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Lateral Buckling of Tapered Beams

Flambage lateral de poutres ä section reduite

Kippen von sich verjüngenden Balken

D. A. NETHERCOT
B. Sc, Ph. D., Lecturer, Department of Civil and Structural Engineering, University

of Sheffield, Sheffield, Great Britain

1. List of Symbols

bf flange breadth
d depth of beam
E Young's modulus
G shear modulus
Iy minor second moment of area
J torsion constant
Mcr critical moment
r reduction in stability due to taper
R2

E slenderness parameter

tf flange thickness
tw web thickness
Z section modulus

a=f l(£J(!f©T taper parameter

r warping constant
ye lateral buckling coefficient

J for whole section
^ J for flanges only
v ratio of minimum to maximum value of tapered dimension(s)
er bending stress in beam
<rm maximum bending stress in beam
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2. Introduction

In cases where beams are required to support a given system of loads which
produces a varying distribution of moment within the span a more economical
use of material may be obtained if a tapered member is employed, curtailment
of the section to suit the bending moment distribution producing a more
favourable pattern of stress. Tapered members may also be preferred in certain
circumstances for aesthetic reasons. However, the reduction in section properties

may also render the member more susceptible to failure by lateral buckling.
Therefore, before such sections can safely be employed, a check on their
lateral stability is necessary. Although adequate lateral support may be
available in the completed structure, during erection the beam may be required
to support considerable loads when little or even no bracing is provided.

A review of several methods of calculating stresses in tapered beams has

been given by O'Conner [1], whilst Vickery [2] has presented an extension
of the simple plastic theory to cover portal frames fabricated from tapered
members. In his tests, Vickery observed that failure of the frames was often
precipitated by flexural-torsional buckling.

An analysis of the lateral buckling of a narrow rectangular section with
linearly tapering depth loaded by a uniform moment has been presented by
Lee [3]. For a centrally loaded beam, Massey [4] has given a Solution for a
section with linearly varying lateral flexural and torsional rigidities. Both of
these quantities were allowed to vary independently but the effects of warping
were not included. In their paper outlining the background to the revised
B.S. 153, Kerensky, Flint and Brown [5] have given some consideration to
the buckling of members with curtailed flanges, curtailment of either flange
breadth or flange thickness being considered. However, the Solutions given
were only approximate and further study of the subject was suggested.

Experiments on tapered I and Channel sections tested as cantilevers sup-
porting either a tip load or a uniform load have been reported by Krefield,
Butler and Anderson [6]. Their test program considered both depth taper
and flange breadth taper and from the results the parameter a — I,/0,11

where Z section modulus, bf flange breadth, d depth and suffices 0

and 1 relate to root and tip respectively, was suggested as a governing para-

Hh
*>l?\bt0
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Fig. 1. Tapered 1-section.
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meter for the reduced lateral stability of tapered cantilevers. Extensions of
this work to cover beam columns [7] and the lateral bracing of tapered
cantilevers [8] have also been reported.

This paper presented the results of a theoretical study of the lateral buckling
of tapered beams. Linear curtailment of either flange thickness, flange breadth,
web depth or all three quantities as illustrated in Fig. 1 is considered and
reduction formulae for use with existing methods of determining the stability
of uniform members proposed.

3. Method of Solution

The results presented in this paper have all been obtained from a Finite
Element analysis of lateral buckling. Details of the Finite Element formulation
of stability problems have been given by a number of authors [9-12] and will
not be repeated here. In the present work the element first proposed for the
analysis of torsional-flexural stability problems by Barsoum and Gallagher
[13] and subsequently used extensively by the writer [14-16] has been
employed. Earlier papers [13-16] have demonstrated the high degree of accuracy
that may be obtained with the use of only a small number of these elements.

However, all of these previous studies related to uniform members and it
was considered prudent that the present study should begin with an examina-
tion of the method's convergence characteristics when applied to the buckling
of non uniform members. Since Computing time increases rapidly with an
increase in the number of elements employed, it was necessary to determine
the minimum number of elements consistent with reasonable accuracy. Fig. 2

shows two series of results for a cantilever with a single load at the tip. Two
extremes of length have been included together with three values of flange
breadth taper vb. The results are presented in a form which relates ye, where ye
is defined in Eq. (1), to n, the number of elements.

p
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Fig. 2. Convergence of finite element results for the buckling of tapered end loaded cantilevers.
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y<
Mcr f(EIyGJ)V2, (1)

where Mcr maximum moment in the beam i. e. moment at the root,
E Iy minor flexural rigidity,
GJ= torsional rigidity,
L span.

For the purposes of the analysis the tapered member was replaced by a stepped
member, the dimensions and therefore the geometrical properties of each
element being those of its mid point.

Exact results are only available for the two cases involving a uniform beam
[17] and for each of these Fig. 2 shows that the method rapidly converges.
For the non uniform beams convergence is almost as rapid, the use of eight
elements always giving answers that are accurate to at least one per cent.
Several other examples including different types and levels of loading and
different forms of taper have also been studied and in all cases convergence
of the results was similar to that illustrated in Fig. 2. Thus it was decided
that the tapered beam could adequately be represented by eight elements.

For depth tapered members additional terms appear in the torsional
equilibrium equation due to the inclination of the flanges (18). The finite element
model, since it replaces the actual member by an elastic line possessing the
appropriate flexural, warping and torsional stiffness, neglects the effect of

250

m
d. ISO
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o FINITE ELEMENT-LOAD AT TOP

REF (18) -LOAD "JUST ABOVE* TOP FLANGE
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Fig. 3. Comparison of results for depth tapered section.
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these additional terms and an additional check upon its ability to represent
depth tapered members was therefore conducted.

Fig. 3 compares the author's results with a set obtained from a numerical
Solution of the complete differential equations by Kitipornchai and Trahair
[18]. Eight elements were used to represent one half of the beam, and since

part of the discrepancy between the two Solutions is due to the fact that the
load was applied to the top flange whereas ref. [18] specifies a load acting
"just above" the top flange agreement seems perfectly acceptable.

The Computer programs employed were such that only the beam's dimensions,

material properties, loading and support conditions and type and degree
of taper needed to be input. The average dimensions and hence the geometrical
properties of each element were calculated automatically within the program
which then proceeded to calculate the critical load and the associated buckling
mode.

4. Lateral Buckling of Tapered Cantilevers

A cantilever loaded only at its free end presents a good example of a member
subjected to a rapidly varying bending moment distribution. Fig. 4 contrasts
the distribution of bending stress in a cantilever of uniform section with that
in several types of tapered beams (for the example shown flange breadth
curtailment produces an almost identical stress distribution to flange thickness
curtailment whilst tapering breadth, flange thickness and depth gives results
very similar to those for depth taper alone). Since the efficiency of the section
is proportional to the area under the curve, Fig. 4 clearly shows the tapered
sections to be more economic in their use of material. It is also of interest to

08
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Fig.^4. Variation of stress with length for tapered cantilever (12x4x16.5 ÜB section).
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Fig. 5. Reductions in stability caused by linear flange breadth curtailment.

tion of the loading. Since the torsion constants J and the warping constant J1,

where J and T are defined in Eqs. (2), will be affected to different degrees by
the Variation in geometry, variations in r with R2 are to be expected.

-tf?b*
(2)

24

For all cases considered in this section of the paper, loading on one or
other flange was found to produce larger reductions in stability than shear
centre loading, top flange loading usually being the critical case although for
flange breadth taper, bottom flange loading was the more severe. The width
of the "band" into which the results shown in Fig. 5 fall is typical of that
obtained for other types of taper and also for the four cases involving
uniformly loaded beams.

5. Reduction Formulae

From the results of their tests Krefield et al. [6] suggested that reductions
in lateral stability due to taper were approximately dependent upon the
parameter a -~ L /0,1| This parameter was derived from the j-— formula for
lateral buckling first proposed by de Vries [20] and does not allow for the
possibility of flange thickness taper tf. Krefield et al. showed that if their
results were plotted in a form relating r the reduction in stability due to taper
to oc, then as shown in Figs. 6 and 7 which are taken from their original paper,
for each type of loading, the experimental points fall within a sufficiently
narrow band for a line to be drawn through them. The suggested reduction
formulae were:
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r -—— for an end load,
5 + See

r -—— for a uniform load,
3 + 2a

the scatter in the results being attributed to experimental error.

(3)

I o IO

0 8

O 6 - 06 -

O 404

Fig 6. Experimental results from
ref [6], end load.

Fig 7. Experimental results from
ref. [6], uniform load.

It has been found that the present Solutions (Tables 1 and 2) agree very
well with Eqs. (3) and moreover, that the effects of linear flange thickness
curtailment may also be included in the reduction formulae if a is redefined as:

W \bn) \t,J
_

1/2

(4)

As an additional check on the accuracy of this approach several other Solutions
have been obtained for beams possessing arbitrarily chosen types and degrees
of linear taper and the results compared with Eqs. (3) and (4). Figs. 8 and 9

show, for two extreme values of E2, that the reduction formulae give very
reasonable predictions of the stability of tapered cantilevers loaded with either
an end load or a uniform load providing this load is applied at the level of the

• R*»5SO

* R2 4

Fig. 8. Comparison of reduction formulae with numerical results for arbitrarily tapered canti¬
levers - end load.
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IO

o R2=550

* R2^

Fig. 9. Comparison of reduction formulae with numerical results for arbitrarily tapered canti¬
levers - uniform load.

shear centre. Also included in each figure is an approximate lower bound line,
the equations of which are:

4 + a
r

r

3 + 3a

1+a
2a

for an end load,

for a uniform load.
(5)

Similar sets of results have been obtained for top and bottom flange loading.
For the former case Eqs. (3) now provide an approximate lower bound i.e.
reductions in stability are smaller, whilst for the latter case some results fall
slightly below the lower bound lines (Eqs. (5)) which now approximate to
average curves. It should be noted, however, that the above Statements apply
only for low values of R2 i. e. for short beams, since for high values the effects
of flange loading are slight. It is also of interest to note that whereas the work

of Krefield et al. was based on the use of the j—r- approximate formula for

determining lateral buckling strength [20] the present work uses the more
accurate Eq. (1).

6. Extension to Other Types of Loading and Conditions of Support

The effect of providing lateral bracing at the tip of the cantilever on the
reductions in stability caused by taper has been extensively studied and
complete sets of results similar to those of Tables 1 and 2 have been obtained
for the following two conditions:

Lateral deflexion prevented at the tip, complete fixity at the tip. Providing
the correct value of the critical load for the similar uniform beam was used
[19], in all cases, the reductions in stability caused by taper were found to be
either the same as or less than those for the identical unbraced beams. There-
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fore the reduction formulae given in the previous section are equally applicable
to cantilevers supported laterally at the tip.

Using the set of arbitrarily chosen sections previously employed to check
the accuracy of the reduction formulae, further series of results for variously
loaded, simply supported beams have been obtained. In each case the numerical
results have been plotted against the taper parameter a and the best line
passed through the points by means of a least Squares curve fit. The resulting
curves are compared in Fig. 10 with similarly obtained curves for cantilevers
and also with Eqs. (3). For both cases of transverse load, three different levels
of loading have been considered and the results indicate that this factor is less

\0\0 'l"W>rwwwww\

^-£ ___,

fc ~—A J^ ^^^^^^5
^-Jr ^WWWWW^

o EQUATIONS (3)

CURVES OBTAINED

i

FROM LEAST SQUARES FIT

1

Fig. 10. Effect of loading and support conditions on reduction curve.

Calculate the critical load for a
similar uniform member using

the methods of ref. (20)

Determine a -^ (diVi^yttjoy]
Wo/ \bflJ \tnJ.

1/2

1

Calculate the reduction
due to taper as

in stability

7 + a
] ~5+3a

Fig. 11. Procedure for estimating the critical load for a tapered beam.
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important for simply supported beams than for cantilevers, the degree of
scatter in the complete set of results being only of the order of that shown
previously in Figs. 8 and 9, which relate to shear centre loading only.

Fig. 10 suggests that variations in the type of loading and support conditions

do not have a pronounced affect upon the r, oc relationship. Furthermore,
the original reduction formula (Eq. (3)) for end loaded cantilevers ofKrefield
et al. [6] appears to provide a very reasonable indication of the stability of
tapered members when subjected to any of the loading Systems considered
herein. A rapid and fairly accurate estimate of the critical load of a tapered
beam may therefore be obtained by the process outlined in Fig. 11.

7. Conclusions

Results have been presented for the lateral buckling of I-section cantilevers
having various forms of linear taper. By plotting the numerical results in a
suitable form, the accuracy of the reduction formulae proposed in reference
[6] have been confirmed and their scope extended to include flange thickness
taper. It has also been shown that the reductions in stability caused by taper
are not unduly affected by variations in loading and support conditions and
a simple process for calculating rapid estimates of the critical load for tapered
beams has been advanced.

Acknowledgements

Part of this work was completed whilst the author held an I.C.I. Fellowship
in the Department of Civil and Structural Engineering, University College,
Cardiff.

References

1. O'Conner, C: Design of bridge superstructures, pub. Wiley, New York, 1971.
2. Vickery, B. J.: The Behaviour at Collapse of Simple Steel Frames with Tapered

Members. The Structural Eng., Vol. 40, No. 11, Nov. 1962, p. 365.
3. Lee, L. H. N.: On the Lateral Buckling of a Tapered Narrow Rectangular Beam.

Trans. ASME, J. App. Mech., Vol. 26, No. 3, Sept. 1959, p. 457.
4. Massey, P. C.: The Lateral Stability of a Non-Prismatic Beam. Build. Sei., Vol. 2,

No. 3, 1967, p. 273.
5. Kerensky, O. A., Flint, A. R., and Brown, W. C: The basis for the design of

beams and plate girders in the revised B.S. 153. Proc. I.C.E., Vol. 5, part III, Aug.,
1956, p. 396.

6. Krefield, W. J., Butler, D. J., and Anderson, G. B.: Welded cantilever wedge
beams. Welding Res., Vol. 38, March, 1959, p. 97-s.

7. Butler, D. J., and Anderson, G. B.: The elastic buckling of tapered beam-columns.
Welding Res., Vol. 43, Jan., 1963, p. 29-s.



LATERAL BUCKLING OF TAPERED BEAMS 191

8. Butler, D. J.: Elastic buckling tests on laterally and torsionally braced tapered
I-beams. Tech. Rept. No. 2, Contract NBy-24967, Bureau of Yards and Docks,
Columbia Univ., Sept., 1965.

9. Martin, H. C.: On the derivation of stiffness matrices for the analysis of large
deflexion and stability problems. Proc. Conf. Matrix Methods in Struct. Mech., Air
Force Int. Tech., Wright Patterson A. F. Base, Ohio, Oct., 1965.

10. Gallagher, R. H., and Padlog, J.: Discrete element approach to structural insta¬

bility analysis. AIAA J., Vol. 1, No. 6, June, 1963, p. 1437.
11. Kapur, K. K., and Hartz, B. J.: Stability of plates using the finite element method.

Proc. ASCE, Vol. 92, No. EM 2, April, p. 177.
12. Rockey, K. C, and Bagchi, D. K.: Buckling of plate girder webs under partial edge

loadings. Int. J. Mech. Sei., Vol. 12, No. 2, Feb., 1970, p. 61.
13. Barsoum, R. S., and Gallagher, R. H.: Finite element analysis of torsional and

torsional-flexural stability problems. Int. J. Num. Meth. Eng., Vol. 2, 1970, p. 335.
14. Nethercot, D. A., and Rockey, K. C: Lateral buckling of beams with mixed end

conditions. The Structural Eng., Vol. 51, No. 4, 1973, p. 133.
15. Nethercot, D. A.: Influence of End Support Conditions on the Stability of Trans-

versely Loaded Beams. Build. Sei., Vol. 7, No. 2, 1972, p. 87.
16. Nethercot, D. A.: The Effect of Load Position on the Lateral Stability of Beams.

Proc. Conf., on Finite Element Method in Civil Eng. McGill Univ., June 1972, p. 347.
17. Timoshenko, S. P., and Gere, J. M.: Theory of elastic stability. Pub. McGraw-Hill,

second edit., 1961.
18. Kitipornchai, S., and Trahair, N. S.: Elastic Stability of tapered I-beams. Proc.

ASCE, Vol. 98, No. 573, March, 1972, p. 713.
19. Nethercot, D. A.: The effective lengths of cantilevers as governed by lateral buckling.

The Structural Eng., Vol. 51, No. 5, 1973, p. 161.
20. de Vries, K.: Strength of beams as determined by lateral buckling. Trans. ASCE,

Vol. 112, 1947, p. 1245.
21. Nethercot, D. A., and Rockey, K. C: A unified approach to the elastic lateral

buckling of beams. The Structural Eng., Vol. 49, No. 7, July, 1971, p. 321.

Summary

The paper describes a theoretical study of the lateral buckling of tapered
I-section beams. Various forms of taper are considered and cantilevers are
studied in detail. The numerical results confirm the dependence of the reductions

in stability due to taper on the single geometrical parameter first suggested
by Krefield et al. [6] and also extend its scope. Finally, the influence of
variatiors in loading and support conditions are examined and a simple
procedure for rapidly estimating the critical load for tapered beams presented.

Resume

Le travail decrit une etude theorique du flambage lateral de poutres reduites,
ä section double te. On considere differentes formes de reductions et des

poutres en porte-ä-faux sont etudiees en detail. Les resultats numeriques con-



192 D. A. NETHERCOT

firment la dependance de la diminution de stabilite due ä la reduction sur le
seul parametre geometrique qui d'abord fut propose par Krefield et autres
[6] et ils etendent egalement leur but. Finalement, l'influence des variations
de charge et des conditions de support sont examinees et on presente une
procedure simple en vue d'une estimation rapide de la charge critique pour
des poutres reduites.

Zusammenfassung

Die Arbeit beschreibt eine theoretische Untersuchung über das Kippen
von Balken mit I-Profilen, deren Querschnittshöhe mit der Balkenlänge
abnimmt. Verschiedene Arten von Verjüngungen werden betrachtet und
Kragarme im einzelnen untersucht. Die numerischen Ergebnisse bestätigen
die Abhängigkeit der StabilitätsVerminderung infolge der Verjüngung vom
einzigen geometrischen Parameter, wie es zuerst von Krefield und anderen
[6] vorgeschlagen wurde, und erweitern auch deren Rahmen. Schliesslich werden

der Einfluss der Laständerung und die Auflagebedingungen untersucht
und ein einfaches Verfahren zur raschen Beurteilung der kritischen Belastung
für verjüngte Träger vorgelegt.
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