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Stiffened Plates in Uniaxial Compression
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Introduction

Previous papers [1,2] dealt with the ultimate strength of the plane,
reetangular plate loaded in uniaxial compression. A critical review of the literature

was presented along with a possible physical explanation of the build-up
of stresses in the plate in the region of transition from elastic loading, associated
with post-buckling stability, to plastic unloading associated with geometry
change accompanying a kinematic mechanism.

The stiffened plate, whose ultimate strength is to be determined as part of
this investigation, possesses different rigidities in two orthogonal directions;
the load is applied in the stronger direction. Typical examples of this property
are to be found in the longitudinally stiffened or corrugated plate. The physical
behaviour of this element is similar to that of the plane plate described
previously, except for the relative importance ol the various stress components
generated. After initial buckling, the transverse membrane stresses are small
in a corrugated plate yet are significant in a stiffened panel. A second point
of difference between the stiffened and unstiffened elements is the nature of
the plastic mechanism which emerges in the former. For a longitudinally
stiffened plate the pattern of plastic buckling will approach a series of simple
columns restrained by transverse membrane action but not by transverse
bending which, in all cases, is small.



146 A. N. SHERBOURNE - C. Y. LIAW - C. MARSH

Elastic Loading

1. Assumptions

The investigation involves the elastic behaviour of a stiffened plate, simply
supported along four sides, which is compressed in the stronger direction, i.e.,
the direction of greater rigidity. In considering this problem, the following
assumptions are made:

1. The plate possesses infinite elasticity, in terms of its stress-strain relationship,

for the calculation of the loading line and perfect plasticity for
purposes of the mechanism.

2. Initial imperfections are neglected.
3. The load is applied uniformly and normal to the top and bottom edges of

the plate.
4. For the buckled plate, each half-wave can be considered as simply supported.
5. The edges are assumed to remain straight.
6. The strains in post-buckling are accurately prescribed by first and second

order terms in the displacements.

2. Buckling Stress

The plate has coordinates as shown in Fig. 1. To establish the buckling
stress, the deflection is assumed to be infinitesimal so that the loads per unit
width, Nx, Ny, Nxy are constant and uniform within the plate.

Fig. 1. Coordinate System.

The bending strains at distance z from the neutral axis are

Z 25

€x=vx\ €y=7y
where l/px, l/py denote the curvatures of this neutral surface in the xz and yz
planes, respectively. From Hooke's law

x E y E ' y F F ' y xyrxyi
x y y x
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where (nx and fxy are directional values of Poisson's ratio and Ex, Ey and Gxy

represent elastic and shear moduli respectively associated with x and y. It
follows that

— -^--/x-^, — =-5l_jli-^.. (1)
Px Ex V Ey '

Py Ey * Ex '

The stresses, moments and curvatures are coupled thus:

Mxz Myz

_1 _ _f_^ L

_ ^
A*

~ ^2' />„
~ dy2'

d2u (2)

y^ 2GxyZdxdy

Mxy -$yxyzdA 2 ^xy^xyT^y—,

where co is the deflection of the plate. The moment-curvature relationships
become

ey, __mx_ _m^
dx2 ExIx+^EyIy'

dy- EyIy+^Exiy (6)

dxdy 20xyIxy "»•

Solving Eq. (3) leads to
EXIX ld2üo d2oo\

Mx ~ yyyy^dxz+^w)'
EyIy /gq, g»qAi-^^+^w/' (4)

xv xv xvdxdy'

Writing D± _
^Ja; D2 ^^

L-H-xPv 1~lJ'xlxy

D3
2 (^ ^2 +^ -°l) + 2 öxy -T^

and substituting into (4) and differentiating, obtain

dx* ~ yd77^^v177d7)2y

d2My _
id*co a4o. \

8y2 ~ 2\dyT + flx7c28y2f'

£4w

(5)

PMxy
dxdy A—g (^^2+ ^1/^1) dx2dy2'
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For a stiffened or corrugated plate one can assume \jlx fjiy equal to zero [2]
leading to

d2M d2M d2M d*to d*a) d*a>

dx2 dxdy
"*"

dy2 xdx* 2dy* sdx2dy2'
K }

The equation of equilibrium for plates is given as [2]

d2M„ ^d2M^, d2M„ I „ d2co _ d2co _ d2

dx2
^d2Mxy d2My I ^ d2co

AT
d2co

rtlVT d2co\
_2 _^ _i v — —\a-\-N \-N \-2N 1

dxdy^ dy2 \q^ xdx2^ ydy2^ xydxdy)

Since the plate under consideration suffers pure compression in the direction
x, q Ny Nxy 0, from which

t^ d4co _ ^ d4oj _ <94a.
,T d2co

dw+2D*j^+d*w=-n*^- (8)

Assuming the plate buckles into m half-waves in the x direction and only one
half-wave in y, then transverse deflection can be represented by

~ mirx iryw ocos cos^s (9)ab
where a is the half wavelength in the a;-direction. Substituting into (8) leads to

M~=MD^h2D>+D'{Ml ,lo,

where t' A\b, A is the cross-sectional area of the plate and b is the width.
This equation can be written in the form

cr b2t' '

7. tmb\2 ,D3 D7 a \2where z=(-r)+2Ä + ^W- (11)

Values of K are plotted in Fig. 2 against aspect ratio ajb. The intersection of m
and (m + 1) half waves is at

a

where

ßim(m+l),

'-(ST
Assuming m=\, the smallest value of critical stress is obtained when

dov,„ a t/D1

¦0
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ß b is thus the length of one half wave and the critical stress becomes

This case is represented by point A in Fig. 2.

(12)

He

Q |Q
+

+
CM

11°

08 ~ m

0-6

0-4 \ m =2 /
A

m= 3

0-2

I 1 1 1 1 1 1 1

u 123456789 10

a/b

Fig. 2. Buckling Coefficients for Simply Supported Stiffened Plate.

t3
In the case of a stiffened flat plate one may assume Iy 12n_ 2., where

t is the thickness of plate and p is Poisson's ratio for the material assumed

independent of direction and having a value of approximately 0.3. Thus

J \l/4-*- w 1

In the case of a corrugated plate

/,= Vtrx>

where

and

leading to

71 =6i T

v \2(\-y)-q'
ß =1.8(,^)W,

where rx is a radius of gyration of the section.

If torsional effects are neglected and /xx=/x!/ 0, then, for a long plate, i. e.,

a>ßb, from (10)
E7 EI„2 TT2

b2? ß2(l-^xH.y) bH'ß2
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or Crcr ——9 (13a)
A2

where A (W__0.7*£.

For a short plate i.e., a<ßb
n2E tt2 f., lb\2 D1la\2'\ tt2EIxI a* \ „„,

where A

iym"r'*
One may conclude that the value of the critical stress for a corrugated or

stiffened flat plate, compressed longitudinally, is given by the following
equations:

7T-E
(Tnr _

r2
Jcr ~ \2

b R
where A 0.7—- for a>ßb

r' X

and A .—r—^ — for a < ß b.

nm r*

The aspect ratio is

/ r \1/2
ß I.8J77—J f°r ^e corrugated plate,

II \1/4
j8 1.8 -^) for the longitudinally stiffened plate.

3. Post-buckling Behaviour

The energy method is used to derive the relationship between load and
central deflection of the plate assumed to buckle in one half wave only. The
deflected shape of the plate is given by the following

~ ttx iry
O) öcos — cos -f-,a b

which satisfies the boundary conditions of a simply supported plate, i.e.,

4. A A 5 ^ ^ Aat x 0, y 0, o) 8, —— —- 0,dx cy
a 82,

at X=±2> tO dx^ 0>

b d2co ny ±2> CO=W °-
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Since the edges are assumed to be straight, the displacement components u
and v in the middle plane of the plate, corresponding to x and y directions,
can be chosen as

_. 2ttx -ny
u B sm cos -=— + % x,a b

(14)
^ 2rry ttx

v C sm cos \-]y,

where B, C, i, j are coordinate funetions. The second part of the expressions
correspond to uniform movement of the boundaries.

The components of strain at the median surface of the plate are

(15)

€x
du
dx

iidw\2
2\Jx~j '

€V
dv
dy

ildw\2
Ady) '

dv du da
Jxy dx + dy+ dx dy'

The corresponding membrane strain energy is

b/2 a/2

(16)

VM=2J I (7l<Tx€x + °v€v + 'rxvyxv)dxdy'
-b/2 -a/2

For a corrugated or stiffened plate ^X /Ly 0, as before, such that

ax Ex €x > °v Ey €y and Txy Gxy Yxy

b/2 a/2

and Vm=2 | j (V Ex4 + Ey4 + Gxy7xy)dxdy'
-b/2 -a/2

The strain energy of bending is

b/2 a/2
1 f f /._-. d2a> -__. d2a> ^ lir d2a> \ 7 _

v* -2.) J \M'0*+M'W+2M"Mddxdy
b'2 a'2

and substituting from (4), (5) into the above, leads to
b/2 a/2

-b/2 -a/2

The final forms of membrane and bending energy are obtained by substituting
equations (9), (14) and (15) into (16) and (17), separately to yield
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"-_H"K8"-i4H4^s')]

The work done by the external load is given by

b/2
VE -2\pu\x=al2dy -Pia, (20)

-b/2

where p is the applied load per unit width, while P is the total load. The total
energy of the plate may be written as the summation of VE, VB and VM.

v=vE+vB+vM.

In accordance with the theory of Minimum Potential Energy, post-buckling
equilibrium is governed by

BV_BV_8V_
dB~ de ~ ds -°- (21)

Furthermore, for a Virtual displacement, the internal and external works are
identical, i.e., p8u 8(VB+VM). Differentiating with respect to i, leads to

^(Vb + Vm-Pu) 0 or ^ 0. (22)

From Eqs. (21) and (22), the following four equations are obtained

&V n ti T1\n2blnTi 2S2\1 _ r^2«D 32^ tt2 S2"|.

8V a *fr. M»/«.,. 28*\1 r, \^bn 32
_»

"»8*11 ,u.

W ° ^MwH.ä*)+^(ä)J

xvll6ab 3 a& J 4 afe J

0* (d)
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The value of j is derived from the condition that the applied force at two
boundaries is zero, i.e.,

a>2 a'2 f ±aC 2-Try tt2 a ttuX
py 0=J^Gy\mtdx tEy^ydx tEy\ja + -j-cos-y- + — ^S2sin2-H,

such that 1 b 462'

From (a) and (b)

0.46 02xu+ 1.33 r, ExEy+[4.2l (A)s v EX+3.29^J Ex] Gxy §2

(e)

G

B

.20 G2xy + 39.4 v ExEy + [9.85(|)\ Ex+ 9.85(jJ Ey]Gxy b

0.46 G2xy + 1.33 ^„ + [3.29(|)' r? ^ + 4.21 (f)* tfj Gxy g2

1.20G|„ + 39.4VEXEV+ [9.85(|)*,Ex + 9.85(f)*Ey] Gx

while from (c)

_ 8_B
_ tt2!.^ _ _4Cla\2_Ey_ _

9 77^ a'
82 tf„^ 7f)1^1L_JLJL8.-

a ft**ij^x 3b\bj VEX 32 a2 32bi~vEx
n2 Gxy 4 a£ + 6C fl^

862 ^,3 62 ^x"
Substituting C and 5 into the expression for i leads to

TT2!)^ S2 1

+

b2tvEx b2
1.20G2u + 39AvExEy + 9.85[(l)\Ex + ffiEy]Gx

[l05.5(|)2+13.98(|)2i + 69.85^]^x^
+

Substituting the expression for i into Eq. (d) yields a load-deflexion relationship,

^2D1K S2 „ 1
P - ¦E r>th

b* 20 G2, + 39.4 vExEy + 9.85 [(^)2 ^ ^ + (f)* Ey] G:

[57.0g.l3.98(2)S-|-.57.75^],^_,
(23)
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4. Analytical Results

a) Zero Transverse Plate Stiffness (Corrugated Plate). If it is assumed that
the elastic modulus in the transverse direction of a corrugated plate is very
small, i.e., Ey 0, Eq. (23) reduces to

P >DlK J^*2-81(£^^

Taking

P

Ex E,

¦n2DxK

G

1.20 Gxy + 9.85 v^fE*
E

and fx, 0.3.

S2.

Erjtb

xy 2(1+^)
_ ah lb\2 0.036/a\2 „„

0.451 (ff + 9.87 7?

(3- (23a)

b) Finite Transverse Plate Stiffness (Corrugated Plate). If the transverse
membrane stress is not negligible, the value of Ey should be determined. It is
assumed that the fold angle for the corrugation, 6, does not change under load.
Then, to find the effective modulus, the problem can be treated as involving
a linearly loaded folded plate (Fig. 3).

y>
FyJ^. A*

5$

-b-€-

(a) DETAILS OF CORRUGATION (b) DEFORMATION OF EDGES
Fig. 3. Corrugated Plate.

The deformation in the direction of F (the membrane force per unit width) is

Fl Fl3
8=^cos2^ + 3^7sin^-

The strain in the direction of F thus becomes

such that

F 4:Fl2 sin2d>
€==__C0S(^+______ ^H(.'H-

E

cos2^.[l+4(|j2tan2^]'
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but in =— r and Isind* =-,t cos(f) 2

TT „2
hence Eni

1 + *®
where E is the elastic modulus of the material and 17 is the ratio of developed
to net width. With the value of Ey and Eq. (23), it is possible to obtain the
load-deflection equation for the case of small transverse membrane stress for
which the assumption that 6 constant is valid.

c) Zero Edge Transverse Stress (Corrugated Plate). Eq. (23) is derived under
the assumption that the supported edges remain straight and there is a transverse

membrane stress distributed along the supported edges. In most test
specimens, however, such as the tube tests, the supported edges are free of
stress if the shear stress is neglected. A modification of Eq. (23) can be made

by assuming the transverse membrane stress obeys the function

n 2ttx ttv
cr„ o-y.eos cos-7-.u u a b

The coefficient ay, which is the transverse membrane stress at the center of
the plate, can be found from the assumption that the supported edges remain
straight. Therefore, the transverse shortening due to the pure compression at
x a/2 i.e., the loaded edge, is equal to the transverse shortening at x 0

(Fig. 3b), i. e., the section of maximum lateral deflection. At x a/2, the total
transverse shortening is

ö/2 b/2

€ J€* ^Ja2C0Sxdy
-b'2 -b'2

2b al
E„

At x 0, the transverse mid-plane length becomes

b/2 b/2

S b+ \ ey\x=0dy 6 + -^- Oycos^-dy b +
-b/2 -6/2

b/2

*-<»->-i/(SL*-(f)

26 ay
TT Ey

2o2b>

~4T
-b/2

Substituting the expressions for e and S into the above equation gives

fS\2•:-£*.(.)
The membrane strain due to the transverse membrane stress in Eq. (18), i.e.,
the term with the coefficient Ey, should be replaced by the following expression
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b/2 a/2 b/2 a/2

YEy\ j-l^dy=^j J(cos^cos^)2^% ^a6(|)4.
-b/2 -a/2 -b/2 -a/2

After replacing this term in Eq. (18), we may obtain B, C, and i from a similar
procedure as used previously. The final results are

B

C

*s2 T&)2vE*+(i~S)G*
a *«(!)% Mt-(¥)K'

tt282 (ir _ S)(«) v E*+(l ~ 8)Gx

-*(3%Mt-(¥.k'

i Tt2DxK 07~Ma/S\2 Ey 183-6(«) VEx + 22AGxvi8\2
¦b2r)tEx ¦ \bj \b) VEX 97(i)«,^+11.6öflf W

21-2(£)V« + 2-3g*»/8\»g,
\bf vE^

and the total applied load is given by

n2D,K _, ,.L„K/a\* Ev 64A(ä)2rlEx + S.lGxy,b,2
7 .ßx?7-6{0.755 r —#- + tttf -b \ \b) r,Ex 97__%ß +n.60„W

P

+
21.2(|),,^ + 2.3gaF QxAh
97^fvEx+U.6Gxy ^7

'0'^.-
2

62*

(23b)

(i^. Zero .SW^e Transverse Stress (Stiffened Fiat Plate). The previous result,
Eq. (23b), has been derived on the basis of a corrugated plate for which the
transverse membrane stress along the unloaded edge is presumed to be zero.

w
For a stiffened flat plate, however, Ex Ey E, Gxy /jl 0.3 and

Eq. (23b) can be rewritten as

P - i2DxK-'«»m™®
+ 3.04(»)%l7.96ÖVio.3_.l!.

\aj rj \aj rj JJ

+
<)V+ 4.25

64.4(|)%
(24)
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Plastic Post-buckling

1. Introduction

The mechanism shown in Fig. 4 is assumed to form within a long, plane
plate after the ultimate load is reached. In a rigid-plastic theory, the plate is
assumed to remain plane prior to the attainment of the ultimate load. The
hinge pattern proposed consists of flat planes rotating about particular axes,
some flats moving outward and others inward. All the hinge lines are assumed

SIMPLY
SUPPORTED
BOUNDARIES

PLASTIC
HINGES

28

Fig. 4. Plastic Mechanisms.
MULTI - TIER BUCKLING

(LONG PLATE)

ASPECT RATIO kr > 3

SINGLE-TIER BUCKLING
(SHORT PLATE)

ASPECT RATIO ¦ • * 3

to remain straight and triangulär segments rotate about their edges. As soon
as the mechanism is formed within the plate the applied load will decrease
with increasing deflexion. It has been assumed that the wave length of a

plastically buckled plate has the same value as the wavelength in elastic
buckling; because of the development of membrane stresses, however, the
longitudinal half wavelength become smaller with increases in lateral deflexion.

Owing to the relative rigidities for the two directions of the stiffened plate,
analytical arguments suggest that the triangulär areas adjacent to the unloaded
edges become very narrow. It follows, then, that a mechanism pattern can be
assumed as shown in Fig. 5 and the lateral deflexion of a typical horizontal

yield line is a function of the form, §cos^~. The transverse membrane stress

has the distribution shown which is also a cosine function in the transverse
direction. The normal component (z direction) of the transverse membrane
stress is assumed to be specified by

t=yy) cos iy d2oj

TJy2'
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B*

ASSUMED
TRANSVERSE
MEMBRANE
STRESS

NORMAL
COMPONENT OF

TRANSVERSE
MEMBRANE
STRESS

Fig. 5. Mechanism for Long
Stiffened Plate.

SECTION A-A SECTION B-B

where T° is the transverse membrane force intensity at x 0, y 0, and the
deflexion a> is assumed to be

Tryy^-7 cos

2. The Corrugated Section

The buckled plate is treated as an aggregation of strips in the x-direction,
having a cross-section as indicated in Fig. 6. Each strip is treated as an
equivalent column which buckles into the shape shown in Fig. 6b. Considering one
part of this strip, AB, one finds that, in addition to the plastic moment, M0
and applied load P, there is a distribution of lateral load along A B which is

actually the normal component, /, of the membrane stress given by

/ y^ymn-y) (25)

The membrane stress at x 0, y 0, can be found by considering the cross-
section of the central corrugation, where, at large deflection, plastic moments
occur at the fold (ridge) due to tension (Fig. 3 a) such that

Jf„ Fd- T«\.

For a section of thickness t under tension, jT°cos</> Tq/tj, the plastic moment
is:

T°-">y-i+iy~{zand (26)

where ct0 is the yield stress of the material. Fig. 6 a shows the cross-section of
a strip. If Ax is the area in compression and A2 is the area in tension, then the
net area for a single strip
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AREA A

7

-AREA A2 (SHADED)

(a) CROSS SECTION OF CORRUGATED STRIP
[SECTION SS' IN (b)]

|P

Fig. 6. Buckled Shape and Membrane
Action in Corrugated Strip.

PLASTIC
HINGE

A.>XMp

Z 8cos-^ h^C'B

tp

T° *(if (cos fT
iToS(^(cos^

CALCULATED NORMAL

COMPONENT OF TRANSVERSE
MEMBRANE STRESS

(b) BUCKLED SHAPE

ä. — A-^ — y±2

and A, —A9 2 a. t where a is the distance shown. Letting -—rt i the1 l sm<f> & sin<£

applied load on this strip is

P a0(A1—A2) 2taa0 OY oc

2tc (27)

The limit moment becomes

M0 2A2äci0= 2A2-
> + «

a0=-(i*-2^a)j^a)(70J

where A* Ali-\-A2 is the total cross-sectional area of the strip. Substituting
(27) into the above expression

and since A * ^ td

A* d P P2

*. —*.+<^-">IT-iR

„ A*d P2
(28)

0
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From the condition of moment equilibrium of strip A B.
a/2 a/2

Pz MQ + s^ fdx-s fxdx.a

6

Substituting Eq. (25) into the above

b
Pz M0 + ^T«o^J\cos-

Using expression (28), this equation can be rewritten as

m+m(^y-fkT°im-yh-
since A* rjst, z hcosJ~ and setting -^— p

and substituting (26) into this equation

^+4(l)(l)^cos?-1

-ymmi-^yywMf-
^-8--T%(f)(l)(l)[-^RgF](irK

(29)

|cosT

where 8* is a modification factor of the plastic buckling equation for the
column.

The total applied load on the plate is given by
b/2

P a0r]btSpdy. (30)
-b/2

On substituting the values of rj, a, b, d, t in Eqs. (29) and (30), a relationship
is obtained between P and 8/6, which is the plastic post-buckling unloading
line. This equation is expressed in non-dimensional form and the parameters

r=— —T and A -T- are used.
Po oo A b

3. The Stiffened Fiat Plate

A cross-section at a hinge line of the stiffened flat plate is shown in Fig. 7.

A tension area is assumed to develop from the end of the stiffener (shown
cross-hatched). ^4.4' is the neutral axis dividing compression and tension areas.
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In this case, when the stiffeners are equal angles, of thickness equal to the
plane plate, the total applied load over this section is

P crQt(8 + 2x).

The resisting moment of the hinge section becomes

d2 IIPMto-Mj- ¦

2 4{8t + - (£-*)}
and using a moment equilibrium equation similar to that used previously,
obtain the load-deflexion relationship

(yy>(yyy-yym-B*h^ *D

This equation is not applicable after ^4^4' reaches the corner of the stiffener,
i.e., x^t. For this case, the resisting moment can be considered to be taken
by the stiffener only.

td2
^0 ^0-2"

and the equilibrium equation reduces to

(^)2(C°S iry (32)

Fig. 7. Section of Stiffened Plate.

>z*Jr 1^^ T""1^-^
t

1
1

U-/-J
Su M' "\T

Fig. 8. Moment Distribution
Across the Stiffened Plate.

The load is taken by the flat plate portion of the section and the stress will be

less than the yield stress, i.e., P' Stue where ae is the elastic stress. When
x t

d2
Sto0z* Mq or z* —-=.2 o

Therefore, when the deflexion of this section is less than Z*, the load-deflexion
relation will be given by Eq. (31). For x<t, the appropriate load deflexion
relation is given by Eq. (32). Fig. 8 gives the moment distribution across the



162 A. N. SHERBOURNE - C. Y. LIAW - C. MARSH

plate. The total applied load on the plate is

2/*_ b/2_

P=2J^dy + 2J ^dy,
0 y*

where P and P' are given by Eqs. (31) and (32).

Experimental

1. Corrugated Cylinders

Tubes of square cross-section (Fig. 9) were tested under uniform edge
compression to determine the behaviour of a simply supported plate subjected to
inplane compression. The tubes were fabricated from 575-H 34 aluminum alloy
with a tensile stress-strain relationship shown in Fig. 10. The yield stress
obtained from a 0.2% strain offset was taken to be 32.0 ksi.

DIAL GAUGES

C\ .-TRIANGULÄR
r\/—y CHANNEL

7-tr-£(CORRUGATED
PLATE

40

30

ft 20-

02 0-4 0-6 0-8 10

STRAIN (%)

Fig. 10. Stress-Strain Relationship 575-H 34
Aluminum Alloy.

Fig. 9. Tube with Corrugated Walls. Fig. 11. Cross-Section of Corrugation.

Two different cross-sections of corrugation were used (Fig. 11) and Table 1

gives the properties of these two cross-sections. Seven tubes with cross-section I
and four tubes with cross-section II were fabricated from corrugated sheets.
Small tolerances on the dimensions were specified to ensure uniform loading
on the horizontal edges during testing.
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Table 1 Details of Corrugated Test Specimens

Corrugated Cross-Section I
t 0 067 m.
s 0 906 in.
d 0 407 m.
R 0 112 m

Area/unit width 0 087 in2/in
/ar/unit width 11 25 x 10 4 in4/in
Radius of Gyration 0 114 in
Jy/unit width 0 213 X IO"4 in4/in

Corrugated Cross-Section II
0 032 in.
0 488 in.
0 220 m.
0 100 in.
0 040 ina/in
1 56xl0-4in4/in
0 0625 in
0 025X 10-4/m4/m

In order to ensure hinged boundary conditions at the loaded ends, round
bars and triangulär Channels were used to distribute the load in all the type I
tubes. A comparison between the analytical and the experimental results did
not produce good correlation for short tubes. This is attributed to the triangulär
Channels which did not produce a satisfactory edge condition. On the other
hand, the long tubes, whose sides buckled into more than two half waves
showed a closer correlation between test and theory. The conclusion to be
drawn from this result is that the simply supported boundary condition may
be obtained by considering a one half wavelength of a long sheet as a simply
supported plate. In all the tests performed, the loads were applied by a 200fc

Riehle Screw Gear Machine possessing two rigid flat platens. The resulting
buckling pattern supported the view that the load was applied uniformly
along the tube edges.

Four dial gauges were placed on each of the four sheets of a tube to measure
the lateral deflexion of the centre line, i.e.j #-axis. If the plates of the tube
buckled into one half wave, as they did for a single case, the maximum deflexion

30"2 5 4
2 48 0 032TRANSVERSE STRESS

AT EDGE(Eg 23) PL I 950 22

2 78 b/d
NO TRANSVERSE ^
,^SEDGES(EgT23b) ° EXPERIMENTAL RESULTS

2 0

LOADING LINES

I 5 NO TRANSVERSE STRESS
IN PLATE (Eg 23a)

I 0 UNLOADING LINE

05 o"

0 05 0 10 0 15

NON-DIMENSIONAL CENTRAL DEFLECTION S/b

Fig. 12. Load-Deflexion Behaviour of the Corrugated Plate (Type II)
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was found by assuming that the buckled shape was a cosine curve. For other
tests, in which there was more than one half wave as many dial gauges were
moved to the positions of maximum deflexion as half-waves at the time they
were noticed.

In Figs. 12 to 19, the experimental results together with the theoretical
elastic (Eqs. (23), (23a) and (23b)) and plastic (Eq. (30)) post-buckling curves

^-TRANSVERSE STRESS\ AT EDGE (Ea 23)
30

3 58
0 22
2 78

m 3

\ 0 032
Pcr= I38k
b/ä= 16 2

2 5
NO TRANSVERSE STRESS
AT EDGE (Eg 23 b)
V ^ NO TRANSVERSE STRESS
' ~IN PLATE (Eg 23a) O EXPERIMENTAL RESULTS

20
LOADING LINES

I 5 UNLOADING LINE

I 0

0 5

015

S/b

0 05 0 10

NON-DIMENSIONAL CENTRAL DEFLECTION

Fig. 13. Load-Deflexion Behaviour of the Corrugated Plate (Type II).
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0 05 0 10 0 15
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Fig. 14. Load-Deflexion Behaviour of the Corrugated Plate (Type II).
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were plotted on load-deflexion diagrams. The elastic post-buckling curves
represent three cases:

1. Eq. (23) - using the value of Ey derived, this equation is based on the
assumption that the plate has straight supported edges and a Variation in
membrane stress along the edges.

2-5-
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1 15
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w io

O 05
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b 8-313" t 0065"
d 0-407" F£r 4-4k
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LOADING LINES—^/ / / ^\. O O EXPERIMENTAL RESULTS

/ °/ ^^^
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1 1 1
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Fig. 15. Load-Deflexion Behaviour of the^Corrugated Plate (Type I).
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Fig. 16. Load-Deflexion Behaviour of the Corrugated Plate (Type I).
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2. Eq. (23a) - no transverse membrane stress exists in corrugated plates.
3. Eq. (23b) - edges are straight and free of transverse stress.

It is found that Eq. (23b) gives the best agreement between theory and
experiment. In the case of short plates, m < 3, the experimental results gave
a higher value of load than the theoretical upper bound for the elastic loading
path as obtained by Eq. (23b). This apparent paradox is due to the short
tubes not satisfying the simply supported boundary condition at the loaded

/^__TRANSVERSE STRESS
/ AT EDGE (Eg 23)

L 32" m 2
25 — N. / /NO TRANSVERSE/ A_ STRESS AT b 8 313" t 0 065"

d 0 407" £_ 5 35k£LÖ / / EDGE (Eg 23 b)
Q_ LOADING LINES—, ß 2 71 b/d 20 0

q 20 — v\/ O EXPERIMENTAL RESULTS
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< 1 5 /° X X """~---^
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Fig. 17. Load-Deflexion Behaviour of the Corrugated Plate (Type I).
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Fig. 18. Load-Deflexion Behaviour of the Corrugated Plate (Type I).
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Fig. 19. Load-Deflexion Behaviour of the Corrugated Plate (Type I).

edges. For these cases, there was only one half-wave formed and the condition
at the loaded edges was partly fixed, rather than simply supported, leading
to a higher critical load. For the remaining tubes, i.e., where more than two
half-waves formed, the simply supported edge condition was closely approximated

and hence good agreement with theory was obtained.
For the plastic-post-buckling curves shown, it is observed that, for the

same load, experimental results give slightly larger deflexion than those
obtained theoretically.

2. Corrugated Plate

A 30" X 2.48" tube, with thirty-four strain gauges attached to one of its
four sheets, was tested. The strain gauges were distributed in a region as shown
in Fig. 20, which was presumed to be one of the largest lateral deflexions.
Gauges were also placed along one edge of a given sheet near a supported edge,
five on each of the inside and outside faces; these gauges were oriented to
determine the transverse membrane stress along the supported edge. Ten

gauges were positioned along the centre line of the plate, y 0, five on each
face, inside and outside, of the sheet; these were used to measure the
longitudinal strain. Six additional gauges, three on each face, were located across
the plate to determine the longitudinal stress along the y axis.

In considering the longitudinal stress of a corrugated plate, the longitudinal
strain due to the transverse membrane stress is small, hence the effect of transverse

membrane stress will be neglected. Under this assumption, the
longitudinal stress can be determined from the strain in that direction by employing
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Fig. 20. Distribution
of Strain Gauges.
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Fig. 21. Variation of Longitudinal Stress
along the #-Axis at y 0.

the known stress-strain relationship of the material. On the other hand, in
considering the transverse membrane strain, the longitudinal stress is
significant. From Hooke's law and taking Poisson's ratio /x 0.3, the transverse
membrane stress can be obtained as



STIFFENED PLATES IN UNIAXIAL COMPRESSION 169

E
Gv 1 _„2 (€y + /X€J»

where ey is the transverse strain and ex is the longitudinal strain.
It must be emphasized that Figs. 21 and 22 show the distribution of stress

in a region (8 inches in the longitudinal direction) which is longer than the
actual length of a half-wave. The theoretical half-wave length at elastic

17" ^ H

\r~^

r ^ T T V

17~

Fig. 22. Variation ofTransverse Membrane
Stress along the Edge (y= ±6/2).

buckling was found to be equal to 6.85 inches for this case. Furthermore, as
indicated in Appendix II, an approximate formula is derived showing that
the buckled length shortens under increasing load and deflexion. For example,

at P 6.81fc. — 0.125 and K ——-. the half-wavelength decreasinoi; to
0 Y.TZ ' ° °

5.65 inches.
The experimental transverse membrane stresses, i.e., the average values

in Fig. 22, were found to be very small along the supported edge. Hence the
assumption that there are negligible membrane stresses along the supported
edges is shown to be reasonable. With the values of stress on both faces of the
plate, the approximate distributions of stress across the section in either transverse

or longitudinal directions can be plotted as shown in Fig. 23, and the
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moments can easily be calculated. In Figs. 24, 21 and 22, the last entries of
the patterns shown (i.e., a1 — a0 or a0 — oj) represent only a measure of the
Variation of bending moment. These stress differences are not proportional to
each other in corresponding figures. The variations of moment in the
longitudinal direction (Figs. 24 and 21) show good agreement with the theory. In
the transverse direction, however, the moments do not agree with the assump-

/|^<TO

(a) DISTRIBUTION OF
TRANSVERSE
MEMBRANE STRESS

(b) DISTRIBUTION OF
LONGITUDINAL STRESS Fig. 23. Stresses in Corrugation.
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1 I 1

<Si-°
* 3 99* r 1

P«5 95 1 1

P -811
1 1

P»8 44

P«8 43 r^
Fig. 24. Variation of Longitudinal Stress p**«

along y axis and x 0.

tion of a simply supported edge. This is caused by edge restraint which arises
from twist at the edge. The value of this resisting moment is small in
comparison with the moment in the longitudinal direction. For example, in the
transverse direction, at P 6.81k, a2/I 45.0 ksi, the maximum amount of
twist at the edge is equal to 3.6 x IO-3 lb in/in, while, for a stress difference

-crxi 48 ksi the maximum longitudinal moment is 4.5 X 10_1 lb in/in.Jx0~

3. Stiffened Fiat Tube

A stiffened flat tube, with dimensions 30" x 7.5" X 7.5", was tested under
axial compression; the load was applied by a hydraulic jack. Along the loaded



STIFFENED PLATES IN UNIAXIAL COMPRESSION 171

edges, the ends of the stiffeners were trimmed at an angle of 45° to ensure the
simply supported edge-condition. The stiffeners were 5/16" X 5/16" angles,
with a spacing of 1.5". Fig. 25 shows the cross-section of this tube.

The plate and stiffeners had the same thickness, namely 0.032". Upon
loading, the sheets buckled into a one half-wave configuration. Soon after -

wards the tube failed, local buckling occurring at the corner before the ultimate
load was reached. Hence, the results represent essentially only elastic behaviour
as given in Fig. 26.

Fig. 25. Cross-Seetion of Stiffened Tube.
I
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Fig. 26. Load-Deflexion Behaviour of Stiffened Plate.

The experimental results for this tube in elastic, post-buckling are shown
to be in sharp disagreement with Eq. (24). This result may be attributed to
the corners of the stiffened tube not remaining straight under loading. When
this occurs, the membrane stress, (a°y)' can be easily found by assuming ä
relative shortening 8' (Fig. 26). The following relationship for the transverse
shortening of the mid-plane can be derived

b/2

-b/2

2 8*6
4 '
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where S and € have been defined previously. After substituting the values of
S and e, obtain

K)' _ 4/6y>S'(.)'K) ^2\3/ b'

where (cj°) — Tä^y\~t) is the membrane stress with straight edges. Hence

if 8 is measured in the test, the corresponding membrane stress can be esti-

mated. For example, if -r- 0.006 and j- 0.05 then

K)y_ i
K) 25-

The actual shortening could have been measured but, in this test, no such

Information was recorded. Fig. 26 gives the test results and the theoretical
results for the straight edge-condition. The square (as shown) is computed at

- 0.05, assuming y 0.006, i.e., 8 0.045".

Conclusions

The buckling and post-buckling behaviour of a plate with two different
orthogonal rigidities has been investigated. Corrugated and stiffened flat
plates have been used to represent this type of structural element. In the case

of long corrugated plates, the critical loads have been shown to reflect good
agreement between theoretical and experimental results. In the case of short
tubes, the critical loads have been underestimates, since the existence of a

resisting moment at the loaded edges prevented the simply supported edge
condition from being realised,

Three different distributions of transverse membrane stress in corrugated
plates have been assumed. The experimental results show best agreement for
the case of zero transverse membrane stress along the supported edges.

The compressive stress along the loaded edges was assumed to be uniform
and the supported edges assumed to remain straight in the theoretical analysis.
Strictly speaking, however, this is not true due to mid-plane deflexions. Furthermore,

the experiments on box sections show that the supported edges do not
remain straight under loading. The deformations of the edges will be small in
a tube of corrugated sheets due to the rigidity; the deformations are significant
in a tube of stiffened flat plates.

It is noticed from the test results that plates with large values of -r i.e.,

with small corrugations, have significant elastic postbuckling strengths

compared to those with small -j.
Generally speaking, good agreement has been obtained with corrugated

plates when the behaviour is elastic. The experimental results for plastic
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unloading are somewhat higher than the theoretical curves. In the test of a
stiffened tube, the theory failed to give a good description of the elastic
postbuckling behaviour because of deformed edges and eccentricity of loading.

The phenomenon of changing wavelength, after buckling, was not
considered in the main text. A discussion is given in Appendix IL

The following suggestions are made for further tests:

1. The minimum length of tube should be at least three times the length of the
elastic buckling half-wave.

2. Sections with small corrugations (-j> 15), should be employed.

3. The deformation of edges should be measured in tests to define the actual
boundary conditions.

4. A symmetric section of a stiffened flat plate which has stiffeners on both
sides is suggested.

5. Tubes fabricated from continuous sheet are suggested as opposed to those
made from four independent sheets joined by rivets as reported here.
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Appendix I
Notation

The following symbols were used throughout this paper:

a half wavelength of buckling
b width of plate
d depth of corrugated cross-section
E elastic modulus
Ex, Ey elastic moduli in x and y directions
/ normal component of transverse membrane stress

Ix, Iy moments of inertia in x and y directions
L, l length of plate
A, A* area of plate cross-section; cross-sectional area of single strip
M0 plastic moment of hinge section
m number of half-waves
P total applied load
P0 squash load

P applied load on a strip of plate
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p nondimensional applied load PjA * a0
S length of post-buckling curve at mid-plate (x 0) in transverse

direction
s net width of single corrugation
T, F transverse membrane force per unit length, width
T° transverse membrane force intensity at origin (0,0)
t true thickness
t', t equivalent thicknesses

u, v the displacement of mid-plane in x and y directions
w deflexion at (x, y)
z deflexion along y axis (x — 0)
8 deflexion at centre of plate
A nondimensional deflexion 8/6

77 nondimensional thickness t'\t — Ajbt
fi Poisson ratio
jjlx, fiy directional values of Poisson's Ratio
€ shortening of plate in transverse direction
ax, ay stresses at (x, y) in x and y directions

<iy, a°x stresses at origin (0,0) in x and y direction
axi>axQ I measured stresses inside and outside corrugated sheets

Vyl'VyO I

<r0 yield stress of the material
ß aspect ratio ajb
0 fold angle of corrugation
<f> Single between corrugation and mean plane of plate

Appendix II
Changes in Wavelength of a Stiffened Plate After Buckling

Consider a plate, under uniform edge stress, a, whose deflected shape is of
the form

- ttX Try
a> ocos—cos-t^, (a)ab

where a is the half wavelength.
The strain energy is:

*.-ra4i.+(_)>«%:«]" ,b)

.and th,e work done by the load is

TT2 b
W -^--ut'o2. (c)

8 a
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A membrane stress is assumed

Try 2ttx
ct™ a°cos-^cos (d)m b a

If the edges remain straight, then the shortening due to compression equals
the lengthening due to tension minus the difference between the are and chord
lengths, i.e.,

772S2 2 ft
b 2a°b

46 TT Ey TT Ey '

¦¦tr-

The strain energy due to membrane stress is:

b/2 a/2 b/2 a/2

§«6(l)v

-b/2 -a/2 -b/2 -a/2

7T«E„

(e)

204 B

Using W U1 + U2 gives

6»*' |_W +\b) Di X>! J 256 fe* \*'

let§ &6, _,/6 ÜT

ff _ "*Di \J- + K2^ + 2^1 +-^M(K)2(k)2±a-^Hr[K2+K D1+2D1\+ 256 (Ä) (*) *'

for amin, ^. 0

or K*

dK
7T2Ey b2

256 _V

A

4 /"W"
The assumption made in this investigation i. e. ^ ß ]/yp> is acceptable in
the case of corrugated plates since ß is equal to K if 2?^ is small.

The foregoing analysis assumes that the axial compressive stress remains
uniform. The fact that the axial stress varies across the plate does not change
the preferred wavelength for a given deflection.
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Summary

An investigation is made to ascertain the buckling and post-buckling
characteristics of plates with different orthogonal rigidities, the load being
applied in the stronger direction. The energy method is applied in Computing
the elastic, post-buckling loading line and an approach from column theory is
utilized to obtain an approximate Solution to plastic post-buckling behaviour
of the plate.

Square tubes, formed from four corrugated plates joined along vertical
edges, were used in the experiments. Each wall was considered as simply
supported and, due to symmetry of deformation, each corner of the tube
behaved as a hinge over its entire length. A tube, formed of flat sheets stiffened
longitudinally, was also tested to show the influence of transverse membrane
stress on post-buckling behaviour in contrast to corrugated sheets which could
only sustain small transverse membrane forces.

Resume

Pour le contröle des caracteristiques de comportement lors du voilement et
apres-voilement sur des plaques a rigidite rectangulaires differentes, une
examination est faite en admettant qu'une charge agisse dans le sens de la
plus grande rigidite. On applique la methode d'energie en calculant la ligne de

charge elastique d'apres-voilement, et une methode approchee de la theorie
des piliers est employee afin d'obtenir une Solution approchee du comportement
plastique apres-voilement de la töle.

Pour les essais on a utilise une forme de tubes carres renforces et assembles
le long des aretes verticales. Chaque paroi du tube a ete consideree comme
reposant sur un appui-simple et, ä la suite de la symetrie de deformation,
chaque angle du tube se comportait comme une articulation sur toute la
longueur. Un tube compose de töles plates etayees longitudinalement a aussi
ete examine, afin de demontrer l'influence de la sollicitation transversale de la
membrane sur le comportement vis-ä-vis des tubes ä nervures qui ne peuvent
transmettre que de petites forces transversales de membrane.
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Zusammenfassung

Zur Nachprüfung der Charakteristiken des Beulungs- und Nachbeulungs-
verhaltens an Platten mit verschiedenen rechtwinkligen Steifigkeiten wird
eine Untersuchung unter Annahme einer Belastung in der stärkeren Richtung
angestellt. Die Energiemethode wird durch Kalkulieren der elastischen Nach-
beul-Belastungslinie angewandt und eine Näherung aus der Stützentheorie
benützt, um eine approximative Lösung zum nachgiebigen Nachbeulverhalten
des Bleches zu erhalten.

Für die Versuche dienten quadratische aus 4 gerippten, längs der vertikalen
Ecken zusammengefügte rohrähnliche Gebilde. Jede Wand wurde als einfach
unterstützt betrachtet und, zufolge der Symmetrie der Deformation, verhielt
sich jede Ecke des «Rohres» wie ein Gelenk über die ganze Länge. Ein Rohr,
das aus flachen, longitudinalen versteiften Blechen gebildet war, wurde ebenfalls

getestet, um den Einfluss der transversalen Membranbeanspruchung auf
das Nachbeulverhalten im Gegensatz zu gerippten Rohren zu zeigen, die nur
geringe transversale Membrankräfte aufnehmen können.
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