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Computer Analysis of Reinforced Concrete Sections Under Combined

Bending and Compression

Analyse de sections en beton arme soumises ä un effort normal avec flexion au
moyen d'un calculateur electronique

Computer-Berechnung von Stahlbetonquerschnitten unter kombinierter Biegung
und Druck

S. K. GHOSH M. Z. COHN

Adjunct Professor of Civil Engineering M. IABSE, Professor of Civil Engineering
University of Waterloo, Waterloo, Ontario, Canada

Introduction

The load-deformation characteristics of a reinforced concrete section
subject to combined bending and axial load is significantly different from that
of a section under pure flexure. The most critical difference may be the drastic
reduction in sectional ductility which is caused by the presence of axial load.

Approximate load-moment interaction diagrams based on both the working
stress [1] and ultimate strength [2] design theories are available for the design
of square, rectangular and circular sections. However, the behaviour of
reinforced concrete sections subject to combined bending and axial load in its
generality, has been studied only to a very limited extent [3]-[8].

The purpose of this paper is to present some results of a comprehensive
investigation into the subject [9]. In addition to providing a better under -

standing of inelastic action in reinforced concrete columns, these results
suggest conditions under which inelastic analysis and design methods may be
considered applicable to these members.

405 symmetrically reinforced rectangular concrete sections of identical
dimensions, Fig. 1, but with varying concrete strengths, steel grades, and
reinforcement percentages, and subject to varying magnitudes of axial load (Table 1),
were analysed by using the sectional theory and the numerical method
described in [8]. Reliable representations of the stress-strain properties of
concrete and steel, proposed by Sargin [10] and also described in [8], were
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COMPUTER ANALYSIS OF REINFORCED CONCRETE SECTIONS 73

Fig. 1. Typical section used in analysis.
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Effects of Axial Load on Moment-Curvature Diagrams

The M-</> diagrams of the sections analyzed are presented in Figs. 2 to 10.

Each of these figures corresponds to a particular combination of concrete
strength and steel grade and contains the diagrams corresponding to five
different sectional reinforcement percentages. The curves in each diagram
illustrate the effects of varying levels of axial load on nine identical sections.

The numerical values of moment and curvature at the stage of ' 'yielding"
and "sectional failure (ultimate)", associated with the M-<f> diagrams in Figs.
2 to 10, the ratios of ultimate to yield moments, and of the corresponding
curvatures, are important for subsequent discussion in this paper. It should
be noted that, as in [8], the "yield" stage is defined as that at which the
tension reinforcement in a section reaches its yield point stress and the "ultimate

'' stage is that at which the section reaches its moment carrying capacity
(for a given axial load). This ultimate stage definition is different from the
conventional one, according to which a section is assumed to have failed when
the concrete strain in its extreme compression fibre reaches an arbitrary
limiting value [3], [4], [5].

Tension, balanced and compression failures of a section are characterized
by the yielding of tension reinforcement prior to, simultaneously with, and
subsequent to the attainment of sectional moment carrying capacity, respectively.

Sections subject to axial loading of magnitude below a certain level
(corresponding to balanced failure) fail in tension. Figs. 2 to 10 indicate that
the yield moments and curvatures of such sections increase with increasing
levels of the axial loads. Both My and <f>y (corresponding to any given level
of axial load) also increase with increasing steel percentages of the sections
and with increasing reinforcement strengths. My increases somewhat, but <f>y

remains unchanged, or decreases slightly, with increasing concrete strengths.
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Fig. 2. M-<f> diagrams, as affected by axial loads, for various concrete and steel grades and
amounts of reinforcement (// 3 ksi, fy 45 ksi).
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Fig. 3. M-(f> diagrams, as affected by axial loads, for various concrete and steel grades and
amounts of reinforcement (/c' 3 ksi, fy 60 ksi).
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Fig. 4. M-<j> diagrams, as affected by axial loads, for various concrete and steel grades and
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Fig. 8. M-<f> diagrams, as affected by axial loads, for various concrete and steel grades and
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Fig. 10. M-(f> diagrams, as affected by axial loads, for various concrete and steel grades and
amounts of reinforcement (// 5 ksi, fy 75 ksi).
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The effects of axial loading, of concrete and steel grades and amounts of
reinforcement on Mu, (f>u, <f}J<j>y and MJMy are discussed in the next four
sections.

Load-Moment Interaction Diagrams

The P/Pu—MJbh2 interaction diagrams of Fig. 11 were plotted from the
relevant data presented in Figs. 2 to 10. Fig. 11 consists of the diagrams
corresponding to nine combinations of concrete and steel grades. Each of
these diagrams contains the curves (in füll lines) corresponding to five different
sectional reinforcement percentages.

The break in each interaction diagram corresponds to the balanced failure
conditions, above and below which are the compression and tension failure
zones, respectively.

The shape of the interaction diagrams in the region corresponding to tension
failure should be noted. This shape is a direct consequence of the ultimate
stage definition adopted in this study. The interaction diagrams drawn in füll
lines change to the more familiarly shaped ones, indicated by dotted lines, if
the ultimate stage is defined by the extreme compression fibre strain reaching
a value of 0.3%.

From Fig. 11, it is apparent that the magnitude of the balanced load
decreases with increasing steel percentages. This is contrary to an earlier
finding by Pfrang et al. [4], who had concluded that the above magnitude
was independent of reinforcement content. Fig. 11 also indicates that the
balanced load decreases somewhat with increasing reinforcement strengths
and decreases with increasing concrete strengths.

Fig. 11 shows that sectional moment capacity, corresponding to any given
level of axial load, increases with increasing reinforcement percentage and
steel and concrete strengths. If sectional failure is defined in a conventional
manner (by a limiting compression concrete strain), the moment capacity of
a section increases with increasing levels of axial load as long as failure is

governed by tension, and thereafter decreases as the axial loads are further
increased. The trend in the tension failure region changes if sectional failure
is defined as in the present study, with moment carrying capacities under
pure bending being larger than those under bending combined with low axial
loads.

Axial Load-Ultimate Curvature Diagrams

The PjPu — <f>uh diagrams in Fig. 12 were also plotted from the data presented
in Figs. 2 to 10. To the left of each diagram (corresponding to a particular
combination of steel and concrete grades) are the curves drawn according to
the conventional definition of failure, and to the right are those plotted
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Fig. 13. Effects of axial loads on the ductility of reinforced concrete sections.
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according to the failure definition of the present study (each curve corresponding

to a particular sectional steel percentage). The conventional definition of
failure, which provides a slightly conservative estimate of the moment capacity
of a section (Fig. 11), obviously leads to a gross underestimation of its deform -

ability. It is evident that the ultimate curvature decreases steadily with
increasing levels of axial load, when failure is defined by a limiting strain.
While this trend is generally true in case of the definition of failure adopted
herein, some irregularities in the trend are observed around the balanced
points. Ultimate curvatures (conforming to both definitions) are found to be
extremely small in the regions of compression failure.

Fig. 12 shows that the ultimate curvature corresponding to any given axial
load level decreases with increasing steel percentages of sections and with
reinforcement strengths, and increases slightly with increasing concrete
strengths.

Effects of Axial Load on Sectional Ductility

The ductility factor, defined as the ratio of ultimate to yield curvatures,
(f>J<l>y, is a satisfactory index of the ductility of reinforced concrete sections
subject to pure and combined bending [8]. From the numerical data presented
in Figs. 2 to 10, ductility ratio versus axial load curves corresponding to
various reinforcement percentages are plotted in Fig. 13 for the nine combina-
tions of steel and concrete grades considered. This figure and the tables indicate
that as long as failure is governed by tension, a section is capable of mobilizing
a certain amount of ductility, although this decreases drastically as the axial
load on the section approaches the level corresponding to balanced failure.
Fig. 13 also indicates that for the low levels of axial load usually carried by
flexural members in reinforced concrete frames (not exceeding 10-15% of the
axial load capacity), fairly high amounts of sectional ductility are always
available.

It was observed in Ref. [8] that sectional ductility decreases with increasing
steel percentages, increasing reinforcement strengths, and decreasing concrete
strengths, a trend which is evident from Fig. 13.

Discussion of Results

a) Definition of Sectional Failure in Deformation Analysis

The ductility factor, defined as the ratio of ultimate to yield curvatures,
(f>J(f>y, is widely accepted as an index of the ductility of reinforced concrete
sections subject predominantly to flexural action under static loading. However,

while the yield curvature, cf>y, is generally defined as the curvature at
which the tension steel reaches its yield point stress, several definitions of the
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ultimate stage or the failure of a section, to which the curvature </>u corresponds,
are in use.

In most current codes of practice, <f>u is defined as the curvature at which
a conventional limiting value of the concrete strain (corresponding presumably
to the onset of crushing) is attained at the extreme compression fibre (eu 0.3%
according to the ACI Code [11]). In this study <f>u has been defined as the
curvature corresponding to the attainment of sectional moment capacity.
A third definition of </>u appears to be gaining increasing acceptance. "Many
sections have considerable capacity for plastic rotation beyond the peak of
the moment-curvature curve. It would seem reasonable to recognize some of
this available deformation after maximum moment and to define <f>u as the
curvature when the moment is reduced by some arbitrary amount after the
maximum moment" [7]. <f>u was defined as the curvature corresponding to
0.9 Mu and My along the descending branch of the M-(f> diagram in Refs. [7]
and [12], respectively. The three definitions of <f>u discussed above are illustrated
schematically in Fig. 14.

Ref.[8]
present study

Refs [7],[12]Ref.[ll|

9u 9u 9u
Fig. 14. Various definitions of ultimate cur¬

vature.

It has been noted earlier that the conventional definition of failure grossly
underestimates the deformability of a section. Fig. 12 illustrates that the ratio
<f>u2l<f>ul may be as large as 4-5 for sections failing in tension. A second dis-

advantage of this failure definition is that the limiting value of concrete strain
at the extreme compression fibre has to be either arbitrarily fixed, or based

on visual observations of the onset of crushing in experiments. The definitions
of 4>u adopted in Refs. [7], [12] possibly account for the deformation capacity
of a section to a fuller extent than the present study (depending upon sectional

properties, <f>uS may be considerably larger than (f>u2)> However, these definitions
also are arbitrary. The failure of a section, as defined in the present study,
corresponds to a mathematically well defined point, i. e. the peak of the M-cf>

diagram. The choice of this functional viewpoint is logical, noting that the
primary purpose of a structural member is to carry loads. This definition is

unlikely to prove unduly conservative in estimating the deformability of
sections with current geometric and material properties. It is therefore
recommended that, at least for the purposes of deformation analysis, sectional
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failure be defined as the stage corresponding to the attainment of the maximum
flexural capacity.

b) Definition of Sectional Failure in Strength Analysis

Fig. 11 shows that the strength of a section, unlike its deformability, is

relatively insensitive to the definition of sectional failure. The dotted P-M
interaction diagrams in Fig. 11, corresponding to the conventional definition
of sectional failure (ultimate stage defined by €u 0.3%), provide safe and
only slightly conservative lower bounds on the moment capacities of sections
subject to given levels of axial load.

It should be observed that the rather unusual shape of the tension failure
regions of the P-M interaction diagrams for the definition of failure adopted
in the present study (Fig. 11) was first noted by the authors [8]. The significance
and implications of this shape are yet to be fully understood.

In view of the above, it is recommended that, pending further investigation,
the conventional definition of failure be retained for strength analysis. It is
hoped that future research will clarify all aspects of the functional definition
of failure, leading to its wider acceptance. The arbitrariness of the conventional
definition is not as much of a disadvantage in strength as in deformation
analysis. The numerical value adopted for eu would normally have a relatively
minor effect on sectional strength.

c) Estimate of Ductility Requirements in Design

Ductility governs the rotation capacity of hinging zones and the redistribu-
tion of moments in a structure; the adaptability of structures to foundation
Settlements and volume changes; and the energy absorption capacity of structures

subject to dynamic (wind, earthquake, blast) loads. Ductility safeguards
a structure against sudden overloads, impact and load reversals. For this
reason it is necessary and desirable that structures be capable of mobilizing a
reasonable level of ductility whenever actions such as those mentioned above
are foreseen [8]. However, there have been very few attempts at determining
the amount of ductility that may be required in structures designed to meet
specific functional requirements. These limited attempts have largely been
confined to the area of aseismic design.

A measure of the ductility of structures with regard to seismic loading is
the displacement ductility factor defined as AJAy, where Au, Ay are the lateral
deflections at the ultimate stage and at first yield, respectively. The com-
mentary on the code of the Structural Engineers Association of California [13]
indicates that the displacement ductility factor required in aseismic design
may ränge from three to five. It is important to recognize the difference
between the ratio AJAy, and the index of sectional ductility, (f>J<f>y. "Once
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yielding has commenced in a frame the deformations concentrate at the

plastic hinge positions and hence when a frame is deflected laterally in the
post-elastic ränge the required </>J<f>y ratio at the plastic hinges is greater than
the AJAy ratio" [7]. The following Suggestion was offered in Ref. [7] without
a rigorous basis: "Columns capable of reaching a curvature ductility factor
<f>J<f)y of at least 15, with <j>u defined as the curvature when the moment has

reduced to 80-90 percent of the maximum moment, would appear to be a

reasonably practical approach to column design for seismic resistance." It is

obvious that the required <f>J<f>y would be less than 15 if <f>u is defined as the
curvature corresponding to Mu, rather than to 0.8-0.9 Mu.

A more precise estimate of the sectional ductility required in structures
would require a considerable amount of further research, and is beyond the

scope of the present study. The emphasis here is on determining the amounts
of ductility that may be available in column sections with varying concrete
and steel grades and amounts of reinforcement.

d) Amounts of Available Ductility

ACI 318-71 [11] requires that the column ends in ductile moment-resisting
frames be provided with special transverse reinforcement when the column
load exceeds 40% of the load corresponding to balanced failure. Therefore,
0.4 Pb can be considered as the highest axial load to which a column section
without any special lateral reinforcement may be subjected.

Table 2. Ratios of balanced to ultimate axial loads for various concrete and steel grades and
reinforcement percentages

fc.' 3 ksi fc' 4 ksi fc' 5 ksi

A fv A
45 ksi 60 ksi 75 ksi 45 ksi 60 ksi 75 ksi 45 ksi 60 ksi 75 ksi

p==v' =0.50/0 0.40 0.35 0.30 0.40 0.37 0.32 0.40 0.40 0.35
p==p' 1.0% 0.32 0.30 0.24 0.35 0.29 0.30 0.36 0.30 0.30
p==v' 1.5% 0.30 0.25 0.20 0.30 0.27 0.20 0.33 0.28 0.24
p= p' 2.0% 0.29 0.20 0.20 0.30 0.24 0.20 0.30 0.26 0.20
p==p' 3.0% 0.20 0.20 0.10 0.24 0.20 0.15 0.27 0.20 0.20

The ratios Pb\Pu for the sections considered in the present investigation
are listed in Table 2. These ratios were determined from the dotted interaction
diagrams in Fig. 11, which correspond to sectional failure defined by ew 0.3%.
The amounts of ductility available in sections with varying combinations of
the variables studied and subject to P 0.4i^ were determined from Fig. 13.

Table 2 was used to convert the fixed PjPh ratio of 0.4 to the appropriate
PjPu ratios. The results of this analysis are presented in Table 3. Table 3
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Table 3. Ductility available in sections with varying concrete and steel grades and reinforce¬
ment percentages, and subject to 40% of balanced axial load

fc 3 ksi fc 4 ksi /c' 5 ksi

45 ksi
fy
60 ksi 75 ksi 45 ksi

fy
60 ksi 75 ksi 45 ksi 60 ksi 75 ksi

p=p' 0.5%
p=p'=1.0%
p=p'=1.5%
p=p' 2.0%
p=p' 3.0%

10.5
12.0
11.0
10.0
11.0

9.5 9.0
9.0 8.0
8.5 7.3
8.5 6.3
7.0 6.5

9.5
10.1
10.7
9.5

10.0

8.4 8.0
8.0 6.5
7.0 7.5
7.3 6.5
7.0 6.0

8.8 7.0 6.5
9.0 8.0 6.0
9.5 7.0 6.2
9.3 6.3 6.3
8.7 6.5 5.0

shows that reinforced concrete sections, subject to the highest axial loads
permitted by the ACI code [11], possess a minimum ductility ratio of 5 under
the most adverse variable combinations studied. The ratio may be as high as
12 under more favourable combinations of the variables.

Conclusions

1. The magnitude of the balanced axial load, which separates tension from
compression failure, decreases with increasing reinforcement percentages,
increasing reinforcement strengths, and decreasing concrete strengths.

For the large number of section investigated, the above magnitude neither
exceeded 40%, nor ever feil below 20% of the axial load capacities of the
sections (these values are not unduly sensitive to the adopted definition of
sectional failure).

2. If sectional failure is defined in a conventional manner in terms of limiting
compression concrete strains, ultimate moments increase with increasing levels
of axial load, as long as failure is governed by tension, and thereafter decrease
as the axial loads are further increased. The corresponding curvatures decrease

steadily with increasing levels of axial load.

If failure is defined, as in the present study, in terms of sectional moment
capacity, two irregularities are found in the above trends, which otherwise
remain generally valid. Firstly, moment capacities under pure bending are
found to be larger than those under bending combined with low axial loads.
Secondly, ultimate curvatures are sometimes found to increase with increasing
axial loads around the balanced point.

3. It appears reasonable to define the failure of a section as the stage
corresponding to the attainment of: (a) sectional moment capacity in deformation
analysis, and (b) a limiting value of concrete strain at the extreme compression
fibre in strength analysis.

4. Reinforced concrete sections without any special transverse reinforce-
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ment, and subject to the highest axial loads permitted under the ACI code,

i.e. P OAPb, possess a ductility ratio of 5 under the most adverse, and of
12 under the most favourable, of the variable combinations studied.

5. Inelastic action, at least to an extent which would not require ductility
in excess of the amounts indicated in Fig. 12, may be permitted in reinforced
concrete column sections.

Notation

As cross-sectional area of tension reinforcement.
A's cross-sectional area of compression reinforcement.
6 width of section.
f'c Standard cylinder strength of concrete.
fy yield strength of steel.
h total depth of section.
M sectional moment.
Mu ultimate moment.
My yield moment.

p ratio of tension reinforcement area to gross area of section.

p' ratio of compression reinforcement area to gross area of section.
P axial load on section.
Pb balanced axial load.
Pu ultimate axial load.
Au lateral deflection in a structure at ultimate stage.
Ay lateral deflection in a structure at yield stage.
€u concrete strain in extreme compression fibre at ultimate stage.
</> sectional curvature.
<f>u curvature corresponding to ultimate moment.
<f)y curvature corresponding to yield moment.
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Summary

An investigation into the effects of axial load on the load-deformation
characteristics of reinforced concrete sections is reported. The variables studied,
besides the level of axial loading, are the concrete strength, steel grade, and
amount of sectional reinforcement. The approach used is a Computer Simulation

of the behaviour of over four hundred sections under a broad ränge of
combinations of the above variables. The results are presented in the form of
moment-curvature, axial load-ultimate moment, axial load-ultimate curvature,
and ductility factor-axial load diagrams. The study provides a broad under -

standing of inelastic action in reinforced concrete columns subject to combined
bending and compression.
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Resume

On presente une etude sur les influences de l'effort normal sur les

caracteristiques de deformation de sections en beton arme. Les variables etudiees
sont, ä cöte de l'intensite de la charge, les tensions dans le beton, la qualite
de l'acier et le degre d'armature. La methode utilisee est une etude par Simulation

sur Computer du comportement de plus de quatre cents sections soumises
a un grand nombre de combinaisons des variables ci-dessus. Les resultats sont
presentes sous forme de courbes «moment-courbure», «effort axial-moment de

rupture», «effort axial-courbure ä la ruine» et «coefficient de deformabilite-
effort axial». L'etude a permis une meilleure comprehension des phenomenes
inelastiques dans les colonnes en beton arme soumises a un effort normal
avec flexion.

Zusammenfassung

Es wird eine Untersuchung der Effekte von Axiallast-Deformations-Charakteristiken

an Stahlbetonquerschnitten beschrieben. Die Variablen, die neben
der Grösse der Axiallast untersucht werden, sind der Betonwiderstand, die
Stahlqualität und die Grösse des Bewehrungsgrades.

Die benützte Näherungsmethode ist eine Computer-Simulation des
Verhaltens von mehr als 400 Querschnitten unter einem breiten Spektrum von
Kombinationen der obengenannten Variablen. Die Resultate werden in Form
von Momenten-Krümmungen, Axiallast-Fliessmoment, Axiallast-Fliesskrümmung

und Duktilitätsfaktor-Axiallast-Diagrammen angegeben. Die Studie
vermittelt ein breites Verständnis über das inelastische Verhalten von
Stahlbetonstützen unter kombinierter Biegung und Druck.
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