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Introduction

While the inelastic flexural behaviour of reinforced concrete members and
structures has been recognized for a long time [1], its adoption in design practice
is still a controversial matter: some codes allow for plastic redistribution of
up to 309, of the elastic stress distribution [2], some codes do not recognize
plastic action at all [3]. Between these two extremes, some other codes allow
an arbitrary degree of redistribution varying from 0 to 309, [4], [5].

In a debate initiated by the Joint ACI-ASCE Committee 428, Limit Design,
a few years ago, some basic questions on the admissibility and features of
non-linear analysis and design were investigated [6], [7]. From that debate
and other similar discussions in the literature, it became obvious that the role,
nature and extent of ductility in flexural concrete structures is not fully
understood and that some tentative conclusions on the subject were based
on insufficient factual data.

It was suggested that high grade steels were not suitable for inelastic
design, that the use of compression reinforcement (to increase duectility)
eliminates the economic advantages of inelastic design, and that elastic action
should not be allowed in reinforced concrete members subject to combined
bending and axial loads.

Some years ago one of the authors remarked [7]:

... “Tt would be ignoring reality to neglect the existence of strength reserve due to
the inelasticity of reinforced concrete and not to take advantage of it only because imper-
fect rather than ideal plasticity is proper to this material. The problem raised by the
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particular type of concrete ductility is not whether but how it should be considered. That
concrete, unlike steel, displays only a limited adaptability does not preclude its exploita-
tion, but rather requires a deeper study of its physical significance and limitations.” . ..

This paper is an attempt in this direction, and has the following objectives:

1. A proper definition of flexural ductility for reinforced concrete sections.

2. An exhaustive study of the main variables affecting ductility.

3. Some conclusions on conditions and limitations of plastic adaptability in
structural concrete.

4. Possible practical guidelines on the applicability of limit design to rein-
forced concrete structures.

The approach used in this analytical investigation is a computer simulation
of the behaviour of over 1700 reinforced concrete section specimens under
pure and combined bending. Starting from reliable stress-strain characteristics
for steel and concrete [8], moment-curvature relationships and duectility
factors are derived for an extensive range of variable combinations. Results
obtained justify a more positive view of the potential use of inelastic design
methods, when their limitations and the effects of major variables are well
understood.

Definition of Ductility

Ductility is recognized as a factor governing the rotation capacity of
hinging zones and the redistribution of moments in a structure [9]; the adapt-
ability of structures to foundation settlements and volume changes [6]; and
the energy absorption capacity of structures subject to dynamic (wind, earth-
quake, blast) loads [10], [11], [12]. Ductility safeguards a structure against
sudden overloads, impact and load reversals. For this reason it is desirable
that structures be capable of mobilizing a reasonable amount of duectility
whenever actions such as those mentioned above are foreseen. Experience
shows that the members of a structure are sufficiently ductile, for all practical
purposes, when they resist only transverse loads, are moderately reinforced
in tension, moderately to heavily reinforced in compression and shear, use
mild or intermediate grade steels, and high grade concretes. It is also an
established fact that careful joint detailing and a high standard of execution
in the field contribute to the achievement of high degrees of ductility [13].

Beyond these general qualitative facts and except for some attempts to
study the ductility of reinforced concrete sections [10], [11], [14], [15], [16],
[17], there is only a limited knowledge of the problem.

In a broad sense, ductility is taken to be the ability to sustain deformations
beyond the elastic range without a significant variation of the resistance
capacity. Such a qualitative description of duectility is broad enough to accom-
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modate the response of plastic, strain-hardening or strain-softening materials,
as long as precise limits of deformation and strength variations are not specified.

More precise definitions of duectility have to be dependent on at least the
following: a) level of study — material, sectional and structural ductility should
be defined in terms of strains, curvatures, and rotations or deflections, respec-
tively; b) type of stress — ductility under axial loading, flexure, shear and
torsion should be defined in terms of longitudinal strains, curvatures, shearing
strains, and angles of twist, respectively; c¢) nature of study — depending upon
which, it may be more or less suitable to define ductility in terms of limiting
deformations (e.g. ¢,, ¢,), differences or ratios between limiting and idealized
elastic limit deformations (e.g. ¢,—¢,, ¢,~¢,, €,/¢,, ¢,/¢,), or areas under
load-deformation diagrams up to limiting deformations or between limiting
and idealized elastic limit deformations. While the second alternative may be
satisfactory in the limit analysis and design of concrete structures, the last
may be more meaningful in earthquake engineering; d) nature of loading
(static, dynamic).

Some possible and serious confusions may arise from an interchange of
ductility definitions. Here are two typical examples:

a) The effect of high grade concrete is favorable on sectional ductility, [14],
[15] but is unfavorable on material ductility [8].

b) Lateral reinforcement is more efficient than compression reinforcement
in increasing the material ductility (of concrete), [18]; compression reinforce-
ment is more efficient than lateral reinforcement in increasing sectional
ductility [19].

This study is concerned with the ductility of reinforced concrete sections,
on the assumption that the properties of steel and concrete are known. The
investigation is limited to pure and combined bending, because these are the
most common cases when a designer faces inelastic action in structural con-
crete. Further studies should provide similar data on r.ec. ductility in shear
and torsion. As an index of sectional ductility, the ductlity factor is defined
as the ratio of ultimate to yield curvatures, ¢,/¢, . It is found that this definition
is the most widely used for evaluating ductility under static loads and is
equally significant for both steel [20] and reinforced concrete [21], [22]. In brief,
this investigation is concerned with the ductility (a) of reinforced concrete
sections, (b) under flexural action, (¢) defined as a ratio of curvatures, (d) for
static loading only.

Having defined the meaning of the duectility factor in the context of this
paper it is necessary to further define the curvatures, ¢, and ¢,. The current
practice is to assume that the ultimate curvature is associated with a con-
ventional limiting value of the concrete strain at the extreme fibre i.e.
€,=0.3%, €,=0.359%, and ¢,=0.38%, according to the ACI Code [23], CEB
Recommendations [4] and some earlier investigations at the University of
Illinois [14], [24], respectively. These ¢, values are considered to be independent
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of such factors as the longitudinal and lateral reinforcement, strain-hardening,
strain gradient, etc. A more satisfactory definition of the ultimate strain,
proposed by Riscr [25] is adopted in this study: since the primary function
of a structure is to carry loads, ¢, is defined as the strain corresponding to the
ultimate stage, i.e. at which the section reaches its maximum load or moment
carrying capacity. Similarly, the ultimate curvature, ¢,, is the one associated
with the strain, (¢,), load, (£,), or moment, (M ,), at the ultimate stage.

The yield curvature, ¢,, is defined as the curvature at which the tension
steel reaches its yield point stress. The stress-strain relationships used for
steel in the present investigation are characterized by well defined yield points.
Thus, when the tension steel in a section does not yield before the section
reaches its ultimate stage, it is either because the section is highly over-
reinforced or because it carries a heavy axial load. Instead of attempting to
arbitrarily define an idealized yield stage, the ductility factors of such sections,
possessing very little ductility, are assumed to be equal to unity in the present
study.

Factors Affecting Ductility

The major factors affecting the ductility of a reinforced concrete section
can be classified as follows:

1. Material Variables:

a) Concrete quality.
b) Grades of tension and compression reinforcement.
¢) Grade of lateral reinforcement.
d) Strain-hardening of steel.
Bond.

e)
f) Tensile strength of concrete.

2. Geometric Variables:

a) Shape and size of sections.

b) Amount of tension reinforcement.

¢) Amount of compression reinforcement.

d) Amount and spacing of lateral reinforcement.
e) Cover thickness.

3. Loading Variables:

a) Duration of loading.
b) Axial loading.

c¢) Prestressing.

d) Repetition of loading.
e) Loading reversal.
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The effects of the above factors on sectional ductility were investigated by
using a nonlinear sectional theory, realistic stress-strain relationships for
concrete and steel and a numerical method of computation developed in [8].
These have been described in a recent paper by the authors [26] and are
briefly reviewed in the next section.

Sectional Analysis

a ) Stress-Strain Relationship for Concrete in Compression

The main factors affecting concrete behaviour are: concrete strength,
lateral reinforcement, creep, strain gradient, size of specimen and type of
loading. A stress-strain relationship for concrete in compression, proposed by
SARGIN [8], takes all these factors into account by a proper choice of five
governing parameters: the concrete cylinder strength, f,; the initial Young
modulus, ,; the ratio of maximum stress to cylinder strength, k,; the strain
corresponding to maximum stress, ¢,; and a parameter, D, which mainly
affects the descending branch of the stress-strain curve. By denoting 4 =
E eylksf, and x=¢/e,, Sargin’s relationship can be expressed as:
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Fig. 1. Typical stress-strain curves for (a) concrete in compression and (b) reinforcing steel.
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Ax+(D—-1)2?
1+(A4—-2)x+Dx*

o=ksfe (1)
Equations expressing E,, k5, ¢, and D in terms of the factors affecting them
are given in [8] and are used in numerical calculations. For the sake of brevity,
these are not reproduced here. Typical stress-strain curves for concrete in
compression, Eq. (1), are illustrated in Fig. 1(a).

b) Stress-Strain Relationship for Concrete in Tension

The behaviour of concrete in tension is assumed to be elastic-brittle and
can be expressed by the following equations:

o,=H.e (for ¢=¢,),

(2)

g; = O (fOI' €t> etr) ’

where ¢,=o0,/E, is the cracking strain and o, is the modulus of rupture of
concrete. An equation expressing o, in terms of the factors governing it is
also given in [8].

c) Stress-Strain Relationships for Reinforcing Steels

The following idealized relationships, consisting of three parts corresponding
to the elastic, yield and strain-hardening ranges, and considered applicable to
most American steel grades with yield limits not in excess of 75 ksi, are adopted
in this study:

o, = Hie, (for 0=¢,=5¢)),

o-s = fy (fOI‘ Ey < ES é €sh) b (3)

Oy = fy+Esh(€s“€sh)1_' 4(0'su_fy)

(for e>ey,),

where E, is the Young modulus for steel, f, is the yield limit, €y, is the strain
at the onset of hardening, K, is the strain-hardening modulus and o, is the
ultimate stress. ,

Typical stress-strain curves for steel, Eq. (3), are illustrated in Fig. 1(b),
along with stress-strain curves for high strength steels (proof stress > 75 ksi)
and prestressing wires, which are not used in the present investigation.

d) Nonlinear Sectional Theory

With the notations and assumptions of Fig. 2, the force and moment
equilibrium equations for a reinforced concrete section, symmetrical about



THE FLEXURAL DUCTILITY OF REINFORCED CONCRETE SECTIONS 59

kg F—
P
—t— L e »
| ) Falee /7 c k,kd
[ As ! T 7 S | 2
; _j_ kd _6_
dy y ,
NA (_______ _y d — L €

Fig. 2. Basic notations in the flexural analysis of reinforced concrete sections.

one axis and loaded in the plane of symmetry, can be expressed as follows:

kd Yt
({G(e)b(y)d?/+A§0;—({0¢(€t)b(y)dy~AsCfs=P, (4)
kd
[o(e)b(y)(d—kd+y)dy+Afo(d—d)
0
Y (5)
The assumption of linear strain distribution implies:
o _ & & _¢_ S
kd kd-d d-kd y y, (6)

Egs. (1), (2) and (3) are used to eliminate o, o, and o, o, respectively, and
Eq. (6) to eliminate y and y, from Eqs. (4) and (5).

e) Numerical Method of Solution

A numerical method is developed to solve Eqgs. (4) and (5) simultaneously
in the following steps (Fig. 3):

a) Starting from zero, increase ¢, at some chosen interval.

b) For any given value of ¢,, find a value of £ by successive approximation such
that Eq. (4) is satisfied with a specified tolerance.

c¢) Solve Eq. (5) for M with the known values of ¢,, k¥ and the given P.

d) Calculate all other behaviour parameters: ¢, EI (flexural rigidity), ete.

e) Continue to increase ¢, up to and beyond the value ¢, at which the moment
reaches a maximum. ¢, corresponds to the ultimate state of the section.
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Fig. 3. Flow diagram for numerical analysis.

Using the above method of sectional analysis, 1734 sections were analyzed
under various combinations of the factors enumerated in the preceding section
(Tables 1 and 2). Some of the results of this investigation are presented herein.
The effects of the various factors on the ductility of the sections analyzed are
discussed in the next three sections.

Material Variables

The effects of concrete and tension reinforcement qualities on the M —¢
relationships of reinforced concrete sections are shown in Fig. 4. This figure
shows that, irrespective of the reinforcement percentage p, sectional ductility
increases with increasing concrete and decreasing tension reinforcement
strengths. This can be seen more clearly in Fig. 5, in which the ductility ratio
$u/d, is plotted against the reinforcement percentage p for various grades of
concrete and tension reinforcement. Each curve has a little arrowhead attached
to it, which corresponds to the maximum percentage of tension reinforcement,
P x> that can be used in sections designed according to the ACI ultimate
strength theory [23]. Fig. 5 shows that although for low reinforcement per-
cen tages fairly high ductility ratios are available for most grades of concrete
and steel, this ratio may be as low as 2.5 for some steel and concrete grades,
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Table 1. Variable combinations for various sections tnvestigated
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Sections 153-204, 205-456, 457-608, 1127-1278, 1279-1430, 1431-1582, and 1583-1734 correspond to sections 1-152 for
f;, fy = 3,60; 3,75; 4,45; 4,75; 5,45; 5,60; and 5,75 ksi, respectively.

as p approaches p,,... It must be remembered, however, that Fig. 5 is for
singly reinforced sections containing nominal amounts of lateral reinforcement
(No. 2 ties at 9” spacing). Ductility can be increased somewhat by reducing
the spacing and increasing the diameter of the ties. It an be improved con-
siderably by the addition of suitable amounts of compression reinforcement.

Sectional behaviour is affected much more by the spacing and cross-sectional
area of lateral reinforcement than by its grade. The latter was, therefore, not
studied in the present investigation.
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Fig. 4. Effect of concrete and steel grades and of steel percentages on ductility: M-¢ diagrams.

Fig. 6 shows the effects of strain-hardening of steel on the M —¢ relation-
ships of singly reinforced sections. All reinforcing steels had the same modulus
of elasticity, yield strength and strain at the onset of hardening; only the
strain-hardening modulus E was varied. The ductility ratio ¢,/¢, is plotted
against p for three different £, in Fig. 7. It can be seen that strain-hardening
of steel improves the duectility of lightly reinforced sections, but has a negligible
effect on heavily reinforced sections. Fig. 7 also shows that ductility increases
as E, is increased from 0 to 1.25x 103 ksi, but then it decreases as K, is
further increased to 2.5x 102 ksi. This would suggest that there is an optimal
values of K that maximizes the sectional ductility.
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Fig. 5. Effect of concrete and steel grades and of steel percentages on ductility : ¢u/dy-p diagrams.
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Fig. 7. Effect of strain-hardening of steel on ductility: ¢u/dy-p diagrams.
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The effect of bond was investigated through BARER’s [26] bond factor F,
which is defined as the ratio of steel and virtual concrete strains at the same
level, 1. e.

ek
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Fig. 8. Effect of bond on ductility: M-¢ diagrams.

Fig. 8 shows the M —¢ relationships of four singly reinforced sections with
F=0.25, 0.50, 0.75 and 1.00, respectively, and identical in all other respects.
The ductility ratios of these sections are plotted in Fig. 9, which shows that
ductility is the highest for the section with full bond (# =1.00) and that it
decreases steadily as F is reduced from 1.00 to 0.25.

M — ¢ relationships for sections in which the tensile strength of concrete was
totally neglected and in which it was accounted for were found to be nearly
identical. It was, therefore, concluded that the tensile strength of concrete
has no significant effect on the sectional behaviour.
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Fig. 9. Effect of bond on ductility : ¢,/¢,-p diagrams.
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Geometric Variables

NEwMARK and HALL [10] studied the effect of variations in depth on the
ductility of rectangular sections and concluded that ductility was unaffected
by such variations. The effects of sectional width and effective depth variations
on the rotation capacity (hence ductility) of rectangular sections were investi-
gated by CorLEY [28]. He concluded that ductility was not significantly
affected either by depth or by width. These conclusions, based on reliable
experimental evidence, are accepted in this study; the effects of sectional size
on ductility are not investigated.
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Fig. 10. Effect of sectional shape on ductility:
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Fig. 10 shows ¢,/¢, —p (with p=A4,/b,d, and b, =web width) diagrams for
T-sections, the overall depth, effective depth and web width of which were
equal to the corresponding depths and width (20", 18” and 10", respectively)
of the rectangular sections studied so far. The flange width and thickness were
30" and 2.5", respectively. It can be seen by comparison with Fig. 5 that the
overhanging flanges provide a substantial improvement in ductility. This is
not surprising in view of the fact that the overhanging flange area can be
considered as an equivalent compression steel area and compression reinforce-
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ment is known to have a favourable effect on ductility. Sectional shapes other

than rectangle and 7' were not investigated.

The effect of the amount of tension reinforcement on ductility can be observed
in Figs. 4 and 5. Fig. 11 illustrates sectional M —¢ relationships for various
amounts of tension steel, corresponding to a particular quality of concrete
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Fig. 11. Effect of tension steel percentage on ductility: M-¢ diagrams.
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Fig. 12. Effect of compression reinforcement on ductility: M-¢ diagrams.
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and of tension reinforcement. Figs. 4, 5 and 11 confirm that ductility decreases
with increasing amounts of tension reinforcement, and that very little or no
ductility is available for sections with very high steel percentages (e.g. 49,).
This is why most codes of practice [23] impose an upper limit on the amount
of tension reinforcement that should be used in design.

Fig. 12 shows the effect of compression reinforcement on sectional M —do
relationships. For a particular quality of concrete and of reinforcing steel,
M —¢ diagrams are drawn for various percentages of tension reinforcement
and for various ratios of compression and tension steel areas. ¢,/¢,—p dia-
grams for various p’/p ratios and for various qualities of concrete and steel
are plotted in Fig. 13. These figures show clearly that sectional ductility can
be improved considerably by the addition of suitable amounts of compression
reinforcement. This is also evident from Table 3, in which ¢,/¢, values are
tabulated for different concrete and steel qualities, various amounts of tension

05 10 15 20 25 30 35 40
P (%)

301 fe = 4ksi
p/p = 100 1y * 60
»¥p 1 075
p/p * 0-50
p/p 2025

i 1
05 10 15 20 25 30 35 40
p (%)

. L 1 1
0% (X [B-] 20 23 30 3% 40 08 10 s 20 25 30 35 40
p (%) p (%)

Fig. 13. Effect of compression reinforcement on duectility : ¢y/¢,-p diagrams.
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reinforcement and various p’/p ratios. For flexural members, the ductility of
support sections is usually more critical than that of span sections [22], because
span sections very often act as 7'-sections, so that their ductility is improved
considerably by the overhanging flange areas (Fig. 10). However, support
sections usually contain an amount of compression reinforcement. In flexural
members, the amount of positive moment steel is usually about 75 to 809,
of the tension steel provided for negative moments. If half of the steel for
positive moments is bent up, the other half automatically provides compression
‘steel in the amount A4;=0.5x0.84,=0.4 4., where A is the tension steel
for negative moments. This amount of compression steel can considerably
improve the ductility of a section. Table 3 shows that the ductility ratio of a
section with p=1.5%,, f,=4 ksi and f,=60 ksi nearly doubles from 5.35 to
9.48 when compression steel in the amount 4;=0.5 4, is added. Incidentally,
Table 3 also indicates that sections reinforced with usual, economic percentages
of high grade steel, when made of commensurately high grades of concrete,
are capable of mobilizing reasonable levels of ductility. For instance, a section
with f,=5 ksi, f,=75 ksi, p=1.5%,, and p'=0.25p, has a ductility factor of
5.48. This would appear to suggest that inelastic design is no<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>