A number of tests were conducted on cantilever beam specimens under tip
deflection control. The behaviour under completely and partially reversed
deflections was investigated. The load ränge was found to be little influenced

by the mean deflection. Also, the mean load relaxed to an insignificant value
in the first cycle when the deflection ränge was large enough to cause appreciable
cyclic plastic deformation. For such cases, then, the beam could be considered
as cycled under completely reversed deflection with a rest condition
corresponding to the mean deflection position.

A theory was developed and presented for the prediction of the behaviour
of such beams. It employs a discrete curvature-area method coupled with the
cyclic moment-strain relations described above. The theoretical results agree
fairly closely with experimental values. The theory also confirmed that the
behaviour of simple structures under cyclic deformation can be divided into
three cases, comprising: (1) an elastic case where the mean load is proportional
to the load ränge; (2) an intermediate ränge where proportionality does not
apply and the effect of mean deflection (mean load) cannot be ignored, and
(3) the case of large, inelastic cyclic deformation where the effects of mean
deflection can be completely ignored except for associated changes in structural
geometry and its secondary membrane effects.

Notation

A e strain ränge.
A M moment ränge.
A Me proportional moment ränge.
EI flexural stiffness.
d depth of section.
<x,ß section and material constants.
A k curvature ränge.
Mm mean moment.

C1, C4 constants of mean moment-strain ränge relation.
R ratio of mean strain over strain ränge or, ratio

of mean curvature over curvature ränge.
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Appendix I. Depth of Cantilever Beam

Consider the cantilever beam specimen shown in Fig. 1.1. Assuming that
the upper fillet has a constant radius of curvature equal to Rx it is required
to determine the distance y in terms of x1, x2, R1 and R2.

Fig. 1.1. Cantilever Beam "Fillet Depth.
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Hence, the depth of the section can be given as a function of the section location

and the fillet radii.
The point where the fillet begins is usually difficult to establish by measure-

ment accurately. Eq. (1.1) is used for this purpose as follows: for point A, ylmax
can be easily measured. Assume a value for xlmax and calculate the corresponding

yx\ if equal to the measured value of ylmax, the answer is obtained; if not,
change the assumed value of xlmax until convergence is obtained. x2max can be
established similarly. A very short Computer program facilitates such
calculations.



62 M. M. GHAMIAN - S. KRISHNASAMY - A. N. SHERBOURNE

For all specimen tested, Rx and R2 on the one hand and xlmax and x2max

on the other were close to each other. Also A was very small. In consequence,
the assumption that the neutral axis of the untested specimen is a straight
line is quite acceptable.

Appendix II. Determination of Coefficients (a, ß, A Me)

Assume a relationship of the form:

A € ~=~z - for the linear ränge where A M <; A Me (H.l)Eil
A A AMd [AM \ß

_ v /TToNand A e ^-—^ - + a T — 1 for the non-lmear ränge (H-2)Ei 2 \AMe I where M>AMem

The experiments provide a set of values A e and A M for each cycle, N. The
coefficients will be evaluated so as to minimize the sum of the Squares of the
deviations of test points from an average curve. The curve fitting will be

applied to the non-linear ränge only since the initial slope is considered fixed;
but the limit of the linear ränge will be considered as a variable. The data
point or points within the linear ränge will not be considered in the following
step.

Eq. (II.2) can be rewritten in the logarithmic form as

T [A AMd\ _ nT [AM \
Log(zU-~-j=Loga +£Log(^-lj

or y =K1 + K2x, (II.3)

T [A AMd\where y Log IA e -^y -I,

t lAM i\x =Log[JWe-T
K1 Loga,
K2 ß.

First A Me is assumed constant. Thus, the problem is reduced to establishing
two coefficients rather than three.

The least square analysis implies minimization of
n

i=X

Differentiating with respect to K2 and Kx for minima

dE n

dE n
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or Ki2xi + KtX*1-'Lzty< 0, (H.4)
i=l i l i=l

n n

K1-l+KtZ»i-I,yt 0, (H.5)
1=1 1=1

n
where

and

i-1
#!»».

i£2 are obtained by solving Eqs.

^2

n

i=i

n n
i~~ Zj Vi 2^ Xi

i=l i=l
n

^ 2 Xi '

i l

n n
~ 2j Xi 2jXi

i=l i=l

^«

n n

i l i=l

n n

Vi-ZxiZ xiVi
i=i i=i

^ 2>! - 2>i 2>*
i=i i=i i=i

Having established Kx and if2, and, therefore a and ß, the sum of the square
of deviations can be given as

AL JJf,d /JJf, A^V /TTK,s-UA'--wf2-\ÄWe-l)\' (IL5)
1=1

In this summation, all experimental data points should be included, be they
below the elastic limit or above it, with due attention being paid to including
or excluding the third term in Eq. (II.5).

Repeating the whole process but for a different value of A Me, a new value
for S is obtained, The best value of A Me and the associated a and ß are those
which give the smallest value of S. The process, therefore, is complete when
the minimum of S f(AMe) is obtained. This was programmed quite simply
on a Computer.

Appendix III. Location of First Transition Point

Assume the monotonic moment-curvature relation as given in Fig. III. 1

where —x—- is the limit linear moment and kQ is the corresponding curvature.

When cycling with zero mean curvature, the loop will generally have a plastic
component (and width) only if the curvature ränge exceeds 2 k0. On the other
hand, for a loop with constant mean curvature ratio, the mean moment will
increase linearly with increase in curvature ränge as long as the absolute
maximum curvature is less than k0. Fig. III.2 illustrates such a case for mean
curvature ratio of 1/2. Whenever the maximum curvature exceeds k0, the
mean moment ceases to increase linearly with curvature ränge. Therefore,
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AM

AM

Fig. III. 1. Maximum Linear
Curvature.

M

1,

.Ulm." AMAMe
AM

f

i km
Ak

2 >

km
H

k

Ml
J&J[

R * 1/2

Fig. III.2. Calculation of Elastic Mean
Moment Value.

the limit state is given by

But

kfnax ^0 •

Ak 7

^max 2 m'

where A k is curvature ränge and km is mean curvature

h _ ^ T? Ab^max ~ ~2~ + &/!&,

where R is a ratio of proportionality

or k

Ak

when kmax assume its limit linear value, k0, we obtain

AK fCn

h + R' (ULI)

In other words, the maximum curvature ränge, for which the mean moment
remains proportional to the mean curvature, is inversely proportional to
(J-f-jß). The mean moment at this limit is designated the Maximum Linear
Mean Moment (MLMM). Since it is at the limit of the linear ränge, it is given by:

MLMM (slope) • (limit curvature).

Since the slope is equal to (EIR)

MLMM (EI B),
tCn AM, R

l+R 2 \+R
By solving Eq. (III. 1) for R and substituting in Eq. (II.2), we obtain

(III.2)
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R vo

AK

and

or

where

MMLMM =5

"max
1

A rCmax l
k0

1

2

AM,
2 1 fco 1

2 Zl fcmax l
MLMM A(l-Bx),

I
_

Ak \
(in3)

.4 AM. B
2k0'

x Ak„

Eq. (III.3) describes a straight line passing through the points 10,—~\ and

(2k0,0) as shown in Fig. III.3.

AM

AM

AMe

JSj AkFig. III.3. Limiting Linear Curvature.

The above discussion is applicable only to the case where A Me is constant.
However, as the specimen is cycled, the maximum linear moment ränge
decreases due to the initiation of localized plastic strain. This will, in turn,
cause the mean moment to decrease with cycling; therefore, the maximum
linear mean moment will also decrease with cycling.

It does not seem unreasonable, then, to assume that the maximum linear
mean moment locus will continue to be a straight line intersecting the
curvature ränge axis at 2k0n and the moment axis at A Men[2 where k0n and A Men

are similar to kQ and A Me but corresponding to cycle N. Therefore, this straight
line locus will move parallel to itself with cycling.

Finally, what has been presented above can also be applied to the moment-
strain relation with appropriate Substitution of the curvature axis by the
strain axis.

Appendix IV. Curve Fitting

The experimental data of the mean moment-extreme fiber relation will be
fitted by a curve composed of three regions:

1. A straight line passing through the point of origin and having a slope equal
to the product of the initial slope of the M — A e diagram and the mean
strain ratio. The upper limit of this region is a point which has, as locus, a
straight line as shown in Fig. IV. 1 and explained in Appendix III.
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Fig. IV. 1. Limiting Linear Mean Moment.

2. A third region where the value of the mean moment approaches zero
asymptotically as the extreme fiber strain ränge reaches high values.

3. An intermediate region bridging the gap between the first and the last
regions.

The first region has the form:

Mm AeslopeR,
ff Iwhere the slope is that of the initial A M — A e curve -^, and R is the mean

strain ratio. Alternatively,

where

Hence

y x slope R,

x Ae.

y' slope R.

(IV.l)

(IV.2)

The third region is fitted by a curve of the form:

or

Mm

y dxx-e*. (IV.3)

which is a hyperbola with two orthogonal asymptotes, the x and y axes. The
two parameters, 0X and 62 are established using a library subroutine which
performs a least Squares curve fitting analysis on the input data. The data
should include only those points that belong to the region under consideration.
The input point with the minimum strain ränge value is considered common
to both second and third regions. Since the fitted curve will not ordinarily
pass through the data points, the transition point is considered a point on
the fitted curve corresponding to the minimum input strain ränge value.

Having established the curve parameters and the transition point between
the intermediate and third regions, the slope at this point can be calculated
by differentiating Eq. (IV.3) with respect to x, i.e.,

y' -020i*-*a-1- (IV.4J
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Similarly, there is another transition point between the first and
intermediate regions. For the continuity of the entire curve, the intermediate
ränge function is to satisfy four conditions, two from the function value at
the two transition points and two from the slope at the same points. The
third degree function given below has four parameters and can satisfy all four
conditions :

y a0 + ax x + a2 x2 + a3 x3 (IV. 5)

and y' a1-\-2a2x + 3a3x2. (IV.6)

A lower order function will not provide the desired continuity. Conversely,
a higher order function will not be justified unless there are enough additional
conditions (experimental data points in the intermediate region) and provided
that the resulting curve is smooth and has single curvature.

To establish the first transition point, the intersection of lines Lx and L2
in Fig. IV. 1 should be located as follows.

For Lx y x slope R. (IV. 1)

t^ -r AMP x slope /TTT _.For L2 y -^ ^-. (IV.7)

The point of intersection will be given by

^ AMP x slope
x slope R ——— -~—^22AM, 1

or x-,
slope 2(U + £)

and * sC: 2 {E + iflo^R-AM^2TE%TY (IV-8)

At xx and using Eqs. (IV.8) and (IV.5) obtain

a0 + a1x1 + a2xl + a3xl =AMe^<R+i\ (IV.9)

and from Eqs. (IV.2) and (IV.6) obtain

a1 + 2a2x1 + 3asxl slope R. (IV. 10)

Similarly, at x2, using Eqs. (IV.3) and (IV.5) obtain

a0 + a1x1 + a2 x\ + a3xf Öx x^2 (IV. 11)

and from Eqs. (IV.4) and (IV.6) obtain

a1 + 2a2z1 + 3a2z1 -d1dzx2d*~i. (IV. 12)

Hence, the four unknowns, a0, ax, a2, a3 can be established by solving
Eqs. (IV.9), (IV.10), (IV.ll), and (IV.12) simultaneously.
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Appendix V. Deflection Calculations

Moment Range

For a load ränge applied at the tip of the cantilever, the moment ränge
value at any section is equal to the load ränge times the (perpendicular)
distance of the section from the load.

Curvature

The input moment range-extreme fibre strain ränge relation as shown in
Eqs. (I) and (II) is for a rectangular section (b0d0) whereas the beam, in
general, has a section (bxdx) at any given location. The units of the left side
of the Eqs. are moment units and those for the right side are strain units,
i.e., in/in or dimensionless.

A moment ränge A Mx acting on a section (bxdx) is equivalent to a moment
ränge AMx(b0d%)/(bxd2) acting on a section (&0^o)- The extreme fibre strain
will be the same for both sections under the appropriate moments. The
curvature ränge, A k, is simply (A €x)l(dj2).

Deflections

The curvature-area method will be used. The beam is divided into a suitable
number of short segments for which the curvature diagram is assumed linear
for each segment, Fig. V.la, and is divided into two triangles as shown in
Fig. V.lb. At the built end, the deflection and slope are zero. The deflection
at the right end of each segment has, in general, three components as shown
in Fig. V.2: the first is the deflection at the left end, the second is equal to the
slope at that end times the segment length and the third is the tangential
deviation of the right end with respect to a tangent at the left end. Thus,

2s/3

AM diagram

Ak(I)

Ak diagram
s/3I 1 + 1

k^

AMI+1)

1+1 Fig. V.l. Curvature Distribution
Diagram.

Fig. V.2. Slope and Deflection Calcula¬
tions.

y (I)
s. slope | y(I+i)

slope (iT^v r—Tonqentiol deviation

"\ j„
s segment length
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with the help of Figs. V.lb and V.2, the segment right end deflection and
slope can be written as:

,r n /r. i / rx A k (I) S 2 A k {I + 1) 8 1

y(I + l) y(I) + s slope (/) + ^3* + ^ 3*'

slope (/+ 1) slope (I)-\ ——-— -s.

Starting at the extreme left end and moving to the right, discrete points
on the "elastic curve" are established up to and including the cantilever tip.

References

1. Neal, B. Gr.: The Plastic Methods of Structural Analysis. Champan and Hall.
2. Neal, B. G., and Symunds, P. S.: Cyclic Loading of Portal Frames, Theory and

Tests. Vol. 18, Pub. IABSE, Zürich, 1958.
3. Popov, E. P., and McCarthy, R. E.: Deflection Stability of Frames Under Repeated

Loading. Journal of E. M. Division, ASCE, January, 1960.
4. Royles, R.: Fatigue of Ductile Structures in Reversed Bending. Ph. D. Thesis,

Cambridge University, 1964.
5. Shebbouene, A. N., and Krishnasamy, S.: Moment-Curvature Models Under

Reversed Cyclic Straining. Experimental Mechanics, Vol. 9, No. 1, 1969.
6. Topper, T. H.: Cyclic Plastic Loading of Mild Steel. Ph. D. Thesis, Cambridge

University, 1962.
7. Krishnasamy, S., Sherbourne, A. N., and Khurana, K. K.: Deflection of Mild

Steel Beams Under Symmetrie Alternating Load. Presented at 1972 SESA Spring
Meeting, Cleveland, Ohio, May 23-26.

8. Keshavan, S.: Some Studies on the Deformation and Fracture of Normalised Mild
Steel under Cyclic Conditions. Ph. D. Thesis, University of Waterloo, 1967.

9. Jhansale, H. R., and Topper, T. H.: Equipment for Cyclic Deformation and
Fatigue Studies in Pure Bending. Presented at 1970 SESA Fall Meeting, Boston,
Mass., October 18-22.

10. Topper, T. H. et al.: Fatigue Testing Techniques for Conditions of Biaxial Stress,
Stress Concentration, and Pure Bending. Journal of Materials, Vol. 6, No. 4, 1971.

11. Krishnasamy, S.: Beams Under Cyclis Alternating Deflection. Ph. D. Thesis, Uni¬
versity of Waterloo, 1966.

12. Martin, J. F., Topper, T. H., and Sinclair, G. M.: Computer Based Simulation of
Cyclic Stress-Strain Behaviour with Application to Fatigue. Materials Research and
Standards, MTRSA, Vol. 11, No. 2, P. 23.

Summary

The response of simple mild steel cantilever beams to cyclic unequal deflections

is investigated theoretically and experimentally following the derivation
of appropriate moment-curvature modeis from strain control data involving
the testing of specimens in pure bending. Different modeis are proposed
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relating the curvature to moment ränge and mean moment; the modeis can
accommodate hardening and softening of aggregations of fibres in the structural

cross-section as well as mean moment relaxation with time. It is shown
that behaviour is comprised of three stages involving elasticity, where mean
load is proportional to load ränge, an intermediate state where the effects of
mean deflection cannot be ignored and a terminal state of significant plastic
deformation which is affected by geometry changes and secondary membrane
action.

Resume

On etudie theoriquement et experimentalement le comportement de poutres-
consoles simples en acier doux soumises ä des deflexions cycliques inegales en
suivant la courbe moment-courbure de modeles appropries, determines ä partir
de contröles des deformations effectues sur des specimens soumis a la flexion

pure. Differents modeles sont proposes mettant en relation la courbure avec
les limites des moments ainsi qu'avec le moment principal; les modeles

s'adaptent aux phenomenes de durcissement et d'adoucissement d'un ensemble
de fibres dans la section ainsi qu'ä la relaxation du moment principal dans le

temps. On montre que le comportement peut se diviser en trois etapes; une
etape elastique oü la charge principale est proportionnelle aux limites entre
lesquelles varient les charges, une etape intermediaire oü les effets de la
deflexion principale ne peuvent etre ignores et une etape finale de deformations
plastiques importantes qui est perturbee par des changements dans la geo-
metrie et des effets secondaires de membrane.

Zusammenfassung

Die Reaktion von Kragarmen aus normalem Baustahl auf zyklische nicht
konstante Verformung wird theoretisch und experimentell untersucht, unter
Ableitung von Angaben über dehnungskontrollierte Versuche an entsprechenden

Momenten-Krümmungsmodellen bei reiner Biegung. Verschiedene Modelle
werden vorgeschlagen, bei denen die Krümmung zum Momentenbereich und
zum Mittelmoment in Zusammenhang gebracht wird. Die Modelle können
Verfestigung und Abnahme der Festigkeit der Fasern der Querschnitte wie
auch Relaxation infolge des Mittelmomentes beinhalten. Es wird gezeigt, dass

das Verhalten drei Stadien umfasst: Elastizität, wobei das Mittelmoment
proportional zum Lastbereich ist, ein Zwischenstadium, wobei die Effekte der

Verformung nicht mehr vernachlässigt werden dürfen, und ein Endstadium
mit signifikanten plastischen Deformationen, welche Änderungen der Geometrie

und sekundäre MembranWirkung nach sich ziehen.



Computer Analysis of Reinforced Concrete Sections Under Combined

Bending and Compression
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Introduction

The load-deformation characteristics of a reinforced concrete section
subject to combined bending and axial load is significantly different from that
of a section under pure flexure. The most critical difference may be the drastic
reduction in sectional ductility which is caused by the presence of axial load.

Approximate load-moment interaction diagrams based on both the working
stress [1] and ultimate strength [2] design theories are available for the design
of square, rectangular and circular sections. However, the behaviour of
reinforced concrete sections subject to combined bending and axial load in its
generality, has been studied only to a very limited extent [3]-[8].

The purpose of this paper is to present some results of a comprehensive
investigation into the subject [9]. In addition to providing a better under -

standing of inelastic action in reinforced concrete columns, these results
suggest conditions under which inelastic analysis and design methods may be
considered applicable to these members.

405 symmetrically reinforced rectangular concrete sections of identical
dimensions, Fig. 1, but with varying concrete strengths, steel grades, and
reinforcement percentages, and subject to varying magnitudes of axial load (Table 1),
were analysed by using the sectional theory and the numerical method
described in [8]. Reliable representations of the stress-strain properties of
concrete and steel, proposed by Sargin [10] and also described in [8], were
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Fig. 1. Typical section used in analysis.
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Effects of Axial Load on Moment-Curvature Diagrams

The M-</> diagrams of the sections analyzed are presented in Figs. 2 to 10.

Each of these figures corresponds to a particular combination of concrete
strength and steel grade and contains the diagrams corresponding to five
different sectional reinforcement percentages. The curves in each diagram
illustrate the effects of varying levels of axial load on nine identical sections.

The numerical values of moment and curvature at the stage of ' 'yielding"
and "sectional failure (ultimate)", associated with the M-<f> diagrams in Figs.
2 to 10, the ratios of ultimate to yield moments, and of the corresponding
curvatures, are important for subsequent discussion in this paper. It should
be noted that, as in [8], the "yield" stage is defined as that at which the
tension reinforcement in a section reaches its yield point stress and the "ultimate

'' stage is that at which the section reaches its moment carrying capacity
(for a given axial load). This ultimate stage definition is different from the
conventional one, according to which a section is assumed to have failed when
the concrete strain in its extreme compression fibre reaches an arbitrary
limiting value [3], [4], [5].

Tension, balanced and compression failures of a section are characterized
by the yielding of tension reinforcement prior to, simultaneously with, and
subsequent to the attainment of sectional moment carrying capacity, respectively.

Sections subject to axial loading of magnitude below a certain level
(corresponding to balanced failure) fail in tension. Figs. 2 to 10 indicate that
the yield moments and curvatures of such sections increase with increasing
levels of the axial loads. Both My and <f>y (corresponding to any given level
of axial load) also increase with increasing steel percentages of the sections
and with increasing reinforcement strengths. My increases somewhat, but <f>y

remains unchanged, or decreases slightly, with increasing concrete strengths.
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Fig. 2. M-<f> diagrams, as affected by axial loads, for various concrete and steel grades and
amounts of reinforcement (// 3 ksi, fy 45 ksi).
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Fig. 3. M-(f> diagrams, as affected by axial loads, for various concrete and steel grades and
amounts of reinforcement (/c' 3 ksi, fy 60 ksi).
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Fig. 4. M-<j> diagrams, as affected by axial loads, for various concrete and steel grades and
amounts of reinforcement (// 3 ksi, fy 75 ksi).
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Fig. 5. M-<j> diagrams, as affected by axial loads, for various concrete and steel grades and
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Eig. 6. M-<j> diagrams, as affected by axial loads, for various concrete and steel grades and
amounts of reinforcement (/c' 4 ksi, fy 60 ksi).






























































































































































































































































