Zeitschrift: IABSE publications = Mémoires AIPC = IVBH Abhandlungen
Band: 30 (1970)

Teilband: IABSE Publications = Mémoires AIPC = IVBH Abhandlungen

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 28.03.2026

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

ASSOCIATION INTERNATIONALE DES PONTS ET CHARPENTES

INTERNATIONALE VEREINIGUNG FUR BRUCKENBAU UND HOCHBAU

INTERNATIONAL ASSOCIATION FOR BRIDGE AND STRUCTURAL
ENGINEERING

MEMOIRES
ABHANDLUNGEN
PUBLICATIONS

30-1

1970

PUBLIES PAR LE SECRETARIAT GENERAL A ZURICH
HERAUSGEGEBEN VOM GENERALSEKRETARIAT IN ZURICH
PUBLISHED BY THE GENERAL SECRETARIAT IN ZURICH



Editeur - Verleger - Publisher

Association Internationale des Ponits ét Charpentes
Ecole Polytechnique Fédérale, Zurich

Internationale Vereinigung fiir Briickenbau wund Hochbau
Eidgenossische Technische Hochschule in Ziirich

International Association for Bridge and Structural Engineering
Swiss Federal Institute of Technology, Zurich

En commission pour la vente en librairie
Kommigsionsverlag fir den Buchhandel - Copies for sale at

Verlag Leemann Ziirich

Printed in Switzerland



Préface

Le présent volume des Mémoires de notre Association contient 13 contri-
butions de valeur démontrant une fois de plus la polyvalence des préoccupa-
tions de nos membres. Douze publications sont en anglais et une en allemand.
Nous espérons que 'absence de publications en francais n’est qu'un accident
fortuit qui trouvera une compensation dans le futur. En effet, il serait regrettable
que nos amis francophones ne fassent pas bénéficier leurs collégues de 1’ori-
ginalité de leur pensée. Il est vrai par ailleurs que I’anglais devient toujours
plus la langue internationale scientifique et technique. En cela I’évolution
constatée, si elle affaiblit 'une des langues officielles de notre Association,
n’est pas en contradiction avec la réalité.

Nous sommes heureux de constater une participation accrue d’auteurs
américains et japonais. Il faut également relever le travail d’équipe entre
spécialistes d’horizons divers. Ces deux faits nous réjouissent particuliérement
car ils sont la marque du renforcement de l’action internationale de notre
Association.

Nous remercions vivement tous les auteurs pour avoir fait de ce volume
une étape intéressante de nos publications.

Zurich, en aott 1970.

Le Président de ’'AIPC:

Prof. MAURICE COSANDEY
Directeur de I’Ecole Polytechnique Fédérale de Lausanne

Les Secrétaires Généraux:

Dr sc. techn. HANS voN GUNTEN Dr sc. techn. PIERRE DuBas
Professeur & ’Ecole Polytechnique Professeur & I’Ecole Polytechnique
Fédérale, Zurich Fédérale, Zurich

ANGcELO Pozz1
Ecole Polytechnique Fédérale, Zurich



Vorwort

Dieser Band der Abhandlungen unserer Vereinigung enthilt 13 Beitrége,
die das weite Tatigkeitsfeld unserer Mitglieder aufzeigt. Ein Dutzend Abhand-
lungen sind in englisch, eine in deutsch. Wir hoffen, das Fehlen der Abhand-
lungen in franzosisch sei nur ein Zufall, der zukiinftig ausgeglichen werde. Es
wére tatsdchlich bedauernswert, wenn unsere frankophonen Freunde ihre
Kollegen nicht durch Originalitdt ihrer Gedanken gewénnen. Es trifft zu, daB
das Englische immer mehr die internationale Sprache der Wissenschaft und
der Technik wird. Diese Entwicklung, falls sie eine der beiden offiziellen
Sprachen unserer Vereinigung schwicht, steht nicht im Widerspruch zur
Realitat.

Wir sind gliicklich, eine vermehrte Teilnahme amerikanischer und japani-
scher Autoren feststellen zu kénnen. Es ist notig, die Gruppenarbeit zwischen
den Spezialisten zu vertiefen. Diese beiden Tatsachen erfreuen uns insbeson-
ders, denn sie sind Merkmale verstirkter internationaler Aktivitdt unserer
Vereinigung.

Wir danken allen Autoren aus unseren «Abhandlungen» einen weiteren
interessanten Band gemacht zu haben.

Ziirich, im August 1970.

Der Prisident der IVBH :

Prof. MAURICE COSANDEY

Direktor der Eidgendossischen Technischen Hochschule Lausanne

‘Die Generalsekretére :

Dr. sc. techn. HANS voON GUNTEN Dr. sc. techn. PIERRE DuBAs
Professor an der Eidgenoéssischen Professor an der Eidgendéssischen
Technischen Hochschule in Ziirich Technischen Hochschule in Ziirich

ANGELO Pozz1

Eidgenossische Technische Hochschule, Ziirich



Preface

This volume of ‘““Publications’ contains 13 contributions showing the broad
sphere of activity of the members of our Association. A dozen contributions
are written in English and one in German. We believe that the missing of
contributions in French is just accidental. It would indeed be regrettable if
our francophone friends could not also in the future make friends by the
originality of their ideas. It proves right that English becomes more and
more the international language of science and technic. This development
stands not in contradiction to the reality if one of the official languages of
our Association gets enervated.

We are glat to realize an increased participation of the American as well
as the Japanese authors. It is necessary to deepen the team-work between the
different specialists. These two facts would please us very much as they would
be signs of reinforced international activities of our association. We would
like to thank all the authors which enabled us to publish a further interesting
volume of ‘““Publications”.

Zurich, August 1970.

The President of TABSE:

Prof. MAurIiCcE COSANDEY

Director of the Swiss Federal Institute of Technology, Lausanne

The General Secretaries:

Dr. sc. techn. HANS vON GUNTEN Dr. sc. techn. PIERRE DuBAs
Professor at the Swiss Federal Institute Professor at the Swiss Federal Institute
of Technology, Zurich of Technology, Zurich

ANGELO Pozz1
Swiss Federal Institute of Technology, Zurich



Leere Seite
Blank page
Page vide



Table des matiéres - Inhaltsverzeichnis - Table of Contents

Craits DyrBYE, Denmark . . . . . . . . . . . ... . ... ... Englsh

Piéces continues soumises & une charge répartie en mouvement
Durchlaufbalken mit verteilter Verkehrslast
Continuous Girders with Distributed Live Load

YunsH! Fukumoro, HirosHI YOsHIDA, Japan . . . . . . . . . . . . English

Fissures des arcs soumis a des charges variables et répétées
Bruch von Bogen unter variabler Wechsellast
Failure of Arches under Variable Repeated Loading

Haxs GesunDp, Y. P. Kausnig, USA . . . . . . . . . . .. . . . . English

Analyse des lignes de répartition des fissures découpantes dans des plaques de béton
Bruchlinienberechnung fiir Durchstanzen von Decken
Yield Line Analysis of Punching Failures in Slabs

Avin GuALL, K. J. BaTag, Canada . . . . . . . . . . . . . . . . . Englsh

Analyse des plaques soumises a des forces coplanaires par la considération d’élé-
ments de grandeur finie et de dimensions importantes

Scheibenberechnung mittels groBer endlicher Elemente

Analysis of Plates Subjected to In-Plane Forces Using Large Finite Elements

Conrap P. HEINs Jr., CHATI HONG YOO, USA . . . . . . . . . . . . English

Analyse des ponts orthotropes par la théorie des treillis
Triagerrostberechnung orthotroper Briicken
Grid Analysis of Orthotropic Bridges

Bex KaTo, HiroFumI Aokr, Japan . . . . . . . . . . . . . . . . . English

Aptitude a la déformation des plaques d’acier
Verformungsféhigkeit von Stahlplattenelementen
Deformation Capacity of Steel Plate Elements

15

41

61

73

93



VIII

D. R.J. Owen, K. C. Rockey, M. Skaroup, Great Britain/Czechoslovakia English

Propriétés des charges de rupture de poutres &me pleine renforcées longitudinale-
ment soumises a la flexion pure

Traglastverhalten lingsversteifter Profiltrager bei reiner Biegung

Ultimate Load Behaviour of Longitudinally Reinforced Webplates Subjected to
Pure Bending

HerBERT REISMANN, SHENG-Hsiung CHENng, USA . . . . . . . . . . English

Plaques en console et & bord renforcé
Der randversteifte Kragplattenstreifen
The Edge Reinforced Cantilever Plate Strip

JoHANN JacoB RIEVE, Deutschland. . . . . . . . . . . . . . . . . Deutsch

Adhérence entre acier et béton
Der Haftverbund zwischen Stahl und Beton
Bond between Steel and Concrete

A. N. SHERBOURNE, S. Krisunasamy, Canada . . . . . . . . . . . . English

Poutres en acier doux soumises & des flexions cycliques alternées
Triger aus normalem Baustahl unter zyklischer Verformung
Mild Steel Beams Under Cyclic Alternating Deflections

Y. TACHIBANA, Japan . . . . . . . . . . . . « .+« .+« .« . . .. . English

Expérience sur poutres composites continues et non-précontraintes
Versuche an schlaff bewehrten durchlaufenden Verbundbalken
Experiment on Non-prestressed Continuous Composite Beams

SEMIH S. TEzZCAN, B. C. MAHAPATRA, C. I. MATHEWS, Turkey/USA/Canada English

Matrices de rigidité tangentielle pour des éléments finis
Tangentiale Steifigkeitsmatrizen fiir endliche Elemente
Tangent Stiffness Matrices for Finite Elements

J.J. Tuma, G. AuLBeErTI, USA/Switzerland . . . . . . . . . . . . . . English

Paramétres statiques pour des poutres sur fondation élastique
Statische Parameter von Balken auf elastischer Unterlage
Static Parameters of Beams on Elastic Foundation

113

149

163

173

203

217

247



Continuous Girders with Distributed Live Load
Picces continues soumises & une charge répartie en mouvement

Durcklaufbalken mit verteilter Verkehrslast

CLAES DYRBYE
Denmark

1. Introduction

During the last years, the problems of moving loads on continuous beams
have been examined by different authors, see Ref. [1-5]. In these papers, it is
a general assumption, that the load is moving slowly which means that dynamic
effects are not taken into account.

The main problem in the investigations mentioned has been the determina-
tion of the maximum value of a single force, which can traverse the beam
repeatedly without causing incremental collapse. It has been found for a single
load, that the shakedown load is in most cases only 249, less than the collapse
load, however the author has found [4] that in some cases it may be 7-89,
less than the collapse load.

The difference between the shakedown load and the collapse load is much
greater for uniformly distributed live loads. This has been proofed in the
author’s thesis [4] with the assumption, that the live load can be located over
a continuous section of arbitrary length. These results will be repeated here
and will be supplied with informations of the shakedown load when the demand
for continuity of the live load is given up.

2. Basic Assumptions and Notations

We shall assume, that the beams are of double-symmetric, constant cross-
section, and that the axis of the beams are horizontal.

The moment-curvature relation is assumed to be an idealized elastic-plastic
curve (Fig. 1) and the influence of shear-forces upon this curve is neglected.
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My
u._...._.

~H

Fig. 1. Idealized moment-curvature diagram.

The total curvature « can be taken as the sum of an elastic part «¢ and a
plastic part «?
K = K+ KP. (1)

The bending moment is called M and the full plastic moment is called u. The
flexibility is called B, and we then have the following relations:

k¢ = BM, (2)
1] < g, (3)
d«? 20 for M =p, (4)
dx? =0 for |[M|<up, (5)
d«? =0 for M =—p. (6)

For mild steel beams, these assumptions seem to form a reasonable basis for
the calculation of both the collapse load and the shake-down load.

From the assumption of constant cross-section follows, that u and B have
constant values along the beam.

In the following we shall consider beams over 2, 3 and 4 spans. The total
length is called L and the length of the first span is called A L. The beams over
3 and 4 spans are supposed to be symmetrical.

The dead load per unit of length is called ¢ and the live load is called p.
It is convenient to express the loads by dimensionless quantities y and ¢
defined as

_9lL?
L2
y=L= (8)
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3. Collapse Load

In cases, where an end-span is critical, the collapse-mechanism has two
hinges located as shown on Fig. 2. The value of ¢, which corresponds to
collapse is then

6+412
¢c = A2 -7 (9)
T A S ¥ S
AL M
Fig. 2. End-span collapse mechanism. Fig. 3. Intermediate span collapse mechanism.

If an intermediate span is critical, the collapse mechanism has 3 hinges as
shown on Fig. 3. Let the length of the span be A, L, then the value of  cor-
responding to collapse will be

16
l/’c A_z_ : (10)
For beams over 3 or 4 spans we shall take the smaller of the values obtained
from the formulas (9) and (10).

For a 3-span beam, Fig. 4, where both end- -spans are A L, we find A, =1—2),

which means, that ¢, is to be found

from (9) if A>—}—tl/i_ = 0.315,
2+4Y2

from (10) if A< -T2 _ 0.315.
244Y2

A ”é,”é,”éy”é,»%”én,ém

AL (1-2)0)L ($-L (30t AL
he— e H————*—————*————*—————l
Fig. 4. Symmetrical 3-span beam. Fig. 5. Symmetrical 4-span beam.

For a 4-span beam, where both of the end spans, Fig. 5, are AL and the 2
intermediate spans are of equal length, A, =% —A. This means that i, is to be
found

2
from (9) if A>M— = 0.230,
34
.
from (10) if A< ";iﬁ = 0.230.

Values of ¢, i.e. i, corresponding to y=0, are shown as functions of A on
Figs. 8, 13 and 18.
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4., Shakedown Load

The shakedown load is defined as the maximum value of the live load for
which it is possible to find a system of residual moments with the characteristic
that the numerical value of the bending moments nowhere exceeds the full
plastic moment, regardless of the location of the load on the structure.

We shall denote the bending moment over support no. ¢ corresponding to
a unit load intensity in span no. j by m;[j] L? (span no. j is between the sup-
ports no. j—1 and %).

Further we introduce M7 as the sum of bending moments over support
no. ¢ from dead load and residual moment.

2-Span Beam

It is most convenient to start with the loading conditions decisive for the
negative moment over the intermediate support, Fig. 6.

Span no.1 no.2
(g+p)
0 1 2
- AL L

Fig. 6. Loading decisive for bending moment at support no. 1.

We shall take the residual moment to that value, which will give M, = —p
with the loading shown on Fig. 6, i.e.

M +my [(1p L2 4my (21 p L2 = —p. (11)

In order to find the most unfavourable conditions for positive moments, the
live load is removed from span no. 2, see Fig. 7.

g+p g

s S

Fig. 7. Loading decisive for maximum bending moment.

We find
My = M7 +my[1]p L? = —p—m, [2]p L*. (12)

The last expression was found by use of (11). Next the reaction R, at support
no. 0 is calculated

M
R0=%(g+p))\L+)TL1. (13)
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Finally, we have the maximum bending moment equal to the full plastic
moment u,
R}

S(ptg) M (14)

From (12), (13) and (14) we get a quadratic equation in p, and we notice, that
p must be equal to the shakedown load. Here it is convenient to find ¢, (value
of ¢ corresponding to the shakedown load). As m,[j] depends only upon A,
), will depend upon A and .

The correct solution for i, is given as formula (2.1.3.2-9) in Ref. [4], but
it is shown, that this may be substituted by the much easier formula

64412
o1 =280 (-0 (S ). (15)
We deduce from (15) that corresponding to y =0 we find ¢, =1, as
6+412

e [1-2.89 (1 =04 2 (16)

d th 1 A2 (17)
a en o~ - —v].
" ’ _¢S°( 6+4V2y)

The formulas (15)—(17) should be used only for A= 1. Values of i, and i},

(collapse load corresponding to y=0) are shown on Fig. 8 as functions of A.
In this case, the two-span beam, it should however be more convenient to

express the values in terms of the longest span instead of the total length.

4’“

Fig. 8. 2-span beam. ., and 5, as functions of A.
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This is easily done by quantities ' and o’ defined as

P =N, (18)
Y =Ay. (19)

(15), (16) and (17) may then be rewritten
gy =[1—-2.89(1-N)*][(6+4V2)—y'], (20)
Plo=[1—2.89(1—2)4](6+4V2), (21)
b =dh(1-2s). (22)

o Will have the constant value (6 + 4 V2); ¥s0 is shown on Fig. 9. It follows
from Figs. 8 and 9 that the difference between i, and i, is greatest for A=1,
in which case we find /i, =0.819.

¥A

W;Esokﬁ

10+

! 1 ! ° 1 = A

0.5 0.6 0.7 0.8 09 1.0

Fig. 9. 2-span beam. 5, and ¢, as functions of A.

3-Span Beam

For the 3-span beam shown on Fig. 4 the residual moment over support
no. 1 is found when the live load is in spans 1 and 2, see Fig. 10. We thus find

M +my [1]p L24+my [2]p L2 = —p (23)

and due to the symmetry
Mg = MY (24)



CONTINUOUS GIRDERS WITH DISTRIBUTED LIVE LOAD 7

0 1 2 3;

AL (1-22)L AL

e " - ]
[ t T bt |

Fig. 10. Loading decisive for bending moment at support no. 1.

The investigations for positive moments become more difficult than was the
case for the 2-span beam.

Here it will be easiest to start with the case, that the intermediate span
(no. 2) is decisive for the positive moments. The live load must be placed in
span 2 only, see Fig. 11.

Peg

gEFHIHH'ﬂ]];T HI} lz 3g
”%’;AL 5‘ (-291 AL %7

Fig. 11. Loading decisive for maximum bending moment in the mid-span.

The bending moments over the supports 1 and 2 are
M,=M,=—p—m,[2]pL? (25)

and the maximum bending moment is found at the center of the span. It must
be equal to u when p corresponds to the shakedown load, and thus we find

M,+3(@+p) (1 =222 L2 = p. (26)

It is not very difficult to find ¢, from (25) and (269, but as the exact formula is
somewhat difficult we shall replace it by the more convenient and very accurate

o (18609 (253 ). (27)
which holds good for A> 0.25, see ref. 4, and smaller values of A don’t seem to
be of practical importance.

We also have to consider the case that an end span, say span no. 1, becomes
decisive for positive moments. In the author’s thesis [4] this was treated only
under the assumption of a continuous live load, but we shall here also consider
the case, where the live load can act in non-adjecent spans. Figures and
formulas which assume continuity are indexed ¢ whereas figures and formulas
corresponding to the assumption of discontinuity are indexed d.

The loading corresponding to maximum bending moment in span no. 1 is
shown on Fig. 12.

The moment over support no. 1 is in case of continuity

My, = M7 +m[1]p L? = —p—m,[2] p L? (28¢)
and in case of discontinuity

My = MY +m, [1]p L2 +m, [3]p L? = —p—my [2] p L2 +m, [3] p L2. (28d)
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P T AT 9

0 1 zé 3é
o (1-20L , AL i

I T

1
—]

Fig. 12¢. Loading decisive for maximum bending moment in span no. 1. Continuity case.

Pg. lmmﬁml [H g
0 1 X 2 ) 3

AL (1-20 L , AL

[ e

Fig. 12d. Loading decisive for maximum bending moment in span no. 1. Discontinuity case.’

From now, we proceed like in the treatment of the 2-span beam, which means
that we can again deduct the formulas (13) and (14)

The value of p corresponding to shakedown is then found from formulas
(28), (13) and (14). In the case of continuity, the shakedown load is (see
Ref. [4])

(29¢)

¢Sg2.55>\(6+4‘/§—y),

)\2

In the case of discontinuity of the live load, we obtain as a reasonable good
approximation

6+4y2 ) (294)

Py (13.93 12 — 20 X3) (T_V
The approximations (29) should not be used for A> 0.35.
120 U’
1o}

100

discontinuous

80 .
continuous

70

60

1 L
025 030 035 A

Fig. 13. 3-span beam. . and i; corresponding to y=0]as functions of A.
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The smaller of the values of ¢, found from (27) or (29) shall be used. Cor-
responding to y=0 we find the dependence between ¢, and A as illustrated
in Fig. 13.

4-Span Beam

The residual moment over support no. 1 is found with live load in spans
1 and 2 if continuity is assumed (Fig. 14c). If we don’t assume continuity,
the live load shall act in spans 1, 2 and 4 (Fig. 14d).

o L oy
0 ! 2 £ 8,

AL

AL (F-ME (3L

Fig. 14c. Loading decisive for bending moment at support no. 1. Continuity case.

e-s [T I o e T e
’EQW AL ‘_' (F-ML 2__ +-ML ié” AL "A?

s

[

Fig. 14d. Loading decisive for bending moment at support no. 1. Discontinuity case.

The residual moment in point 1 is thus found from (30c¢) or (30d)
M{ +my [1]p L2 +my [2]p L? = —p, (30¢)
My +mq [ p L24+mq [2]p L24+my[4]p L? = —p. (30d)

Due to symmetry
Mg = MY. (31)

The residual moment in point 2 is found with live load in spans 2 and 3, see
Fig. 15.

MG +my[2]p L2+my[3]p L2 = —p. (32)
o [T iHHHHJHWHWITTmmmm

% 3,

AL GeIL (——R)L AL

Fig. 15. Loading decisive for bending moment at support no. 2.

If the end-span is most dangerous with respect to positive moments, the live
load must be placed in span 1 (Fig. 16¢) or in spans 1 and 3 (Fig. 16d).
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g IR —e
0 L 3 > L -

AL L (-1 Al

Fig. 16c. Loading decisive for maximum bending moment in span no. 1. Continuity case.

pe

1
- AL L ¢-2L 2 (f-nL ‘: AL >

f—

Fig. 16d. Loading decisive for maximum bending moment in span no. 1. Discontinuity case.

The moment over support no. 1 is
My, = M{+my[1]p L2 = —p—my [2]p L2, (33¢)

My =M{+m [1]pL2—m[3]p L2 = —pu—m[2]p L2 +m, [3] p L*— 3d

—my [4]p L2. (83d)
As before, the reaction in point 0 is given by (13), and the shakedown value
of the live load is found from (14). When the live load is continuous, it is found
from (33¢), (13) and (14), and its value is found to be expressed by

(34c)

o e [140.184 (3 — )2 — 41 (3 — )] (M—y),

A2

P2 [1—-0.1(3—A)+0.093 (3 —A)2—44 (3 —A)4] (%@—y). (34d)

(34c) is taken from Ref. [4].
If an intermediate span, say span 2, is most dangerous for positive moments,
the live load must act in span 2 (Fig. 17¢) or in spans 2 and 4 (Fig. 17d).

Fig. 17c. Loading decisive for maximum bending moment in span no. 2. Continuity case.

1 N
%7 X 1 ) 2 3 i 4

L (¥-ML (F-0L

Fig. 17d. Loading decisive for maximum bending moment in span no. 2. Discbntinuity case.
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The moments in points 1 and 2 are )

My = MY +my[2]p L = —p—my [1]p L2,

My = M7 +my[2]p L2 +my [3]p L? = —p—my [1]p L2 +m, [3] p L
—my [4]p L?,

My = MY +my (2] p L? = —p—m,y[3]p L?,

My = MY +m,[2]p L +my[4]p L2 = —p—my[3]1p L2 +-my[4]p L2

The shearing force in the left end of span 2 is given by

_2(M,—-M,)

Q2.1 *m"‘%(l"i‘g) (3—A) L

and as the maximum of positive moment shall be x, we finally find

M + Q%l =/J‘
27 2(p+yg)

200}

continuous

discontinuous

100

50

A

0

I —

1 1 1 1 ;] 1
0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50

Fig. 18. 4-span beam. i, and ; corresponding to y=0 as functions of A.

11

(35¢)

(35d)

(36¢)
(36d)

(37)

(38)
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If the live load is continuous, the shakedown load is found from (35¢), (36¢),
(37) and (38). If the live load cand act in separate spans, the shakedown load
is found from (35d), (36d), (37) and (38).

We find the approximate formulas

e = (0.642 4+ 2.56 A — 9.69 12) ((Tg;x)é—y), (39¢)
s = (0.674 4+ 2.34 1 — 9.80 X2) ((1—_6;—/\)5—,/). (39d)

(39c¢) is taken from Ref. [4].

The smaller of the values from (34) or (39) is to be used. A graphical repre-
sentation of ¢, is given in Fig. 18.

If y =0, i.e. when the dead load is negligeable compared to the shakedown
value of the live load, we find for A=0.230 that ,=158.0 when the live load
is continuous and ¢ =152.3 when the live load is discontinuous. As ¢,=220.0
we find ,/i,=0.718 for continuous load and ,/i,=0.693 for discontinuous
load.

Conclusion

The results obtained show, that for some girders the shakedown value of a
distributed loading may be smaller when the demand for continuity is can-
celled. However, it does not give a great difference, and it seems questionable,
if it is reasonable to take this into account in static calculations. This is a
question dealing with the probability of the different load conditions and it
must be judged for individual structures, what conditions they should be
calculated for.

It has often been mentioned, that the difference between collapse-load and
shakedown load is so small, that it would be unnecessary to investigate for
incremental collapse. For a distributed live load the shakedown load may be
appreciably less than the collapse load and it seems to be hazardous not to
take this into account.
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Summary

For continuous beams with constant cross-section and an idealized moment-
curvature relation, the shakedown value of uniformly distributed loading is
calculated.

The results are presented as simple formulas for beams with 2, 3 and 4
spans with the limitations, that only beams with symmetrical spans are con-
sidered in the case of beams with 3 and 4 spans.

It is found, that the shakedown load may be 309, below the collapse load
with certain relations between spanlengths, that are within the practical
ranges.

Résumé

Considerant des poutres continues a inertie constante et de comportement
parfaitement élastoplastique, 1’auteur détermine la charge uniforme de
stabilisation.

Pour des poutres & 2, 3 et 4 travées, les resultats sont presentés sous forme
d’expressions simples; toutefois dans les cas des poutres a 3 et 4 travées, seule
des groupes de travées symétriques sont considérés.

L’auteur démontre qu’a condition de respecter certains rapports limites
entre les longueurs des travées — restant & ’'intérieur du domaine pratique —
la charge uniforme de stabilisation sera jusqu’a 30 9, inférieure & la charge
uniforme d’adaptation plastique.

Zusammenfassung

Fiir kontinuierliche Balken mit konstantem Querschnitt und idealisierter
Moment-Kriimmungs-Beziehung sind die Stabilisierungswerte einer gleich-
méaflig verteilten Belastung gefunden worden.

Fiir Balken mit 2, 3 oder 4 Feldern sind die gefundenen Werte als einfache
Formeln gegeben; fiir Balken mit 3 oder 4 Feldern sind nur die Fille mit
symmetrischen Feldweiten behandelt worden.

Man hat herausgefunden, daB3 die Stabilisierungslast in den ungiinstigsten
Fillen bis zu 309, weniger als die gewohnliche plastische Bruchlast betrégt,
wenn man spezielle Verhéltnisse zwischen den Spannweiten hat, die innerhalb
des Gebietes praktischer Konstruktionen liegen.
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Failure of Arches under Variable Repeated Loading
Fissures des arcs soumis & des charges variables et répéiées

Bruch von Bogen unter variabler Wechsellast

YUHSHI FUKUMOTO HIROSHI YOSHIDA
Ph. D., Associate Professor of Civil En- M. Sc., Instructor of Civil Engineering,
gineering, Nagoya University, Nagoya, Kanazawa University, Kanazawa, Japan
Japan
Introduction

The reduction of the full plastic bending moment due to axial thrust on the
cross section may be disregarded in plastic analysis of structures which are
composed of primary bending members, such as general beams and portal
frame structures.

Many papers on the ultimate load calculated by the collapse mechanism
due to plastic deformation of structures and on the shakedown load such that
deflection of structures stabilized under variable repeated loading were pre-
sented previously. According to them, the difference between the shakedown
load and the ultimate load is not much and the ratio of these loads is less than
0.85. ~
The first studies on the plastic analysis of arches including the effect of
axial thrust on the full plastic moment were made around 1950. Qutstanding
work among these is ONAT and PRAGER’s study [1] introduced yield condition
of a cross section for the combination of a bending moment and an axial thrust
using the upper bound and the lower bound theorems is worthy of praise among
them. Besides, YOkKoo and YAMAGATA [2] presented an interesting paper on
the collapse behaviour of arches. Numerous studies are now available on the
ultimate strength of arches [3]. These include experimental studies on models.

Nevertheless, there are few studies on the shakedown load and residual
deformation of arch structures under variable moving repeated load beyond
elastic limit [4]. FraNciost, V., AugUsTI, G. and SARAcIO, R. [5] calculated the
ultimate load and the shakedown load of a reinforced concrete arch consider-
ing uniformly distributed dead load, live load and the variation of temperature.
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They derived an approximation using the upper bound theorem and an icono-
graphy. According to numerical results of the computation, the shakedown
load was only 389, of the ultimate load. It is much less than the ratio of the
two loads calculated by considering bending moment only. Thus the axial
thrust can not be ignored in the investigation of the shakedown load.

In this paper, the theoretical analysis of shakedown load of structures
applying a bending moment and an axial thrust is described and the loads are
calculated for two-hinged steel circular arches with “I’’, box or rectangular
cross sections. .

The calculation results are arranged and are compared for the center angles
of arches, the shapes of cross sections and the depths of cross sections as para-
meters.

Assumptions and Yield Conditions

The assumptions in the analysis are as follows;

1. The stress-strain diagram of the material is ideally elastoplastic.

2. In the yield conditions, the bending moment and the axial thrust are con-
sidered but not the shear force.

3. There is no premature failure due to buckling or instability.

Using the above assumptions, the yield conditions are given by the follow-
ing expressions, by using 4,/Ay (the ratio of both flange sectional area 45
and web sectional area Ay,) and d/dy, (the ratio of the height of cross section
of arch rib d and web depth dj;,) as parameters, when a bending moment and an
axial thrust act on a “I’’ or a box cross section as shown in Fig.1.

x—oy =4
T TIT]
Ar Av— l:' [P "gg t; 9— }
— :
oy | ‘ oy Fig. 1.
(a) (b)
M N\2 N 1
| = 1_0_k(——) , I Iy Sy a 1
M, N, N, 1+(4p/4y) , W
M N 1 N
== 1,0_(—)}, T S - £ 1.0, 2
M, { N, 1+(4p/4y) N, ®
e . {(Ar/Ay) + 1.0

~ {(@/dy) + 1.0} (Ap[Ap) + 1.0 )
L = {(d/dw) +1.0}{(4r/Aw)+1.0} !
{(d]dyy) + 1.0} (Ap/Ap)+1.0
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and M, is the full plastic moment, N, =4 o, is the yield load, A =A4,+ 4, is
the cross sectional area, M is the bending moment, N is the axial thrust and o,
is the yield stress. Equation (1) considers the yield condition for the bending
moment and the axial thrust for the case of neutral axis in the web at the
formation of plastic hinge, and Equation (2) puts yield condition for the case
of neutral axis in the flange into an approximate linear expression.

Yield conditions of Egs. (1) and (2) for the bending moment and the axial
thrust for the plastic hinge formation (that is, M/M,=1.0—(N/N,)? for
Ap[Ay = 0.1, namely for rectangular cross section and 4z/4, = 1.5, 3.0 for
d/d; = 1.1) are illustrated in Fig. 2.
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Fig. 2. Interaction Curves Between Axial Thrust and Bending Moment.

The applicable ranges for Eqs. (1) and (2) are divided by dotted line.

In the following procedures, Eqs. (1) and (2) are used as the yield conditions
and Ap/Ay is used as parameter because d/dy, is approximately 1.1 in general
arches with I-shaped cross sections.

Ultimate Load

The ultimate load of two-hinged circular arch having center angle 2 ¢ may
be calculated by lower bound theorem for the condition of uniformly distri-
buted dead load « N, /L, per unit length and a concentrated load acting at d,,
where locates at angle 6 from midspan C.

The two hinged arch under unsymmetrical load reaches collapse by the
formation of two plastic hinges. If the plastic hinges form at any two cross
sections, the bending moment and the axial thrust in these sections must satisfy
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the yield condition of Eq. (1) or (2). However, it does not always follow that
statically admissible condition is satisfied in all the cross sections, because the
location of plastic hinges is assumed arbitrarily. Therefore, another assumption
of locations of plastic hinges is necessary to compute the ultimate loads, and
the minimum of these will give the exact ultimate load.

The procedure of analysis of the ultimate load under the loading condition
shown in Fig. 3 are given as follows.

P

“To
IR R TR R R RN I TR TR AR

c

AN

Rk

Fig. 3. -

1. Let ¢4 be the angle between R ,, the reaction at hinged support 4, and the
horizontal and let ¢, be unknown. The magnitude of the load P is determined
from the equilibrium of hinged support B as follows.

_ 2siniysing ,,  2asiné
" sing—sinf 4 sing—sinh Y’

(4)

2. Assume that the plastic hinges are formed at points “a’’ and “b’’ where
the angle from midspan C to support B is i, and the angle from midspan C to
support A is i, , respectively. Let the bending moments and axial thrusts at
points “a’’ and “b’’ be M,, M, and N,, N,, respectively. Consequently, the
following equations are obtained.

Ma = (AaRa+BaNy) LO’
N,=C,R,+D,N,,
M, = (4y B+ By, N,) Ly,
Nb - Ob 'RA_I_'DbNy’

(5)

(6)

where N is positive for compressive axial force and M is positive if the top
flange of the cross section is in compression, and

A, = sin 4 cosec ¢ (sin ¢ +sinf,) — cos i‘A cosec ¢ (sin i, —cos ¢),

B, = —1acosec?¢ (singd+siny,),

C, = cost cosecy,— sini  siny,,

D, = acosec ¢ (sin ¢ +siny,)siny,,
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for 0 =z ¥,

- A, =sini  cosec ¢ (sin ¢ +sin ) — cos ¢, cosec ¢ (cos f, — cos )
—2cosec ¢ (siny, — sin f) sin e 4 sin ¢/(sin ¢ —sin §),
B, = —}acosec? ¢ (sin ¢ +sin )2+ 2 cosec ¢ (sin i, —sin 0) o sin ¢/(sin ¢ —sin §),
C, = cosi cosy,—sini  sing, + 2sine , sin 0/(sin $ —sin ) -sin i, ,
D, = otcosec ¢ (sin ¢ + sin ) sinp, — 2 a sin ¢/(sin ¢ —sin 0) - sin 4, ,

for 0 = ¢,

A, = sin7 4 cosec ¢ (sin ¢ —sin ) — cos ¢, cosec ¢ (cos i, —cos @),
By = —1acosec? ¢ (sing —sinyy)?,
Ob = COS?:A COSV’llb—l—Sin’&.A Sinl/lb,

D, = —acosec e (sind —sin i) sin i, .

3. The yield condition must satisfy Eq. (1) or (2), according as the axial
thrusts are smaller or larger than 1/(1+ A4z/A4y), respectively. On the other
hand, the magnitudes of these axial thrusts are decided by the locations of the
concentrated load. As shown in Fig.3, the axial thrust at point “b’’ is always
larger than that at point “a’’ when the location of P is nearer to support B
from the center of the span. Therefore, three cases are possible as to the location
of the neutral axis of the cross section. That is,

a) neutral axes in web at points “a’’ and “b”’,
b) neutral axes in web at point “a’’ and in flange at point “b”’,
¢) both neutral axes in flange at points “a’” and “b”’.

The yield condition, Eq. (1) or (2) has to be satisfied by substituting Eqs.
(5) and (6) at points “a@’” and “b’’ depending on the location of the neutral
" axis.

4. It can be known from the condition N/N, 2 1/{1+(4z/Ay)} using N
obtained in items a), b) and ¢) whether the assumed locations of neutral axes in
cross sections are correct or not, where N is the actual thrust at point “a’’ or
“b>’ calculated from item a), b) or c).

5. P is determined by substituting Eq. (4) to valid R, and ¢, determined
hitherto. _

6. Ultimate load P is derived under the assumption that the plastic hinges
form at the arbitrarily assumed points “a’’ and “6’’. But it does not always
follow that a atatically admissible condition is obtained. To obtain a statically
admissible condition, the minimum value of P must be determined for all
the combinations of i, and ;. Then, the minimum value of P is the ultimate
load under the given load location.

7. The ultimate load P is given as the minimum value of P derived by
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repeating the above mentioned sequences (1) to (6) under varying load location

of 0 to ¢.
The numerical results of the above analysis are summarized at the end of

this paper.
Shakedown Load

Shakedown loading is shown in Fig. 4. When a concentrated load, P =0.1442
N, moves in the arch having the center angle 2¢=120° as shown in Fig. 4(a)
and the arch rib of which cross section has d/d,=1.1 and A,/A;,=1.5. The
influence lines of elastic bending moment and axial force due to P=0.1442 N,
at points “a’’ and b’ are shown by the curves 1 and 3 in Fig.4(a) and (b),

- '% o.10 /]3@5
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Ny ® o + New

(=]

5
&
~
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£

YIELD CONDITION
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%)
|
|

[Ma/ Mel+k(Ne/ Ny .
IMa+Mpa/Mpl + Ki(Ne + Nag/ Ny)
m./mmm.m,ﬁ
1Ms + Mas/ Me |+ K ((Ne +
(d)

Fig. 4. Shake-down Loading.

(b)

respectively, where M, M, and N,,, N,, are the bending moments and the
axial thrusts at points “a’’ and “b’’, respectively and the bending moment
and the axial thrust in Figs. 4(b) and (c¢) are nondimensionalized by M, and
N, respectively. The values of the right term of the yield condition, |M /M|
+k(Ny/N,)?and | M, [M,|+k(N,,/N,)?* are indicated by the cuves 1 and 3
in Fig. 4 (d). When at first the load is at support B, M, and N, are zero. As
~the load moves further, M ,, and N, increase and when the load reaches point
xy, | Myo/ M| +k (N ,,/N,)? attains a value of 1.0. After the load passes x,, the
rotation of plastic hinge at “a’’ begins. When the load passes point “a’’, the
rotation of plastic hinge at “‘a@’’ becomes the maximum. Even if the load is
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removed at this point, there are residual bending moment and axial thrust due
to plastic deformation.

Therefore, as the load passes through the point “a’’, residual bending
moment M,, and residual axial thrust N,, in addition to elastic bending
moment M, and elastic axial thrust N, appear at point “a’’. The curves 2
and 4 in Figs.4(b) and (c) show respectively the influence lines of bending
moments and those of axial thrusts at points “a’’ and “b’’ considering the
effects of residual bending moments and axial thrusts. And the combination
of them, |[(M,,+M,,)/M,|+k(Ny,+DN,)/N,)? is shown by the curve 2 in
Fig. 4(d). This value never exceed 1.0 hereafter. On the other hand, the bend-
ing moment and the axial thrust at point ‘4’ are zero when the load is at the
support B, the absolute values of M, and N,, and their combination, |M,,/M |
+ k (N[N ,) also increase with moving of the load. When the load reaches point
“a’’, residual bending moment M;, and residual thrust N, due to the plastic
deformation at point “a’’ appear at point “6’’ in addition to elastic bending
moment M, and elastic axial thrust N,,. As the load passes through this
point “a’’, their combination becomes |[(My,+ M)/ M,|+k[(Ny,+N,p)/N,]2
and this value becomes 1.0 when the load passes point z,, and a plastic hinge is
formed at point “b’’. But after the load passes this point x,, the value decreases
immediately and the plastic deformation at point “‘6’’ does not remain. If the
load is slightly greater than P =0.1442 P, the plastic deformation would yield
at point “b”’. With further moving of the load, |[(My,+ M)/ M,|+k[(Np,
+N,3)/N,]? decreases. It increases again along curve 3, and when the load
passes through point “ag”’, |(M .+ M, )|/ M,|+k([Ny,+N,)/N,]* becomes
1.0 and it would exceed 1.0 at point “b’’. However, according to the residual
deformation at point “a’’, the combination of bending moment and axial
thrust |(My,+ M, )/ M,|+k[(Ny,+N,)/N,]? is less than 1.0 as shown by
curve 4 in Fig.4(d). Therefore, a plastic hinge does not form at point “6”’.

For the first cycle of loading, the variation of the bending moment, the axial
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thrust and their combination follow the direction of the arrow as shown in
Figs. 4(b), (c) and (d). After the second cycle of the moving load, their variations
follow along the heavy line as shown by curves 2 and 4 in Figs. 4(b), (c) and
(d) and the plastic hinges form instantaneously but plastic deformation does not
increase. Thus, after the second cycle of loading, the arch behaves elastically
under the moving load P=0.1442N,. This is called shakedown and the
corresponding load P=0.1442 N, is a shakedown load.

The method of obtaining the shakedown load by lower bound theory will
be described below.

Let the elastic bending moment and the elastic axial thrust at point “a’’
under a concentrated load and uniformly distributed load as shown in Fig. 5
be M, and N, respectively.

Ma = (AMaP+BMaNy).L0) (7)
Na =ANaP+BNaNy'

Also, let the elastic bending moment and the elastic axial thrust at point ‘6’
under the loading condition as shown in Fig. 6 be M, and N,, respectively,

My, = (App P+ By N ) Ly, (8)
N, = Ay, P+ By, Ny,

where,

Ay, = (sing —sin6,)/2sin ¢ - cosec ¢ (sin ¢ +sinyh,) — A, cosec ¢ (cosh, —cos ),
By, = acosec ¢ (sin ¢ +sin i) — B, cosec ¢) (cos i, — cos ¢)
— } o cosec? ¢ (sin ¢ + sin 4, )2,
Ay, = A, cos,—(sing —sinb,)/2sin ¢, -sinf,,
By, = B,cosi,— (sin¢+sinf,)/2sin ¢ sin ¢, + « cosec ¢ (sin ¢ +sin ¢, ) sinyf,,,
b=,

Ay, = (sing +s8inb,)/2sin ¢ - cosec ¢ (sin ¢ —sin ¢,) — 4, cosec ¢ (cos i, —cos ¢),
By, = xcosecd (sin ¢ —sin ) — B, cosec ¢ (cos i, — cos @)

— $ o cosec? ¢ (sin ¢ —sin ,)?,
Ay, = A, cos,+ (sind +sinb,)/2sin¢-sin i,
By, = B,cosy, +asing, —acosec ¢ sin i, (sind —siny,),

$haz 0,

Ay = (sing —sin 6,)/2sin ¢ - cosec ¢ (sin ¢ —sin i) — 4, cosec ¢ (cos iy, —cos @),
By, = acosec ¢ (sin ¢ —sin ) — B, cosec ¢ (cos i, — cos @)

— 3 acosec? @ (sin ¢ — sin ¢fy,)?,

Ayp = Ay cosyy, 4 (sin g —sin 6,)/2 sin ¢ - sin iy,
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By, = B, cosyy, + asin i, — a cosec ¢ sin iy, (sin d —sin ),
A, = %[sin®?¢—sin?,—2cos¢ ($singd—0,sinf,+coséd—cosd,)
— vy (sin®2¢ —sin20,)]/[¢ — 3sinp cosd +2 P cos? ¢ +y (h +sin ¢ cos $)],
B, =%[4/3-sin3¢+qScos¢——2¢sin2¢cos¢—sin¢cos2¢>+2y(gbeos2¢—l§¢
—¥sin g cos p)]/[¢ —3sindcosd+2pcos?d+y(d+singdcosd)],
A, = }[sin®¢—sin%6, — 2 cos ¢ (psin ¢ — 0, sin b, + cos  —cos §,)
— v (sin%?¢ —sin?0,)]/[¢ —3sinp cos+ 2 ¢ cos®p +y (b +sin ¢ cos P)],

_ 12{1 + (Ap/Aw)} 1 )
Y 3[1+3{(@d,)— 12 (Az/Ay) +1 5(djd, )

8 =d/L,.

On the other hand, the residual reaction due to the residual deformation
are only a horizontal reaction Hj, as shown in Fig. 7. Then the residual bending

MRrec

Fig. 7.

moments My, , My, and residual axial thrusts Ng,, Ny, at points “a’’ and
“b’’ are given by
My, = —cosecd (cosp,—cosd) Hy L,
Ng, = Hpgcosy,,
M py, = —cosec ¢ (cosyy, —cosd) Hp Ly,

(10)

(11)

Now, if plastic hinges are formed at points “a’’ and ‘“b’’, the sum of the
elastic bending moment and the residual bending moment and the sum of the
elastic axial thrust and the residual axial thrust at points “a’ and “b’’,
respectively, must satisfy the yield condition of Eq. (1) or (2).

When P is on the right half of the span, the axial thrust at point “0’’ is
always larger than that at point “a’’. Therefore, the location of neutral axis
of cross section at the yield hinge formation is divided into three cases.
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a ) Neutral axes in web at points “a’’ and b’

The yield condition Eq.(1) must be satisfied at points “a’’ and ‘b7,
respectively. Therefore, applying Egs. (7), (10) and Eqgs.(8), (11) to Eq. (1),
respectively, the following expressions are obtained.

(AMaP+BMaNy)L0+MRa k(ANaP+BNaNy+NRa)2 1
_ =190,
M, N, (12)
(Aagy P+ Bapp Ny) Lo+ My, Ay P+ Byy Ny +Npy\® _ 00
M, N, R
Using the following symbols;
P_o He_p M_Z_ _ (Ap/dy)+1
'N;_Qa Ny —R, Ny = A —Ad, )\—W (13)
Eq. (12) can be rewritten as,
a,Q+b; R+c, =1.00—k(Ay, @+ Rcosy,+ By,)?, e
a4y Q+by R+cy = 1.00—k (Ayy Q-+ B cos thy+ Buy)?, (14)
where,
a; = Aya/AS, b, = cosec ¢ (cosh, —cosp)/AS,
ay = —Ayp/A8, by = cosecd (cosyy, —cosd)/Ad, (15)
¢y = Bya/A8, €y = —Byp[A05.

@ and R can be determined from Egs. (14).

b) Neutral axes in web at point “a’’ and in flange at point “d”’

The yield condition Eq. (1) and (2) must be satisfied at points “a’’ and “b6”,
respectively. Therefore, by substituting Eqgs.(7) and (10) into Eq.(1), and
Eqgs. (8) and (10) to Eq. (2) and combining with Eqgs. (13) and (15);

a,Q+b;R+c, =1.00—k(Ay, @+ Rcosy,+ By,),
@y @ +by R+cy = k'{1.00— (Ay, @+ Rcosp,+ Byy)}

are obtained. ¢) and R can be determined from KEgs. (16).

(16)

c¢) Both neutral axes in flange at points “a’’ and b’

The yield condition Eq.(2) must be satisfied at both points “a’” and “b”".
By substituting Eqgs. (7), (16) and Egs. (15), (11) into Eq. (2), respectively and
using Eqgs. (13) and (15);

a; @+by B+cy =k {1.00—(Ay, @+ Bcosty+ By},
ay @+by, R+cy =k {1.00—(4y, @+ Rcos iy, + By}

are obtained. @ and R can be determined from Egs. (17).

(17)



FAILURE OF ARCHES UNDER VARIABLE REPEATED LOADING 25

Locations of the neutral axes of cross-sections “a’’ and “b’’ at plastic
hinges are in the web or in the flange can be found from the conditions of
N|N,s1/(14+ Ap/Ay) where N’s are the actual thrusts at points “a’” and “b”’
and they are calculated from ¢ and R determined in a) to ¢), respectively. If
they coincide with the assumed ones, ¢ and R become the true values. P is thus
determined from the valid @ and R using Eq. (13).

Above is the shakedown load obtained under an assumption that a plastic
hinge is formed at point “‘a’’ under the combination of uniformly distributed
load and a concentrated load at point d, as shown in Fig. 5 and the other plastic
hinge is formed at point “b’’ under the combination of uniformly distributed
load and a concentrated load at point “d,’’. However, it does not always follow
that the statically admissible condition is fulfilled. In order that it is always,
the minimum value of P must be determined for every combination of ¢, and
Py

Hitherto, it is considered that the concentrated load is located at the points
rotated by angle 6, and 6, from midspan C to support B, respectively. Since a
concentrated load could be applied at any arbitrary points, the shakedown
load, which is taken into account of moving of a concentrated load is the
minimum value for every combination of 6, and §, varying from —d¢ to ¢,
respectively.

The numerical results are summarized at the end of this paper.

Alternating Plasticity Load

When a cross section is subjected to alternating plasticity, fracture may
occur after a few hundred applications of loads. If the maximum fiber stress at
a point on a cross section under a loading condition is o,,,, and the minimum

P a& a& P
Lo Lo
T T T R R T RS RN RN RN R RN RN R R RERXRENYIN)
C
de da
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fiber stress at the same point under the load condition is o,,;, , alternating plasti-
city failure occurs at such a section if the following condition is satisfied.

—0 =20

g min = v

max

(18)

Let the positive bending moment at point “a’’ under a loading condition as
shown in Fig. 8 be M, and the negative bending moment at point “a’’ under a
loading condition as shown in Fig. 9 be M,, and let the axial thrusts under those
conditions be N, and NV,, respectively, then by applying the positive and nega-
tive fiber stress on the section “a’’ to Eq. (18)

- M) - (NN 225,
(19)
A
— (- M) - (V.- Ny 22T,

are obtained, where I is the moment of inertia of the cross section.
Introducing M,, M,, N, and N, into Egs. (7) and (8), the terms referring to
the uniformly distributed load vanish and Eq. (19) can be arranged as follows:

| (Apra—Aap) 1= (Ana—A4Nn) | PZ2N,,

| = (Apra—Asp) 1 — (Ang—Ane)| PZ2 N,
_ 2{(4p/Aw)+1}(d/d,)?

T+ 3H{d)d,) - BF (Ap/Ay) + DS

The smaller value of P determined from Egs. (20) is the alternating plasticity
failure occurs at point “a’’.

As point “a’’ is assumed arbitrarily, the minimum value of P under variation
of ¢, from zero to ¢ is the alternating plasticity load under the assumption
that the loading conditions as shown in Figs. 8 and 9 act alternatingly.

Now, this alternating plasticity load was obtained under the loading condi-
tion that a concentrated load is located at point “‘a’’ with angle 6, from mid-
span C to support 4 and at point with angle 6, to support B. Since a con-
centrated load may be located arbitrarily, the alternating plasticity load,
considering any combinations of 6, and 6, varying from zero to ¢, respectively.

The numerical results on alternating load are summarized at the end of this

paper.

(20)

where,

Numerical Results and Discussions

The numerical results of the ultimate load, shakedown load and alternating
plasticity load calculated by the above mentioned methods are shown below
and the comparisons are made among them. The parameters used for the
computation are d/L,=0.02, 0.05 and 0.10, d/d,, =1.1 and Ap/A4;,=0.1, 1.5 and
3.0, where d is the height of arch rib section, L, half length of span, d;;; the
depth of web of arch rib, A, the total sectional area of both flanges and A4,
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is sectional area of the web. The half center angle of arches ¢ varies from 10
degrees to 90 degrees and the pitch is 10 degrees. As on general arch sections
d|dy is considered to be in the range 1.10 to 1.14, 1.1 is used as d/dy;, hereupon.
Ap/Ay=0.1 indicates a rectangular cross section when d/d;; is 1.1. And as on
general arch sections the range of 4[4, is considered to be in the range from
1.0 to 3.0, 1.5 and 3.0 are used as Ap/A4y, . As for uniformly distributed loads
(w=aN,[L,), 0.02, 0.05 and 0.10 are used as « for d/L,= 0.02, 0.05 and 0.10,
respectively.

1. Ultimate Load

a ) Ultimate load. The ultimate load due to a concentrated, uniform and com-
bined loadings are shown in Figs. 10, 11 and 12, respectively. The values are
nondimensionalized by N,(=A4oc,). The numerical results neglecting axial
thrusts are also shown by dotted lines in the figures. As these figures show, the
effect of axial thrust is small for ¢ =80° to 90° and is particularly insignificance
when d/L, and 4z/A;, are small.

But when ¢ is small, particularly when d/L, and A /Ay, are large, its effeot
cannot be disregarded. Particularly, for an ultimate load due to the uniformly
distributed or combined load, the effect becomes predominant. These figures
show only for the case where neutral axes at plastic hinges are in web.
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Fig. 10. Ultimate Load
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AXIAL THRUST CONSIDERED
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Fig. 11. Ultimate Load
(Uniform Loading).

20 30 40 50 60 70 80 90
@ (DEGREE)

Table 1. Ultémate Load and Shake-down Load (Concentrated Loading)

(Ny)
¢

d|Ly| Ap|Aw
10° 20° | 30° | 40° { 50° | 60° 70° 80° 90°
o |0-0878* 10.0385|0.0388| 0.0392 | 0.0396 | 0.0399 | 0.0399 | 0.0399 | 0.0371
. 0.0363 ** [ 0.0369 | 0.0373 | 0.0378 | 0.0383 | 0.0389 | 0.0392 | 0.0389 | 0.0369
002! 1.5 |0:0548 |0.0574|0.0583 | 0.0590 | 0.0597 | 0.0602 | 0.0600 | 0.0588 | 0.0559
: : 0.0528 | 0.0551 | 0.0560 | 0.0568 | 0.0576 | 0.0585 | 0.0591 | 0.0586 | 0.0557
50 | 00579 |0.062410.0637| 0.0646 | 0.0654 | 0.0660 | 0.0659 | 0.0646 | 0.0614
: 0.0558 | 0.0599]0.0612 | 0.0622 | 0.0632 | 0.0642 | 0.0648 | 0.0643 | 0.0612
o1 —  10.1269|0.1324| 0.1353 | 0.1375 | 0.1390 | 0.1391 | 0.1365 | 0.1299
. 0.0844 | 0.0903 | 0.0922 | 0.0937 | 0.0952 | 0.0967 | 0.0977 | 0.0970 | 0.0922
sosl Lg —  10.1330|0.1402 | 0.1439 | 0.1465 | 0.1483 | 0.1485 | 0.1458 | 0.1388
. . 0.1073 [0.1284|0.1349| 0.1386 | 0.1415 | 0.1442 | 0.1460 | 0.1452 | 0.1386
% — —10.1492 | 0.1548 | 0.1586 | 0.1610 | 0.1616 | 0.1591 | 0.1518
' — —10.1436 | 0.1491 | 0.1531 | 0.1564 | 0.1588 | 0.1583 | 0.1516
o1 | 01413  10.1739|0.1844 | 0.1898 | 0.1935 | 0.1960 | 0.1963 | 0.1929 | 0.1838
' 0.1386 | 0.1688 {0.1779 | 0.1830 | 0.1870 | 0.1906 | 0.1930 | 0.1921 | 0.1835
sia) 1E — — 10.2494 | 0.2659 | 0.2762 | 0.2830 | 0.2861 | 0.2834 | 0.2720
: : — ]0.2134|0.2419 | 0.2569 | 0.2669 | 0.2748 | 0.2804 | 0.2815 | 0.2719
3.0 — — — — — | 0.2982 | 0.3039 | 0.3033 | 0.2931
: — - —10.2641 | 0.2784 | 0.2889 | 0.2969 | 0.3003 | 0.2931

* Upper Lines indicate for Ultimate Laod ** Lower Lines indicate for Shake-down Load
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Table 2. Ultimate Load and Shake-down Load (Combined Loading)

29

(Ny)
¢
d/Ly| o« |ArlAw \ |
20° 30° 40° 50° | 60° 70° [ 80° f 90°

o |0:0382*% | 0.0390 | 0.0396 | 0.0399 | 0.0392 | 0.0371 | 0.0329 | 0.0265
: 0.0378** | 0.0376 | 0.0383 | 0.0388 | 0.0388 | 0.0371 | 0.0323 | 0.0260
0021002 15 |0:0563 0.0581 | 0.0592 | 0.0599 | 0.0597 | 0.0577 | 0.0533 | 0.0460
. . : — 0.0562 | 0.0571 | 0.0581 | 0.0586 | 0.0576 | 0.0528 | 0.0453
50 | 0-0604 0.0631 | 0.0646 | 0.0655 | 0.0654 | 0.0636 | 0.0591 | 0.0516
. — 0.0610 | 0.0623 | 0.0635 | 0.0642 | 0.0634 | 0.0587 | 0.0508
o1 | 0-0883 0.0939 | 0.0968 | 0.0981 | 0.0969 | 0.0918 | 0.0815 | 0.0659
. — 0.0919 | 0.0938 | 0.0956 | 0.0959 | 0.0918 | 0.0801 | 0.0647
005005 15 |01179 0.1327 | 0.1399 | 0.1439 | 0.1448 | 0.1410 | 0.1306 | 0.1133
: : . - 0.1313 | 0.1357 | 0.1397 | 0.1422 | 0.1406 | 0.1299 | 0.1118
3.0 — — | 0.1476 | 0.1536 | 0.1559 | 0.1531 | 0.1435 | 0.1260
o — — | 0.1432 | 0.1490 | 0.1527 | 0.1523 | 0.1430 | 0.1245
o1 |0-1375 0.1654 | 0.1788 | 0.1856 | 0.1859 | 0.1776 | 0.1586 | 0.1287
' — 0.1654 | 0.1747 | 0.1811 | 0.1837 | 0.1776 | 0.1564 | 0.1267
010l0.10] 15 — — | 0.2353 | 0.2537 | 0.2628 | 0.2613 | 0.2460 | 0.2155
: : : - — 1 0.2313 | 0.2468 | 0.2573 | 0.2597 | 0.2455 | 0.2137
. — — — — — — | 0.2608 | 0.2328
: — — — — — — | 0.2608 | 0.2318

* Upper Lines indicate for Ultimate Load ** Lower Lines indicate for Shake-down Load



30 YUHSHI FUKUMOTO - HIROSHI YOSHIDA

Numerical results are summarized in Tables 1 and 2 together with the shake-
down load.
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Fig. 13. Critical Bending Moment and Axial Thrust at Hinge “a” Under Concentrated Loading.
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Fig. 14. Critical Bending Moment and Axial Thrust at Hinge “b” Under Concentrated Loading.
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b ) Bending moment and axial thrust at a plastic hinge. The magnitudes of bend-
ing moments and axial thrusts at plastic hinges “a’’ and ““6’’ at the collapse of
arches due to a concentrated and combined loadings are shown in Figs. 13, 14,
15 and 16, respectively. From these figures also, it is clear that axial thrusts
increase and bending moments descrease as ¢ descreases. This tendency is

remarkable for uniformly distributed load.
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Fig. 15. Critical Bending Moment and Axial Thrust at Hinge ‘“a’” Under Combined Loading.
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Fig. 16. Critical Bending Moment and Axial Thrust at Hinge ‘b’ Under Combined Loading.



32 " YUHSHI FUKUMOTO - HIROSHI YOSHIDA

Table 3. Locations of Plastic Hinge Formation under Ultimate Load (Concentrated Loading)

(Degree)
é

d|L, Ar[Aw ¥
10° | 20° | 30° | 40° | 50° 60° 70° | 80° | 90°
a 5.81 | 11.68 | 16.92 | 21.50 | 24.88 | 26.55 | 25.80 | 23.21 | 17.23
0.1 b 3.45 | 6.89 | 10.62 | 14.65 | 19.21 | 24.51 | 30.81 | 37.88 | 46.30
. LB a 5.71 | 11.52 | 16.88 | 21.50 | 24.88 | 26.49 | 25.80 | 23.21 | 17.23
: . b 3.49 | 6.96 | 10.63 | 14.64 | 19.21 | 24.53 | 30.81 | 37.87 | 46.29
3.0 a 5.52 | 11.52 | 16.88 | 21.50 | 24.88 | 26.49 | 25.80 | 23.21 | 17.14
b 3.57 | 6.96 | 10.63 | 14.64 | 19.20 | 24.52 | 30.81 | 37.87 | 46.33
a 5.46 | 11.39 | 16.80 | 21.40 | 24.88 | 26.49 | 25.80 | 23.21 | 17.14
0.1 b 3.60 | 7.01 | 10.66 | 14.68 | 19.20 | 24.52 | 30.80 | 37.87 | 46.33
0.05 1.5 a — 110.87 | 16.51 | 21.830 | 24.75 | 26.46 | 25.80 | 23.21 | 17.14
: : b — | 7.20]10.75 | 14.69 | 19.21 | 24.49 | 30.76 | 37.84 | 46.33
3.0 a — — 1 16.13 | 21.04 | 24.50 | 26.40 | 25.76 | 23.21 | 17.14
b - — 110.89 | 14.76 | 19.28 | 24.47 | 30.74 | 37.82 | 46.32
a 5.32 | 10.75 | 16.40 | 21.09 | 24.75 | 26.46 | 25.80 | 23.21 | 17.14
0.1 b 3.64 | 7.25)|10.80 | 14.76 | 19.20 | 24.48 | 80.76 | 37.84 | 46.33
0.1 15 a — | 15.20 | 20.40 | 24.30 | 26.25 | 25.76 | 23.19 | 17.00
: : b —_ — 111.22 | 14.94 | 19.24 | 24.41 | 30.63 | 37.75 | 46.37
3.0 a — — — — — | 26.08 | 25.80 | 22.69 | 16.91
b — — — — — | 24.33 | 30.48 | 38.04 | 46.39

Table 4. Locations of Plastic Hinge Formation under Ultimate Load (Combined Loading)

(Degree)
¢

dL,| o« | AplAw | ¢ :
20° | 30° | 40° 50° 60° 70° | 80° 90°
o1 a | 11.48 | 16.50 | 20.38 | 22.17 | 21.43 | 18.10 | 13.36 | 8.00
: b | 720 | 11.43 | 16.62 | 22.98 | 30.80 | 39.37 | 48.54 | 57.59
002002 1.5 e | 11.31 | 16.59 | 20.73 | 23.04 | 23.00 | 20.35 | 15.70 | 10.36
02 0. ' b | 7.43 | 11.00 | 15.80 | 21.67 | 28.70 | 36.92 | 45.97 | 54.97
2.0 a | 11.19 | 16.50 | 20.73 | 23.19 | 23.17 | 20.76 | 16.16 | 10.63
Ol b | 743 | 11.00 | 1569 | 21.38 | 28.35 | 36.51 | 45.27 | 54.18
o1 a | 11.07 | 16.24 | 2015 | 21.87 | 21.25 | 17.90 | 13.13 | 8.00
' b | 7.43 | 11.61 | 16.73 | 23.27 | 30.80 | 39.57 | 48.54 | 57.60
0.050.05| 1.5 o | 1049 | 15.97 | 20.15 | 22.75 | 22.83 | 20.14 | 15.46 | 9.84
05 | 0. ' b | 7.43 | 11.08 | 16.73 | 21.67 | 28.70 | 37.53 | 46.20 | 55.23
50 @ - — 1 19.92 | 22.60 | 23.17 | 20.35 | 15.70 | 10.10
: b — — | 16.50 | 22.25 | 29.05 | 37.12 | 45.97 | 54.97
o1 a | 997 | 1945 | 19.45 | 21.14 | 20.77 | 17.37 | 12.66 | 7.22
: b | 7.96 | 16.97 | 16.97 | 23.47 | 31.38 | 40.19 | 49.00 | 58.12
% _ — | 18.87 | 21.73 | 21.73 | 19.12 | 14.53 | 8.79
0.1010.10} L5 b - — | 16.62 | 22.98 | 30.10 | 37.94 | 46.90 | 55.76
50 a — — _ _ _ — | 1430 | s.79
- b - — — _ — — | 47.37 | 56.02
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¢) Location of plastic hinges. The locations of plastic hinges at the collapse of
arches due to a concentrated and combined loadings are shown in Tables 3
and 4, respectively. The locations of plastic hinges are almost constant, not so
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Fig. 17. Critical Bending Moment and Axial Thrust at Hinge ‘“‘@”” Under Shake-down Loading
(Combined).
M
M’-'.O _.—(D
-08
| AL e
1 . o.1 [o.
b l @ 0.02] 1.5[0.02] [,
’ | 0.02| 3.0/0.02 ’
; ! 0.05]0.1[0.05
1 ’ ®| 005 1.5]0.05
; | 0.05 | 3.0/0.05
- AL L | o.10[0.1]0.10] |
24 ; ~_~ ®[ o010l 1.5]010] |°?
| @ ~® 0.10[3.0(0.10
NS ‘ \ [
-0.2f——— ,J ©S\!>_© B ,,,\ \ _—
0z T~ 1 o2
“®%=® \\
| ———
H i L
20 30 40 50 60 70 80 20

¢ (DEGREE)

Fig. 18. Critical Bending Moment and Axial Thrust at Hinge “b” Under Shake-down Loading
(Combined).
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largely influenced by variations in d/L, and 45/A;,. The difference between
the locations of plastic hinges for axial thrust considered and neglected is less
than a few percent of half span length L,.
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Fig. 19. Residual Moment at Hinge “a”.
Nr ) _
" @ ”*’ ] 1 1
\ ! d/Lc: A'/Aw a
0.6 | (@] 0.02] 0.1 [0.02 —
@] 0.02] 1.5 ]0.02
\ | ®| 002] 30002
: % 0.05] 0.1 [0.05 —
‘ 0.05] 1.5 |0.05
| ®]| 0.05] 3.0 0.05
04 @] o.10] 0.1 ]0.10 ]
' ; ‘© ! ®] oi0] 1.5]0.10
| \ \ @] o0.10] 3.0/0.10
|

20 30 30 50 0 70 80 30
® (DEGREE)

Fig. 20. Residual Thrust at Hinge “a’.
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2. Shakedown Load

a) Shakedown load. Shakedown loads due to a concentrated and combined
loadings are indicated on the lower line in Tables 1 and 2 together with the
ultimate load.
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Fig. 21. Residual Moment at Hinge “‘b”’.
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Fig. 22. Residual Thrust at Hinge “‘b”’.
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b) Bending moments and axial thrusts at plastic hinges. The magnitudes of
bending moments and axial thrusts at plastic hinges “a’ and ‘“b’’, when
plastic hinges form under shakedown combined load, are shown in Figs. 17 and
18, respectively. These figures show the same tendency in Figs. 15 and 16.

The residual bending moment and axial thrust at plastic hinges “a’’ and
“b’’ when plastic hinges form under shakedown load, are shown in Figs. 19,
20 and 21, 22, respectively. As known from these figures, the residual bending
moments are almost constant at ¢ =90° to 50° and rapidly increase with further
reduction of ¢. But residual axial thrust increase with reduction of ¢ from 90°

to 0°.

¢) Locations of plastic hinges. The locations of plastic hinges “a’’, “6”’ and
loading point of a concentrated load and combined load under shakedown load
are indicated in Tables 5 and 6, respectively.

In the range of used parameter, the location of plastic hinge “a’’ coincides
with the loading point of a concentrated load.

Table 5. Loading Points and Locations of Plastic Hinge Formation under Shake-down Load
(Concentrated Loading)

(Degree)
¢

AL, | ArlAw
10° | 20° | 30° | 40° | 50° | 60° ] 70° ‘ 80° | 90°
Yo | 6.24 | 12.61 | 18.75 | 24.28 | 28.61 | 31.64 | 31.90 | 27.13 | 4.07
0.1 do | 3.92 | 7.97| 12.21 | 16.59 | 21.39 | 26.82 | 32.48 | 38.88 | 45.54
8, | 4.08 | 8.03|11.64 | 15.00 | 17.45 | 19.72 | 20.92 | 20.71 | 18.75
do | 6.24 | 12.61 | 18.75 | 24.08 | 28.61 | 31.64 | 31.90 | 27.13 | 5.32
0.02 1.5 dp | 4.24 | 8.10(12.36 | 16.79 | 21.39 | 26.82 | 32.48 | 38.88 | 45.54
8, | 3.76 | 7.65| 11.40 | 14.69 | 17.65 | 19.72 | 20.92 | 20.46 | 18.75
Yo | 6.16 | 12.61 | 18.60 | 24.08 | 28.61 | 31.64 | 31.90 | 27.29 | 6.20
3.0 Yo | 4.16 | 8.10| 12.36 | 16.79 | 21.39 | 26.82 | 32.48 | 38.88 | 45.54
8, | 3.52 | 7.65|11.40 | 14.69 | 17.65 | 19.72 | 20.70 | 20.50 | 18.57
$a | 6.16 | 12.61 | 18.60 | 24.08 | 28.61 | 31.64 | 31.90 | 27.29 | 6.20
0.1 dp | 4.16 | 8.10| 12.36 | 16.79 | 21.39 | 26.82 | 32.48 | 38.88 | 45.54
6, | 3.52 | 7.65|11.40 | 14.69 | 17.65 | 19.72 | 20.77 | 20.50 | 18.57
Yo | 522 | 12.1418.36 | 24.03 | 28.61 | 31.64 | 32.12 | 27.50 | 9.08
0.05 1.5 gy | 4.50 | 8.40 | 12.36 | 16.79 | 21.65 | 26.82 | 32.48 | 38.88 | 45.82
6, | 2.90 | 7.12|11.06 | 14.44 | 17.39 | 19.56 | 20.52 | 20.25 | 18.29
Ya — — | 18.06 | 23.72 | 28.61 | 31.64 | 32.26 | 27.91 | 11.07
3.0 o - — | 12.75 [ 17.00 | 21.65 | 26.82 | 32.62 | 38.88 | 45.93
0 - — | 10.44 | 14.03 | 17.01 | 19.26 | 20.38 | 20.25 | 18.18
Yo | 4.82 | 11.8118.21 | 23.82 | 28.56 | 31.66 | 32.12 | 27.50 | 9.54
0.1 go | 4.50 | 8.45|12.60 | 16.79 | 21.60 | 26.76 | 32.48 | 38.88 | 45.82
B, | 3.06 | 7.17|11.02 | 14.44 | 17.34 | 19.50 | 20.52 | 20.25 | 18.29
Y — | 10.38 | 17.24 | 23.19 | 28.35 | 31.64 | 32.62 | 28.86 | 14.71
0.10 1.5 Yo — | 9.09]12.99 | 17.32 | 21.78 | 27.13 | 32.62 | 39.03 | 46.11
8 — | 5.74| 9.82|13.40 | 16.37 | 18.45 | 19.81 | 19.59 | 17.53
Ya - — | —|22.68|27.97 | 31.80 | 33.28 | 30.31 |[18.18
3.0 % — — | —|17.68 | 22.35 | 27.13 | 32.92 | 39.29 | 46.52
8y — — | —|12.20| 15.25 | 17.68 | 18.82 | 18.72 | 16.55
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Table 6. Loading Points and Locations of Plastic Hinge Formation (Combined Loading)

(Degree)
¢

d/Ly| o | Ar/[Aw
20° 30° 40° 50° 60° 70° 80° | 90°
o | 12.15 | 18.40 | 23.40 | 26.69 | 26.47 | 16.63 0.05 0.02
0.1{ Uy 7.93 | 12.89 | 18.23 | 24.40 | 31.52 | 39.37 | 47.66 | 56.62
0y 9.24 | 11.53 | 14.42 | 16.73 | 18.08 | 18.29 | 17.00 | 13.59
Pa — 18.32 | 23.62 | 27.48 | 28.60 | 23.95 0.52 0.06
0.02 | 0.02 1.5{ o — 12.64 | 17.78 | 23.54 | 30.00 | 37.42 | 45.30 | 53.81
Oy — 11.68 | 14.52 | 16.98 | 18.63 | 18.94 | 17.91 | 14.79
Ya — 18.32 | 23.62 | 2748 | 28.95 | 25.00 1.52 0.13
3.0{ o —_ 12.73 | 17.67 | 23.40 | 29.83 | 37.04 | 44.90 | 53.13
0y — 11.59 | 14.52 | 16.98 | 18.63 | 19.08 | 18.08 | 15.09
$a — 17.79 | 23.15 | 26.60 | 26.50 | 16.84 0.35 0.13
0.1 Uy — 12.81 | 18.37 | 24.56 | 31.57 | 39.49 | 47.70 | 56.81
0y — 12.20 | 14.40 | 16.55 | 17.93 | 18.06 | 16.91 | 13.25
Ya — 17.10 | 23.15 | 27.19 | 28.60 | 24.18 2.91 0.39
0.05 | 0.05 1.5{ 1/ — 12.55 | 18.02 | 23.69 | 30.35 | 37.65 | 45.60 | 54.18
0y = 12,73 | 14.29 | 16.55 | 18.10 | 18.47 | 17.38 | 14.30
Ya . 16.66 | 22.92 | 27.33 | 28.95 | 25.41 6.88 0.66
3.0 I/ . 12.81 | 18.13 | 23.83 | 30.17 | 37.45 | 45.36 | 53.66
{ ) — 12.29 | 13.81 | 16.10 | 17.76 | 18.27 | 17.14 | 14.30
1/ — 15.78 | 22.45 | 26.17 | 26.33 | 17.04 1.05 0.39
0.1{ o — 12.11 | 18.60 | 25.00 | 32.10 | 39.90 | 48.16 | 57.07
3 . 15.00 | 14.40 | 16.11 | 17.41 | 17.45 | 16.21 | 12.73
o - — | 21.52 | 26.60 | 28.60 | 25.20 8.51 1.44
0.10 ] 0.10 1.5 Yo — — | 18.72 | 24.71 | 31.22 | 38.67 | 46.76 | 55.23
{ 0y o= — | 13.70 | 15.09 | 16.53 | 16.84 | 15.74 | 12.46
{ Ya — — — — — — 14.11 2.76
3.0 by — — — — —_ — | 47.00 | 55.50
0y - — — == — — 14.34 | 11.15

3. Alternating Plasticity Load

The numerical results of laternating plasticity load are indicated in Table 7.
The critical cross sections and the loading points are indicated by upper line
and lower line in Table 8, respectively.

Table 7. Alternative Plasticity Load

(Ny)
¢

d/Ly| ApjAw

10° 20° | 30° | 40° | 50° 60° 70° 80° 90°
|

0.1 0.0256 | 0.0258 | 0.0259| 0.0259 | 0.0260 | 0.0260 | 0.0261 | 0.0262 | 0.0264
0.02| 1.5 0.0499 | 0.0505 | 0.0508 | 0.0510 | 0.0511 | 0.0511 | 0.0512 | 0.0514 | 0.0517
3.0 0.0570 | 0.0578 | 0.0582 | 0.0584 | 0.0585 | 0.0585 | 0.0586 | 0.0588 | 0.0592
0.1 0.0636 | 0.0642 | 0.0645 | 0.0648 | 0.0648 | 0.0649 | 0.0650 | 0.0652 | 0.0656
0.05| 1.5 0.1227 |0.1250 | 0.1264 | 0.1275 | 0.1274 | 0.1271 | 0.1272 | 0.1275 | 0.1282
3.0 0.1397 | 0.1426 | 0.1446 | 0.1459 | 0.1457 | 0.1454 | 0.1454 | 0.1457 | 0.1464
. 0.1 0.1280 |0.12780.1288| 0.1297 | 0.1295 | 0.1292 | 0.1293 | 0.1296 | 0.1302
0.10| 1.5 0.2020 | 0.2480 | 0.2517| 0.2551 | 0.2535 | 0.2521 | 0.2515 | 0.2515 | 0.2524
3.0 0.2173 | 0.2826 | 0.2875| 0.2919 | 0.2896 | 0.2879 | 0.2869 | 0.2868 | 0.2876
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Table 8. Alternative Plasticity Load (Locations of Load)

(Degree)
¢
/Ly Ar|Aw i
10° 20° 30° 40° 50° 60° 70° 80° 90°

0.1 a 5.66 | 11.08 | 16.34 | 21.19 | 25.48 | 29.29 | 32.17 | 33.88 | 33.86
’ b 3.34 | 6.82|10.15| 13.30 | 16.62 | 19.12 | 21.25 | 23.10 | 24.95
0.02 1.5 a 5.73 | 11.19 | 16.40 | 21.25 | 25.45 | 29.27 | 32.17 | 33.93 | 33.87
’ ’ b 3.15 6.63| 9.94| 13.08 | 16.85 | 19.30 | 21.45 | 23.26 | 25.14
3.0 a 5.79 | 11.21 | 16.40 | 21.30 | 25.42 | 29.27 | 32.17 | 33.93 | 33.91
) b 3.10 | 6.59| 9.88]13.02 16.94 | 19.39 | 21.53 | 23.36 | 25.17
0.1 a 5.73 | 11.21| 16.40 | 21.30 | 25.39 | 29.23 | 32.19 | 33.92 | 33.91
’ b 3.15 6.59 | 9.91| 12.99 | 17.01 | 19.49 | 21.59 | 23.41 | 25.25
0.05 1.5 a 591 | 11.42 | 16.61 | 21.46 | 25.27 | 29.17 | 32.16 | 33.94 | 34.04
’ ’ b 2.94 | 6.18, 9.40| 12.49 | 17.62 | 20.07 | 22.14 | 23.93 | 25.68
3.0 a 5.99 | 11.50 | 16.67 | 21.49 | 25.21 | 29.12 | 32.15 | 34.00 | 34.07
’ b 2.81 6.06 | 9.29 | 12.37 | 17.83 | 20.25 | 22.31 | 24.08 | 25.82
0.1 a 5.80 | 11.36 | 16.56 | 21.43 | 25.21 | 29.10 | 32.15 | 33.94 | 34.00
’ b 3.21 6.32 | 9.54 | 12.58 | 17.74 | 20.19 | 22.21 | 23.99 | 25.75
0.10 1.5 a 1.65 | 11.70 | 16.89 | 21.66 | 24.85 | 28.92 | 32.09 | 34.01 | 34.24
' ’ b 9.90 | 5.75| 8.81 | 11.78 | 19.25 | 21.50 | 23.47 | 25.12 | 26.68
3.0 a 8.51 | 11.77 | 16.98 | 21.77 | 24.78 | 28.87 | 32.06 | 34.05 | 34.31
’ b 9.90 | 5.60| 8.60| 11.52 | 19.70 | 21.94 | 23.86 | 25.41 | 26.96

4. Comparison of the Three Loads

The shakedown load is always less than the ultimate load but it is not less
than 969, of the ultimate load in the range considered.

The ratio of shakedown load and ultimate load is minimum at ¢ =30° to 50°
and for a concentrated load only is maximum at ¢ =90°.

The ultimate load and the shakedown load for a concentrated load and the
combined load are shown in Figs. 23 and 24, respectively. The alternating
plasticity loads are also shown by chained lines in these figures.

From these figures, it is found that the alternative plasticity load is almost
less than the corresponding shakedown load and the difference between the

“two loads becomes obvious against the uniformly distributed load coefficient o.

Conclusions

This paper presents the theroretical analysis of the minimum static collapse
load, shakedown load and alternative plasticity load of two-hinged circular
steel arches under a concentrated load, uniformly distributed load and their
combined load. The corresponding loads are calculated using center angle of
arches, span length, cross sectional properties as parameters. Cross sectional
shapes of arch ribs are rectangular, box or I section with double symmetric
axes.
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Fig. 23. Fig. 24.

Main conclusions obtained from the results of this study are as follows.

1. The ultimate load and shakedown load are compared numerically in
Tables 1 and 2. The difference between the loads is about 59, at the most and
can be neglected.

2. The plastic hinges “a@’” and “b’’ due to ultimate load are located nearer
the center of the span than the plastic hinges “a’’ and “6’’ due to shakedown
load. :

3. The alternating bending moment due to variable repeated load yield a
section “a’’ (Table 8) and the arches collapse due to alternating plasticity
yielding at the cross section by alternating bending moment. This alternating
plasticity loads are less than the shakedown load for the range of given arch
properties and the differences of both loads are shown in Figs. 23 and 24. Both
loads for the combined load considered uniformly distributed dead load become
nearly equal but the consideration for both ultimate and alternative loads may
be required for the plastic analysis of arches.
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Summary

The theoretical analysis of shakedown load of structures applying a bending
moment and an axial thrust is described and the loads are calculated for two
hinged steel circular arches with I, box or rectangular cross sections. The
calculated results for concentrated, uniformly distributed and their combined
loadings are compared for the minimum static collapse load, shakedown load
and alternative plasticity load.

Résumé

On présente une analyse théorique de structures soumises & une charge de
stabilisation (shakedown load) et entrainant un moment de flexion et un
effort axial. Les charges sont calculées pour des arcs circulaires en acier a
deux articulations et de section rectangulaire, en caisson ou en I. Les résultats
trouvés pour des charges concentrées, uniformément réparties ou leurs com-
binaisons sont comparées pour la charge de rupture statique minimale, pour
la charge de stabilisation (shakedown load) et pour la charge de plasticité
alternative.

Zusammenfassung

Die theoretische Berechnung der ‘“‘shake-down’’-Last von Tragwerken mit
Biegemoment und Horizontalschub wird vorgelegt und fiir einen stédhlernen
Zweigelenk-Kreisbogen mit T-, Kasten- oder Rechteckquerschnitt berechnet.
Die Ergebnisse fiir konzentrierte, gleichférmig verteilte und kombinierte
Belastung werden mit jenen fiir die minimale statische Trag-, “shake-down’’-
und die entsprechende plastische Last verglichen.
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Introduction

The subject of concentrated loads acting on reinforced concrete slabs has
interested many investigators in the past. This was partly due to the fact that
it is of interest in itself, but largely also because it can, in some ways, be
equated with the very common problems of the slab supported on columns or
with columns supported on spread footings. In this research, the major interest
was usually directed toward the so-called punching shear strength or toward
the diagonal tensile strength of the slab. Many experiments were conducted
and many empirical and semi-empirical formulas were devised in an attempt to
relate apparent shearing stresses in the slab, caused by concentrated loads,
to the strength of the concrete.

Other, and particularly more recent, investigators, have recognized that
the flexural strength of the slab may have a strong influence on the punching
resistance. For instance, as early as 1943, JOHANSEN [1], in his original book
on yield line theory, analyzed some early slab tests by BacuH and GrAF [2] in
which several concentrated loads, arranged in a small circle, were applied to
slabs supported along their boundaries. JOHANSEN mentioned that at the time
of test, failure was attributed to punching shear. However, he analyzed the
slabs and loading according to yield line theory and stated that the punching
shear was actually a secondary phenomenon, *“. . . since the primary cause —
yielding of the reinforcement — had already largely taken effect at lower load
stages and produced wide cracks®. His calculations correlated well with the
experimental results. Another attempt to link punching shear and flexural
strength was made by HoGNESTAD [3] in 1953, when he re-analyzed RicHART s
[4] footing tests. HOGNESTAD did this by including a term in his empirical shear
equations, which he called P, and defined as “‘the ultimate flexural capacity
the slab would have had if it had not failed in shear’’. Py, was taken as being
“governed by the full static moment at the edge of the column’’, i.e. by the
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relation between the yield moment of the footing along a line crossing the
entire footing and lying along one face of the column, and the moment applied
along this line by the pressure acting on the bottom of the footing.

Similar empirical shear equations were later used by ELSTNER and HooNE-
STAD [5] to analyze their slab tests and also some tests conducted by GRAF [6].
However, in these calculations, P, was calculated by yield line theory using
simplified yield line patterns based on the crack patterns observed in the
specimens. WHITNEY [7] carried the relationship between punching shear and
the flexural strength of slabs a step further. Re-analyzing RicHART’s footing
tests, as well as the slab tests conducted by ELSTNER and HOGNESTAD, he
devised a very simple empirical formula, in which the shear strength was
directly related to the ““... ultimate resisting moment per inch width of slab
within the base of the pyramid of rupture’’.

Mok [8], in analyzing his ewn and others’ tests, devised a new set of empirical
formulas in which the punching shear strength of slabs and footings was partially
related to a shear V;,, which was obtained from the P,;,, of ELSTNER and HoGNE-
STAD. MoOE’s formulas, or variations thereof, were also used by TASKER and
Wyarr [9], HoGNESTAD, ELSTNER and Haxson [10], MOwWRER and VANDER-
BILT [11], and HansonN and Haxson [12], in analyzing their own and others’
test results. Other investigators [13-16], while not using MoE’s formulas, also
recognized that some relation exists between the bending strength of the slab
or the amount of reinforcement, and the punching shear resistance. Some
[14, 15, 17] equations have also been devised to relate the combination of bend-
ing and shearing stresses in the concrete to the punching failure.

The results of some earlier tests [18] of small slab models, carried out under
the supervision of the senior author, indicated that yield line theory might
give good correlation with the punching resistance of uniformly loaded slabs
supported on columns. Also, examination of the crack patterns of a large
number of specimens pictured in the literature indicates that in many cases
the reinforcement must have yielded in tension either prior to, or simultan-
eously with, the failure. Further, it is apparent from MoE’s calculations, that in
the case of several of his and others’ specimens V[V, is close to unity,
which means that for those cases a considerably simplified yield line approach
predicted the failure strength of punching specimens. It is therefore the purpose
of this paper to examine some of the punching tests reported in the literature
from the standpoint of yield line theory in order to determine what patterns
and equations may be applicable, and the range of their validity.

Development of Equations

Yield line theory is an upper bound theory. It is therefore always necessary
to look for the lowest possible yield line load, consistent with geometrical and
physical constraints, which the structure can resist. If several different yield
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line patterns are admissible by these constraints, the one providing the lowest
load resistance will be the critical one. Yield line theory only predicts a stage of
slab behavior characterized by yielding of the reinforcement, formation of
extensive cracks, and appreciable deflections. It may or may not predict the
collapse load, depending on the membrane or other non-flexural action of the
slab. However, this method of analysis is useful even when it underestimates the
collapse load, since it then serves to predict the limit of ordinary structural
usefulness, and gives warning of impending structural distress.

Several different yield line patterns which model many of the punching test
specimens and results available in the literature will now be analyzed:

Case I: A square slab, with length of side a, is supported along its perimeter
in such a way that the corners cannot lift. The reinforcement is isotropic (a
square grid will essentially satisfy this requirement) and the positive yield
moment is m,; while the negative yield moment is m,. A vertical load P,
distributed over a small circle of radius r, is applied at the center of the slab.
See fig. 1 a. It has been shown [1] that a fan shaped yield line pattern will form.
Fig.1b represents one of the pie shaped segments and shows the moments
acting on it.

T
loaded area
\"v/d y
a <= Tt g
] £
° W
R
1
\—Iooded area
(a) (b)

Fig. 1. Yield line pattern for case 1 — (Slab does not crack beneath load).

Applying the principle of virtual work and equating the energy input of a unit
downward displacement of the load to the energy simultaneously absorbed in
the yield line hinges, one obtains

Rd¢ _

2m
Of(m1+m2) R—T

P, (1)
where R is the radius of the fan, and remains to be determined. d ¢ is defined in
fig. 1. Solving, one finds that

2m

-
1-%

(my 4 my). (2)
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From this, it is obvious that P will be smallest for the largest physically
possible radius of the fan. Therefore one would expect the fan to spread to the
boundaries of the slab, so that R = 1a. This derivation was based on the
assumption that the slab would not crack beneath the load. If this assumption
is not correct, i.e. if the radial yield lines continue under the load (see fig. 2), it
can be shown that

(my+my). (3)

]
loaded area

Fig. 2. Yield line pattern for case I — Fig. 3. Yield line pattern for case II.
(Slab does crack beneath load).

Case I11: A circular slab of radius R is simply supported along its entire
perimeter. The reinforcement is isotropic and the positive yield moment is km,
for the central portion of the slab with radius R,, while for the rest of the slab
it is m,. There is no negative moment reinforcement. A load P, distributed
over a small circle of radius r, is applied at the center of the slab. It is assumed
that the slab will be able to crack beneath the load. See fig.3. Applying the
principle of virtual work as before,

2m 2

m(BR—R,+kR)d$ P r?d¢ R—2r 4
R T a2 2 R (4)

0 0
This gives P = 2772ml [1 +£l(k—— l)] . (5)

1-2" R

3 R '
If, on the other hand, the slab does not crack beneath the load, then

P=2”m1[1+ﬁ(k~1)]. (6)

17 R

Case I11: A square slab, with length of side a, is simply supported along the
perimeter with the corners free to lift. Reinforcement is basically isotropic, but
additional reinforcement is provided as shown in fig.4 so that two bands, of
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e — -]
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O'I a
Y
| a' | \—Iooded area

Fig. 4. Yield line pattern for case III.

approximately the width of the loaded area, are created which contain additional
reinforcement in the direction indicated. Loading is through a square column
stub of side length a’ at the center, and it is assumed that the concrete under
the column does not crack. The magnitudes of the positive yield moments are
m, in the major portions of the slab and km, in the bands, perpendicular to the
direction of the steel. A simplified yield line pattern is employed for the ana-
lysis, see figure 4, for which it can easily be determined that

I4

P=8m1(l+k ¢ ) (7)

a—a'

Case IV: A square slab, with length of side a, is supported along the peri-
meter, with the corners held down. Reinforcement is isotropic with positive

loaded area

A

Fig. 5. Yield line pattern for case IV.
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yield moment m, and negative yield moment m,. Loading is through an
elongated column stub of width 27 and length a’ + 2r. See fig. 5 for the shape of
the loaded area and the assumed yield line pattern. The total load is P, and it is
assumed that the slab will crack beneath the loaded area. For simplicity, and
since it provides the lowest value of P, it will also be assumed in the derivation
of the load equation that the entire load deflects the same distance. The virtual
work equation then becomes (note that R is different for each wedge shaped
segment):
1 2w o1
P=(m1+m2)[2a m-}—é"Rdgbﬁ]. - (8)

Solving, P= (277-!—4%) (g +my) . (9)

Case V: A square slab is supprted on two opposite edges only. Reinforcement
is isotropic with positive and negative yield moments m, and m, respectively.
Loading is through a square column stub at the center. See fig. 6. It can easily
be determined that

P=%;’@. (10)
1=
e - i

) [ — supported edge

ted ed
supported e ge\ o

-
[~~—1loaded area

1

i

Fig. 6. Yield line pattern for case V.

Case VI: A square or circular slab of area 4, is supported on a circular
column, of radius r, located at its center. It is loaded with a uniformly distri-
buted load w per unit area. This loading produces an axial force P in the column.
The reinforcement is isotropic and the positive and negative yield moments
are m,; and m, respectively. It is assumed that the slab will not crack above the
column, but that a yield fan will form as shown in fig. 7, which will permit the
entire slab outside the fan to drop the same distance when failure occurs. Let
the average shear per unit length on the perimeter of the fan be ¢. Then from
statics,
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_P—7mR?w
1= 9zR
Dropping the rim of the fan and the entire slab outside it a unit distance, one

obtains the virtual work equation by summing the effects on the individual
segments of the fan:

(11)

2m - n'

2
[1RaprwtirapR=r+3R-1)(R-1)a43) = [ F220m+my). (12)
0

0

supported area

AN
X
/ X
o x| _
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X

Fig. 7. Yield line pattern for case VI.

(a)

Substituting the value of ¢ from equation (11) into equation (12), writing P =
w A 44, and solving for the sum of the moments,

w r Rz r2
my+my = _277(1_~_E) [Aslab 773 (1+ =+ RZ)] (13a)
P r w R? r 72
or my + My =%(1—§) [1—3Aslab (1+ = + Rz)] (13b)

To determine R, one must maximize the sum of the moments. Differentiating
both sides of either of equations (13) with respect to R and setting the resulting
partial derivative of the right side equal to zero, one obtains

3 /a 4 71
3 Aslab 1

R—’I"“/E 777‘27—5. (].4)

Substituting this value of R back into equations (13), one can then solve for

the sum of the moments, or, alternatively, if one is dealing with a slab of known
properties, one can then find P or w.

Correlation Between Theory and Test Results

The equations derived above represent simplified mathematical models of
certain idealized physical models which, in turn, are supposed to represent the
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conditions found in actual buildings. This discussion will only concern itself
with the relationship between the mathematical and the experimental models
for the time being.

The mathematical models differ from most of the physical models reported
in the literature in several respects: First, for convenience in calculation, it was
assumed that the punching loads were distributed over circular areas, while in
most specimens square plates or column stubs were used. Pictures in references
[4, 8, 12, 18 and 19] show that the circular fan cracking patterns developed in
specimens with square column stubs were indistinguishable from those developed
by the circular column stubs of reference [14], except that the cracks on the
tension side, around the periphery of the loaded area, had a slightly different
shape. However, even in the case of square column stubs these cracks were
frequently roughly circular. Second, it will be desirable to apply the equations
derived in cases I and IV to specimens in which the corners were free to lift.
Photographs in reference [12] show that the assumed circular yield line patterns
will form under those conditions also. It is only necessary then to set the nega-
tive yield moment of these slab equal to zero. Third, in pictures of specimens in
which case I might be expected to apply, one can observe that cracking usually
took place under the loaded area even when the column stub was cast monolith-
ically with the slab, but that a crack seemed to form around the periphery of the
load at the same time. This indicates that the actual failure yield pattern was an
intermediate between fig. 1 and 2. As one can see by examining equations (2)
and (3) they may be expected to give values of P which differ very little. Since,
as mentioned earlier, yield line theory gives an upper bound on the load, it
seems more conservative to use equation (3) in on all cases except those in which
the column stub was so large that cracking beneath it was unlikely. Finally,
for the same reason, one should also choose the smallest feasible r for the equi-
valent circular loaded area when dealing with square column stubs. This would
be the radius of the largest circle which could be inscribed in the loaded area.
The physical equivalent of this is to assume that the corners of the loading
device exert little or no pressure on the slab. By reference to equations (2),
(3), (13) and (14), it can be seen that possible inaccuracies in r of the magnitude
involved in this assumption can have relatively little effect on P. (For a rough
estimate, in most practical cases the change in P will be approximatelx 109, of
the change in 7.) The slightly low value of P4, resulting from the foregoing
approximations compensates at least partly for the fact that some yielding of
reinforcement and consequent wide cracking will actually occur at loads less
than Pyield line*

106 specimens of slabs supported along their boundaries and subjected to
punching loads, reported in the literature, were analyzed by the yield line
theory. The arithmetic mean of P10/ P Was 1.015, where B, is the load at
which the specimen was reported to have “failed’’. The standard deviation was
0.248. In addition, 128 footings tested by RICHART [4] were also analyzed, using
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equations (13). The analogy between these footing tests and the analysis of a
slab carrying a uniformly distributed load and supported on columns, seems
quite evident, particularly since RICHART noted that ““. . . the deflections of the
footing were small in comparison to the amount of closure of the car springs
until the yield point of the reinforcement was reached, so that an essentially
uniform support was provided over the bottom of the footing’’. The arithmetic
mean of B,;,31:me/Fiest Tor the footing tests was 1.05, with a standard deviation
of 0.32. Further details of the comparisons, including yield line patterns used,
values of P40/ Fles for all specimens examined and arithmetic means and
standard deviations for individual test series are given in Table I.

Table 1. Summary of Test and Calculation Results

Critical
Specimen Yield Line Pv.L. :
Source Designation Pattern Piest Q Remarks
MowRER and M-2-1-0 Fig. 2 0.789  1.36  Series M specimens contained
Vaxpersirt [11] M-3-1-0 Fig. 2 0.835 1.07 both tension and compression

M-4-1-0 Fig. 2 0.715  0.92 reinforcement and were made
from normal weight concrete.

M-5-1-0 Fig. 1 0.714  0.60 Very large column stub

M-6-1-0 Fig. 1 0.706  0.46 Very large column stub

M-7-1-0 Fig. 1 0.633  0.40 Very large column stub

M-8-1-0 Fig. 1 0.643 0.36 Very large column stub

M-2-2-0 Fig. 2 1.080 5.90

M-3-2-0a Fig. 2 1.057 4.56

M-3-2-0b Fig. 2 0.796  2.68

M-4-2-0 Fig. 2 0.964 2.82

M-5-2-0 Fig. 1 0.905 2.44 Very large column stub

M-6-2-0 Fig. 1 0.948 1.89 Very large column stub

M-7-2-0 Fig. 1 0.837  1.67 Very large column stub

M-8-2-0 Fig. 1 0.903 1.43  Very large column stub

M-3-1-2 Fig. 2 1.026  0.93 2 edges fixed

M-3-1-4a Fig. 2 1.022 1.06 4 edges fixed

M-3-1-4b Fig. 2 0.904 1.09 4 edges fixed

JL-0-1.7a Fig. 2 1.016 3.54 Series J specimens contained

JL-3-1.7a Fig. 2 0.870  3.77 only tension reinforcement.

JL-0-1.7b Fig. 2 0.977  2.57 Series JL specimens were manu-

JL-3-1.7b Fig. 2 0.828 2.99  factured from lightweight ag-

JN-0-1.7 Fig. 2 0.700 3.97  gregate concrete, series JN
specimens from normal weight
concrete.

JN-3-1.7 Fig. 2 0.774  3.91 J series slabs with a -3- desig-

JL-0-2.2a Fig. 2 0.937  6.60 nation contained a 1}” square

JL-3-2.2a Fig. 2 1.122 6.77 hole at the center of one edge

JL-0-2.2b Fig. 2 1.374  5.30 of the column stub.

JL-3-2.2b Fig. 2 0.996 5.30

JN-0-2.2 Fig. 2 0.757  6.09

JN-3-2.2 Fig. 2 0.794  6.77

JL-0-1.1 Fig. 2 0.642  0.92

Arithmetic Mean = 0.880 Standard Deviation = 0.143

ELsTNER and B-1 Fig. 2 0.723  0.45  Series B contained only tension
HoceNESTAD [5] B-2 Fig. 2 0.711  0.25  reinforcement.
B-3 Fig. 2 0.806 1.70 Contained. Shear reinforcement
B-4 Fig. 2 0.781  0.91
B-5 Fig. 2 1.086  9.40 Shear reinforcement
B-6 Fig. 2 1.067 7.84 Shear reinforcement
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Critical
Specimen Yield Line Py.L.
Source Designation Pattern Piest Q Remarks
ELsTNER and B-9 Fig. 2 1.101  4.38
HoeNESTAD [5] B-10 Fig. 2 1.038 4.18 Shear reinforcement
B-17 Fig. 2 0.941 4.30 Shear reinforcement
B-11 Fig. 2 1.187 21.25
B-12 Fig. 2 0.991 9.33  Shear reinforcement
B-13 Fig. 2 1.000 9.06 Shear reinforcement
B-14 Fig. 2 1.346  8.73
B-15 Fig. 2 1.142 9.06  Shear reinforcement
B-16 Fig. 2 1.066 9.63 Shear reinforcement
A-la Fig. 2 1.015 2.63  Series A contained both tension
A-1b Fig. 2 0912 1.95 andcompressionreinforcement.
A-le Fig. 2 0.948 1.83
A-1d Fig. 2 0.973 1.62
A-le Fig. 2 0.908 2.19
A-4 Fig. 2 0.867 1.93
A-2a Fig. 2 1.475 11.23
A-2Db Fig. 2 1.430 9.40
A-2c Fig. 2 1.343 6.78
A-T7b Fig. 2 1.160  7.87
A5 Fig. 2 1.180  7.87
A-7 Fig. 6 1.000 7.77
A-8 Fig. 6 0.939 8.61
" A-3b Fig. 2 1.75  19.60
A-3c Fig. 2 1.47 18.13
A-3d Fig. 2 1.54 15.88
A-6 Fig. 2 1.71 16.65
A-13 Fig. 2 0.620 0.41

Mean = 1.098 Standard Deviation = 0.272

Mok (8] S 5-60 Fig. 2 0.968  2.52 Steel plate shear reinforcement
S56-60 Fig. 2 1.027 2.56  Steel plate shear reinforcement
S7-60 Fig. 2 0.794 2.48 1" diameter bar shear head
S8-60 Fig. 2 0.912 2.48
S5-70 Fig. 2 1.034 3.00
S6-70 Fig. 2 1.048 2.91 Steel plate shear reinforcement
S1-60 Fig. 2 0.878 1.96
S1-70 Fig. 2 1.026  2.32
R1 Fig. 2 0.934 2.09
R2 Fig. 2 1.128 4.28
S2-60 Fig. 4 1.122 4.23
S 3-60 Fig. 4 0.900 9.33
S4-60 Fig. 4 0.706  0.12
S3-70 Fig. 4 1.011 11.78
S4-70 Fig. 4 0.829 0.12
S4-70A Fig. 4 0.748 0.16

Mean = 0.942 Standard Deviation = 0.127

HoGNESTAD, H1 Fig. 2 0.833 2.54  All specimens in this series
ELsTNER and H1L3 Fig. 2 1.013 2.38 were made of lightweight con-
Haxnson [10] H1L4 Fig. 2 1.006 2.50 crete

R1 Fig. 5 0.934 2.09

R1L13 Fig. 5 1.261 2.19

R1 L4 Fig. 5 1.113  2.04

Mean = 1.027 Standard Deviation = 0.148

GRrAT [6] 1355 Fig. 2 0.876  8.83 All of these specimens con-
1356 Fig. 2 0.839 8.82 tained shear reinforcement,
1361 Fig. 2 0.861 11.01 except 1362 and 1375.
1363 Fig. 2 0.920 11.78
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Q

9.48
9.82
15.91
15.87

Remarks

Standard Deviation = 0.641

Critical

Specimen  Yield Line £¥.r.

Source Designation Pattern Prest
GRrAF [6] 1376 Fig. 2 0.901
1377 Fig. 2 0.915

1362 Fig. 2 2.02

1375 Fig. 2 2.47

Mean = 1.225

KIinNUNEN and 5089 Fig. 2 0.831
NYLANDER [14] 5098 Fig. 2 0.830
5215 Fig. 2 1.228

5224 Fig. 2 1.152

5107 Fig. 2 0.989

5117 Fig. 2 1.048

5125 Fig. 3 0.981

5134 Fig. 3 0.962

5269 Fig. 3 1.239

5270 Fig. 3 1.288

5281 Fig. 3 1.232

5290 Fig. 3 1.122

Mean = 1.075

RicHART [4]

105a
105b
106a
106b
107a
107b
108a
108b
109a
109b
110a
110b
111a
111b
112a
112b
109R a
109R Db
110Ra
110Rb
201a
201b
202a
202b
203 a
203b
204 a
204b
205a
205b
206a
206b
207 a
207b
208a
208b
209a

Fig.
Fig.
Fig.
Fig.
Fig
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.

w3 a1 o o1 =T oF o3 a1 o3 o3 =3 3 o3 «d oF o1 «J «T =T oF = o o oJ «J «F o3 =3 o7 o3 =3 = ~J oI ~J =3 ~J

0.71
0.67
3.72
3.68
2.99
3.25
2.88
2.89
12.60
12.83
13.75
14.05

All of these specimens were
circular in shape, as was the
loaded area.

Standard Deviation = 0.159

Arithmetic Mean of Py 1, [P:.s¢ for 106 specimens of slabs supported along their boundaries and
subjected to punching loads = 1.015, Standard Deviation = 0.248.

0.87
1.14
0.81
0.89
0.87
0.97
0.72
0.76
1.40
1.63
1.39
1.34
1.42
1.19
2.00
1.85
1.13
1.18
1.44
1.23
1.85
1.63
1.32
1.38
1.32
1.46
2.05
2.05
1.77
1.77
1.58
1.35
1.23
1.30
1.22
1.15
0.97

Footing tests



52 HANS GESUND - Y. P. KAUSHIK

Critical
Specimen  Yield Line Fv.L.
Source Designation Pattern Prost (4] Remarks

RicHART [4] 209b Fig. 7 1.02 2.81
210a Fig. 7 1.24 5.05
210b Fig. 7 1.39 5.10
211a Fig. 7 1.16 3.80
211b Fig. 7 1.07 3.53
212a Fig. 7 1.07 2.72
212b Fig. 7 1.12 2.64
213a Fig. 7 1.30 4.95
213b Fig. 7 1.30 4.92
214a Fig. 7 0.94 2.97
214b Fig. 7 0.91 2.92
215a Fig. 7 0.89 2.84
215Db Fig. 7 0.89 3.07
216a Fig. 7 1.23 4.92
216b Fig. 7 1.23 4.96
217a Fig. 7 1.15 3.36
217b Fig. 7 0.95 2.99
218a Fig. 7 0.89 2.14
218b Fig. 7 - 0.97 2.06
304a Fig. 7 0.88 1.84
304b Fig. 7 1.13 2.20
305a Fig. 7 0.81 1.80
305b Fig. 7 0.81 1.76
307a Fig. 7 0.98 2.06
307Db Fig. 7 0.92 1.94
308a Fig. 7 0.77 1.57
308b Fig. 7 0.92 1.59
309a Fig. 7 0.89 1.60
309b Fig. 7 0.95 1.66
310a Fig. 7 0.85 1.86
310b Fig. 7 0.97 1.90
312a Fig. 7 0.86 1.72
312b Fig. 7 1.17  1.82
314a Fig. 7 0.89 2.03
314b Fig. 7 1.05 1.84
315a Fig. 7 0.98 1.61
315b Fig. 7 0.79 1.51
316a Fig. 7 0.79 1.55
316b Fig. 7 0.82 1.48
317a Fig. 7 0.90 1.73
317b Fig. 7 0.84 1.70
319a Fig. 7 1.03 1.91
319b Fig. 7 0.90 1.94
321a Fig. 7 0.93 1.67
321b Fig. 7 0.87 1.63
323a Fig. 7 0.89 1.67
323b Fig. 7 0.85 1.58
324a Fig. 7 0.96 1.71
324b Fig. 7 0.94 1.68
3264 Fig. 7 0.88 1.82
326D Fig. 7 0.87 1.64
403a Fig. 7 0.92 1.63
403b Fig. 7 1.12 2.16
501a Fig. 7 1.29 9.50 500 series footings were rec-
501b Fig. 7 1.34 9.46 tangular in shape.
502a Fig. 7 0.91 3.76
502b Fig. 7 0.87 3.89
503a Fig. 7 0.86 3.75
503b Fig. 7 0.92 3.80
504a Fig. 7 1.76  18.91
504b Fig. 7 1.63 18.60
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Critical _
Specimen Yield Line £v.L.
Source Designation Pattern Prest Q Remarks
RICcHART [4] 505a Fig. 7 0.86 5.95
505b Fig. 7 0.89 5.90
506a Fig. 7 0.94 6.22
506b Fig. 7 0.94 5.83
701a Fig. 7 0.94 3.22
701b Fig. 7 0.92 3.34
702a Fig. 7 1.26 2.61
702b Fig. 7 0.79 1.65
101a Fig. 7 0.71 0.55 The following specimens were
101b Fig. 7 0.73 0.57 listed by Richart as failing by
103 a Fig. 7 0.67 0.50 tension of the reinforcement.
103b Fig. 7 0.62 0.50
104a Fig. 7 0.84 0.91
104b Fig. 7 0.93 0.92
313a Fig. 7 0.67 1.25
313b Fig. 7 0.65 1.14
318a Fig. 7 0.67 1.13
318b Fig. 7 0.65 1.16
320a Fig. 7 0.72 1.17
320b Fig. 7 0.76 1.32
322a Fig. 7 0.65 1.05
322b Fig. 7 0.63 1.00
325a Fig. 7 0.68 1.23
325b Fig. 7 0.72 1.27
327a Fig. 7 0.69 1.01
327b Fig. 7 0.76 1.02
329a Fig. 7 0.73 1.45
329b Fig. 7 0.71 1.44
404 a Fig. 7 0.74 1.31
404b Fig. 7 0.95 1.30

Arithmetic Mean of Py.1./Pes: for 128 footing specimens subjected to punching loads = 1.05,
Standard Deviation = 0.32.

Differentiation Between Bending and Shear Failure

When the value of P,;q1melFiess is less than one, it is an indication that the
failure was preceded and perhaps initiated by yielding of the tension reinforce-
ment along the yield lines, i.e. that it was a primary bending rather than a shear
failure. (In fact, as indicated previously, yield line theory only predicts collapse
due to formation of a mechanism. It is therefore likely that the reinforcement
in the most highly stressed regions of the slab would have yielded at some-
what lower loads than P,;.;,.-) However, in the case of approximately half of
the specimens, P, ;q1ine/Flest Was larger than one, and the standard deviations
reported above are rather large. It therefore appears that in many tests the
failure must have been primarily due to shear. Which of the two types of failure
will be critical in any given specimen will naturally be determined by its relative

strengths in shear and bending and its relative loading in these two modes.
pfyd?

72 2
c

the perimeter of the column stub and the other symbols have their usual mean-

The relative strengths will be a function of where b is to be taken as
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ings. If the slab contains two layers of reinforcement, one near the top and
one near the bottom surface, it would seem logical to make p equal to the sum
of the reinforcement ratios, since it is the sum of the yield moments in the
positive and negative directions which determines the yield line punching
strength. However, if the reinforcement is so arranged that the layer acting as
compression reinforcement extends into the column, it will provide an appreci-
able amount of additional shear resistance through dowel action [15] and
through strengthening of the shear-compression zone. In this case, therefore,
it will probably be more accurate to make p equal only to the ratio of
reinforcement acting in tension along the column perimeter. The latter com-
ment will also apply, of course, when the support conditions are such that one
of the yield moments will not act.

It is more difficult to establish a criterion for the relationship between the

loadings, but, empirically, they seem to be related through M, where B is the

perimeter of the slab. Combining the two relationships, one can empirically
define a parameter ¢ such that

pf,d? (pd)l . PPAE
Q= =110 = =2 —(10%). 15
Vf.bd B VfgbB( ) (1)
Values of ¢ for all specimens are included in table I.

The values of P, ;4 1ine/ Pt for the 106 slab specimens supported along their

boundaries are plotted against @ in fig. 8, while fig. 9 displays similar data for
PY.L.
Ptest
line between primarily shear and primarily yield line bending failure, then it

is apparent that when @ is less than 2, the specimens failed first in yield line
bending. When @ is between 2 and 4, approximately half the specimens failed
first in bending and half probably failed primarily in shear, while for @ greater
than 4 most specimens without shear reinforcement failed in shear.

the 128 footing specimens. If one regards the

= 1.0 line as the dividing

Application to design

The present design of flat slab or flat plate structures is largely based on the
need to prevent shear failures. When one is dealing with interior panels (and
these are the only ones to which the above analyses can be applied at this time),
it appears that normally the critical loading will be one in which a uniformly
distributed load is applied over the entire surface. Therefore equation (13a)
is the applicable one, and one should design against punching failure by cal-
culating the required moment sum and providing the appropriate reinforcement
and concrete depth. Then one can check for the value of @ and if that is less
than 2, the shear check becomes essentially irrelevant since, from the above
evidence, the structure will fail first in flexure.
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If one applies this criterion to current designs the results are rather startling.
For instance, if one looks at the standard design of an interior panel of a slab,
supported on circular columns spaced 25 feet center to center and supporting a
service live load of 200 pounds per square foot, one finds that the CRSI Hand-
book [20] requires both a drop panel and a large capital. Using their slab design
for this case, but omitting the capital and assuming the slab to be supported
directly on 12 inch diameter columns, one finds that @ = 1.47. This is based on
p calculated from the CRSI design for the column strip by adding twice the
number of trussed bars, plus the number of top bars, plus, since the bottom
layer of reinforcement is not detailed to extend into the column, the straight
bars. If one then calculates v, according to equations 15-1 and 17-7 of ACI
318-63, one finds that it would be 345 psi, far above the permissible 208 psi.
However, according to the experimental evidence, the failure would clearly be
of a bending yield line nature, which requires further examination. The Hand-
book or Code design is based on shear failure, and therefore requires the capital.

Analyzing the Handbook design, but without the capital, according to
equations (13a) and (14), one finds that first, the radius of the yield fan, R, is
slightly larger than half the side length of the drop panel, and, second, that the
sum of the yield moments required for the ultimate load is slightly more than
119, greater than that available. To ensure that the full yield moments can be
developed throughout the fan, it would therefore be desirable to enlarge the
drop panel by a foot or so in each direction, at the same time extending the
bottom reinforcement so that it ends about a foot nearer the column than
presently detailed. The sum of the yield moments must be increased by 119,
or more, which can be accomplished either by a 159 increase in depth within
the drop panel area without changing @, or, perhaps more easily, by a 129,
increase in p (concentrated in the negative reinforcement), which will increase
@ to 1.84. This is still within the range in which shear failure apparently cannot
occur, which means that the capital is unnecessary. The savings to be obtained
by elimination of column capitals are obvious.

A similar analysis will show that column capitals are also unnecessary in a
slab supporting a service live load of 200 pounds per square foot with 16 inch
diameter columns spaced 40 feet center to center, provided the drop panels are
extended slightly, p is increased by 159, and the bottom reinforcement is
continued through the column. In lieu of the latter two requirements a 109,
increase in column diameter and a 159 increase in depth through the drop
panel would also provide an adequate design against yield line punching, or
shear failure. Even the most extreme case considered in the CRSI Handbook,
40 feet spacing of columns and 500 psf, service live load will, if one assumes the
columns to have diameters of 22 inches and removes the capitals, give a ¢ of
1.85, and a safe design against punching, provided the bottom reinforcement is
extended into the columns, the drop panel area is extended slightly, and the
total depth is increased by 169, in the drop panel area. It should be noted that
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the column sizes chosen for these illustrations are very small for the loads
involved. Since @ is inversely proportional to column diameter, any increase
in the column sizes would automatically improve the situation. Effects of these
changes on design requirements for bending moments in the remainder of the
structure were not examined.

Since shear appears not be the primary cause of failure as long as ¢ is less
than 2, this index can also be used to determine the possible requirement for
shear reinforcement for a slab when capitals and/or drop panels are undesirable.
From test results [5, 6, 8] on specimens containing shear reinforcement, it is
apparent that such devices can be very effective in keeping P, ;4 1:ne/ Flest D€L
or below one even for very high values of .

Conclusions

1. Yield line patterns and equations can be devised which will model some
cases of a load concentrated over a small area of a reinforced concrete slab
supported on its perimeter, and also of uniformly loaded reinforced concrete
slabs supported on columns.

2. Test results from 234 punching specimens available in the literature were
compared with values of punching load predicted by yield line theory. The
overall arithmetic mean of F,;;4:n0/Best Was 1.03, with a standard deviation
of 0.29.

3. Closer examination of the test results revealed that one could define a
parameter ¢ = % (10%), which could be calculated for all specimens.
It appears that when @ is less than 2, P,;,;1:,.0/ Des 1s consistently less than 1,i.e.
the punching strength predicted by yield theory is less than the actual punch-
ing strength. Therefore it appears that bending strength rather than shear
strength is the controlling factor for design whenever @ is less than 2.

4. When @ is between 2 and 4, either strength may control, while for ¢
larger than 4 the shear strength definitely becomes the critical one.

5. Analysis of some standard designs for flat slab structures shows that under
present shear provisions @ is very low and that in most cases column capitals
may be omitted without increasing ¢ above 2, even though this raises the
nominal ultimate shear stresses far above the permissible. Some revisions in
reinforcement detailing and small increases in either reinforcement percentage
or depth in the drop panel area may then become necessary to prevent the
possibility of punching yield line failure. Effects on design requirements for
bending moments in other parts of the structure were not investigated.

6. Since the Code shear provisions seem to be overconservative, it is likely
that shear reinforcement could safely be omitted from some flat plate structures
in which it would otherwise seem necessary.
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7. Since bending failures are much preferable to shear failures because they
are more gradual and give warning of distress, it would seem prudent to keep
@ less than two in all designs.

8. The preceding investigation has been solely concerned with symmetrically
loaded, symmetrical specimens. Further experimental data will be required to
analyze unsymmetrical cases in which appreciable bending moment will be
transferred from a column to the slab, or slabs in which the reinforcement is not
isotropic.

Notation

a side length of square slab

a’ side length of square column, or other column dimension

Agu area of slab supported by one column

b perimeter of column

B perimeter of slab supported on one column or supporting one column

d distance from compression face of reinforced concrete section to the
: centroid of the tension reinforcement

fy yield stress of reinforcement

. compression strength of concrete

k an arbitrary constant

my positive yield moment per unit length of slab — numerically equal to

M, as defined by ACI 318-63, with the capacity reduction factor set
equal to one.

mg negative yield moment per unit length of slab — calculated similarly to
m, '

P ratio of reinforcement

P axial load in column, column stub or other loading device

Py, defined in reference [3]

Bq load at which an experimental specimen was reported to have ““failed’’

P iaane load carrying capacity of a slab predicted by yield line theory

Py ;. abbreviation for P;.;ine

q shear in slab per unit length

Q parameter defined by equation (15)

r radius of circle over which load P is, or may be assumed to be,
distributed

R radius of yield line fan

v, ultimate shear stress as defined by equation 17-7 of ACI 318-63

Vitex defined in reference [8]

Viest defined in reference [8]

w distributed load per unit area of slab

¢ angle measured in the plane of the slab, around central axis of column,

column stub or other loading device
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Summary

Yield line theory equations are derived for various cases of concentrated
loads or columns acting on slabs. These equations are then used in the analysis
of 234 punching failure specimens presented in the literature. The arithmetic
mean of P;i1melFlest Was 1.03, with a standard deviation of 0.29. A semi-
empirical formula, based on the test results, is presented which provides a
differentiation between yield line bending failures-and shear failures and permits
one to predict with good accuracy whether the failure in any given case will be
due primarily to bending or to shear. Application to standard designs reveals
that capitals and shear reinforcement can probably be eliminated in many
flat slab and flat plate structures.

Résumé

Les équations de la théorie des lignes de répartition sont obtenues pour
différents cas de charges concentrées ou de colonnes agissant sur des plaques.
Ces équations sont alors utilisées dans I’analyse de 234 types de fissures décou-
pantes présentés dans différents ouvrages. La moyenne arithmétique du
rapport charge théorique/charge expérimentale (F,;;4ine/Fest» VOIr appen-
dice 11) était égale a 1,03 avec un écart moyen de 0,29. On présente une
formule semi empirique, fondée sur des résultats expérimentaux. Cette formule
permet de différencier les lignes de répartition des fissures de flexion de celles
de cisaillement. Elle permet également de prévoir avec une bonne précision
dans un cas donné si la fissure sera plutot die a la flexion qu’au cisaillement.
Son application a des constructions courantes révele que des armatures prin-
cipales et des armatures de cisaillement peuvent étre généralement supprimées

dans les dalles et les plaques.

Zusammenfassung

Hergeleitet werden Bruchliniengleichungen fiir verschiedene Fille von
Einzellasten oder Stiitzen auf Decken. Diese Gleichungen sind sodann fiir
234 in der Literatur angegebene Durchstanzproben angewendet worden. Der
Mittelwert ergab B,,connet/Prersuen, = 1,03 mit einer Standardabweichung von
0,29. Eine auf Grund der Versuchsergebnisse gewonnene, halbempirische
Formel erlaubt die Unterscheidung zwischen Biege- und Schubbruchlinien
sowie mit guter Genauigkeit fiir irgend einen Fall die Voraussage, ob der
Bruch urspriinglich durch Biegung oder Schub verursacht wurde. Die Anwen-
dung bei Regelbauten offenbart, dafl Stutzenképfe und Schubbewehrung
wahrscheinlich in vielen Flachdecken weggelassen werden koénnen.
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Introduction

In the analysis of plane stress problems it is very often necessary to take
recourse to numerical methods. A conventional finite element analysis can give
a solution to practically any plane stress problem. In such analysis, the structure
is idealized as an assemblage of a large number of small elements. It can be
proved that, in general, the solution obtained will approach the exact solution
to the problem as the number of elements increases [1].

However, the continuum can in many problems be idealized as an assemblage
of a small number of large triangles and/or rectangles. This assemblage of
elements can be analysed by matrix methods provided the stiffness or flexibility
matrices of the separate elements can be calculated. In this paper a derivation
is presented of the stiffness matrices of large rectangular and right-angle
triangular plate elements. A stiffness matrix is calculated by simple matrix
manipulations with conventional finite differences (F.D.) equations.

In a conventional finite differences analysis, one F.D. equation is applied at
each point of a mesh laid upon the continuum, leading to a group of simultane-
ous equations. Once these equations have been solved, it is an easy matter to
calculate all stress components in the continuum.

Generally the following difficulties may arise in the solution of plane-stress
problems by finite differences:

1. It is difficult to take into account discontinuities in the structure.
2. In a direct F.D. solution of a plane-stress problem, the structure must be
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externally statically determinate. The boundary stresses are therefore known.
If the structure is statically indeterminate, the direct F.D. solution must be
supplemented by compatibility equations [2].

3. A conventional F.D. solution may require a large number of simultaneous
equations. It may be the case that due to round-off errors or the capacity of the
computer, a solution to the problem cannot be obtained.

The object of this paper is to show how the displacement method — as used
in the finite element analysis — together with finite differences can overcome the
difficulties mentioned above.

The plate structures considered may be of any shape, but shall have linear
boundaries. They may be supported in any manner and be subjected to in-
plane loading at their interior and along their boundaries. In the analysis, the
structure is idealized as an assemblage of large triangular and/or rectangular
elements (Fig. 1). The largest number of equations to be handled at a time are

T T
elements are connected at
- nodes on their boundaries

\/finite difference y m
mesh points

Fig. 1. Large element idealization of a plate.

either the F. D. equations used in the derivation of an element stiffness matrix
or the force-displacement relations of the assembled structure, whichever is
larger. Generally, the larger number of equations is required in the analysis
of individual elements and this number of equations is of course, much less than
what would be used in a conventional F.D. analysis of the complete structure.

The method presented here is developed to be used in the analysis of box-
girder skew bridges. An analysis of such structures by conventional finite
differences seems difficult if not impossible. On the other hand, a conventional
solution by finite element can become expensive because of the large number of
simultaneous equations involved.

If a single-cell box-girder skew bridge is considered as an assemblage of large
plate elements subjected to in-plane and bending forces, a solution by displace-
ment method can be obtained in which finite differences are used for the deriva-
tion of the element stiffness matrices.

This paper, deals only with the plane stress problem while the stiffness
matrices of plate elements corresponding to bending displacements are given
elsewhere [3].
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SzILARD used finite differences to derive the stiffness matrix of a square ele-
ment corresponding to two in-plane coordinates at each corner [4] or at the
mid points of the element edges [5]. No accurate results were obtained in two
test problems solved by the use of these elements. However, SZILARD suggests
that when an “optimum’’ number of elements is used the accuracy is improved.
The elements which are used in the present paper are rectangular or triangular,
the coordinates and the method of derivation of the stiffness matrix are different
from SziLARD’s approach. Further, the solution using these elements give
accurate results.

Derivation of Element Flexibility and Stiffness Matrices

The typical rectangular and right-angle triangular elements 4 and B used
in Fig. 1 are shown again in Fig. 2. The F.D. meshes on the elements are chosen
such that mesh points on the common line between adjacent elements coincide

Ax typical coordinate

-I_—X t———-i X at a general node

coordinates
y D E y l at a corner
o L el

F | A
! typical coordinates
coordinateat  ata corner
typical coordinate acorner node
at a general node
Number of mesh points = 52, Number of mesh points = 30,
n=52—3 =49, n=30—3 =27,
m=40, p=m—3 =37, m =27, p=m—3 =24,
r=12, n=p+r, I =30, r=3,n=p+r, =15,
a) Rectangular element A b) Triangular element B

Fig. 2. Examples of finite differences meshes used in the derivation of the flexibility and stiffness
matrices of rectangular and triangular elements.

(Fig. 1). The adjacent elements are assumed to be connected at boundary mesh
points referred to as nodes and all external forces are applied at the nodes. At a
node, two degrees of freedom may be considered, representing in-plane dis-
placements normal and tangential to the element edge (Fig. 2). At a corner point
the two degrees of freedom represent displacements normal to the element
edges.

The differential equation to be satisfied at all points on the element is [2]:

Ao, 200 NP _ Q)
odxt " ox2oy? ' oyt '
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where @ is the Airy stress function. This function is related to the stresses by the
equation:

2P
2D
% = a2 (3)
2D
Oy = Cox oy (4)

Using central finite differences Eq. (1) to (4) applied at any interior mesh point
¢ can be represented in the schematic form given below, in which the horizontal
and vertical lines represent F.D. mesh lines parallel to the x and y directions
respectively.

[ o? ]
20 —4all+a) 2«
1—-—4(1+a)——~6+6cx'2+8a—~—4({l+a)—-—1 {#} =0, (5)
Lcc —4oc(l1+a) 2(05
s
1
1
(02); By -2, {(p}’ (6)
|
1
() =g [+1—=2— +1){2}, (7)
-1—F1
! ]
(Oay)e = Ty 7l/ {2}, (8)
1— 1
where o = (%)2, (9)

A, and A, being the mesh intervals in the x and y directions (Fig. 2).
The boundary conditions at a point on a free edge parallel to the ¢-axis
making an angle y with the x-axis (Fig. 1) are:
(09)a = (04)e 8107y + (o), OS2y + 2 (0, ), Sin Y COS Y, (10)
(Ufn)a = (0,),sSinycosy — (O'y)e siny cosy + (o'wy)e (cos?y —sin?y), (11)
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in which the subscript a refers to the external applied stress and the subscript
e refers to the stress as calculated by Eq. (2) to (4). In the element analysis to
follow, Eq. (10) is satisfied at mesh points on the boundary while Eq. (11) is
applied at mid-points between the boundary mesh points. Let the number of
boundary conditions for the element be m, corresponding to m values of exter-
nal applied stress o,.

Assume that an element is supported at any three non-parallel coordinates
and a flexibility matrix corresponding to k other coordinates is required.
Boundary forces {¢} applied at the k coordinates are related to p external
applied stresses {g,} by the relations given in Fig. 3, which can be combined in
one matrix equation.

{Ua}pXI = [O]pxlc{Q}kxl’ (12)

where p=m—3.

The three o,’s omitted from the m stresses in Eq. (12) represent the equi-
librants to the p-boundary applied stresses.

If a unit load is applied in turn at each of the k-coordinates the external
boundary stress matrix is "

[Ga]pxk = [O]pxk' (13)
concentrated equivalent boundary
boundary force Q stresses
| A A | A, A
Q i(cr)ﬁ%
A, A A, A A A
s VY o At
—Q =
o)L = (O’)H,_Iz_ = Eg)\_h

- ¢ o
Y

(@hi- =lohies = 355

Fig. 3. Boundary stresses equivalent to concentrated forces. Thickness of plate = h.
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Using Eq.(10) and (11) combined with Eq.(6) to (8), the p boundary
stresses are related to the Airy stress function values at the mesh points by p
equations. These equations together with Eq. (5) applied at the interior points
lead to a group of simultaneous equations, which can be put in the form

{O}rxl
[A]an {q)}nxk = { """"""" s

Ga}pXI

(14)

where r is the number of interior mesh points and % is the total number of mesh
points less three. Since the stress depends on the derivatives of ¢, any arbitrary
values for ¢ can be assigned at three points not on a straight line. Let the ¢-
values at these three points be zero. Solution of Eq. (14) gives the ¢ values at
the other mesh points.

Using Eq. (6) to (8), the stresses o,, 0, and o,, at the mesh points on the
element can be calculated. Thus,

{0}3l><1 = [E]3l><n{¢}n><1' . (15)

The element stresses corresponding to a unit load applied separately at each
of the k-coordinates is given by

[owlsik = [Esisen [Bloxk (16)

where [ B] is obtained by solving for [¢] in Eq. (14) with the right-hand side as
follows:

[O]rxlc
[A s [Blasge = 1 . (17)
[C]pxk
Let the stress matrix [o,] in Eq. (16) be subdivided as follows:
[Uu 1]
[oJan = | L7u2! . (18)
[Gul]

The elements of a typical submatrix [o,;]5.; are the stresses ¢,,0, and o, at
mesh point ¢ due to the k-unit load cases.
Using the “unit load’’ theorem [7], the flexibility matrix of the element is

l

[Tk =i=ZI (4 4);[o]" [d] [0l 5 (19)

where (dA4); = w; 2 A,, (20)
. 1 —v 0 |

and [d] =—% v 1 o0 | (21)

0 0 2(1+v)
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E being Young’s modulus, v Poisson’s ratio, and A4 is element thickness. (4 4); is
an elemental area around mesh point ¢ and equals A, A, for all interior points.
The multiplyer w; = 1/2, 1/4 and 1/8 for the typical boundary points D, E, F,
respectively (Fig. 2).

Once the flexibility matrix of the element is calculated, the analysis of the
assembled structure may be carried out by either the force or the displacement
method. If the displacement method is chosen, the stiffness matrix of the
unsupported element is to be determined from [f]. (See ref. [7], p. 148).

The analysis of the assembled structure gives the forces {@} acting at the
boundary nodes of the elements. The stresses at all mesh points of an element
of the assembled structure are then calculated by the equation:

19}311 = [0y s { @}r - (22)

General Remarks

1. While displacement continuity is preserved in the interior of elements, on
the element boundaries, compatibility of displacements is achieved only at
the node points. Therefore, the number of these points should be sufficiently
large and the larger the elements the smaller the error caused by the idealization
of the structure to an assemblage of elements. Thus, in contrast to a conventional
finite element idealization, the structure should here be divided into the largest
elements possible.

2. Most structures.can be idealized as assemblies of rectangular and tri-
angular elements. Sometimes, trapezoidal elements can conveniently be used,
as for example in the analysis of skew bridges. The same procedure given above
can be used for the trapezoidal element.

3. It is to be noted in computer programming that [4], [C] and [E], are
sparse matrices and only non zero elements should be stored or generated when
needed.

4. It is possible to solve for ¢ values from a number of simultaneous equations
applied at the interior points only [2]. However, for easy computer programming,
the form in Eq. (14) was used.

5. Improved coefficients [8] can be used to form matrix [4] in Eq.(14)
instead of central finite differences. More accurate results can then be expected.

Application

Consider the continuous deep beam in Fig. 4, which has two equal spans L,
unit breadth and is of depth equal to the span. For the analysis, the beam is
considered as an assemblage of two equal elements connected at 7 node points
along I' B. The F.D. mesh used to derive the element stiffness matrix is of size
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D F

N

N

C

[ A E B
- ,l_u_L%:lTrllllllIll‘
>

q per unit length

L [ L |
2 2
Fig. 4. Continuous plate analyzed in the example.
Iy D oy F Oxy D oxy F
0.2 Ol 20 10 0.2 Ol 0.2 Ol
J_._A_.l_.(.:

®
%xy oy ay ox xy gy
+ + -
ox Ix
PR
o, E

04 08 12 04 08 04 08 |2 04 08
E gondoy 8 X oy anday B oandoy

(a) Span AB and BC loaded (b) Span AB only loaded
O Schleeh’s solution (Ref. 9)
Fig. 5. Stresses in terms of ¢ at sections DE and F'B of the plate in Fig. 4.

A, = A, = L/6. Table 1 and Fig. 5 give the stresses calculated for a uniform load
of intensity g/unit area on the bottom side of the beam in the two spans and in
one span only.

The same problem was solved by SCcHLEEH [9]. He determined the stresses
of a statically determinate beam by a solution using Fourier series. To deter-
mine the statically indeterminate reaction at the central support, he treared a
continuous beam on spring supports as an idealization of the deep beam. His
extensive study shows that his method can be expected to give accurate results
for continuous deep beams with depth-to-span ratio smaller or equal to unity.
ScHLEEH s results (see Table 1 and Fig. 5) are in good agreement with the results
of the large element analysis used in the present paper.
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Table 1. Stresses in terms of q for the deep continuous beam in Fig. 4

Section DE Section FB
Loading Y -~ : , —
Oz Oy Oay g Oy i Ozy
(~0.212)*
~L/2 ~0.245 0.000 0.000 | —0.046 0.000 0.000
-L/3 ~0.180 0.054 0.004 | —0.031 | —0.055 0.000
-L/6 ~0.195 0.171 -0.013 0.059 | —0.197 0.000
o e (-0.237) | (0.367) (0.254) | (~0.471)
p 0.0 -0.222 0.363 ~0.060 0.250 | —0.493 0.000
on ABC
L/6 —0.155 0.635 —0.135 0.600 | —1.151 0.000
L/3 0.236 0.915 —0.167 0.791 | -2.726 0.000
(1.358)
L2 1.280 1.000 0.000 | -3.291 | -5.804 0.000
(~0.364)
~LJ2 —0.352 0.000 0.000 | -0.023 0.000 0.000
-L/3 —0.236 0.065 0.027 | —0.016 0.038 | —0.118
~L/6 ~0.230 0.209 0.022 0.029 | —0.077 | —0.167
Uniforn load g (=0.203) | (0.421)
gg”;glt area 0.0 —0.241 0.426 ~0.012 0.125 | —0.237 | —0.230
L/6 —0.137 0.703 —0.078 0.300 | -0.603 | —0.254
/3 0.320 0.954 | —0.126 0.396 | -1.493 | —-0.221
(1.295)%
L2 1.399 1.000 0.000 | -1.646 | -3.169 0.000

* values between brackets were given by SCHLEEH [9]

Conclusion

For finite element analysis of plane-stress problems, stiffness matrices of
triangular or rectangular elements are needed. If displacement functions are
assumed to calculate the element stiffness matrices, it is necessary to idealize
the structure as an assemblage of a large number of small elements. In this
paper the stiffness matrices of the elements are derived by finite differences,
without assuming displacement functions. Therefore, structures can be
considered as assemblages of a small number of large elements. In fact the
larger the elements used in the idealized structure, the smaller is the error
caused, by element division.

The method is used in a test problem of a continuous deep beam. The results
obtained show good agreement with those calculated by another method.
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Notation

matrix formed by finite differences coefficients of Airy stress func-
tion, Eq. (14)

values of Airy stress function at mesh points due to unit load
applied separately at each of the boundary coordinates
transformation matrices defined by Eq. (12) and (15), respectively
concentrated boundary forces

elemental area

elasticity matrix (Eq. (20))

flexibility matrix

plate thickness

number of coordinates for which the flexibility matrix is derived
number of finite differences mesh points on the element

number of boundary stress equations for an element

total number of finite differences mesh points less three

equals (m —3)

number of interior points. Also r=n—p

constant = (A,/A,)?

angle between x- and £-axes

finite differences mesh spacings in the x and y directions
Poisson’s ratio

stress; type and direction of stress defined by subscripts «, ¥, ¢ and
Y-

applied boundary stress

internal stresses at mesh points on the element due to a unit load
applied separately at each of the coordinates

Airy stress function

multiplying factor, Eq. (19)
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‘.ZJI

Summary

A derivation of the flexibility and the stiffness matrix of large rectangular
or right-angle triangular plate elements for in-plane degrees of freedom is
presented. The flexibility matrix is calculated using finite differences. This
matrix is then used to derive the element stiffness matrix. The calculations
involve simple matrix operations and can be easily programmed.

The stiffness matrices derived by this method are intended to be used in the
analysis of structures which can be idealized as an assemblage of large rec-
tangular or triangular plate elements, e.g. box-girder skew bridges.

Résumé

On présente une méthode permettant d’obtenir les matrices de rigidité et
de flexibilité pour des éléments plans (degré de liberté = 2) en forme de rectangle
ou de triangle rectangle de grandes dimensions. La matrice de flexibilité est
calculée en traitant des différences finies. On déduit ensuite de cette matrice

la matrice de rigidité de I’élément. Les calculs font appel & des opérations
simples sur les matrices et peuvent étre aisément programmsés.
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Les matrices de rigidité obtenues par cette méthode sont supposées étre
utilisées pour ’analyse de structures qui peuvent étre idéalisées comme assem-
blage d’éléments plans de grande dimension en forme de rectangle ou de
triangle rectangle, par exemple ponts inclinés & ceintre en caisson.

Zusammenfassung

Gegeben wird eine Herleitung der Flexibilitats- und Steifigkeitsmatrix von
groBBen rechteckigen und aus rechtwinkligen Dreiecken bestehenden Elementen
fiir die Freiheitsgrade der Scheibe. Die Flexibilitdtsmatrix ist mit Hilfe von
endlichen Differenzen berechnet und zur Herleitung der Steifigkeitsmatrix
verwendet worden. Die Berechnung besteht aus einfachen Matrixoperationen
und kann leicht programmiert werden.

Die so hergeleitete Steifigkeitsmatrix kann fiir Bauwerke Anwendung fin-
den, die durch rechteckige oder dreieckige Elemente idealisiert werden kénnen,
unter anderem fiir schiefe Tragerroste.
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Introduction

Various analytical techniques have been proposed [1, 2, 3, 4, 5] for the ana-
lysis of orthotropic bridge structures. Most of the techniques, however, con-
centrate on the analysis of the stiffened deck and floor beams and neglect the
interaction of the main girders. In addition to this structural assumption, the
St. Venant and warping rigidities are not considered in the study of floor
beams.

It is therefore proposed that a grid technique [6], utilizing an equivalent
orthotropic plate analysis and finite differences [3, 7], be applied in analyzing an
orthotropic bridge structure. This analysis will include both bending and
torsional (St. Venant and warping) rigidities for all structural members in the
system. The resulting equations are evaluated by a computer, permitting any
variation in loadings and stiffnesses. |

Equivalent Plate Equations

A series of interacting grids or beams, subjected to some external load g,
will develop internal moments and shears. Examination of an element of the
grid system, Fig. 1, describes these froces. The spacing of the grids in the x and
y direction will be assumed to be n A and A, respectively. All of the forces acting
on the grid can now be distributed over the grid spacing, thus creating an
equivalent plate system, as shown in Fig. 2.
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Fig. 2. Equivalent Plate Forces.

Plate Equation. — Summing forces in the z direction and moments about
the x and y axis will give three equilibrium equations. These three equations
can be reduced to the following general equilibrium Eq. (1).

12 M, (1’ PMyp, 1 62MTx) 1 2M,

X o2 n) dxdy 3 oxdy =-1 (1)

nX dy:

The relationship between the moments (bending and torsion) and vertical
deformations is now required. The bending moment and curvature equations
are well known and are defined as:

2w

M, =-E1,%5, (2)
0% w

My Z—EI'UE—?—/E' (3)

The general torsional equation, as given in reference [7], relating total torque
to rotation of a beam along the x or y axis is:

ML, =M5"+Mp=GK,®' —EI,D". | (4)
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This equation is then transformed into force by unit of width and deformation
by assuming the derivatives of rotation as follows:

Twist along x axis: D = _Pw (5a)
& : T 2xoy

Twist along y axis: o = P (5b)
&Y ’ v oyox

Taking the derivatives of Eq. (5a), (5b) and substituting these derivatives and
@, and @, into (4) gives:
MT K

2w I o*w

_ lx wr
A ¢ A 6x8y+E A oxdoy’ (6)
My Ky Pw I,, ow 7
nA nA 0yox nA dy3ox’

Taking the proper derivatives of Eq.(2), (3), (6), and (7), in accordance with
Eq. (1), and substituting these derivatives into Eq. (1), gives the following sixth
order partial differential equation:

ot w ot w P w ot w 2w
Tox Toxtoy®: y3x28y4+2H8x28y2+DyW_q’ (8)
. _ Elac _ Elwx _ Ktx Kty
where: D.’l: = ) . Ox = ) , 2H = G(T W), (9)
p =2l o _Elw
o nA’ v nA

Force Equations. — Utilizing the previous equations, the general force equa-
tions on each beam corresponding to Fig. 1, can now be evaluated.

Bending Moment Equations:

M, = —Dwag—xu;, (10a)
_ My=—Dy%2yi§. (10b)

Shear Equations:
v, = —Dy%—ﬂx%-i—é’x%. (11b)
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Reaction Equations:

B, =-D, [23;: + %Ij aisau;z - 1(;: ajzgvyz B gz 825;24], (12a)
By =D, [393;:+ i)lj azsau;z - gZ aya:g)xz - gz 525324]' (12b)
Torsional Moment Equations:
My =-H, [aizguy—%g%] (13b)
M$T = —H, %%] (14a)
My, = C, [5*%], (14b)
M§T - _H, [%g’?/] ~(15a)
My, =C, [5;%] (15b)
Rotation Function @”:
@ = —52;%, (16a)
@7 = —a_;g’_x. (16D)

where the constants associated with Eqs.(10) through (16) are defined by
Eq. (9) and the following Eq. (17):

K, tx
A b

Kty

HGL‘:G H.

H, =@ (17)

Solution of Orthotropic Plate Equation

The solution of the differential equation (8) is obtained by use of the finite
difference technique. This technique requires the selection of discrete points
throughout the equivalent plate element.

Examining Fig. 3, a set of coordinates and points are described on a plate,
with mesh spacings of nA and A along the x and y axes respectively. These
spacings also correspond to the grid spacing described in Fig.1. Using the
difference relationships for the partial derivatives, the finite difference solution
of the differential equation (8) is obtained and results in Eq. (18).
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Fig. 3. Typical Mesh Pattern Array.

wo[6mt+6 (B/x)2+8n2B+12 A4+ 12n2 B]

— 4 (, +w;) [n2 B+ (BJo)? +2 A + 6/4 72 B]

—4 (w,+wy) [2B+nt+6/44+2n%B)

+ (Wy, +wp) [(Bla)? + 2 A] + (g + wpp) [0* + 2 m? B] (18)

+ (Wap+ Wop + Wy + wy) [202 B+ 4 A + 40? B]
gniat
D H

Yy
where o« =H|VD,D,, B=H/D,, A=0C/ /2D, B=0C,/D,  (19)

2 p—
-4 (wall + Wy + Warr + wbr’r) ~n®B (waar + Waar — Wy + wbbl) -

The force equations, (10) through (15), and rotation functions Eq. (16), can
also be evaluated in finite difference form. Defining the following constants:

— HC‘I — 0@/ i 'H e 01/
¢yw = —D;a ny - Asz’ gy - T);, Gy = )\2 Hy, (20)
H c, i %)
Dy = _Df? Nx = W’ §e = "ITT" €z T3z }w]m

Equations (1) through (16) are described in a finite difference mesh pattern
as shown in Figs. 5 through 18.

These relationships are now used to modify the general Eq. (18), in order to
accommodate the various boundary conditions for a bridge structure. The

modifications and the resulting load-deformation mesh patterns will now be
described.
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Mesh Patterns

The general structural problem which will be evaluated consists of a series of
interconnected deck, floor beam, and main girder comprising a bridge system.
This bridge is simply supported at two ends and has two free supports, as

described in Fig. 4.
Six general finite difference mesh patterns are therefore required to accom-

modate this model.

Mesh Condition 1. General Interior Load Point

The general mesh pattern for any load point completely within the bound-
aries is described in Fig. 19, and is Eq. (18), written in mesh pattern form.

-n28 = n*+2n2B H -n28
s M H e H
(Bro)%2A ;;‘if@;ﬁgg; _GnItgﬁ/g):;gnZB ;;gff;i‘:;:;: (B/o)% 24 .w=°'[’)_;"‘
SOy Iy vl s B < o e

-n28 ] n4+2n28 ﬂ -n2B

Fig. 19. Mesh Condition No. 1.

Mesh Condition 2. Load Point Adjacent to Stmple Support

This type of loading requires three boundary conditions in order to express
the three mesh points beyond the boundary relative to known mesh points.
This relationship can be obtained by the expression M, = 0. Applying this
equation along the simple supports, at three locations, and substituting these
relationships into Eq. (18) or Fig. 19 gives mesh condition 2, Fig. 20.

Mesh Condition 3. Load Point Adjacent to Free Support

This condition also requires three boundary conditions, in order to relate
interior and exterior points. The relationship for all three boundary conditions
is M, = 0 at each required point along the free edge. Applying this equation
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LD.PT.
~4[n28 +(B/at)? 5n4+6(B/a)2 -4[n2BHBAR
(B/w)2+2a | 4L L (B/)2+2A
+2A+(5/4) n28) u +8n28+12 A+10n2B B +24+(5/4)n28] (Aol
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-A — — L - —-A W —
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Fig. 20. Mesh Condition No. 2.
-n2B — n%+2n28 H ~n28
-4 (n2B+n* H5/4A 2(n?B+24
2(n2B+A+2n2 i o= ~ -A
AP B +2n2B) +2n2B)
|| -2C2n®B+(Brx)? 6n%+5( B/o)? -4 (2B +(B/a)? 2 _ qnda4
v +2A+(6/2)n28] +8n28+10A+12n28 ||| +2A+ (6/4)n2B] (B/o)“t2A 5,
2(n2B+A +2n2B) -4 (n2B+n*+ (5/4)A| _| 2(n®Btea || —A
. r_ +2n2B) +2n2B)
-n2B T n+2n28 F— ~n28
N /

Fig. 21. Mesh Condition No. 3.
and substituting the results into Eq.(18) gives the final mesh condition 3,
Fig. 21. ‘
Mesh Condition 4. Load Point on a Free Support

This loading condition requires eight boundary conditions. The boundary
conditions that were used are:

1. M, = 0 for five mesh points.
2. R, = 0 for one mesh point.

3 (22 = 1 (ﬁ—uz) + Bﬂ ne mesh point
‘\o=z),” 2\ex), " \ez),| © pomne.

4 (3—7’0) _ 1 [(32—0) + (—a—w)] one mesh point
“\eyl, 2|\aoy/, Y /n .

The first two types of boundary conditions, for a free edge, are self-explan-
atory. The last two conditions are relationships relating the slope at a given
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point to the sum of the average slopes surrounding that point. These slope
equations were required in order to express all exterior points relative to the
interior points. The results from all of the eight boundary conditions, and their
substitution, gives mesh condition 4, Fig. 22.

n2+2n28 - -2n%8
-an®B+4n* | | 425 48028 _
+2A+8n%B) 8 " 2A
LD.PT.
"F:n4 +z(ﬁ/a)2+enﬁ| -[8n2B+4 (B/a)? 2 qnér¢
we - / +4A PR,
+4A+120%8 +8A+12n28] sifral Dy
-(4n%B+4n* 2 2 _
+2A+8n%8) 4n%B +4A+8n%B f—~ 2A
n*+2n28 I -2n2g
\ 7/

Fig. 22. Mesh Condition No. 4.

Mesh Condition 5. Load Point Adjacent to a Simple and Free Support

This load condition requires six boundary conditions. As utilized in mesh
conditions 2 and 3, the moments M, = 0 along the simple support and M, = 0
along the free support are used. The solution of these conditions, when sub-
stituted into Eq. (18), results in mesh Fig. 23.

(
LD.PT.
2 2
-2 (20284 B/ | [ setvs18/e)2, -4ln'Be(B/)” | | (gr240

+2A+(5/2) n°8] +8n28+10A+10n%B +2A +(5/4)n?B]

2n?B+2A | | -4(n2B+n%+5/aA | | 2n2B8+4A & Ly A

+4n28 +2n2B) +4n28 Dy
-n28 }—- n%+2n2B - -n2B

Fig. 23. Mesh Condition No. 5.

Mesh Condition 6. Load Point Adjacent to a Simple Support on a Free Support

There are ten boundary conditions that are required for this loading condi-
tion. The required relationships are:
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1. M, = 0 at two points.
2. M, = 0 at four points.
3

(el 2l(@), ()

(), = 2lE), + (5]

L RN

6. R, = 0 at one point.

RO| = DO = DO -

t

The solution of these ten equations, and their relationships, results in mesh
condition 6, Fig. 24.

LD, PT.
Sn4+2(B/a)? - 8n2B-4(B/a)? 2
| | 2(B/a)+4A
+8n2B+4 A+10n2B -8A-10n28 :
4)4
-4n?B-an?* 2 2 we 22
+4A+8n28 -2A E
-24-8n2B AP Oy
n%+2n28 -2n?8

Fig. 24. Mesh Condition No. 6.

With all of the required mesh patterns defined and developed, the solution
of any given loaded bridge grid system can be solved. The generation of the
required equations and their solutions has been accomplished by a computer
program (8). The evaluation of deflection at each grid point will then permit
evaluation of each force at that grid point. The force equations (10) through
(16), as described in Figs.5 through 18, have also been modified to account
for the boundary conditions, and these various equations are then evaluated by
a computer program. The two basic computer programs that have been written
will evaluate deflections and then forces.

Stresses

For any given bridge system and loading, the deflections are obtained by
solving the set of simultaneous difference equations, as represented by mesh
conditions 1 through 6. The solutions of these equations yields deformations at
each respective girder mesh point. These deformations are then utilized to
evaluate forces, given by Eqgs. (10) through (16). With these forces, the stresses
throughout the system can be determined by the following equations:
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Bending:

where:
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M
Obx,y = x’y, (21)

S
M, Eq. (10a), Fig. 5,

M, Eq. (10D), Fig. 6.

detail A

- Normal Warping: Owsyy = B Wy, @y or EW,, &, (22)
where: &, Eq. (16a), Fig. 17, @, Eq. (16Db), Fig. 18.
St. Venant Shear: Ty = M’%ﬁ—t— or M’%',T—t—, (23)
o Ktac v Kty
where: M%Z Eq. (14a), Fig. 12, M5T Eq. (15a), Fig. 15.
¥ Sws Sws
Warping Shear: Tuwwy = M% ~ or M% L, (24)
i 1, t1,,
where: MY, Eq. (14b), Fig. 13, My, Eq. (15Db), Fig. 16.
Bending Shear: Towy = V, 9 or V 9y (25)
bew T TE T8 vI,
where: V. Eq. (11a), Fig. 7, V, Eq. (11b), Fig. 8.
ASacy
~{ |- 3/8" 60"
Lte] detail A
o
8
o A
® A |ea
K e
section B-B
3" 2" 3"
1 1
I 50.0' IJ- | ] e
X — 16
! ~ o /546‘
B  detoilB L& |
RrTTroo®
detail B
L~
= Fig. 25. Bridge Structure.
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Bridge Solution

The following will describe the analysis of a hypothetical orthotropic
bridge, subjected to a given truck loading. This structure, Fig. 25, consists of a
cellular deck framing into transverse floor beams and two outside main longi-
tudinal girders. The stiffnesses of the various elements of the bridge systems
were evaluated at the respective intersections of the grid nodes, described in

2p, 2P, 2P, Plea P23
L) ! L}
20.35 13.0 2.0'++|_4.25 l T
A
L 40.0' .___40.0
{ 1
¢

longitudinal loading position P, = 16.0%

i 9° P, 16.0" 4 L

P3= 4.0X

transverse loading position

Fig. 26. Loading Condition.
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Fig. 27. Forces and Distortions along Floor Beam No. 4.
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Fig. 4. A total of 165 grid points were selected for this analysis. The stiffnesses,
D, D, H, H,C,and C, were then computed for the

a) Longitudinal Deck

b) Transverse Deck

¢) Transverse Floor Beam
d) Longitudinal Main Girder

at the respective points, as listed in Ref. [8].

With these stiffnesses and specified loading, Fig. 26, the bridge deflections at
each grid point were determined. These deflections were then used to evaluate
forces in the system.

Fig. 27 describes the resulting deflection 4, shear V,, bending moment
M,,., torsional moments M$T, M, and torsional function @, along floor
beam number 4. Similar results were obtained for the remaining girders 1
through 7, for this loading case.

Fig. 28 describes similar results for the left main longitudinal girder.

These data are typical of the values obtained for the many loading cases
which were investigated (8). From these data the resulting stresses, as prescribed
by equations (21) through (25) throughout the system, can then be evaluated.

(o)]/\ /\ | /\ /\ @y 107 [1/in.2]
oo ’ o
VA

O.OJ\/ \/ \/ - M1y [K-in./in]
0‘2. /

O M-Sr;.[K- in./in]
002 \/ \/

Vy [K/in]

00 Mg, [K-in./in.]
200.4
00 4O [ind
0.54
o . 2 3 4 5 6 7 8 9 10w

Fig. 28. Forces and Distortions along Left Main Girder.
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Nomenclature

Mesh point load intensity — force per unit area

Horizontal rectangular coordinates. The origin of coordi-
nates is always at the left corner of the simply supported
edge of the plate. The z-axis is always parallel to the pair
of simply supported edges of the plate

Vertical coordinate, positive downward

Deflection of the plate, positive downward

Spacing of a grid in the y direction — in.

Spacing of a grid in the x direction — in.

Ratio of grid spacing

The moment of inertia in the z direction of a plate or
girder — in*

The moment of inertia in the y direction of a plate or
girder — in*

Torsional Constant of a plate or girder in x direction — in*
Torsional Constant of a plate or girder in y direction — in*

Modulus of elasticity of the material of the plate or girder
— ksi

Modulus of rigidity of the material of the plate or girder
— ksi '

Measure of the bending stiffness of a plate or girder in
x direction — K in?/in.
Measure of the bending stiffness of a plate or girder in
y direction — K in?fin.
Measure of the torsional stiffness of a plate or girder in
x direction — K in?/in.

Measure of the torsional stiffness of a plate or girder in
y direction — K in?/in.

) Measure of the total torsional stiffness of a plate or gir-
der — K in?/in.

The warping constant of a plate or girder in x direction

— in$

The warping constant of a plate or girder in y direction

— in®

Measure of warping stiffness of a plate or girder in « direc-

tion — K in%/in.
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Measure of warping stiffness of a plate or girder in y direc-
tion — K in*/in.

Dimensionless ratio

Dimensionless ratio

Dimensionless ratio

Dimensionless ratio
Dimensionless ratio
Dimensionless ratio
Dimensionless ratio
Dimensionless ratio
Dimensionless ratio
Dimensionless ratio
Dimensionless ratio

Dimensionless ratio

Bending Moment in the x or y direction — K in/in.

Total twisting moment, in the z or y direction — K in/in.
St. Venant’s twisting moment in the x or y direction —
K infin.

Warping twisting moment in the x or y direction — K in/in.
Shearing force per unit width in the x or y direction — K /in.
Reaction in the x or y direction — K /in.

The section modulus of the cross section in the x or y
direction — in3

The warping statical moment at a point s on a cross section
in the x or y direction — in*

The normalized warping function at a point s on the cross
section in the x or y direction — in?

Unit twist in the x or y direction — radians

The second derivative of unit twist in the z or y direction
_in~2
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O, y The bending stress in the x or y direction, due to plane
bending — ksi

Cway The warping normal stress in the x or y direction — ksi

Toe,y The bending shearing stress in the x or y direction, due to
plane bending — ksi

TSle,y Pure torsional shearing stress in the x or y direction — ksi

Tomy The warping shearing stress, in the z or y direction — ksi
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Summary

The relationship between deformations and internal grid forces; bending,
torsion (St. Venant and warping), shear, and applied external forces is obtained
by an equivalent orthotropic plate technique. The resulting differential equa-
tions are then solved by finite differences and various computer programs, as
applied to a bridge structure.

The results of a hypothetical bridge analysis are presented.

Résumé

La relation entre les déformations et les forces internes du treillis, la flexion,
la torsion (St.-Venant), le cisaillement et les forces appliquées extérieures est
obtenue au moyen d’une technique équivalente de plaques orthotropes. Les
équations différentielles résultantes sont ensuite résolues pour des différences
finies au moyen de différents programmes d’ordinateur et appliquées a des
constructions de ponts.

On présente les résultats de I'analyse d’un pont hypothétique.
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Zusammenfassung

Die Beziehung zwischen Verformung und inneren Kriften, Biegung,
Drillung (St.-Venant- und Walbkraft-), Schub und aufgebrachten #duBeren
Kriften wurde durch eine dquivalente Methode fiir orthotrope Platten erhal-
ten. Die erhaltene Differentialgleichung ist sodann mittels endlicher Differen-
zen und verschiedenen Computerprogrammen geldst sowie fiir Briicken ange-
wendet worden.

Die Ergebnisse einer hypothetischen Briickenberechnung liegen vor.
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Verformungsfihigkeit von Stahlplattenelementen
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versity of Tokyo, Tokyo, Japan Tokyo, Japan
Introduction

The stress-strain relation of the structural steel is characterized by the long
plastic flow started from the yield point and followed by the strain hardening.
When the steel bar of the uniform section is subject to a tensile load, its load-
deformation diagram will present the similar behavior as that of the stress-
strain diagram, and it seems to have enough duectility.

This behavior will become somewhat different when the stress in the section
changes continuously along the length of the bar. Consider the model shown
in Fig. 1, where the cross section of the bar changes continuously and the section
A-A4 has the minimum cross sectional area. The yield will firstly occur at the
section 4—A when the bar is subject to a tensile load, and without the further
increase of the applied load, the vicinity of the section 4A-A will never yield
because the strain at the section A—4 remains in the plastic flow range. This
means that, in such a specimen, the plastic flow will not appear without the
further increase of the applied load as the yield section 4—-A4 has geometrically
zero length. When the strain at the section A—A enters into the strain harden-
ing range, the applied load will increase correspondingly, and the yielded zone
will extend to the vicinity of the section 4-4.

The maximum strength and the maximum deformation*) of the specimen
will be reached when the stress at the section A-A reaches the tensile strength
of the material. Thus the inelastic deformation capacity will depend upon the

*) In this paper, the maximum deformation means the deformation of the specimen at
the maximum strength state, not the deformation at the breaking of the specimen.
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yield ratio of the material (the ratio of the yield point to the tensile strength of
the material).

If, for instance, there would be a material having the yield ratio which
equals unity, the material of elastic-perfectly plastic, the specimen will break up
abruptly as soon as the stress in the section A-A reaches the yield point, and
no plastic deformation may be observed.

The similar phenomenon may be observed when the member is prismatic,
however the stress changes along its length. This is approximately the case of
the flanges of wide-flange beams having the moment gradient, then in this
case, the rotation capacity of the beam may be controlled by the yield ratio of
the material, such as LAY had implied [1].

The idea described above will be verified by the following analysis and experi-

ments.

The Case of Gradual Stress Change — Stress Concentration is Negligible

A steel specimen having the uniform thickness is subject to a tensile load in
the direction of the z-axis as shown in Fig. 1. The specimen is assumed to be
symmetric about both x and y axis. The change of the sectional area along the
length of the specimen is assumed to be so gradual as to be able to neglect the
effect of the stress concentration.

The stress-strain relation of the material is simplified by four straight lines
as shown in Fig. 2.

X

T o

il |
St

!
Al o A v
0
Fig. 1.
b
where, oyp: Yyield point,

og: tensile strength,

ey: strain at yield point,

€4:  strain at the start of strain hardening,
ep: strain at tensile strength point.

The maximum tensile strength of the specimen is reached when the stress
in the minimum section of the specimen attains to op.
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Tmax = O'B‘él(o)7 (1)

where, T.ae: Maximum tensile strength of the specimen,
A (0): minimum sectional area of the specimen.

The average tensile stress at an arbitrary section of the specimen when
subject to the tensile load having the magnitude of «7,,, (0=«=<1.0) is
expressed as,

o Tmam _ A (0)

o(x) = () aGBm, (2)

where, o(xz): average stress at z,
A (x): sectional area at x.

The extension of the yielded zone X is obtained by introducing o to o (x) of
eq. (2),
4 (0)
Oy = A0p m .

The alternative expression of the above equation is as follows, introducing
the symbol Y = oy /oy ; the yield ratio of the material,

A(X)—%A(O):O. (3)

Eq.(3) gives the extension of the yielded zone X under the given load
a0, and it may be seen from this equation that, in case of elastic-perfectly
plastic material (Y = 1), 4 (X) is at most equal to 4 (0) even in the maximum
strength state (x = 1), and this means that no plastic deformation of the speci-
men may be expected.

The elongation of the half length of the specimen 6;, when the tensile load
be T = « 1),,, and the extension of the yielded zone be X, is given by,

b'e L

€p— (0) aey [ A(0)
5= X eyt Y [oc T Y]dx+ Y)JA(x)dx. (4)

The elongation §,,,, at the maximum load is obtained by introducing
o« = 1 into eq. (4),
X

L
Y € A0
Omaz = I:eSt—l——-_Y_( st)] 1 _ YSt A TY f A (x (5)
X

A (X) —?A (0) =
Fig. 3 is the schematical illustration of eq. (5), assuming, for the simplicity,
that €, and ez have the same values for various grades of steel. The larger the
yield ratio of the material, the smaller the deformation capacity, though the
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descending paths become somewhat different on accordance with the shape of
the specimen.

To verify the theoretical prediction above described, experiments were
conducted using various grades of steel. The shape of the test specimens is as
shown in Fig. 4. The elongation of the specimens between points G and G’ were
measured by dial gauges as shown in Fig. 4 for each step of loading.
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Fig. 4.
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Fig. 5.

The stress-strain diagrams of materials used are shown in Fig. 5, and their
specific values are shown in Table 1. The simplification of the stress-strain dia-
gram for the use of calculation was made as follows:
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Table 1. Mechanical Properties of Various Grades of Steel

Young’s | Yield | Tensile
Grade modulus | point | strength Yield ratio Strain at the Strain at the
of E oy oB of material strain hardening | tensile strength
steel ] Y =oy/op point point
in tons per square €st €B
centimetre
SS41 2005 3.03 4.62 0.655 0.022 0.195
SM50 2095 3.85 5.76 0.669 0.019 0.177
SM50Y | 2090 4.37 5.51 0.793 0.031 0.163
SM58 2065 5.01 6.05 0.827 0.020 0.135

a) €4 and ez are assumed to be 0.02, 0.19 respectively for all grades of steel
here, for simplicity.
b) It is difficult to determine € exactly because the unlimited flow occurs at
the vicinity of this point, so the point, F (¢ = o/oz = 0.95, €5 = 0.09) was
chosen as the first point to be checked.

- The simplified stress-strain diagrams were thus constructed by connecting
these points with straight lines as shown in Fig. 5.

1.0 o= e rmn g = . 200
n’r_//“//: _o=* ?‘(};/;/,
0.8 i Zr—
Ir &
Lz
06 ;?' 150
3 | -e—i—- SS 41
b e S50 :
0.4 [ 3
lI ~o—e—o- SM 50Y Q
= -g-o-o- SM 58 1 100
0.2
———— THEORETICAL
0 5.0 100 150
—= O MM 50
Fig. 6.
Fig.7. [ 1

Elastic
). Deformation _ |
a-f77210rme
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—_Y
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The diagrams for the load index « versus elongation for various grades of
steel obtained from the experiments are plotted in Fig. 6, where theoretical
predictions based on the simplified stress-strain diagrams now obtained are also
shown in broken lines.

The relation between the maximum elongation and the yield ratio of the
material is shown in Fig.7. At the loading state « = 0.95, the theoretical
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prediction and the experimental results are in good accordance, at the ultimate
state (« = 1), however, the experimental results exhibit some scattering, which
perhaps be resulted from the difficulty of measuring €5 exactly as mentioned
before. The left side of the dotted line a—a in this figure shows the domain where
the parallel parts of the specimen yields perfectly, and the longer the parallel
parts, the larger the jump of elongation at the a—a line.

The Case of Steep Stress Change — Stress Concentration must be Considered
As the typical example of the case of stress concentration, the plate with

a round hole as shown in Fig. 8 was adopted, and the behavior was investigated
until its ultimate state theoretically and experimentally.

T
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‘ . |
ZQ | 2 i :
DIAL GAGE ‘NOi NO2 NG3
i | WIRE STRAIN GAGE
= 2 B
L e 11“L 9
?\3 11G'
@Czeo—) l +

Dimension: mm JT

Fig. 8.

In order to investigate the effect of the yield ratio of the material, the
specimens of various grades of steel were examined also in this case.

The rigorous theoretical solution of such a plate in elastic-plastic range has
not yet been obtained, so the numerical analysis by the finite element method
extended to the elastic-plastic range on the basis of the plastic flow theory [2]
is performed in this paper. The specimen is divided into triangular elements
shown in Fig. 9, considering the symmetry of the specimen and the available
capacity of the computer.

The detailed description of the finite element technique adopted here is
shown in Appendix I, and the behavior of this specimen obtained by the calcu-
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lation and the experiment is illustrated bellow rather minutely taking the case
of SM 50 steel (equivalent to ST-52) as an example.

The relation between the true stress and the natural strain must be used in
this case because the material be in biaxial state of stress in the vicinity of the
hole, and this is shown in Fig. 10, which is obtained from the tensile specimen

test, the conventional stress-strain diagram is also shown in this figure for
comparison.
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The theoretical relation for the mean stress at the minimum section 4-4’
versus the elongation of the specimen between B—B’ is shown in Fig.11. The
theoretical overall yielding of this specimen had occured at the mean stress
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4.0 ton/cm? in the section 4-A4’, whereas the yield point of this material was
3.85 ton/cm? as was seen in Fig. 10, this difference was caused by having been
assumed voN MisEs’ yield condition in this analysis.

The spread of the yielded zone and the distribution of stress and strain along
the section 4-A4" are shown in Fig. 12 for variousload steps K which correspond
to the same symbol shown in Fig. 11. The meaning of other symbols used in this
figure is as follows,

SM 50 Yielded region
g;.::.aatkm’ || Strain-hardening region
558;0.0897mm
£+ 1L

8 16
t l ' I IB I ] [ !
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— ZI0E*
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K=70 K=90
O:AAI:S.OAUCI'HZ 0:\'\!:5106 ticm?®
EBBI:ZQSmm dpg=3-71 mm
T I T I T, . 1 &
I L. .. 9% 5 ¢« & s 3 T 76
I Al o O R B
— = ‘ 7 \
= 05 B ey ‘ Ex
——EAE" —ZAEF

[1=
X

S Aér: plastic strain according to the definition of the plastic flow theory.

— =0 tem?

=== Vo 2 __ 2. 1
G = Yo + 0% — o, 0,+3 7% equivalent stress.

Measured strains at the locations of No.1-No.3 shown in Fig.8 are com-
pared with the calculated strains in Fig. 13. In the finite element method, the
strain is assumed to distribute uniformly in each triangular element, while the
actual strain will change continuously in the whole region, so the average of the
strains at neighbouring triangular elements is considered to be the equivalent
strain which should be compared with measured strain. The average strain é
was calculated by the following equation,

é - V, |4

q = m(fi i+ € Vi)
where V;, V,,, are volumes of neighbouring triangular elements and ¢;, ;. are
calculated strains at respective elements as illustrated in Fig. 14.

The diagram for mean stress at the minimum section A-A" versus elonga-
tion of the specimen between points  and (' is compared with the test results
in Fig. 15.

The agreement seems to be satisfactory for the both cases.

As the final step, the relation between the deformation capacity of such
specimens and the yield ratios of the material used is investigated. In order to
see the results on a common base, ey and €5 were assueed to have the identical
values for various grades of steel as was done in the previous section. In this
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type of the specimen, the rupture occurs suddenly when the load reaches the
maximum without showing any necking at the part of the minimum section,
and it is very difficult to measure the elongation at the maximum load point, so
both theoretical and experimental values are compared at the loading level
a=T|T, ., = 0.95 in this study. The solid line of Fig. 16 shows the theoretical
relation between the elongation and the yield ratio of the material. Test results
of specimens having various values of yield ratios are plotted in this figure.
Mechanical properties of all steels indicated in the figure have been shown in
Table 1. The figure shown by a broken line is the prediction based on the simple
theory described in the previous section which neglects the effect of stress
concentration. The left side of the dotted line a—a in this figure shows the
domain where the whole section of no hole yields thoroughly. It can be seen
that the deformation capacity increases drastically when the yield ratio of the
material is smaller than the value shown by this dotted line.

Conclusion

It has been shown theoretically and experimentally that the elongation
capacity of the steel plates of which sectional area change along their length
was controled by the yield ratio of the material used. The larger the value of the
yield ratio, the smaller the elongation capacity of the member.

It may be said from this point of view that it should be careful when the
high yield strength steel be used in a tension member bolted or rivetted at its
connections or in tapered or notched shape, because the high yield strength
steel generally has the high yield ratio.

It has also been shown that the elongation capacity increases drastically
when the whole section of the parallel part of the member could yield thoroughly
before the maximum strength of the specimen be reached. It may be safe to
assume that the maximum average stress in the minimum section at the maxi-
mum strength state of the specimen is at least equal to the tensile strength of
the material o5 even in the case of the stess concentration be severe, then the
condition above mentioned may be written as,

Aminc’BgApo'Y> or AmngAp’

where A,.:,,: the minimum sectional area of the member,

A .

p:  the sectional area of the parallel part.

This means that the minimum area should be larger than ¥ times the area
of the parallel part. For the practical purpose, the above criterion may be useful
to secure the enough ductility of the steel tension member.
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Appendix I. Extension of the Finite Element Method for Plane Stress Analysis
to the Inelastic Range

The material dealt in this procedure is an isotropic and ductile one obeying
the vox MisEs yield condition, and the PrRaNDTL-REUSS’ loading function.

Based on the incremental strain theory, the deformations predicted for the
volume element will be different for each loading path, then the boundary of
elastic and plastic region should be determined by giving the load increments.
And the stiffness matrix of the finite element in the plastic range will change
every moment with the change of stress state of the element.

The Stiffness Matrix of Triangular Elements

In the following, a division of the region into triangular shape elements is
used. The simplest representation of the displacement increment of a node j of
the triangular element is given by two linear polynomials.

Au; =gy +qo; +qa Y,
o o (= 1,29), (6)
Vi =q4+95%;+96Y;>

where

Au;,4v;: cartesian components of the displacement increment at a node j.
x;, Y co-ordinate of a node j.
q; @ =1,2,3,...,6): unknown quantity.

The alternative expression of eq. (6) is as follows,

46=Tgq, (7)
where 406 ={du,,duy, duy, dv,,dv,, dvs},
q ={91,92,93sQ4,95,qs},
(1 2, y; 0 0 O]
1 z, yo 0 0 O
T |l % % 00 0
00 0 1 2
00 0 1 =z v,
(0 0 0 1 =z y,

The symbol {} means the transpose of the column vector.
The strain increment is defined in terms of the displacement increment.

Ao 2w A =a(A'u)

_o(du) | a(dv)
o ox '’ “ oy ’ +

AYay = oy ox (8)
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Which are written in matrix notation as,

AS:B‘]; (9)
Whefe A8={AE$,A€y,A‘}/xy},
01 0 0 0 O
B =0 0 0 0 0 1].
001 01 0
From eq. (7) and eq. (9),
de =BT140. (10)

The relation between strain increment and stress increment is assumed to be
linear during the increment.

do=Dr4de, (11)
where AO‘={Acrx,Aoy,ATwy},

Dr: Elasto-plastic value of an elasticity matrix.

The increment of external work 4 E done by nodal loads F is expressed as,
AE = —(3406*4F+406*F), (12)

where - transpose of the matrix,

F ={flmfzxaf3xaf1yaf2yaf3y}=
AF = {Aflxadfo’AfoadflyndfzyJ Ofsy}a
fizsfiy (@ = 1,2, 3): components of external load at a node ¢,
Af..4f, (1 =1,2,3): components of load increment at a node .
The corresponding increment of the strain energy 4 U is,
AU =[(3de*do+de*0)dv. (13)
From the principle of the minimum potential energy,
AE+ AU =—-(3406*AF+40*F)+{(3de*do+de*o)dv =0. (14)

The next equation may be hold simultaneously, from the theorem of virtual
work,

fde*odv—A406*F =0. (15)
From eqs. (14) and (15),
fGde*do)dv—340*%4AF =0, (16)
or Ae*40At—A46*4F =0,
where A: area of the element,

t: thickness of the element,
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Substituting eqs. (10) and (11), eq. (16) is written as,
AF =Kr 490, ~ (17)
where Kr=N*DrNAt, N=BT.

Elastic- Plastic Value of an Elasticity Matrix of the Material

After PopE [2], the elasticity matrix in inelastic range DP? is derived as
follows:
The yield condition may be represented by a yield surface which is given by

f(o'ij) =0, (18)

where o;; is a nine component stress tensor. It should be noted, however, that
the stress tensor is symmetrical and that consequently only six of the stress
components are independent.

If it is assumed that changes in the yield surface during deformation depend
on plastic strain history only, the yield condition after a further infinitesimal
increment of plastic strain is given by

of
f+t”d€,bp’+md0'“ = 0.
H deb. = of d 19

where #,; describes the strain-hardening properties.
The plastic strain increments are given by
of
b — 2
dew A 3 Uij ? ( O)
where A is the plastic strain increment factor.

We denote by the suffix 0 symbols relating to some initial loaded state in
which the stresses and strains are known in a typical triangular element. The
total strains after this initial state has been modified by a small load increment
is given by

£=¢g+de+06¢&”, (21)
where & ={€11,€20,2 €15, €33} (22)
and where 6 ¢ and 8e? are corresponding matrices of the elastic and plastic
strain increments.

Provided that there is no significant change in the elastic constants during
the load increments, the elastic strain increments are given by

o —0, = Dg§s e, (23)

where 0, = {0-1170'2290123033}: (24)

and where Dj is the elasticity matrix.
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Eq. (20) is expressed approximately by a matrix form

Ser = AP, (25)

where b ={ of of 2 4f o1 } (26)

b 2 b
00y, 0099 005 0035

When yielding is governed by the von Mises criterion, eq. (26) is written
P = {0'{1 ’ Uéz ’ 0'{2 ’ 0é3} ’

where superscript ' denotes the deviatric stress.
Provided that the stress increments are small compared with the stresses
themselves, the following linearized form of eq. (19) may be used.

Poe? = —DF(0—0), (27)
where W = [ty1,%03: Py bag] - (28)
Substituting eq. (21) and (25) in eq. (23), it may be shown that
0—0,=D§(e—&,— A D). (29)
A may be obtained by substituting eq. (25) and (29) in eq. (27)
A=LPFDg(e—¢g), (30)

where L is a scalar given by
Lt'=®d3D§D,— W, D,. (31)
Substituting eq. (30) in eq. (29)
0—0y=qS(I—-LP,DPFD;)(e—¢&y). (32)

Hence o—0,=D?(e—¢,), a3
D» = Dy(I-L®, P D), (33)
where I denotes a unit diagonal matrix and where D? is the elastic-plastic value
of an elasticity matrix.

When the element is in a state of plane stress, the D§ matrix is written in the
form '

1 v 0O O
z y 1 0 O
D = T—%lo o 1—v ol (34)
2
0 0 0 0

Using this expression, D? of eq. (33) is calculated as follows,
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, - o +vo,
. 0,242C, —o,0,+2vC,; ——xl——l—v_yTw
Dr = , o, +vo, , (35)
02 U{B2+201 - 1/1+V x'rxy
(symmetric) Cy i
2 H' T2
where o Y oke +1+V,
Cy = 0,2+ 2vo,0,+0,2+2(1—1?) (4,
1 ’ 7 ! 4 2H’ -
C, = 513 (1+V){0'z2+2"0':c0'y+0y2}+ 9% (1—-v)a2,
o, =3120,—0,)
N :: v } deviatric stress,
o, = %(20,—0,)
E: Young’s modulus,
v: Poisson’s ratio,
62 =ol+o02—0,0,+37%,
4
H =—,
4er
der = 28 (ol 4val) 4 ' tvol)de,+(1 4
€ =—3——O—2[(om+voy) €.+ (o, tvoy)de,+(1—v)7,, dy,]

equivalent plastic strain increment.

The expression of eq. (35) coincides with that appeared in the later contribution
of Y.YamapA [3].

The strain increment in the direction of the thickness 4 ¢, is obtained from
the assumption that the plastic deformation may occur with no volume change,

(1—2v)

Aez=—Aex—Aey+T(Aa'x+Aoy). (36)

Determination of the Load Increment

The stiffness matrices of respective triangular elements eq. (17) are assembled
to that of whole structural system now considering, then 4 F represents the
increment of the applied load. 44, 4 & and 4 0 may be obtained for the given
value of 4 F from eq.(17), eq. (10) and eq. (11) respectively.

Stress-strain relation of the steel is characterized by yield point and strain-
hardening point, and to study the inelastic behavior of steel specimen, it is
important to check the status corresponding to these points. This is performed
by the following procedure,
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. The distribution of the applied forces F or 4 F are indicated by their ratios.

. An arbitary value of 4 F is given according to their distribution, and 4o,
4 € of each triangular element are calculated.

. It is necessary to apply the load m 4 F to make yield an arbitrary triangular
element, the condition for this may be expressed as follows,

oy = (o,+mdo,)+(c,+mdo,)>—(c,+mdoc,)(c,+mdo,)

+3 (rpy +m Ay, (37)

where, m: multiplying factor.

Calculate the values of m for all triangular elements, and the minimum
value of them is the necessary multiplying factor to produce the first yield
of any triangular elements.

. Determine the value of m which make yield the next triangular elements by
the similar procedure as described above, in this step however, it must be
considered whether the strain of the already yielded element should reach
the strain hardening point or not by the increment of the load m 4 F. This
condition may be expressed as,

MA@ = ey~ Aev. (38)

Then in this step, eq. (37) and eq. (38) must be considered simultaneously to
determine the minimum value of m.

. In successive calculations, co-ordinates of nodes and thickness of the ele-
ments must be based upon the state just before the each load increment
should be given.

Appendix II. Notation

The following symbols are used in this paper:

= area of the element

minimum sectional area of the specimen
sectional area at x

minimum sectional area of the member

sectional area of the parallel part of the member
matrix defined by eq.(9)

functions defined by eq. (35)

OIC
o

I

IS
I
i

Dy = elasticity matrix

!
S
Il

elastic-plastic value of an elasticity matrix
Young’s modulus

AE = increment of the external work
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nodal load vector

increment of the nodal load vector

Cartesian components of external load at a node ¢
Cartesian components of load increment at a node ¢
strain hardening modulus

unit diagonal matrix

load step

stiffness matrix of a triangular element in inelastic range
half length of the specimen or a scalar given by eq. (31)
multiplying factor

matrix defined by eq. (17)

unknown vector

unknown quantity

matrix defined by eq.(7)

tensile load

thickness of the element

strain-hardening properties

maximum tensile load of the specimen

increment of the strain energy

Cartesian components of displacement increment at a node j
volume of a triangular element i

length of the yielded zone

yield ratio of the material

load index

elongation of the half length of the specimen
elongation of the half length of the specimen at the maximum
load

elongation of the specimen between G and G’ (Fig. 4, 8)
elongation of the specimen between B and B’ (Fig.12)
increment of displacement vector

{de,,d¢,,4y,,} = increment of strain vector

average strain

strain at yield point

strain at tensile strength point

strain at the start of strain hardening

increment of the equivalent strain

elastic strain increment

plastic strain increment

equivalent strain

plastic strain increment factor

Poisson’s ratio

equivalent stress

tensile strength
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o (x) = average stress at x

oy = yield point

O 44 = average stress at A-A4’' section
o = stress vector

d0 = increment of stress vector

o’ = deviatric stress

0y = nine component stress tensor
b = see eq. (26)

L' = see eq. (28)
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Summary

Deformation capacity of steel tension members of which sectional area
change continuously along their length is investigated analytically and experi-
mentally. When the change of the sectional area along the length is gradual,
the stress concentration is negligible, on the contrary, when the change is very
steep as in the case of bolt-hole, the effect of the stress concentration can not
be ignored. For the analysis of the latter case, the finite element method
extended to the elastic-plastic range based on the plastic flow theory is adopted.
The agreement of the theory with the test result is satisfactory.

Résumé

On étude théoriquement et expérimentalement ’aptitude & la déformation
de piéces d’acier soumises & des efforts et dont la section varie longitudinale-
ment. Si la variation de section est progressive longitudinalement, la concen-
tration des efforts est négligeable. Au contraire, si la variation est brusque
comme dans le cas d’un alésage pour boulon, I’effet de la concentration des
efforts ne peut étre ignoré. Dans I’analyse de ce dernier cas, on adopte la
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méthode considérant des éléments finis étendue au domaine élastique-plastique
et basée sur la théorie du fluage. Les mesures expérimentales concordent de
maniére satisfaisante avec les résultats théoriques.

Zusammenfassung

Analytisch und experimentell ist die Verformungsfdhigkeit von Stahl-
elementen untersucht worden, deren Querschnitte kontinuierlich dndern. Ist
die Querschnittsinderung allméahlich, so kann die Spannungskonzentration
vernachlissigt werden, ist die Anderung jedoch schroff wie im Falle eines
Nietloches, dann kann sie nicht vernachlissigt werden. Fiir die Berechnung
des letzteren Falles wurde die fiir den elastisch-plastischen Bereich auf Grund
der Flietheorie erweiterte Endlichen-Elementen-Methode angewandt. Die
Ubereinstimmung der Theorie mit den Versuchsergebnissen ist zufrieden-
stellend.
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List of Symbols

Clear depth of webplate between flanges

Width of webplate between centre line of adjacent transverse
stiffeners

Thickness of webplate

Lateral deflections of webplate, stiffeners or flanges

Young’s modulus

Poisson’s Ratio

Massonnet efficiency factor

S

N BT e

B
12(1— p2)

w2 D
T=Kb dz2t

Flexural rigidity of plate

Critical (edge) buckling stress for a webplate subjected to pure
bending

Yield stress of material

Bl Flexural rigidity of a single sided longitudinal stiffener about
surface of webplate, and flexural rigidity about the mid surface
of the webplate for a double sided longitudinal stiffener

Q

c

Q

Non dimensional stiffener rigidity parameter

b
3=
N~
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y* Stiffener rigidity required according to the linear theory of web
buckling if a symmetrical stiffener is to remain straight when
the adjacent panels buckle

Subscripts

Refers to vertical (transverse) stiffeners
l Refers to longitudinal stiffeners

1. Introduction

The earlier work of MAssONNET [1-4], COOPER [5,6] and RocKEY [7] has
provided a great deal of information in respect of the behaviour of webplates
loaded in pure bending and reinforced by double sided longitudinal stiffeners.
In addition most of the above work was restricted to a study of webplates
reinforced by a single longitudinal stiffener. Since all of this existing work has
been well reported by MASSONNET in his recent paper [8], at the I.A.B.S.E.
conference held in New York and also in the papers by CoopPgr [9] and others
[10-12], no detailed survey of existing published work will be given in the
present paper and references will be confined to those papers of direct associa-
tion with the present study.

From his experimental work on all welded girders reinforced by double
sided stiffeners, MASSONNET produced his well known efficiency factor concept.
MassONNET noted that for the longitudinal stiffeners on his all welded girders
to remain effective up to the collapse of the girder it was necessary that they
had a rigidity y=ky* where y* is the theoretical rigidity which, according
to the linear theory of elastic web buckling, an ideal stiffener should possess
if it is to remain straight when the adjacent webplate panels buckle.

What is also of importance is that MAsSONNET showed that the value of
his efficiency factor £ varied with the position of the longitudinal stiffener;
stiffeners close to the compression flange, requiring a higher k value than those
closer to the neutral axis.

The k values recommended by MASSONNET are as follows:

Distance between horizontal
stiffener and compression flange k

0.5 d
0.33d
0.25d
0.20d

1O W

Since the above data was obtained from tests on girders reinforced by
double sided stiffeners — it has been considered necessary to carry out tests
on webplates reinforced by single sided longitudinal stiffeners.
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Tests on aluminium girders of bolted construction conducted by Corney
and one of the present authors [13] has shown that when the webplate is
initially plane the behaviour of webs reinforced by single sided stiffeners is
significantly different from that of similar webs reinforced by double sided
stiffeners. However, since a welded steel girder usually has large initial distor-
tions as noted by GOODPASTURE and STALLMEYER [14], who give detailed
values one would not necessarily expect similar behaviour from welded steel
girders. }

The present tests are of particular interest since CoorPER and his colleagues
[5,6] in 1965 and 1966 reporting on tests carried out at Lehigh University on
all welded steel girders reinforced by a single longitudinal stiffener commented
that “the longitudinal stiffeners which were used in these tests had no signi-
ficant effect upon the observed ultimate loads, except for girder LB 6 where a
119, increase in ultimate load was realised’’. Although this stagement would
appear to conflict with the earlier findings of MASSONNET and others, examina-
tion of the test data presented by CoorER shows that failure of the girders
occurred at less than twice the theoretical buckling load calculated on the
assumption that the web was simply supported along its boundary. In this
case, one would not except the influence of stiffener rigidity to have such a
significant effect and furthermore it would be difficult to distinguish between
the effects of stiffener rigidity and the many other factors such as residual
stresses, initial deformations ete., which affect the ultimate load. In a more
recent report by D’Apick, FULLDERY and CooPER [15] the authors have
modified the earlier findings of CooPER and conclude that “‘if properly pro-
portioned longitudinal stiffeners are provided, a significant increase in loading
strength can result’’. The authors did not however present any data similar
in form to that provided by MASSONNET.

In order to study the effects which the rigidity of single sided longitudinal
stiffeners have upon the post buckled behaviour of webs loaded in bending
the authors have tested two series of girders in which only the size of the
longitudinal stiffener was varied, all other member sizes being kept constant.

The purpose of the present study was as follows:

1. To study the behaviour under pure bending of large all welded webplates
reinforced by one line of single sided longitudinal stiffeners placed at the
optimum position according to the linear theory of web buckling [20-23].

2. To study the behaviour of webplates reinforced by two lines of single sided
longitudinal stiffeners placed at the optimum position according to the
linear theory of buckling [16,17].

3. To develop a simple collapse method of design for reinforced webs loaded
in bending.
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II. Design of Girders

Since the object of the investigation was to study the post buckled and
collapse behaviour of longitudinally reinforced girders when subjected to pure
bending, only that portion of the test girders so loaded was of interest. It was
therefore decided to test girders having detachable end panels. These end
panels were overdesigned to ensure that failure took place in one of the three
central panels which were subjected to the uniformly applied bending moment.
Two sets of end panels were manufactured and these were used throughout
the complete investigation.

The general details of the girders tested are given in Fig. 1. It will be
noted that three types of girders were tested. One girder TG0 was fitted
with only transverse stiffeners which had been designed to provide a value of
ve (y=HE I|Dd) equal to 3 times the y} [18, 19] value; the purpose of this test
being two fold. First to provide a datum against which to gauge the perfor-
mance of the longitudinally stiffened girders and secondly to check whether
or not the value of 3 for the efficiency factor k£ for transverse stiffeners as
proposed by MAssoNNET is satisfactory. The second series comprised four
girders having the central test section reinforced by one line of single sided
longitudinal stiffeners together with two transverse stiffeners placed as shown
in Fig. 1b. The strength of the transverse stiffeners was kept constant and
the girders only differed from each other in the strength of the longitudinal
stiffeners. Three of the girders were fitted with single, one-sided, longitudinal
stiffeners and the fourth with a single-double sided stiffener. The purpose of
testing the latter girder was to provide a datum against which to judge the
performance of the one-sided stiffeners. The details of the longitudinal stiffeners
employed are given in Table 1.

Table 1
Position of stiffeners Dimensions of stiffeners (in.)
Tost No. of

girders 101?;;;;;11;@1 First Second First Second

stirieners stiffener stiffener stiffener stiffener
TG0 0 — — — —
TG 1-1 1 0.2d — 0.713 x 0.187 —
TG 2-1 1 0.2d — 0.872 % 0.187 —
TG 4-1 1 0.2d — 1.323 x 0.187 —
TG 7-1%) 1 0.2d — 0.87 x0.187 —
TG 1-2 2 0.123 d 0.40d 0.765 x 0.187 0.758 x 0.187
TG 2-2 2 0.123 d 0.40d 1.008 x 0.187 1.0140.187
TG 3-2 2 0.123 d 0.40d 1.262 x 0.187 1.261 < 0.187
TG 4-2 2 0.123 d 0.40d 1.503 x 0.187 1.531x0.187
TG 5-2 2 0.123 d 0.40d 1.741 x 0.187 1.746 x 0.187

*) Double sided stiffener
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These longitudinal stiffeners were positioned at one fifth of the overall
depth of the girder from the compression flange, which is the optimum position
for a web which is simply supported on all 4 edges [20-23].

It has been established in references [20-23] that the value of y* varies
the area parameter B, where £ is the ratio of the cross sectional area of the
stiffener to the area of the webplate (d¢). It has been shown in reference [16]
that the relationship between y* and the area parameter 8 is given by Eq. (1)

2
vt = vtorkat(1-27) bz (1)

where y¥, is the value of y* when B, = 0.
7 is the position of the stiffener from the compression flange.

In determining the value of y* given in Table 1, a practical longitudinal
stiffener, of rectangular cross section, was designed subject to the requirement
that its depth to thickness ratio should approach but not exceed 8.5:1.

The area of the actual stiffeners used in the tests varied and y¥, is the
corresponding value of y¥ for the actual 8 value possessed by the stiffener.

The third test series consisted of five girders each having two lines of one-
sided longitudinal stiffeners whose dimensions are also given in Table 1. It was
again assumed that the flanges and transverse stiffeners provide a simple
support to the web and the stiffeners positioned so as to give the maximum
resistance against buckling. Thus the stiffeners were placed at 0.123d and
0.275d from the compression flange {16, 17].

Both the end and central panels were of welded construction. The flanges
and the heavy transverse stiffeners at the end of the panels were continuously
welded to the webplate but in an attempt to reduce the distortions of the web
due to welding, the longitudinal and intermediate transverse stiffeners were
welded to the web using a staggered welding procedure. This can be seen in
a number of the photographs presented later in the report.

The end panels were attached to the central test section by means of 1”
diameter high tensile steel bolts distributed across the depth of the girder,
these are clearly shown in Fig. 3.

Although a large number of bolts were used to connect the end panels to
the central panel, it was found necessary to provide an additional connection
between the tension flanges on either side of the junction between the end
panel and the central test girder, since during the testing of girder TG 7-1
(the first test conducted) a weld fracture occurred at the junction of the tension
flange with the heavy end stiffeners. A satisfactory solution was achieved by
means of a short cover plate which was welded to the tension flange of the
central section and bolted to the end panel.

The ratio of panel depth to web thickness was chosen to be 750: 1, the web
plate being 0.0666 in. thick and the clear web depth between flanges 50 in.
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This ensured that the ultimate load, as calculated from simple plastic theory,
was approximately three times the critical load for those girders with two
lines of longitudinal stiffeners and six times the critical load for girders rein-
forced by a single line of stiffeners. By choosing such a high d/t ratio it was
possible to make an adequate study of the post buckled behaviour of the web.
The tension and compression flanges were of equal section each being 8" wide
and 1" deep. The vertical or transverse stiffeners separating the three central
panels were designed to provide an inertia 3 times the theoretical value

required, according to the linear theory.

I1I. Experimental Apparatus

111.1

The girders were simply supported at their ends on case-hardened steel
rollers and loaded vertically at the junction of the strong end panels and the
central section by means of two 100 ton capacity hydraulically operated jacks,
see Fig. 2 and 3, which show one of the test girders in position in the testing

Fig. 2. General view of testing arrangement. Fig. 3. View of Central Bay of girder showing
deflection measuring apparatus.

frame. Kach jack reacted against a very rigid yoke which was bolted to the
testing floor. By ensuring that the two jacks applied equal loads, the central
test section was in a state of pure bending, the bending moment being constant
along the length of the entire experimental section. The applied load was
recorded by two load cells, connected to Elliott load indicators which can be
seen in the right hand side of Fig. 2.

Since it was essential that no lateral buckling of the compression flange
occurred, the compression flange was restrained against lateral deflection at
six positions by the stabilising trusses which are also shown in Fig. 2; the
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positions where the stabilising trusses were connected to the girders is given
in Fig. 1. The stabilising arms were pin connected at one end to the compression
flange of the girder and at the other end to the rigid trusses which are securely
bolted to the floor at the other. Since these lever arms were 6 ft. long, they
allowed vertical movement of the girder but prevented lateral movement of
the compression flange. Reamered holes and machined pins were used to
ensure good restriction in the lateral direction.

I11.2. Deflection Measuring Apparatus

a) Flanges. The rotational, vertical and lateral movements of the com-
pression flange over the central 13’ 6” section were recorded by means of the
dial gauge system shown in Figs. 2 and 3, each gauge being graduated in units
of 0.0001”. The measurements were made at five equally spaced sections as
shown in Fig. 4. Since the frame supporting the dial gauges was firmly bolted

o el ém ér@
T @ e QT _9//

\i‘; ; 12142 / 122" Z 123/2" . 122" ' front side
1 dial g:uges at sub-panel W1 o
:;;;’;efn each .:)’ ):‘,( /stiffener S1 -"‘I:'(
sub-panel W2
end ‘A’ ‘(\I/ ):)/ ,\’_‘f /SZ . end ‘B'
V’ sub-panel W3 ) /

Fig. 4. Distribution of dial gauges.

to the floor, the over-all deflections of the girder were measured. The measure-
ment of the lateral movement of the compression flange was complicated by
the fact that the girders deflected vertically by an appreciable amount. To
allow for this the dial gauges measuring this lateral movement recorded against
vertical plates clamped to the edge of the compression flange as may be seen
in Figs. 3, 4 and 5.

b) Stiffeners. Since one of the most important factors under investigation
was the behaviour of the longitudinal stiffeners, it was essential that their
deflection was measured with extreme accuracy. This was achieved by means
of the dial gauge system shown in Fig. 5. This apparatus was clamped to the
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Fig. 5. Dial gauges in position to record lateral deflection of longitudinal stiffeners.

Fig. 6. Central section of girder TG 0 under test. Fig. 7.

transverse stiffeners, its construction being such that it remained unstressed
by the deformation of the girder under load. Eleven dial gauges calibrated
in intervals of 0.0001 in., were distributed at 5" centres along each stiffener.
For the testing of the girder TG 0, which had no longitudinal stiffeners, the
same device was used to record the lateral displacement of the vertical
stiffeners, see Fig. 6.

¢) Web Plate. In order to be able to determine the effectiveness of the
various stiffeners in preventing the lateral deformation of the web plate under
loading, the device shown in Fig. 7, see also Fig. 3. was used to measure web
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plate deflections over the whole of the centre panel. The frame was spring
loaded on to the girder to avoid self stressing during the loading of the girder.
The frame was attached to the tension, and compression flanges in the plane
of the web plate, very small centering holes having been drilled in the flange
to locate the framework. Thus the apparatus was completely unaffected by -
any rotation occurring in the flanges. The vertical bar, which was used as a
datum for the depth gauge employed, was provided with slots to allow deflec-
tion readings to be made with a dial depth gauge at convenient vertical inter-
vals. The depth gauge, which was calibrated in units of 0.001” had a 2” travel.
This vertical reference bar, which was supported on two longitudinal guides,
could be moved into any longitudinal position, thus allowing readings to be
taken along any vertical section. The trial tests carried out with this apparatus
indicated that good reproductibility of results was obtained.

The lateral deflection of the web plate in the central panel was measured
at a sufficient number of points to enable a contour plot of the deformed shape
to be drawn. For the large panel adjacent to the tension flange, readings were
taken over a 5 in. square mesh. In the case of the panel adjacent to the com-
pression flange for girders with one line of stiffeners and for the case of two
stiffeners, the panel bounded by the stiffeners, readings were taken over a
2 inch square mesh. For those girders with two lines of longitudinal stiffeners,
in the panel between the compression flange and the first stiffener, readings
were taken at 2 in. intervals in the longitudinal direction and at 11" intervals
in the vertical direction.

IV. Strain Measurements

Each girder was instrumented with electrical resistance strain gauges. In
each case, strain gauges were attached to the web, flanges and the longitudinal
stiffeners. Wherever possible, orthogonal pairs of gauges were used to enable
the evaluation of stresses from the strain readings. The gauges used were
PL-10 polyester type gauges supplied by Electro Mechanisms Ltd., who claim
an accuracy of +1.5%, for these gauges. The gauges were connected to a multi-
point Bruel and Kjaer strain recording bridge which provided the strain
readings direct in micro-strains.

V. Test Procedure

The girders were tested in the following order. The girders with one line
of longitutinal stiffeners were tested first followed by those girders with two
lines of longitudinal stiffeners. Finally, the unstiffened girder TG 0 was
tested.
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The strain gauge bridges were initially balanced to give zero readings and
the initial readings of the various dial gauges were recorded.

The lateral deflection of the web and stiffeners was measured at zero load
to enable a contour plot of the initial deformed slope of the web to be deter-
mined.

The girder was then loaded by the hydraulic jacks the load being applied
in increments of 21 tons, all strain gauge readings being noted at these loads.
At 10 ton intervals, the stiffener deflections were noted as well as the readings
of the dial gauges used to measure the deformation of the compression flange.
However, as soon as the strain gauge readings indicated that either the flanges
or the web was yielding, these readings were recorded more frequently.

For the first girder tested, web deflection readings were taken at 10 ton
intervals, but subsequent analysis of the results showed the lateral movement
of the web to be small for values of the applied load below about 20 tons.
Hence, for the remaining tests on girders with a single line of longitudinal
stiffeners, lateral web deflection readings were taken at applied load values of
30 tons and 45 tons. Since the girders with two lines of longitudinal stiffeners
were considered to be of prime importance in their case web deflection readings
were taken at applied load values of 20, 30 and 40 tons.

As soon as the behaviour of the girder indicated that the ultimate load was
being approached, all dial gauges were removed in order to avoid their being
damaged. The girder was then further loaded slowly until collapse occurred,
the ultimate load being noted.

An exception to the above procedure for the final stages of the test occurred
during the first test conducted, where the girder failed prematurely, very
suddenly, due to a weld failure; the tension flange breaking away from the
vertical member. This weakness due to the attachment details was overcome
in following tests by employing a flange strap as described in a previous
section.

A large number of material tests were carried out on samples of flange and
web plate materials for each girder. Tensile tests were performed on specimens
cut from the sheet both along and at right angles to the direction of rolling.
The principal results are listed in Table 2, average values being recorded.

Table 2
Limit of Lower yield Upper yield Ultimate
Material proportionality stress stress stress
tons/in? tons/in? tons/in? tons/in?
Web plate 8.68 13.66 13.98 21.31
Flange plate 12.36 15.66 15.98 27.37
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VI. Discussion of Test Results

In the present paper full test details will not be given for all of the tests,
comments will be restricted to presenting the overall behaviour of the girders
together with a detailed discussion of the results which arise from the tests.

In order to provide a datum against which it would be possible to gauge
the efficiency of longitudinal stiffeners, a girder TG 0, which did not have
any longitudinal stiffeners, was tested. Except for the dimensions of the
vertical stiffeners, which were designed to have a y,=3y}, all other dimen-
sions of this girder were equal to those of the other girders.

The measured relationships between flange strains and the applied load
are given in Fig. 8. It will be noted that the compression load/strain plots
depart from a linear relationship as early as 30 tons and that local yielding
in the web occurs at 40 tons. In contrast, the tensile load/strain relationships
remain reasonably linear and even at 45 tons the tensile strain has not reached
the lower yield limit. Since the slopes of the load/strain plots for the gauges
attached to the front and rear of the compression flanges are in close agreement
this indicates that very little lateral bending of the compression flange occurred;;
likewise, the dial gauges also indicated that little lateral bowing occurred. The
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Fig. 8. Longitudinal strains in tension and compression flanges at mid section of girder TG 0.
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early departure from linearity which occurred in the compression flange is
due to load shedding causing a shift of the neutral axis with a resulting increase
in the compressive strains.

The large initial lateral deflections caused by the welding process were
found to dominate the post-buckled behaviour of the webplate, this being
clearly shown in Fig. 9. It is of interest, however, to note that in the tension
zone, the tensile forces have tended to reduce the initial deformations.

Girder TG O — Initial _Web deflections. Girder TG 0 — Web deflections at 45 ton.

Fig. 9. Web deformation in web of girder TG 0 — all dimensions in inches.

The measurements of the lateral deflection of the two transverse stiffeners
in the central section, indicated that slight bowing of them occurred during
loading, see Fig. 10. However, this bowing was slight and even when the
applied load had reached 37.5 tons, the maximum deflection was still less
than the thickness of the webplate.

The girder finally failed at a load of 48.25 tons when the compression flange
buckled vertically inwards, see Fig. 11. This load was 25.4 times the web
buckling load calculated assuming simply supported edges. It was subse-
quently observed that the length of this flange buckle was somewhat greater
than that which occurred in those girders having webs reinforced with longi-
tudinal stiffeners.

The next test was conducted on girder TG 1-1 which was fitted with a
longitudinal stiffener of size 0.713x0.1875’, see Table 1, which provided a
value of y;, equal to 0.89 times the value of y¥, which according to the linear
theory a stiffener should possess if it is to form a nodal line. Table 3 gives the
maximum initial web deformations of this girder, from which it will be noted
that these initial web deformations were very large, the maximum web plate
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Fig. 10. Lateral deflection of vertical stiffeners in central section. Girder TG 0.

deflection being 4.25 times the web thickness. The stiffener itself had an
initial deformation, single curvature in form, with a maximum deflection 2.89
times the web thickness.

Fig. 11. Girder TG 0
after to failure.
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Table 3. Maximum Initial Deformations (ins.)

First Second Top Middle Lower
stiffener stiffener panel W1 panel W 2 panel W 3

TGO — — 0.3 — —
TG 1-1 0.192 — —0.241 —-0.2811) —
TG 2-1 0.152 — 0.158 -0.1931) —
TG 4-1 0.056 — 0.166 ~0.3381) —
TG 1-2 -0.032 0.37 ~0.078 -0.113 -0.092
TG 2-2 -0.110 0.138 -0.11 0.133 0.183
TG 3-2 0.092 -0.05 ~0.091 0.138 ~0.073
TG 4-2 0.020 0.06 —0.087 -0.155 -0.320
TG 5-2 0.040 0.117 -0.089 +0.204 0.268

1) Lower panel for girders fitted with a single longitudinal stiffener.

In view of the very heavy web deformations which the authors encountered
in their test programme which are similar in magnitude to those experienced
by other investigators [14] it is considered highly desirable that detailed
studies should be made into the effect of welding processes upon the initial
deformation of web plates. In view of these web plate deformations one would
not expect to observe any buckling phenomenon and therefore the main
interest in the test was concentrated upon the behaviour of the flange members
and the longitudinal stiffener. The strains which occurred in the compression
and tension flanges of this girder were similar in form to those given in Fig. 8,
although the compression strains remained elastic up to a higher load.

A strain equal to the local yielding strain was noted in the flange at a load
of 46 tons, whereas the tension flanges remained elastic until close to the ulti-
mate load.

Fig. 12 gives the additional lateral deflections of the stiffeners which
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Fig. 12a. Lateral displacement of longitudinal stiffener in central panel. Girder TG 1-1.
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Fig. 12d. Lateral displacement of longitudinal stiffener in central panel. Girder TG 7-1
(double sided stiffener).

occurred at different values of applied load from which it will be noted that
the stiffener has tended to straighten, i.e. to reduce in the magnitude the
initial deformation. Although at a load of 45 tons, these additional deflections
are just in excess of 0.7 times the web plate thickness, they are still relatively
small in comparison with the initial deformations of the stiffeners.

The dial gauges recording the vertical deflection of the compression flange
remained linear up to loads in excess of 45 tons, it was also noted that no
significant twisting of the compression flange occurred.

It was noted in all of the tests conducted that failure first occurred in one
of the panels adjacent to end panels, due to the reduced buckling stress of this
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panel due to the application of load at the junction of the test and end panels.
The flange in this region was then reinforced by a structural member and the
girder loaded to failure once more.

Failure finally occurred in the central panel when the applied load had
reached 55.5 tons, the compression flange again buckling inwards in what is
generally called ‘‘vertical buckling’’. At this load, the flange was yielding and
the buckle in the flange had formed above the region where the web deflections
were the greatest. At this section, there is lateral loading on the flange due to
the tensile membrane stresses developed in the buckled web, this membrane
action being in phase with the buckle pattern and greatest where the lateral
deflections of the web are greatest.

Fig. 13a shows the initial lateral deformations of the central web panel, it

a) Initial deflections in web b) Additional deflections in web after loading
of girder TG 1-1. each jack to 45 ton.

Fig. 13.

c¢) Total web deflection after loading
each jack to 45 ton.
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will again be noted that the initial web deflections, resulting from the welding
process; are very large. Fig. 13b gives the additional web deflections after the
girder had been loaded to 45 tons. Fig. 13b shows that the loading has tended
to straighten the web in the tensile zone and to buckle the web in the com-
pression zone into the characteristic sinusoidal wave pattern. However, as
will be seen from Fig. 13¢ the initial deformations still dominate the overall
picture.

Fig. 14 shows girder TG 1-1 after it had failed, from which it will be noted
that the web and the stiffener has failed in the direction of the initial defor-
mations. It is also of interest to note that the inward collapse of the girder
has occurred in the region where the highest lateral deflection of the web and
stiffener occurred.

The second girder with a single longitudinal stiffener TG 2-1, had a longi-
tudinal stiffener of size 0.872in. X 0.1875in., this stiffener thus had a rigidity
which was 1.84 times that of the stiffener on Girder TG 1-1 and equal to 1.63 y*
as defined and shown in Table 4. Due to the additional stiffness of this longi-
tudinal stiffener, it will be noted from Table 3 that the initial deflections of
the stiffener are reduced, as are also the initial web deflections, the latter
being only 659, of these of TG 1-1. This girder behaved in a manner very
similar to that of girder TG 1-1. The load/strain plots for the compression
flange remained linear up to 40 tons and local yielding did not occur until a
load of 50.5 tons was reached. As in the case of TG 1-1, the tensile flange
load/strain plots remained linear until a much higher load was reached.

Fig. 12 gives the lateral deflection of the longitudinal stiffener for a number
of different applied loads. It will be noted that in this case, the additional

Table 4
No. of lon-

Test | “gitudinal | YY" | vI7a Wer Weop Woen Wezp | Wezp
girder gtiffeners ) ) Wen Wer
TG O 0 — — 1.89 48.25 56.9 0.848 25.52
TG 1-1 1 0.89 0.795 9.62 55.5 57.66 0.963 5.77
TG 2-1 1 1.63 1.412 9.66 57.15 57.79 0.989 5.92
TG 4-1 1 5.8 4.525 9.75 59.75 58.16 1.027 6.13
TG 7-183) 1 3.28 2.645 — — — — —
TG 1-2 2 0.64 0.602 24.15 54.75 58.61 0.934 2.27
TG 2-2 2 1.51 1.323 24.25 52.50 58.92 0.8914) 2.174)
TG 3-2 2 2.94 2.39 24.44 62.50 59.24 1.0565 2.56
TG 4-2 2 5.11 3.89 24.60 64.0 59.55 1.075 2.60
TG 5-2 2 7.75 5.57 24.80 64.75 59.82 1.082 2.61

1) y* ig the flexural rigidity of an optimum longitudinal stiffness of rectangular cross-section that
results from a design by the linear theory of web buckling.

2) y* ig the flexural rigidity resulting from the linear theory of web buckling and corresponding
to the actual area factor g of the longitudinal stiffener.

3) Double sided stiffener.

4) Lateral buckling influenced Wzp.
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Fig. 14. View of front side of central panel Fig. 15. View of girder TG 2-1
of girder TG 1-1 after test to failure. after test to failure.

deflections of the stiffeners are small, at a load of 45 tons the maximum
stiffener deflection being only some 309, of the web thickness.

Girder TG 2-1 finally failed in the central panel by inward buckling of the
flange at a load of 57.75 tons. Fig. 15 shows girder TG 2-1 after it was failed.
Tt was noted that the inward buckling of the flange again coincided with a
large web buckle, as in the case of girder TG 1-1. Furthermore, it is seen that
by increasing the size of the longitudinal stiffener the failure load of the girder
has been increased some 4%, .

Girder TG 4-1 which was reinforced by an even heavier longitudinal stiffener,
see Table 1, behaved similarly to the other two girders having a single sided
stiffener, and finally failed in the central panel at an applied load of 59.75 tons,
this load being some 249, greater than the collapse load of girder TG 0.

Fig. 12 gives the additional lateral deflection of the longitudinal stiffener
on girder TG 4-1 at various applied loads. It will be noted that these additional
deflections are extremely small, indicating that the stiffener was remaining
quite straight, its maximum initial deflection being only 0.83 the web thickness.
The strain gauges readings also indicated that little bending of the stiffeners
occurred.

The behaviour of those girders fitted with two lines of single-sided stiffeners
was similar in character to that of the girders with a single longitudinal
stiffener. All girders failed by inward collapse of the flanges. It was also noted
that with an increase in the size of the longitudinal stiffeners there was an
increase in the ultimate load.

The load/strain plots for the compression and tension flanges followed the
same pattern as for girder TG0 and of that for those girders with a single
longitudinal stiffener.

The relative behaviour of the two lines of longitudinal stiffener merits
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serious consideration. Fig. 16-20 give the lateral deflection of the stiffeners
at different loads. It should be noted that the longitudinal stiffener closest
to the neutral axis did not deflect nearly so much as the longitudinal stiffener
adjacent to the compression flange, as is well illustrated in Fig. 21. Since both
stiffeners on a given girder had the same cross section, this finding is in agree-
ment with Massonnet’s conclusion which was derived from tests on girders
reinforced by a single line of double sided stiffeners.

It will also be noted from Figs. 16-20 that with an increase in the y/y*
ratio the lateral deflections tended to decrease.

The influences of web buckling are well demonstrated in Fig. 22 which
gives the surface and mean web strains occurring along the central section of
girder TG 5-2. It will be noted that at loads as low as 10 tons considerable
bending of the webplate has occurred. Even at this low load some web load
shedding is evident. With an increase in load, the bending strains are seen to
increase and significant load shedding to occur. The effect of this load shedding
is for the neutral axis to move towards the tension flange, this movement is
clearly shown by the mean strain relationship given in Fig. 22 and also in
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Fig. 22. Strain distribution along centre section of girder TG 5-2.

Fig. 23 which gives the mean web strains along the centre line of girder TG 3-2.
This figure is of interest both because of the well defined web load shedding
and the accompanying shift of the neutral axis and also for the demonstration
of the influence of residual stresses upon the strains occurring in the web
and the flange. Because of the high residual tensile strains occurring along the
junction of the web with the flange, the web goes plastic much earlier than
the edge of the flanges which would be in residual compression.
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Fig. 24 shows the axial and bending strains which occur in the stiffeners
attached to girder TG 5-2. Note that the axial strains are uniformly distibuted
along the stiffener and that the strains occurring in stiffener S1 are greater
than those occurring in stiffener S2. The bending strains are also seen to be
much greater in stiffener S 1 than stiffener S 2.

Figs. 25-28 show various views of girders TG 1-2, 4-2 and 5-2. Fig. 26 which
shows a view of the compression flange of girder TG 4-2 after failure, is of

Fig. 25.

0

{ REINFORCED)

Fig. 28.
Fig. 2

(=14

=1

particular interest because it shows that the whole flange is waving and that
failure could have occurred at any point along the flange. Since the lateral
membrane loading imposed by the web is greatest in the region of the largest
buckles, the inward collapse of the flange generally coincides with the region
of maximum web deflections.
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During the final stages of testing girder TG 2-2 slight lateral buckling of
the compression flange occurred, checks on the stabilizing trusses indicated
that two had not been fully secured. For this reason girder TG 2-2 failed
slightly prematurely.

General Discussion

The tests have shown that there is a distinet increase in ultimate load with
an increase in the rigidity of the longitudinal stiffeners. In this present section
the variation of the web, stiffener and flange deflections and strains with the
increase in stiffener rigidity will be examined.

Fig. 29 shows how the mean compressive strain in the flange at the central
section varies with the y/y* ratio for the girders fitted with the two lines of
longitudinal stiffener. It will be noted that the compression flange of girder
TG 0 was strained much greater than the flanges of the reinforced girders.
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Fig. 29. Variation of mean compression Fig. 30. Applied loads producing strains of 500
flange stress with y/y*. and 1000 micro strain in stiffeners.

Fig. 30 gives the loads required to produce strains of 500 and 1000 micro
strains in the longitudinal stiffeners. This graph shows how with an increase
in the y/y* ratio the effectiveness of the stiffener increases.

In Figs. 22 and 23 the effect of load shedding was well defined. When a
plate buckles under compression, the central section loses its capacity to carry
additional load, any further application of load having to be carried by the
material adjacent to the edges, see Fig. 31; failure occurring when the stress
in this edge material reaches the yield stress. Fig. 32 gives the percentage
moment loss, as determined from the strain gauge readings, in the panels of
girder TG 5-2 due to load shedding. Although these losses are seen to be quite
significant in respect of the web contribution, the 9, overall loss in moment
for the complete girder is of the order of 29.

Fig. 33 gives the 9%, gain in ultimate strength with the y/y* ratio for the
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girders reinforced by one and two longitudinal stiffeners. The gain in ultimate
strength in the case of the double line of stiffeners is seen to be quite consider-
able amounting to 341 9, in the case of girder TG 5-2. Also shown plotted is
the corresponding 9, increase in weight. Associated with the 34} 9, increase
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in the ultimate load of girder TG 5-2 over that of girder TG 0 is the 59%, increase
in weight due to the stiffeners. Fig. 34 presents the relationship between the
% gain in strength with 9, increase in weight, which again demonstrates how
a small amount of reinforcement correctly placed can significantly increase
the strength of a member.

Although in all cases failure was due to inward collapse of the compression
flange, this occurred after the flanges and web had become plastic; CARSKADDAN
[24] having noted this same fact from his tests on unreinforced girders.

distribution of membrane
- /—Iouding to tlange
) A

0-2d

' i

|_'_: b=4d J L b=d I
a) No longitudinal stiffener k—=27.1 b) Longitudinal stiffener k=129
(Reference 26). (Reference 26).
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c) Approximate wave patterns in panel No 1
when two longitudinal stiffeners are placed as
shown. k=313.

0-275d

Fig. 35. Buckle patterns in simply supported web plates.

Fig. 35 illustrates the web buckles which will form in the panel adjacent
to compression flange for a girder having no longitudinal stiffener, one longi-
tudinal stiffener and two longitudinal stiffeners. Corney and one of the present
Authors have shown that the flange receives a lateral loading as indicated in
the diagrams; the web supporting the flange at positions such as A. If a stiffener
deflects then the wave form in the panel will be modified, increasing in length.
As a result the flange will be less effectively supported by the web, since the
points 4 will be further apart. It is this factor which influences the collapse
load, it having been observed that the length of the inward collapse buckle
of the flange decreases with the number of stiffeners and the effectiveness of
the stiffeners.
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WINTER [25] has proposed the following relationship between the effective

width be of a plate element in pure compression and the ratio ac“ ; see Fig. 36.
be _ ]/—"CL [1 —0.22 ]/_"c—’] . (2)
b Omax Gmax

Applying this effective width formula to panels W1, W 2 and W 3 as indicated
in Fig. 36, the authors have calculated the collapse load for girders which are
reinforced by either a single line or a double line of longitudinal stiffeners
placed at the optimum position as was the case with the experimental girders.

The collapse loads were determined for a fully plastic cross section, the
yield stress for the web and flange materials being used. The effects of work
hardening, which did occur, being neglected.

The collapse loads were calculated for sections corresponding to the experi-
mental girders, and Table 4 gives the calculated values together with the
experimental values. It will be noted the ratio of experimental collapse load/
theoretical collapse load (load on reduced section) increases with the y/y* ratio,
see Fig. 37. Thus it is seen that by the application of the effective width con-
cept to the longitudinally reinforced girders, one is able to obtain solutions
to within 89, of the experimental values for girders having adequate stiffeners.
These calculations have also shown that if a y/y* value of 8 is chosen for the
case of two lines of stiffener placed at their optimum position and 6 for the
case of a single line stiffener placed at 0.2d then collapse values close to the
load corresponding to the reduced fully plastic modulus will be obtained.

__-J_T R

: : L.V
wl ¥ ] P N_4:::}3>” T

>

c——— , ———— ‘ { eesmou—
16 0 TG -1 16-2

Fig. 36. Effective sections used in calculations of collapse load of girders.
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In Fig. 38 the k values recommended by MassoNNET for double sided stiff-
eners has been plotted together with the k values resulting from the present
investigation. Here the k£ values are for equal size stiffeners and for the stiffener
closest to the neutral axis is clearly conservative, but since the behaviour of
the stiffener closest to the compression flange has a critical effect upon the
behaviour of the girder and any variation in the size of the second stiffener
will affect its behaviour it is considered reasonable to use the value. From
Fig. 38 it will be seen that the degree of agreement between the values
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recommended by MAssONNET and those recommended as a result of the present
study is quite good.

The mere fact that load shedding occurs indicates that to allow a webplate
to buckle under pure bending is not economical. To avoid a theoretical web
buckling before yielding occurs it would be necessary to comply with the facts
given in Table 5. These figures have been derived assuming that the stiffeners
are placed at the optimum position as given in references [16] and [17].

Table 5. Depth to thickness ratios of simply supported steel web plates having pure bending
buckling stress equal to yield stress

Yield stress Tons[in.2
No. of Position of stiffeners from
stiffeners compression flange B.S. 15 B.S. 968
15.25 Tons/in.2 22.0 Tons/in.2
0 — 138 115
1 0.2d 320 266
2 0.123d, 0.275d. 498 ' 415
3 0.093d, 0.1984d, 650 540
0.323 d.
4 0.073d, 0.1524d, 817 680
0.242d, 0.3494d.
5 0.06 d, 0.124 d, 983 819
0.194d, 0.273d,
0.367 d.
Conclusion

The tests have shown that the collapse behaviour of a longitudinally rein-
forced girder is significantly influenced by the stiffness of the longitudinal
stiffener. If the stiffeners have insufficient stiffness they will not give the web
adequate support and this will reduce the ultimate load carrying capacity.

The tests have provided efficiency values k for single sided stiffeners for
the case of webs reinforced by either one or two longitudinal stiffeners.

It has also been shown that providing the stiffeners are designed according
to the foregoing recommendation, it is possible to calculate the collapse load
of girders having webs reinforced by longitudinal stiffeners.
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Summary

The paper examines the influence of the Flexural Rigidity of Longitudinal
Stiffeners upon the Post Buckled behaviour of deep Plate Girders.

Tests on 10 girders having a web depth of 50 ins. (1.27 metres) and rein-
forced by either a single or two longitudinal stiffeners have shown that the
ultimate load of a girder can be significantly reduced if the longitudinal
stiffeners have insufficient rigidity and have provided Massonnet type efficiency
values for single sided longitudinal stiffeners. Provided longitudinal stiffeners are
- designed according to these relationships then girders should develop full
plasticity prior to collapse.

Résumé

On examine dans cet article I'influence de la résistance & la flexion de
raidisseurs longitudinaux sur les propriétés apres voilement de profils & Ame
haute. Des essais effectués sur 10 profils ayant une d4me de 50 pouces (1,27
métre) et renforcés par 1 ou par 2 raidisseurs longitudinaux ont démontré
que la charge limit peut étre réduite de maniére significative si les raidisseurs
longitudinaux ont une rigidité insuffisante. Ces essais ont prouvé Defficacité
des piéces de type Massonnet utilisés comme raidisseurs longitudinaux simples.
Les raidisseurs longitudinaux stipulés sont calculés en fonction de ces relations
car les profils doivent présenter une plasticité totale avant la rupture.

Zusammenfassung

Der Beitrag untersucht den EinfluB der Biegesteifigkeit der Léangssteifen
auf das Traglastverhalten hoher Blechtrager.

Versuche an 10 Tridgern mit einer Steghdhe von 50 Zoll (1,27 Meter) und
entweder einer oder zwei Langssteifen haben gezeigt, daBl die Traglast erheb-
lich vermindert werden kann, wenn die Langssteifen ungeniigende Steifigkeit
haben und ergaben wirksame Werte nach Massonnet fiir eine einzige Steife.
Die verwendeten Liéngssteifen sind gemidf dieser Beziehungen berechnet
worden, denn die Triger sollten fiir volle Plastizitit vor dem Bruch ent-
wickelt werden.
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1. Introduction

The cantilever plate is a common structural element, and its stress and
deformation characteristics have been examined in a series of previous publi-
cations. The earliest treatment appears to be due to McGRrREGOR [1] and HoLL
[2] who considered the edge loaded cantilever plate. Mc GREGOR applies the
method of Fourier integrals to a cantilever plate strip of unbounded length,
while HoLL considers a plate of finite length and employs the (approximate)
method of finite differences. JARAMILLO [3] has treated the case of a cantilever
strip of unbounded length under the action of an arbitrarily placed concen-
trated load. The authors of [1] through [3] employ classical plate theory,
which neglects shear deformation. A recent study [4] of the edge loaded
cantilever plate within the framework of an improved plate theory indicates
that shear deformation effects are limited to the vicinity of the (concentrated)
edge load and that other regions of the plate are not affected provided the

plate width is large compared to the plate thickness, i.e., say %> 10.

In actual construction practice, it is customary to reinforce the free edge
of the cantilever plate by means of a beam, resulting in a general stiffening
of the structure. The present investigation is concerned with the case of a
cantilever plate strip of finite width rigidly clamped along one of its edges.
A beam is monolithically attached to the opposite, parallel, free edge. The
plate is unbounded in the direction of the clamped and free edges. A con-
centrated load is assumed to act on the reinforcing beam which distributes
this load to the plate (see Fig. 1).
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Nomenclature
Dimensional quantity = Physical description F-L-T units
EhR3 1

D = e ) plate flexural rigidity F—-L

E Young’s modulus F|L2

h plate thickness L

a : width of plate strip L

P transverse concentrated load F

£l beam flexural rigidity F-L?
GJ beam torsional rigidity F—L?

Sinh e =} (e*—e~*) hyperbolic sine function of «
Cosh o =1 (e*+ ¢~*) hyperbolic cosine function of «

To convert to
dimensional

Dimensionless form, multily

quantity
x

Y
2

Physical description

coordinate along clamped edge
coordinate along the plate width
coordinate perpendicular to the zy-plane

[@aaag

deflection of plate

[ ]

load intensity

v S S

bending moment per unit length of section of plate
perpendicular to the x axis

N

bending moment per unit length of section of plate
perpendicular to the y axis

N

twisting moment per unit length of a section of
the plate perpendicular to the x axis

shear force parallel to z axis per unit length of
sections of a plate perpendicular to x axis

shear force parallel to z axis per unit length of
sections of a plate perpendicular to y axis

QN 8N

ju—

stiffness ratio of beam flexural rigidity to the
product of plate flexural rigidity and plate width

1 stiffness ratio of beam torsional rigidity to the
product of plate flexural rigidity and plate width

1 Poisson’s ratio
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I1. Basic Equations

According to classical small deflection plate theory, the transverse deflec-
tions of the median surface of the plate are characterized by

34w+2 tw +84w_ (1)
oat ' Cextoyr oyt D

where ¢ is the load intensity. The moment and shear stress resultants are
related to the deflections by means of the following equations:

M, =—(§27?+V227?f), (2)
M, =—(%%+v%§), (3)
Myy = =My = (=05 ()
% = (5ar+ 50): (5)
@ =5 (5a + 58): (6)

The infinite cantilever plate strip with a beam reinforcing the free edge is
shown in Fig. 1. We introduce the Cartesian co-ordinate system Oxyz such
that the xy-plane coincides with the median plane of the plate. The z-axis is
chosen to coincide with the clamped edge. The constant load P acts on the
beam perpendicular to the x y-plane.

Fig. 1. Plate Strip Geometry.
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The governing equation and boundary conditions [5] and [6] are as follows:

tw tw *tw
3x4+23x28y2+8y4 =0 (7)
w(x,0) =0, (8)
—8—w(x 0)=0 (9)
ay ’ - bl
Mtw >Pw Bw
il =4 —_) 10
& (3w4)y=1 {8y3 T V)axzay}y=1+8(x)’ (o)
Bw Pw  Pw
ko ——— =14y 11
kz(axgay)y=l {33/2 +V3w2}y=1, (1)
where Eq. (10) is KircHHOFF’s condition which is equivalent to the require-
ments
oM 0 [Pw 2w
——_ Q —_ 'yz) = ——{———+ 2—v "“—‘} . 12)
( v.oox ), oyloy? ( )6962 =1 (

I11. Solutions for Deflection and Moment

By applying the familiar Fourier Transform [7] with respect to the x-co-
ordinate to the biharmonic Eq. (7), the boundary conditions, Eqgs. (8) through
(11), and Dirac delta function & (x), we have

W, y) = Vé;;fw(x, y) et dx (13)

with the properties of the transform of the derivative
W™ (a,y) = (=t )W (o, y) (14)

where w™ is the nth derivative of @ with respect to «. The inverse Fourier

Transform is
oo}

w(x,y) = —1: J‘z_v(oc,y) e T go, (15)
]/277'
Since 1 foa () elamdy = (16)
V27 V27

- the substitution of Egs. (13), (14), (16) into Eqgs. (7), (8), (9), (10), and (11)
leads to

ot _ 0% _ _
@w(a:y)~2a23—y2w(aay)+d4w(a>y) =0 (17)
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with the boundary conditions

W (x,0) = 0, (18a)
o _
5,70 =0, (18D)
oy AT (o, 1) = 2T (ot 1) — (2 — ) 0 -2 (at, 1) +— (180)
] =5 a 3 - - a o, T
! oy oy Y2
o _ 2 _
kzaz‘agw(“’l) =Ww(oc,1)—va2w(a,l). (18d)

The solution of Eq. (17) is
W(a,y) = A;Sinhay+ AyaySinhay+ A;Coshay+ A,xyCoshay. (19)

The coefficients 4;(¢t=1,2,3,4) are determined from Eq. (18a), (18b), (18¢),
and (18d) to be

A4, =0, (20a)
A, =—A4,, (20b)
y = W_ir_f(a—){[akz——(l——V)cx]Sinhac+(oz2k2—-2)COshoc}, (20¢)
L= m{[(l +v) — o ky] Sinh o+ (1 —) 2 Cosh a}, (20d)
where
F(@) = =23 (L4924 (20 + 2y — (L—v) =} by Ryl o — ey oy ot
—(ky—Ty) «Sinh 200+ 3 [ —4+ (L+v)2+ b, kyo?] Cosh 2. (21
Consequently,
_ 1 1 . .
W, y) = Eoﬁf(a) ks — (1 —=v)— (1 +v)yla+ o3 kyy} Sinh « Sinh a y
+{[ks— (1 —v)y] a® — 2} Cosh «a Sinh x y (22)
—[ky— (1 —v)]ax?y Sinh « Cosh oy — (63 ky — 2 o) y Cosh « Cosh a y/] .
Let
H(o,y) ={lks—(1—v)—(1+v)y]a+o3ky,y}Sinh « Sinh e
+{[ky— (1 —v) y] «® — 2} Cosh a Sinh
{[kz—( )yl } o ay (23)

—[ky— (1 —v)] 2y Sinh « Cosh a y
— (o2 ky—20a)yCoshaCoshay.

By applying the inverse Fourier Transform, Eq. (15), and with the aid of
Egs. (21), (22), (23), we obtain

w(x,y) =%fﬂ(%;yf)(—§)—zicda. (24)
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The nondimensionalized moment M, is determined from Eq. (3). Hence

My = —"2—"77 u3'f(a) dd. (25)
2
Let G (e, y) = %(nyg——vazﬂ), : (26)

then

G(x,y) =—{(1+v)[ky— (1 —v)]a+ (1 —v®) ay — (1 —v) o3 ky y} Sinh o Sinh o
—[(X+v) (kyo?—2)+ (1 —v)2a?y] Cosh « Sinh a y

+{2[—(1+v)+ k0] — (1 —v)[ky— (1 —v)] 2y {Sinh « Cosh a y (27)
—[2(1—v)a+(1—v)(c3ky—2a)y] CoshaCoshay.
G o —Tax
Therefore M, = 277 a;/);) de . (28)

IV. Series Representation of Deflection and Moment

The numerical determination of the deflection and moment as functions of
position x and y, the stiffness ratios k;, k, and Poisson’s ratio v, requires
evaluation of the improper integrals appearing in Eqs. (24) and (28). In view
of the fact that these integrals are not expressible in terms of elementary
functions, a numerical integration procedure provides one possible method
for their evaluation [1]. However, this approach is exceedingly cumbersome
if a complete and sufficiently accurate coverage of the solutions is to be achieved.
For this reason, it is advantageous to resort, instead, to contour integration.
This method leads to series expansions of the integrals in terms of the residues
at the singularities of the corresponding integrands. To this end we observe
that the singularities of the integrands in Eqs. (24) and (28) are simple poles
and coincide with the zeros of f(«) which, by Eq. (21), are the solutions of

flo) ==2=3(1+v)2+[2ky+2ky— (1 —v)> = F ey ko] o® — by oy o*

—(ky~ky) 2 Sinh 2a+ 3 [— 4+ (1+)2 + b kyo?] Cosh 26, (21

where f («) is an even function of «.

Since k,, k, and v are real and positive, f(«) has no real roots. Moreover,
because all coefficients in f («) are real, the roots of f (x) must occur as complex
conjugate pairs.

Considering only the upper half plane, it is readily shown that the roots of
Eq. (21) are of the form

an=%Bytiy, (n=0,1,2,3,...00). (29)
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Thus in the region under consideration, there is a single purely imaginary
root for the specific case k, =0, k, =0, i.e., in the case where the edge beam is
absent, the remaining roots occur in complex pairs located symmetrically
with respect to the axis of imaginaries. We find that both B, and y,,, regardless
of the values of v, k,, k,, are monotonically increasing functions of n for n=1

24 T T T T T T T

/
20 ——— k=0  kezO ,// .
/

- k;= 0.20 k2= 0.05

------ ki=0.20k2= 0.10

————— k= 0.50k,= 0.05 / /
/

40
Fig. 2. Location of the Roots a, of f(a)=0.
Table 1. Roots an of f(a) = 0
n 0 1 2 3 4 5 6 7
ky=0 Bn 0 0.3565 | 1.6741 | 2.1312 2.4345 2.6642 2.8498 3.0057
k=0 yn | 2.7068 | 2.0272 | 5.9638 | 9.1813 | 12.3647 | 15.5341 | 18.6958 | 21.8528
k,;=0.20 | By 0.7181 | 1.0191 | 1.7462 2.3264 2.7465 3.0666 3.3217
ky=0.05 | y, 1.4743 | 4.2396 | 7.1540 | 10.2718 | 13.4398 | 16.6192 | 19.8005
k,=0.50 | B, 0.7348 | 1.3496 | 1.9759 2.4565 2.8242 3.1153 3.3532
ky=0.05 | yp 1.2272 | 3.9520 | 6.9883 | 10.1408 13.3246 16.5153 19.7056
ky=0.20 | Bn 0.7581 | 1.3303 | 2.1532 2.7075 3.0844 3.3607 3.5758
ky=0.10 | y5 1.4568 | 4.1722 | 7.2043 | 10.4040 13.6182 16.8230 | 20.0164
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and tend to infinity together with n. It is interesting to note that for large
values of n, all values of y, assymptotically approach = .

The distribution of the roots of f(«) =0 in the first quandrant of the com-
plex plane is indicated in Fig. 2, which is based on the values of 8, and v,, for
n=0,1,2,...7 for k,=k,=0, and for n=1,2,3, ... 7 for the remaining cases,
all of which are given in Table 1. These values are obtained by the combined
application of the method of two-dimensional lattices and nets, and the method
of false position [9] to the solution of the two real, transcendental equations
corresponding to the complex Eq. (21).

By virtue of the Residue Theorem [8], the improper integrals of both deflec-
tion, Eq. (24), and moment, Eq. (28), are determined in terms of infinite

series as
a0

H(OL, ?/) e—iax y— 2o >
_wf TSl d 2 anoRnl (30)
wG(a’y)e—iax P ©
and f—_—af(a) doo = 2 ZnéoR“’ (31)

— @

where f(x), H (e, y), G(o,y) are given by Eqgs. (21), (23), (27), respectively.
R,, and R, , are the residues at the simple poles «,, of the integrands of both
Eq. (30) and Eq. (31), respectively. Therefore, the combination of Egs. (21),
(23), (30) leads to

w(x,y) = @Z H (2, y) e~ (32)

= anf(e)

and from Eq. (21), (27), (31), we have

(33)

3 G (g, y)emion
MU (x: y) =1 ZO o, ]U (an)

Let
S; = Sinh (8,,), C, = Cosh (8,), s, = Sin (y,,), ¢, = Cos(y,),
Sy =Sinh (B,y), C;=Cosh(B,y), s,=38in(y,y), c;=Cos(y,y),
Rt T N =
U, =B.—3Bu72, Ve =385 vn—7a>
E, =4k +4ky—2(1—v)2—k k1B, — 4k kU, +2[w, kyko—ki+ K,y
+(L+v)2—4] 8,01 (1 —}) — 22, k1 kp 5,0, (CF + 83)
+( =2k +2ky+ky ko) [B,, (CT+ 5F) (e} —s8) — 47, 8, C1 8,641,
F, =[4k+4k;—2(1—v)2—kikyly, — 4k ko V, +2[w, ki by —ky+ k,
+(L+v)2—4]8,¢; (C3+82)+ 22,k ky S, C; (c2 —s3)
+(=2ky+2ky+ky ko) [y, (OF + 8%) (c3—s3) + 48,8, Cy81¢4].
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The differentiation of Eq. (21) with respect to «, and the subsequent substitu-
tion of «, for « results in Eq. (34);

[ (o) = B, +i F,. (34)
£, F,
Let fu = e =g (35)

The dimensionless deflection and moment will depend on the parameters k,,
ky and Poisson’s ratio v. Let v=0.3 and group the values of k£, and k, as follows:

1. The absence of on edge beam, i.e., k; =0, ky=0. Combine the Eqgs. (23),
(32), (34) and (35) to obtain

wiwy) = $0-2 )" enelf, (4, Cosp,r—4, Sinp, o)
0 n=1

(36)
— 0, (s CO3B, 2+, 8 B, 2)],
where .
1 . .
by = ‘{[‘kz"f‘(l ——v)-{—(1+v)y];§+k2y}8my0 Sin y,y
0 o)
1 2 ;
+{[k2—(1—V)y]*+—3}COSyOSIHy0y (37)
Yo Yo

. 2
—[ky—(1 —v)]ylSln'yOCOS'yOy—(k2+)7)yCOSyOCOSy0y,
0 0

Go = [4ky+4ky—2(1—v)2—kyky]yo+ 4k kyvd
+[ =ik ky—ki+ s+ (1 +v)2—4]Sin 24y, (38)
+[—2k;+2ky+ Ky ky)yeCos 2y,

hy ={[ke— (1 ~v) = (1 +v)y] B} w, + ko y} (S1 Sp¢105— 01 Cy 81 85)
+ke—(1—v)— (1 +v)y] R% 2, (8, Cy¢; 85+ C; S35, C5)
+{lks— (1 —v)y] R, B, — 2R3 U, }(CyS50,6,— 8,03 81 85)
+{lke— (L =)yl R, v, —2 B3 V,} (C1 Cyc1 85+ 818581 ¢5) (39)
— ke — (L=v)]y B, [B, (81 Cz¢16,—C1 8581 8)
+ ¥ (81826185 + 0 Cy 81 5) —ka y (C1 036105~ 81 8381 8,)
+2 R ylw, (C10501 65— 81838, 83) +2, (C1 856185+ 8, Cy 8, 65)],

bp ={lka—(1—v) = (1 +v)y] B}, + ko y} (81 Cp¢185+C1 838, ¢,)
—{lly— (1 =v) = (1 +v) y] B} 2,,} (81 Sp¢165~C1 Cy 81 8,)
+{lky— (1 =v)yl B, B, —2 R} U,} (C1C5¢,8,+8; 838, ¢,)
~{lby— (L =v) Yyl B, v, — 2 B V,} (C; Sp¢160— 81 Cy 81 8,) (40)
~[ka— (1 =v)]y B, [Bn (81 85¢185+C1Cy81¢,)
—Vn (8105616 —Cy 8381 85)] —kayy (C1 85618+ 8, U381 65)
+2 Ry [w, (O 8y¢185+8,0381¢5) =2, (0100105~ 8 8381 85)]

and f,, g, are given in Eq. (35).



158 HERBERT REISMANN - SHENG-HSIUNG CHENG

From Eq. (27), (33), (34) and (35)
P @
M,=-2-2) er*[f, (@,CosB,x—P,SinB,
g 2L [fn (@ B Bn) (a1)
gn (B, CosB,x+@Q,Sing,x)], x=0
where

By ={(1+v)[ky— (1 =v)]+ (1 =v®) y + (1 —v) y§ ko y} Siny, Sin y, y
2

)+(1 “V)2')/0?/] Cos y4Siny,y
0

(42)

1+ | .
_{2( yov-{-kz’}’O)_'(l—V) [kz—(l—V)]'yoy}sln,yocos,yoy

—(1=v)[2+ (v§ks—2)y] Cosy, Cos yo ¥,

B, = {1 +v) [l — 1=+ (1 =)y — (1 —v) kyy w,} (5185616, —C1 Cy 81 85)
—(L=v) ko y 2, (8, Cy¢185+C S35, ¢5)
—[(L+v)(ky—2 R,) + (1 —v)?y] B, (C1 Sa¢1 65— 81 U281 85)
+yn[(L+v) (ke +2 R,) + (1 —v)?y] (C1 Cg ¢y 85+ 81 8581 ¢5) (43)
+Bu{—2R,(1+v)+ 2k~ (1 —v) [ky— (1 —)] 5} (S1Cacico— C1 8581 85)
— Y2 B, (1 +v) +2ky — (1 —v) [k — (1 —v)] 4} (81 Sz 0185+ C1 Ca 81 ¢,)
—(1=v)[2+ (krw,, —2) y] ((1Cyc165— 815581 8)
+(L=v) ka2, y (C1 830182+ 8, C581¢5),

Qn = (L—=v) kyy 2, (8183016, —C1 Cp8185) —{(1 +v) [ky — (1 )]
(1 =)y — (1 =) kyy 0, } (S;Cy 6185+ C Sy 81 ¢5)
—Bnl(1+v) (k=2 R,)+ (1 —v)?y] (C1 Cy 0185+ 81 8381 ¢5)
—Yu[(L+v) (ke +2 B,) + (1 —v)2y] (C; Spc100— 8, 0581 8,) (44)
+Bu{—2R, (1+v)+2ky— (L —v) [ky— (1 —v)] 4} (81 850182+ C1 Oy 8, ¢,)
+¥u{2 By (L+v)+2ky — (1 —v) [ky — (1 —v)] 5} (S; Oy 1 05— C1 S5 8185)
—(1=»)[2+ (kyw, —2)y] (C1 856182+ 8, Cy 81 ¢5)
—(1=v)kyz,y (0105016, — 81 8581 85)

where g,, ., ¢,, are the same as before.

Table 2. Deflection (w) along x = 0

k=0 Iy =0.20 %oy =0.50 K, =0.20
y ky=0 ky=0.05 ky=0.05 ky=0.10
0 0 0 0 0
0.25 0.0134 0.0129 0.0118 0.0129
0.50 0.0500 0.0457 0.0423 0.0463
0.75 0.1003 0.0940 0.0862 0.0949
1.00 0.1677 0.1530 0.1394 0.1568
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The results of the calculations of the deflection and moment are given in
Tables 2, 3, and 4, and are shown graphically in Figs. 3, 4, and 5.

Table 3. Deflection (w) along Beam Coordinate y = 1

z k=0 k,=0.20 k,=0.50 k,=0.20
ky=0 ky=0.05 k,=0.05 ky=0.10
0 0.1677 0.1530 0.1394 0.1568
+0.25 0.1494 0.1420 0.1318 0.1449
+0.50 0.1211 0.1200 0.1152 0.1218
+0.75 0.0929 0.0956 0.0953 0.0965
+1.00 0.0685 0.0728 0.0756 0.0730
+1.25 0.0490 0.0535 0.0578 0.0531
+1.50 0.0342 0.0380 0.0427 0.0373
+1.75 0.0234 0.0261 0.0305 0.0252
+2.00 0.0157 0.0174 0.0210 0.0164
+2.25 0.0104 0.0111 0.0139 0.0102
+2.50 0.0068 0.0069 0.0087 0.0060
Table 4. Bending Moment ( — My ) along Clamped Edge
- k=0 k,=0.20 k,=0.50 k,=0.20
ky=0 k,=0.05 ky,=0.05 k,=0.10
0 0.5090 0.4708 0.4295 0.4724
+0.25 0.4740 0.4424 0.4097 0.4448
4 0.50 0.3893 0.3785 0.3604 : 0.3820
+0.75 0.2915 0.2987 0.2961 0.3020
+1.00 0.2053 0.2218 0.2306 0.2240
+1.25 0.1389 0.1571 0.1719 0.1579
+1.50 0.0913 0.1070 0.1233 0.1066
+1.75 0.0587 0.0701 0.0851 0.0690
+2.00 0.0372 0.0442 0.0563 0.0426
+2.25 0.0232 0.0266 0.0354 0.0248
4+ 2.50 0.0143 0.0150 0.0207 0.0133
0 0.25 0.50 y 0.75 1.00
2}
4}
z 6} |
>
o s} ]
o
| S J
: 10or k=0 k=0
2 - k =0.20 k2= 0.05
§ 12 ——-- k; =0.50 k2= 0.05
g —————— Kk =0.20k2=0.10
14}
16|
18 e A

Fig. 3. Profiles of Deflection along x=0.
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Beam Coordinate X

-225 -200 -175 =150 -1.25 100 -075 -050 -025 0
T T T T T T T T T

. 4
4 -1
. B
. 4
0k k= 0 k2= o

—_————— ki =0.20k2= 0.05

12 — ki =0.50k2=0.05
I k1= 0.20k2=0.10
16}

18} )

20 ! L ' s L : * ; .

Fig. 4. Profiles of Deflection along Beam. Co-ordinate (y=1).
Beom Coordinate X

-2.50 -2.25 =-2.00 ~1.75 -1.50 -1.25 -1.00 -0.75 -0.50 -0.25 0

T T T T T T T T T

k= 0 k2=o

os} — Kk =0.20 kp=0.05 ]
——— K =0.50k;=0.05 27
------- k= 0.20 kp=0.10 r//_
0.4 / - 1

//

0.3 B

0.2 7

04 ]
o 1 1 | i L X 1 1 .

Fig. 5. Bending Moment (—M,) along Clamped Edge.

2. kl:#:o, kz*Oo

Use the same argument as in case 1.

wx,y) =-—2 ileynx[fn (¢, Cos B, x— 4, Sin B, x)
_gn('ﬁncosﬁnx'{'(ﬁnsulﬁnx)], CL‘éO

(45)
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and M, (x,y) = —2 3, e (f, (Q, Cosp, v — F,Sin B, )
n=1

where the functions f,, ¢,,, ., ¥n, F,, and @, are defined as in case 1.

These results are also given in Tables 2, 3, and 4, and plotted in Figs. 3,
4, and 5.

The infinite series were truncated after four terms. This yields sufficient
accuracy for the deflection and moment in most engineering applications.

(46)

3. by —> o0, ky — 00.

This means the beam is rigid. There is no deflection, and the moment M,
is zero along the clamped edge.

V. Discussion of Results and Conclusions

The major results of this investigation are embodied in Figs. 3 through 5.
All numerical computations were carried out for Poisson’s ratio »=0.3.
Although no specific cross-sectional shape has been assumed for the stiffening
beam, the curves are applicable to the case of a beam of rectangular cross-
section with sides 2’ and b as follows:

key
—k—z l 2 l 4 } 10
5 (approx.)| 1.2 ! 2.1 |3.55

We note that the limiting case of a beam which is completely limber with
respect to flexure and torsion results when k; =k, =0. The numerical results
so obtained are in complete agreement with reference [3], except that data of
reference [3] must be divided by = to account for the present non-dimen-
sionalization.

With reference to Figs. 3 through 5, we note that changes of the (non-
dimensional) flexural stiffness of the beam k&, have a more pronounced effect
upon deflection and stresses than corresponding changes in its (non-dimen-
sional) torsional stiffness k,. In the physically unrealistic limiting case of a
rigid beam we have k; — o0 and k, — oo and deflections and stresses in the
plate will vanish. In this case we have a uniformly distributed shear force
transmitted by the rigid beam to the flexible plate, but its intensity is of
vanishingly small magnitude.

We thus conclude that the addition of a stiffening beam to the free edge
of a cantilever plate strip can result in substantial reductions in plate stresses
and deflections for the presently assumed loading condition. In effect, the
stiffer the beam, the more uniformly the strain energy will be distributed in
the plate.
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Summary

A cantilever plate strip is reinforced by a beam bonded to its free edge.
The opposite (parallel) edge is rigidly clamped. The beam is acted upon by a
transverse concentrated load. Deflections and stresses are determined with
particular reference to beam/plate stiffness ratios in bending and torsion.

Résumé

On renforce une plaque en console au moyen d’une poutre fixée & son bord
libre. Le bord opposé (parallele) est fixé de maniére rigide. La poutre est
solicitée par une charge transversale concentrée. Les flexions et les efforts
sont déterminées d’une maniere particuliere par référence aux rapports de
rigidité poutre-plaque pour la flexion et pour la torsion.

Zusammenfassung

Der Kragplattenstreifen ist durch einen Balken am freien Rand versteift,
wobei der gegeniiberliegende, parallele Rand fest eingespannt sein soll. Der
Randtrager wird durch eine Einzelkraft belastet. Durchbiegungen und Span-
nungen sind mit besonderer Beriicksichtigung des Balken-Platten-Steifigkeits-
verhéltnisses in Biegung und Drillung bestimmt worden.



Der Haftverbund zwischen Stahl und Beton
Bond between Steel and Concrete

Adhérence entre acrer et béton
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Dr.-Ing., Diisseldorf

1. Allgemeines

Das Bauwesen kennt neben den homogenen Baustoffen Steine, Holz, Stahl
und Beton die beiden Verbundbaustoffe Stahl- und Spannbeton. Bei ihnen
verbinden sich die beiden Grundbaustoffe Stahl und Beton zu neuen Baustoffen.
Sie wirken meistens so, dal dem Beton Druck, dem Stahl Zug zugeordnet
wird. Verbundbaustoff will sagen, daBl bei der Berechnung gar nicht mehr von
den Einzelbaustoffen Stahl und Beton ausgegangen zu werden braucht, son-
dern unmittelbar mit den neuen Verbundbaustoffen gerechnet werden kann.
Fiir sie unterscheiden sich die Rechenansétze nicht mehr von denjenigen, die
bei den homogenen Baustoffen verwandt werden. Beispielsweise rechnet man

"bei Biegung mit der Navierschen Annahme einer gradlinigen Spannungs-
verteilung iiber den Querschnitt, was die wirklich auftretenden Verhiltnisse
vereinfacht. Aber ohne Néherungen und Vereinfachungen kommt der Ingeni-
eur nicht aus, wenn er die Ansitze der klassischen Mechanik fiir seine beson-
deren Zwecke umformt. Er ndhert, damit einfache und iibersichtliche Rechen-
ginge geniigend genaue Ergebnisse liefern, dabei darauf achtend, dafl diese
Rechenginge nicht unnétig genauer werden als die Ausgangswerte, die vor
allem die physikalischen Baustoffkennwerte enthalten. Von diesen Ausgangs-
werten bis zur erforderlichen Genauigkeit des Endergebnisses versucht der
Ingenieur ein GleichmaBl der Genauigkeit einzuhalten.

Wo der Ingenieur vereinfacht und néhert, verlilt er die eindeutigen
Ansitze der klassischen Mechanik und begibt sich in das Gebiet des Ermessens,
wo verschiedene Auffassungen dariiber bestehen kénnen, wo und wieviel zu
nihern. Die Baumechanik unterliegt dabei wechselwirkend gegensitzlichen
Einfliissen: Erfahrung und Versuchswesen vermehren und verwickeln die
Ansitze, weil sie feiner ndhern und neue Erkenntnisse beriicksichtigen wollen;
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die Baumechanik vereinfacht, weil sie das Naturgeschehen auf moglichst
wenige, allgemein giiltige Gesetze zuriickfithren mochte. Fiir die Verbund-
baustoffe des Stahl- und Spannbetons hat der erste EinfluB verlangt, die
Naviersche Annahme durch die Bernoullische zu ersetzen, weil Beton keine
lineare Arbeitslinie besitzt. Der Ingenieur wendet hier ein, dies iibertriebe das
Genauigkeitsmall, denn die Frage der Verzerrung der Querschnitte bleibt
solange unklar, wie der Haftverbund zwischen Stahl und Beton nicht genau
bekannt.

Der gestorte Verform- und Spannzustand am Ri3 bedeutet fiir die Rechen-
ginge wahrscheinlich mehr als die genaue Form der Betonarbeitslinie. Inwie-
weit iiberhaupt die Verbundbaustoffe mit den gleichen Ansitzen wie die
homogenen sich behandeln lassen, kann erst entschieden werden, wenn dieser
gestorte Zustand bis ins einzelne bekannt. Zudem fehlt bis heute eine allge-
meine Baumechanik nichtlinearer Arbeitslinien, und will eine Bemessung solche
beriicksichtigen, bringt das eine unniitze Genauigkeit, weil die Schnittkraft-
ermittlung hier nicht folgen kann. Ehe iiberhaupt daran gedacht werden kann,
hier etwas gegeniiber der technischen Biegelehre mit der Navierschen Annahme
zu dndern, muf} die Frage des Verbundes zwischen Stahl und Beton geklédrt
werden, weil die wirklichen Verzerrungen des Betonquerschnittes solange nicht
eindeutig zu beschreiben sind, wie man nicht weil3, was an der RiBstelle der
Zugzone im einzelnen geschieht. Das Nachfolgende will versuchen, hier etwas
aufzuklidren. Es befaflt sich mit der baumechanischen Grundaufgabe: Bestimme
Verform-, Zerr- und Spannzustand eines im unendlichen Beton-Halbraum ein-
bindenden kreisrunden Stahlstabes.

2. Rechengang zur Grundaufgabe

Die Grundaufgabe untersucht den drehsymmetrischen Verform-, Zerr- und
Spannzustand nach Fig. 1. Dabei mufl der Rand des Betonhalbraumes r=p
mit dem Rand des Stahlstabes »r=p vertriglich sein. Die Losung betrachtet
den Halbraum genau, vereinfacht den Stahlstab aber zum tatsichlichen Stab,
bei dem die Tensoren nur von z abhidngen. Er 146t sich damit elementar be-
handeln. Umsténdlich zu behandeln bleibt der Betonhalbraum. Bekannt ist
die Losung fiir eine im Innern des Halbraumes in Richtung der z-Achse angrei-
fenden Einzellast P. Diese Losung 1468t sich auf Streckenlasten p, erweitern.
Die dimensionslose Rechnung bezieht sich auf die Ausgangsspannung 6,=3g,
des Stahlstabes am Punkte z=0 und benutzt die Koordinaten r/p und z/p.
Uberstrichene Festwerte und Tensoren gelten fiir den Stahlstab, nicht gekenn-
zeichnete fir den Betonhalbraum, insbesondere:

E und E: Steifezahl,

v und »: Querzahl,

G und G: Gleitzahl,
p = Halbmesser des Stahlstabes.
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A P=€—!:o "N'pz

=r. u; Er; Or

Fig. 1. Halbraum mit Stahlstab. Y

z,v; €2, 02

Damit der Rechengang:

1. Bekannt Verform-, Zerr- und Spannzustand des Halbraumes mit einer
Einzellast P wirkend in Richtung der z-Achse bei z=x.

2. Erweiterte Losung fiir Streckenlasten p, wirkend von z2=0 bis z=ux; fir
n Punkte x,,.

3. Bestimme insbesondere die Zerrung ¢, am Rande des Zylinders r=p fir
n Bezugspunkte z;,.

4. Bestimme insbesondere die Schubspannung am Rande des Zylinders r=p
an diesen Bezugspunkten.

5. Bestimme Stahlspannung:

9 ‘
52=&0——f7dz (1)
P
an diesen n» Bezugspunkten z;.
6. Bestimme Stahlzerrung €, an den n Bezugspunkten z;.

7. Vertragbedingung e,=¢, an den n Bezugspunkten z, liefert » Bestimmungs-
gleichungen.

Punkt 2 nimmt vereinfachend an, die nach Punkt 7 vertriglichen Tensoren
entstiinden aus der Summe konstanter Streckenlasten p, nach Fig. 2, anstatt
aus einem Funktionsverlauf. Die Streckenlasten p, reichen dabei stets von
z=0 bis zum Lastpunkt z=x, und es werden insgesamt n Streckenlasten p,
aufgebracht. Die » Endpunkte z;, der n Streckenlasten liegen dort, wo auch
die Bezugspunkte z; der Vertraggleichungen liegen.
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Zo )
Z P1
22 P2
dobh
% Pk
Zk+1—1— Pyt
Zn “pn
* Fig. 2. Streckenlasten im Halbraum.
z

3. Tensoren des Halbraumes

Fiir den Fall einer Einzellast in z-Richtung im' Inneren eines Halbraumes
lautet die Vektorfunktion [1]:

P

87 (1—v) ‘ 2)
+4(1-2v)[(1 —v)z—vx]ln (X§/2+z+x)——§—;/—f}.

F = {X§/2+[8v(1 —v)—1] XV2

Hierin die X-Funktionen:
Xl =72+ (z——x)z,
X2 = 7'2—{— (z+x)2s

(3)

Fig. 3. Einzellast P im
Inneren des Halbraums.

Nach Fig. 3 ist # der Abstand der Einzellast von der Deckebene z=0. z liuft
also auf der 2-Achse. Die einzelnen Tensoren folgen in bekannter Weise aus
der Vektorfunktion (2) mit:

1

—sa”r

129

U =

1 (4)
w=5,020-»A4F-F],
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0
G, = E—Z[VA .F—.Fn.],

0 1
U(I):%[VAF_;E]’

o, = - [(2= A F—E],

0
T = [(1-v)4F-E,].

Darin 4 =Er+;E+Ez.

Die Fullzeiger » und z bedeuten die Ableitung nach diesen GroBlen. Eine
Streckenlast von z=0 bis z=x, liefert nach einer Integration

F =kaF1dx
0

die erweiterte Vektorfunktion fiir die Streckenlast von z=0 bis z =x,:

T+2
2

F = Pre x—zX1/2+_7'_21n(X1/2+x__z)+X1/2 [Sv(]_——v)——l]
FTR(I—y)| 2 T T ’

—4(1-—21/)(1—1/)2——(1—21/)(32:—.70)1/——225]
+In (X124 2+2) [[81/(1—1/)—1]-2—2

2 k
+4(1—2v) (1 —v)z(x+2)—2v(1 —2v(x2+%—z2) +222]} .
0
Dieser Ausdruck ist zu nehmen von =0 bis x=x,,. Die einzelnen Tensoren
aus Gl. (5) mit Gl. (4) jetzt mit eingesetzten Grenzen fiir die Streckenlast
x=x; und =0 genommen am Bezugspunkt z=m:
k=n

— Pr” 1 3—4V w1 v
o k; 167 G (1-v) {X%/fnk Ximo M re (X~ Lamo)
1 1 1 z
+—~X2 kr—2[5z,2n+22mxk—3x,20—4v(z,2n—x,2c)]——X2 072”1(5—41;) (6a)
m m
1 1 22 x
—4(1-v)(1-2v — _ 22y, k}
( )( ) [Xka+zm+xk X2m0+zm] X382

Die Gleichungen sind aufzustellen fiir n Bezugspunkte an den Stellen z,,, die
gleich sind mit den » Endpunkten der Streckenlasten p, . Es gibt also n Bezugs-
punkte z,, und n Streckenlasten p,. Die X-Funktionen jetzt:

lek = 72+(zm—xk)23 .
Xomp = 12+ (2, +21)?,
Ximo=1*+22 = Xyn0-
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Die weiteren Tensoren angeschrieben ohne die Kennzeichnung mk bei den
X-Funktionen:

= Z‘ 677G(1_,, { (1—v)[In(X{?+2x—2)—In(X1Z—2)]

2—X 2

+8 (1 —v)?[In (X¥2+ 2 +2)—In (X342 + )]ﬂuﬁ,?———x%2 (6b)
1 z 2zx (z+x)
~l6-4z2=B-dnl g+ -4 3w — }
= Y of — - — 2 -
o _k=18”(1—V){(1 2V)(X}’2 Xﬂ?) T(Xi’z X%z)
1 1 2 22
+[12WG2_8(1_zy)z2_3(1—4v)7~2—2(5—14v)zx]X—!32/—2 (6¢)
1
+[3(1'—QV)+3(1—4V)]3@)2—
1 1 6r2zzx
_4(1_V)(1—2V)(X%/2+z+x_X%z—l—z)+ X3® }’
e (1—20)( 1 1 1 8(1—v)(z+z)z] 1
_ pe(1—2v _ P —v x
com = LR e g o [P
S P 1 b[—22x+4 2 (24 2)] s (6d)
P AARAED ¢S T ’ b T

1 1
4(1— —
(1=v) (X;/2+z+x X;@+z)}’

1 1 1 1
Oom = Z 87,(1_,, { (3=2v) [(Xi/z _Xﬂ,z) - (X%/2 —X%“")]

2—x 22
- X§/2 +X1/

22 bzx(2+x)?

>+ [(5— 4v)z2+4(1—v)zx+x2]X§/z (6e)

__Z Pr? (A-—v)(z—x =z +z+x 2 z—x+ 2
817(1——1/) i D.CLIND.¢ D ¢ LD ¢ X3z X302

62z (z+2x)
X352 ’

(6£)

2
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k=n
B Dt o 1 1)y (—x)? 2P
= Drsrat -0 - xp) - e v
1 1
+(3—12p 482 (————)
( v+ 812) X1z T X2 1 62)
+[(5—4v)z2+(1—4v)x2+4(1—2v)zx]X—%/2—
zé 6zx(2+x)?
_(5—4V)X%2 + X3 }
Fiir die Behandlung der Gl. (1) wird noch der Integralschub gebraucht:
k=n
2 PrT 2(1—v) 1 1
Jrmde = kzl P { (XY= X534 X3P~ XU + s —
1 1 4(1—v)(z+2)r 222 (6h)
—(5—4v) X1z - Xz - r2 X2 - X3z

Die vorstehenden Gl. (6) werden an n Punkten z,, angeschrieben, wobei iiber
die k Streckenlasten von z=0 bis 2=z, zu summieren. Die Werte die Gl. (3)
laufen sowohl in z als in x iiber n Punkte und treten damit n? vielfiltig auf.

Von den Tensoren haben fiir z=0 den Wert Null o, nach Gl. (6e), r nach
Gl. (6f) und der Integralschub nach Gl. (6h). Fiir z — oo verschwinden alle
Tensoren.

4. Tensoren des Stahlstabes

Diese Tensoren sind dimensionslos in der Ausgangsspannung &, an der
Stelle z=0. Am Zylinder r =p wirken die Spannungen o, nach Gl. (6¢), 7 nach
Gl. (6f) und [7dz nach Gl. (6h). Beim Stab gilt genau genug:

6, =G, =0, fir r =p.

Fiir die Zerrung &,,, nach GI. (1):

= gl el B g

k=1

E,;. entspricht dem Klammerausdruck der Gl. (6h), hierin r=p. Fiir die Ver-
schiebung # mit F, fir den Klammerausdruck der Gl. (6¢) bei r=p:
PR PRI P o

5. Vertraghedingung und Beispiel

Gl. (7) der Zerrung des Stahlstabes ist mit Gl. (6g) der Zerrung des Beton-
halbraumes am Rand r =p gleichzusetzen. Fiir den Ausdruck der geschweiften
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Klammer der Gl. (6g) bei r=p jetzt F,, gesetzt, liefert die Vertragbedingung:
n
1 E '
Z ( e ek+Fk)=5o(1—V)47T- (9)

Gl. (9) wird an den n Bezugspunkten z,, angeschrieben, womit ein n-gliedriges
Gleichungssystem entsteht fiir die n unbekannten Streckenlasten p,, die von
0 bis z, reichen. Die Vertréiglichkeit erstreckt sich nur auf die Zerrungen e,
und damit auch auf die Verschiebungen w und nicht auf u.

T/0

T E=300t/cm?,v Vs
T e —— ™ E:=450t/cm2,¥ '/5
——— T* F:-300t/cm2,v O

0.05

-t + f - 2/p
Fig. 4. Verteilung der Haftverbundspannung.

In Fig. 4 sind die Haftspannungen = aufgetragen, berechnet nach Gl. (6f)
fiir die Festwerte:

E = 2100 t/cm?,
E = 300 tjcm2,
v o= 1/3,
v = 1.

Die Anderung der Steifezahl des Betons von E =300 auf 450 t/cm? liefert die
Verteilung +* der Fig. 4 und die Anderung der Betonquerzahl von v=1/; auf
v=0 die Verteilung 7** der Fig. 4.

6. Ergebnis

Die Eintraglinge der Kraft P des Stahlstabes ist dimensionslos in r/p. Die
verbreitete Ansicht, diinne Stdbe verursachten kleinere Spannungen an der
Lasteintragung als dicke, weil das Verhéltnis Umfang zum Querschnitt giin-
stiger, trifft nicht zu. Der diinne Stab hat eine kleinere Eintraglinge als der
dicke, aber die gleichen Spannungen. So jedenfalls die Rechnung.
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Wenn die Bauanwendung zeigt, diinne Stidbe verhielten sich besser in der
Verankerung als dicke, gibt es dafiir zwei Griinde. Einmal kénnten sich die
Baustoffkennwerte im Grenziibergang zu kleinen Fldchen &dndern und zum
anderen liefern grofle Stabdurchmesser aus anderen Griinden einen schlech-
teren Verbund, wie aus dem Grenziibergang p — oo erkennbar. Es verschlech-
tert sich der Verbund bei groferen Stabdurchmessern einmal dadurch, daf3
der Beton sackt und das um so mehr, je mehr Beton unterhalb des Stabes
liegt, zum anderen dadurch, daf} sich Luft -und Wasserblasen am Unterrand
des Stabes sammeln.

Fiir die Abhéngigkeit der Verbundspannung von den Baustoffkennwerten
gilt genau genug:

T E—-E

Tmar _ 0,025
Go E

(1—v). (10)

Fir E — E fallt die Verbundspannung = — 0. Dieser Grenziibergang ist
technisch bekannt. Steigt die Steifezahl des Betons zu der des Stahls an, geht
die behandelte baumechanische Grundaufgabe iiber in die bekannte Losung
des Halbraumes mit einer Einzellast auf der Deckebene. Bei ihr treten in den
Radialschnitten keine Schubspannungen auf. Allein aus diesem Grenziibergang
folgt, daB die Verbundspannung, wie auch in Fig. 4 richtig dargestellt, mit
zunehmendem E absinkt.

Geht der Stahl in den FlieBzustand iiber, sinkt seine Steifezahl bis auf Null
herab und es gilt £ — E. An irgend einer Stelle trifft die Steifezahl E des
Stahles die des Betons. In diesem Augenblick reicht auf jeden Fall die Beton-
festigkeit aus, fiir einen vollkommenen Verbund zu sorgen, denn die Schub-
spannung fillt bis auf Null. Dieser vollkommene Verbund 1483t die RiBbreite
des Betons beim Biegestab bis auf Null fallen und man erkennt, warum ein
sehr schwach bewehrter Biegestab sprode bricht.

Hohe Ausgangsspannungen g, bringen entsprechend hohe Haftspannungen,
woraus folgt, sowohl Stahl- als auch Spannbeton sollten hohe Stahlgiiten nur

mit hohen Betongiiten verbinden. Weil das E des Betons mit zunehmender
Giite einem Grenzwert zustrebt, bleibt auch die ausnutzbare Stahlgiite be-
grenzt. Das sowohl fiir den Biegequerschnitt als auch fiir die Haftverankerung.
Die Bauanwendung kennt die Verankerung diinner, hochgespannter Drihte,
was darauf schlieBen 1a8t, daBl alle Stibe sich durch Haftverbund verankern
lassen, wenn nur dafiir gesorgt, die sonstigen Nachteile am Verbund zu ver-
meiden, ihm also die dieser Rechnung zugrunde gelegten Bedingungen zu
schaffen.
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Zusammenfassung

Den Haftverbund zwischen Stahl und Beton ermittelte man bisher am
Ausziehversuch. Das vorstehende behandelt diesen Ausziehversuch mit den
Ansitzen der Elastizitdtstheorie und kommt zu dem Ergebnis, dafl der Haft-
verbund von den Elastizitdtszahlen £ und den Querzahlen v der beiden Bau-
stoffe Stahl und Beton abhingt. Die Querzahl hat keinen groBen Einflu}, so
daf praktisch die Elastizitdtszahl des Betons die Spannungsverteilung dimen-
sionslos im Stabdurchmesser bestimmt.

Summary

Pullout tests have in the past been used to evaluate the bond between
steel and concrete. A theoretical analysis of the pullout test is here presented,
which is based on the theory of elasticity. Bond stresses are found to depend
on the Moduli of Elasticity and the Poisson’s Ratios of both the steel and the
concrete. It is shown that Poisson’s Ratio is not of prime importance, and a
nondimensionalized stress distribution is obtained which depends only on the
Young’s Modulus of the concrete.

Résumé

D’habitude on déterminait 1’adhérence entre acier et béton a 1’aide d’essais
d’extraction. On traite ici cet essai sur la base de la théorie de 1’élasticité et
du nombre de Poisson de 1’acier et du béton. L’influence du nombre de Poisson
est négligeable de telle sorte que pratiquement seul le coefficient d’élasticité du
béton détermine la répartition qualitative des tensions.
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Introduction

Simple plastic theory is based upon the concept of a set of proportional
loads which affect the collapse of a structure. In determining the load, duc-
tility of the material is considered rather than fracture. The theory is, in
reality, a limiting strength theory based upon the probability of failure of a
structure under a single application of a peak load rather than gradual collapse
under repeated application of loads below the static collapse value.

It is seldom, however, that a structure will be subjected to static load only.
In its lifetime, it may well suffer variable repeated loading such as wind, snow,
ete., even though the periodicity may vary within wide limits. The repeated
application of the load may cause the structure to fail either by ‘“‘incremental
collapse’’ or “‘alternating plasticity’’. ‘

The second type of failure is somewhat similar to a fatigue failure but
requires a much smaller number of cycles, a higher intensity of alternating
loads leading to a greater range of stress and a low frequency of application
leading to a longer time at peak values.

Considerable work has been done on the elastic-plastic response of struc-
tures and several analytical solutions have been proposed for determining the
“shakedown’’ load. These theoretical studies have often been verified by tests
on model and full-scale structures [1-6]. It is important to point out that
changes in material properties during cyclic loading are not taken into account
in the theoretical analysis of ‘“‘shakedown’’ and “incremental collapse load’’
problems where it is assumed that each application of peak load is sustained
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for a sufficiently long period as to allow the deformations of the structure to
stabilize; in this sense the loading is presumed to be ‘“quasi-static’’. It is clear
from the published work on the material properties under cyclic loading con-
ditions that there is a significant change in the stress-strain characteristics of
the steel from one cycle to the other over a wide range of loading frequencies
from very high to quite low. It is necessary, therefore, to account for these
changes in material properties in analysing structures under cyclic loading
conditions; this is attempted here for low frequencies.

When a structure, loaded beyond the elastic limit, is subjected to cyclic
loading at or near the collapse value, the nature of the problem is completely
changed. The difference between conventional fatigue and this particular type
of problem is that the former is associated with high intensities of loading
producing failure after relatively few cycles. It is customary to refer to this
second problem as ‘“low endurance’’ fatigue.

The materials aspect of the “low endurance’’ problem has been the subject
of investigation by many research workers [7-11]. The structural aspect of
the problem of ‘‘alternating plasticity’’ has received very little attention
[12, 13].

The little work done in this area is inconclusive in helping to predict struc-
tural behaviour analytically since no attempt is made to relate dynamic
material properties to the study of structural response. The work after RoYLES
[14] throws some light on simple and continuous beams under a constant
deflection range in formulating empirical moment-curvature relationship for
mild steel beams subjected to alternate bending.

The procedure of RoyLEs [14] ignores partially the effect of elasticity in
constructing the moment-curvature relation or otherwise assumes a fully non-
linear material. The application of this type of moment-curvature relation to
simple structures, where the major part of the structure is well in the plastic
range, will not produce much error. In the case of statically indeterminate
structures, however, where the major portion of the structure may remain
elastic, the error may be considerable.

The nature of the loading on structures is random, and consequently, it is
very difficult to study such a complex problem directly. The problem can be
classified into two cases involving (I) load control, and (IT) deflection control.
Once mathematical models have been established for the above two types it
might be possible to formulate a solution for the more general random loading
case. '

The purpose of this investigation is to develop an analytical technique for
deriving the cyclic behaviour of simple structures under a constant range of
alternating displacements (strains). It should be emphasized that alternating
displacements only are considered, of a type in which the maximum amplitudes
are identical in hogging and sagging.

The ambient conditions of loading rate are such as to confine the investiga-
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tion to low cyclic fatigue behaviour (1-100 cpm). The method depends upon
the generation of ‘‘pseudo-static’’ moment-curvature relationships which are
discrete functions of the instantaneous cyclic history. These curves are obtained
either from cyclic tests on beams under pure bending or from cyclic “push-
pull’’ tests.

The moment-curvature models are derived from cyclic pure bending tests
or ‘“‘push-pull’’ tests (controlling the strain range) and are then applied to
study the behaviour of structural components under controlled deflection
amplitudes of equal and opposite sign. The problem where the deflection is
being controlled is neither strain controlled nor load controlled. In fact, when
the deflection range at one point is controlled, the strain (curvature) range
and the moment (or load) at every other point changes from cycle to cycle
because of the varying strain hardening rates under different strain ranges.
Hence the analytical technique proposed here can predict the experimental
values if the deflected shape of the beam is controlled rather than the peak
deflection range at one particular point. In a pure bending (or push-pull)
problem, where the strain range is controlled, the moment (or stress) amplitude
increases from one cycle to the other; but if the moment (or stress) amplitude
is controlled the strain range decreases [14-16]. The exception to the above
statement occurs if the controlled range of strain or moment (or stress) is in
the region of yield, where the reverse is true. In a situation where all these
parameters change and a different parameter of deformation is controlled, it is
reasonable to assume that the moment (or stress) will be less than the case
where the strain range alone is controlled. Based on this conclusion, and on
the fact that the moment-curvature models employed in the calculations are
derived from strain controlled tests, it can be deduced that the theory proposed
in this paper will yield an upper bound envelope behaviour. On the other
hand, the load controlled problem (which is not the subject of this paper) will
yield a lower bound ‘“‘solution’’.

Moment-Curvature Characteristics

Two types of steels are used in the experiments reported in this paper and
their chemical compositions are reported here. The material used in pure
bending, push-pull and cantilever tests is of the following composition:

Si S P Mn C Cr Fe
0.037 0.025 0.004 0.47 0.143 0.01 Remainder 9,

The chemical properties of the steel used in four point bending, simple

and continuous beam tests are as follows:
C Mn S P Si Fe
0.12 0.7 0.05 Remainder 9,
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The cyclic moment-curvature relations for the analysis of structural com-
ponents can be formulated in two ways from (I) axial push-pull tests, and (II)
cyclic reversed (pure) bending tests.

In general, four types of moment-curvature models can be employed in
the analysis as follows: (I) the model is linear until yield and non-linear
beyond, (II) non-linear from the outset, (III) bi-linear with two different
slopes, and (IV) a rigid-strain hardening type. The first two models are employed
in the analysis of structural components (determinate and indeterminate)
reported in this paper; the first of these two accounts for the effect of elasticity
while the second ignores it partly. The third model is similar to the first one
except for a constant slope in the non-linear range which is represented by a
polynomial in the first case. The fourth model completely ignores the effect
of elasticity. All four models are employed on a determinate structure (can-
tilever beam) and the results are represented together with the experiment
on the same plot for the purposes of comparison. The first two models lead to
complicated numerical calculations because of their non-linearity, while the
latter ones are less cumbersome to apply. It follows, in general, that the
Model I will yield values closer to experiments than Model II. In the higher
range of strain, however, where the effects of plastic strain dominate, the
predictions are almost identical implying that the simpler continuous non-
linear model (Model IT) can often be employed in the analysis of structures
where elastic strains are small compared with inelastic strains. Model III will
yield an upper bound solution (as in Model I) but the calculations will be
simplified to a significant extent. When the elastic and plastic strains are
comparable, the error will be appreciable, but this will diminish as the plastic
strain increases compared with elastic strain. In the case of Model IV, since
the contribution due to the elastic component is neglected, the error in the
working range (where the strains are very small) might be serious. The four
moment-curvature models can be represented mathematically as follows in
non-dimensional form: ' '

k=m elastic
k=10+a(m—1)" inelastic Model I, (1)
k= o (m)f Model TT, @)
k =m elastic
k=C+o3(m—0) inelastic Model 111, (3)
k= a,(m—m,) Model 1V. (4)

The constants «y, oy, a3, «,, B, B2, C and m, are functions of the number of
cycles for which the particular model is constructed and can be computed by
plotting the appropriate data from the experiments on pure bending specimen
or push-pull tests.

From reversed bending tests RoyLEs [14] has concluded that the influence
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of axial extension is predominant when strain range exceeds +2.59%, and that
moment amplitudes have to be adjusted accordingly. The present study was
limited to an inelastic strain range varying from yield to +2.5%,. In the expe-
riments after RoyLEs [14] (also reported here), the maximum strain range
considered was +5.59,, and the results were adjusted accordingly for the
effect of axial extension.

Push-Pull Tests

The results of cyclic axial push-pull tests [17] are plotted on a log-log scale
(Fig. 1). By cross plotting from Fig. 1, the stress-strain curves of Fig. 2a, can be
derived for various cycles. The stress-strain expression can be represented by
a power law

Ao =a(de)p, (5)
1000 —
cyclic frequency 6-30 cpm
B
ma 8 A B
plot no | strain range
e %7 % | 0%psi
~ 6
) — | 0-600 | 69-50 | 0-0010
& 100 4 2 0-744 | 71-90 |-0-0058
- 1 3 1-000 | 71.01 | 00198
@ 4 1-500 | 85-47 | 00152
& 5 2.500 | 89.-76 | 0-0225
0 "
ing re shown 6 3.400 | 98-60 | 0-0273
. only typical plots are show S 399 | ir.eo | 00388
. 8 5-290 |122-20 | 0-0400
i 1 ! | 1 |
1 10 100 1000 10,000 100,000
cycles
Fig. 1. Cyclic Variation of Stress Range under Constant Strain Cycling.
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Fig. 2a. Cyclic Stress-Strain Characteristics. Fig. 2b. Cyeclic Stress-Strain Curve:

A Typical Value.
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Cycles

1.0

5.0

10.0
50.0
100.0
500.0
1000.0
5000.0
10000.0

Cycles

1.0

5.0
10.0
50.0
100.0
250.0
500.0
1000.0
1600.0

251

10.980
9.618
9.003
7.852
7.379
6.764
6.348
5.964
5.720

Table 1a. (Authors)

B

4.1521
3.7020
3.145
2.604
2.550
2.26
2.115
1.9678
2.0773

Table 1b. (ROYLES)

B

1.9000
1.9003
1.9087
1.8972
1.8940
1.9002
1.8972
1.8851
1.8895
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2]

0.22
0.35
0.31
0.45
0.52
0.56
0.62
0.62
0.64

22

0.9961
0.9548
0.9268
0.8964
0.8833
0.8533
0.8397
0.8358
0.8193

Be

5.6568
4.7976
4.8692
4.0885
3.7934
.3.7399
3.5424
3.4306
3.4092

Be

3.4622
3.3577
3.3177
3.2041
3.1528
3.1041
3.0542
2.9903
2.9723

where a and b are material constants for a particular cycle (Table 1a). As seen
from Fig. 2b, the power law very closely represents the material behaviour.

The cyclic moment-curvature relations for rectangular sections can be
deduced as shown in Appendix I and may be represented in Fig. 3a. In Fig. 3b,
the moment-curvature characteristic derived from push-pull tests for a parti-
cular cycle is plotted along with the experimental points from pure bending
tests. The geometric constants are computed and shown in Table 1b.

moment M/ My

n
T
I

moment M/My

predicted from push-pull tests

o0 oo experiment (pure bending)

| |

curvature K/ Ky

Fig. 3a. Cyclic Moment-Curvature
Relationships: From Push-Pull Tests.

10 15

curvoture K/Ky

Fig. 3b. Cyclic Moment-Curvature
Relationship: A Typiecal Value (N =100.0).
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5
o ©
1-0
>
=
~
=
£
g predicted from push-pull tests
E © @0 o experiment {pure bending)
Fig. 3c. Cyclic Moment-Curvature -
Relationship: Log Scale. 0 l

| 10
curvature, K/ Ky

Pure Bending Tests [19, 20]

The constants oy, oy, a3, o4, By, B2, C and m, for various numbers of cycles
are computed by plotting the data from Figs. 4 and 5 (see Fig. 6) and listing
as indicated in Table 2. The cyclic moment-curvature models generated by
employing these constant are shown in Fig. 7 for the first two models used in
the analysis. These moment-curvature characteristics are employed to predict
analytically the cyclic response of structural components under reversed
bending.

Fig. 6a shows the log-log plots of both m —k models (I and IT) for a parti-

cyclic variation of moment amplitude -constant strgin range
frequency 3-15 cpm (authors)

aa Ae=4.4% (N=500)

3.4%(N=500)
°
° o

0 2.3% (N=1000)

A= 1.53% (N=3000)

. . ot L 0.67%

\"g % (N=20000)

0.84% (N=10,000)

|
o] cycles N

Fig. 4a. Cyclic Variation of Moment Amplitude: Constant Strain Range (Authors).
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Fig. 4b. Cyclic Variation of Moment Amplitude under Constant Strain Range: Log Scale.

3-75

frequency = |-10 cpm

|p IP
P 7

My =166-7 in Ibs (Royles)

(De=111%)

moment, M/My
@
S

(2-4%)
2.0 (1-65%)
A_’__.__,————U/_H(o'g%)
b o o—0 O-O—
8;———»-—‘5""—’—.7 o 0 (0-75%)
1-00 1 ! |
1 10 100 1000 10,000
cycles

Fig. 5. Cyclic Variation of Moment Amplitude: Constant Strain Range (Royles).

Table 2a

, Cycle a x 10 psi. b
1.0 248.6 0.2599
10.0 302.7 0.2968
50.0 347.3 0.3225
100.0 368.4 0.3336
500.0 422.9 0.3594
1000.0 448.6 0.3705
5000.0 514.8 0.3963

10000.0 546.3 0.4073
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Fig. 6a. Cyclic Moment-Curvature
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Fig. 7a. Cyclic Moment-Curvature Characteristics for Various Cycles: Model I.

Table 2b
22 ﬁz
0.7736 3.8476
0.9022 3.3693
0.9822 3.1008
1.0160 2.9976
1.0870 2.7824
1.1160 2.6991
1.1800 2.5233
1.2040 2.4552
me = 1140 N =500
¢ =150 Ay = 153
slope = 0-0652I
me 5 °
- Models 1 and IV
1 1 1 1 1 ! ! t
[0} 2 4 6 8 10 12 14 16

Fig. 6b. Cyclic Moment-Curvature Characteristics;
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Fig. 7b. Cyclic Moment-Curvature Characteristics for Various Cycles: Model II.

cular cycle. In general, the experimental plots show linearity on log scales of
m and k values; the curve II shows linearity on log scales of (m —1) and (k—1)
values. This approximation may introduce an error and its magnitude will be
comparatively greater near the yield point than at larger values of m and k.
From Fig. 6a, however, this difference seems to be insignificant and, therefore,
the approximation is acceptable without introducing serious error in the
calculations.

Analysis of Structural Components

It is proposed to apply the moment-curvature relations generated from
experiments to structures in order to predict the cyclic history of loading
under a constant range of alternating deflections. The following assumptions
are made in formulating the theoretical approach:

(I) the structure consists of prismatic members with rectangular sections
symmetrical about the natural axis,
(IT) plane sections remain plane during elastic and inelastic bending,
(IIT) the effect of shear and normal force is ignored,
(IV) instability is not considered to be a factor,
(V) the cross section of the beam remains constant throughout its eyeclic life.

The moment-curvature relations derived in the preceding pages are applied
in the analysis of simple and indeterminate structural systems. The m —k
characteristics (I and II) derived from pure bending tests are applied to all
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systems whereas those derived from the push-pull tests and Models III and IV
are applied to cantilever beams only since it is believed sufficient to compare

some typical results rather than repeating all the problems.
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/////As = 0-605
x X
X X
a A a -S NN a A
A3=0-350
¥o) ¥o) o—0 _Q 0O O
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L Y
[ N J e o0
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o
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B AS:  symbol : dimensions:depth = 0-50inch
- 0-240 ° width =025
0-350 o] cyclic frequency = 3-6 cpm
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0 | | |
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Fig. 8a.
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150 ° o
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A A
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0-965 2 dimensions: depth = 0-50 inch
1.135 o) width = 0-25 "
span =65 "
| 10 cycles 100 1000

Fig. 8b.
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Fig. 8a—c. Cyclic Variation of Load on Cantilever Beams under Constant Deflection Range.

Determinate Systems

Simply supported and cantilever beams are analyzed theoretically and
experimentally. Theoretical investigations and experimental procedures are

reported

in detail elsewhere [18, 19, 20].

The moment-curvature relations proposed above are applied here to predict
the behaviour of simple determinate structures subjected to reversed bending
under the constraint of a constant deflection range. The moment-area technique
is applied to derive expressions for the angle change and tangential deviation

150

8

load, Ibs

[+
[=]

30

Model 1

x X X experiment
dimensions : depht = 0-50"

width = 0-25"
span = 6-5"
frequency = |-8-3-6¢cpm

theoretical prediction based
upon "pure - bending " tests

i ) | 1 1 1 1 1 I

0-1 0-2 03 0-4 0-5 06 07 o8 0-9 1-0
deflection range, inches

Fig. 9a. Cyclic Load-Deflection Range Curves for_Cantilever Beams (N =50.0): Models I and II.
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Fig. 9b. Cyclic Load-Deflection Curves for Cantilever Beams: Push-Pull and Pure Bending

(N = 50.0).
180
150 |-
Model IV /_’/,,._/ S o
/ _ =T
120 - i;_ e Model I
—===) ° Model II
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ko) B . section
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Fig. 9¢. Cyclic Load-Deflection Range Curves for Cantilever Beams: Models I-1V.

of an element subjected to end moments. By suitably combining these expres-
sions and applying the appropriate boundary conditions, the rotation and
deformation of the structure at any point may be calculated (Appendix IT).
Tests are carried out on eight 6!/, inch long cantilever beam specimens
measuring 1/," x1/,” and 1/,” x1/,”. The deflection ranges are so chosen to cover
the whole strain range possible, i.e., up to +2.5%,. The frequency of the
loading varies from 1.8 cpm. to 6 cpm. depending upon the deflection range.
The computed results are plotted with the experimental values in Fig. 8. In
Fig. 9, the load-deflection curves derived by applying both the moment-
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curvature models, are plotted for one particular cycle along with the cor-
responding experimental results.

The analytical technique developed previously is now applied to predict
the cyclic variation of loads on a simply supported beam subjected to a central
load under a range of alternating deflection. Predicted values are compared
with experiments after RoYLEs [14]. The method is explained in detail in a
paper by the authors [18] and the cyclic moment-curvature constant are given
in Table 1b. The results are plotted in Fig. 10. The value of ¢, is 0.13%, for the
material used by RoYLEs [14].

360 A8 =0-974 inch

AS = 0-840 inch dimensions: width = 5/16

depth = 5/16"
350 span = 6"
Ey =013 %
A8 =0-657 inch
A3 =0-467inch

300

» Model I
= 0® %o experiment after Royles (14)
3 ° A

2

A3 =0-276 inch

250
symbol A8

x 0-276

o] 0-467

] 0-657

v 0-840

° 0-974
0 500 1000 1500 2000

cycles

Fig. 10. Cyclic Variation of Load on Simple Beams under Constant Deflection Range (Model I).

Indeterminate Systems

Analytical investigations are carried out on some indeterminate structures
in order to predict their behaviour under a constant deflection range. One, two
and three hinges systems are analyzed and the cyclic moment-curvature
relationships (Models I and 1I) derived previously are employed in the calcula-
tions. A three-span continuous beam loaded symmetrically is analyzed and
the predictions are compared with experiments after RoyLEs [14]. Virtual
work methods are employed in the analytical calculations (Appendix III)
which are reported in detail elsewhere [20]. Load deflections curves (Figs. 11,
12 and 13) are plotted for various numbers of cycles of loading along with
static load-deflection curves premised upon the usual bi-linear elastic-plastic
moment-curvature relationship. In the two hinge system, the effect of varying
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Fig. 11a. Cyclic Load-Deflection Curve for Two Hinge System: Model I.
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Fig. 11b. Cyclic Load-Deflection Curve for Two Hinge System: Model II.

the spacing between the two point loads is studied. For the centrally loaded
continuous beam (Fig. 13), the cyclic variation of central bending moment
for various deflection ranges is plotted in Fig. 14 along with experimental
values of RoyLes [14]. The deflection ranges are maximum amplitudes of
total 0.154, 0.243, 0.364, 0.554 and 0.740 inch equally divided in positive and
negative curvature about the undistrubed reference position of the beams.
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Fig. 12. Cyclic Load-Deflection Curve for Three Hinge System: Model II.
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Fig. 13a. Cyclic Load-Deflection Curve for Continuous Beam: Model I.

Table 3a
System Load Spacing of Span L Deflection
(1bs) Loads (inches) Range
Single Hinge 160 —
Two Hinge 162 0.05 L 10 +0.5 in.
166 0.1 L in all in all
187 0.2 L the the
214 03 L cases cases
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Table 3b
System Load (1bs) Spacing Span L Deflection
N=1 N=10,000 of Loads (inches) Range
Single Hinge 160 196 0
Two Hinge 162 199 0.05 L 10 +0.5in.
166 207 0.1 L in all in all
187 229 0.2 L the the
214 259 0.3 L cases cases
800
N=1600
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600
500} N=1
8 Model [
¥ 4001- static
el
3 .
300} w
I hinge i
200 8 g B g B g B
T hinge
100}
0 1 L 1 |
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central deflection, inches

Fig. 13b. Cyclic Load-Deflection Curve for Continuous Beam: Model II.
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Fig. 14. Cyclic Variation of Central Bending Moment on Continuous Beam.
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Discussion and Conclusions

A method is developed for determining the cyclic variation of loads on
simple and indeterminate beams subjected to a constant range of alternating
deflection. Cyclic moment-curvature relations are generated from experiments
involving pure bending and axial push-pull tests. Employing these moment-
curvature characteristics, theoretical values of load variations on simple
beams subjected to a constant range of reverse deflection are compared with
tests.

Two types of moment-curvature realtions are employed, designated as
Model T and Model 11, depending upon the inclusion or rejection of elastic
strain components in the range of total strain. It follows, in general, that
Model I will yield values closer to experiments than Model II. In the higher
ranges of strain, however, where the effects of plastic strain dominate the two
predictions are almost identical implying that the simpler continuous non-
linear model can often be employed in the analysis of structures where elastic
strains are small compared with plastic strains.

A bi-linear moment-curvature model (Model III) with two different slopes
may be employed instead of Model I; it will yield a higher envelope to the
problem but the calculations will be simplified to a significant extent. When
the elastic and plastic strains are comparable, the error will be appreciable
and this will become very small as the plastic strain increases with respect
to the elastic strain.

A rigid strain hardening type of moment-curvature model (Model IV) can
also be employed in the calculation, but, since the contribution due to the
elastic component is neglected, the error in the working range (where the
strains are very small) may be serious.

It is useful to suggest here that more experimental evidence in the yield
region will give a better understanding of the nature of the behaviour of the
material in order that a more realistic model might be assumed. Even though
Model I is more cumbersome in its application, this can be overcome by the
use of digital computers. It is also proved in general that the existing classical
static analysis of structures is conservative.

The analysis presented in this paper predicts the load-response on the
basis of certain moment-curvature data generated by recourse to simple tests,
and m —k models derived from a fundamental stress-strain curve which is
itself a function of the strain. The correlation seems to be good. The study
reported here predicts the load-response of simple and indeterminate struc-
tures subjected to constant deflection range. The work will only be complete,
and more practical, if it is also extended to embrace the behaviour of structural
components under a constant load range. It will also be more correct if every
point on the moment-curvature model is determined from a number of tests
rather than a single test.
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[\

SN

S

Notations

moment amplitude

moment amplitude in the elastic range

yield moment

number of cycles

non-dimensional curvature (ratio between curvature at
any point and that at yield)

non-dimensional moment (ratio between moment ampli-
tude and that at yield)

o5 Olg, O, %, By, Bas M,, C constants of the moment-curvature relationship

Ade
0
d
y, 4

bn

strain range

angle change

tangential deviation
non-dimensional form of 6 and
end slope

deflection at a point

central deflection
non-dimensional form of deflection
deflection range

length of the beam

segment lengths

ratios: 2 . . . 5"
L L
second moment of inertia
modulus of elasticity
extent of elastic region
extent of plastic region
constants
yield strain
strain range
stress range
maximum strain range
width of the rectangular beam
depth of the rectangular beam
yield stress
material constants

Appendix I. Cyclic Moment-Curvature Characteristics from Push-Pull Tests

The cyclic stress-strain range relationship can be represented by a poly-

nominal as below:
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do=a(de),

where a, b are material constants (Table 2a).
Now the above stress-strain range relation is applied for deriving the cyclic
moment-curvature characteristics for a symmetrical (rectangular) section.
The resisting moment of the section, then, can be written as:

a
M =2Bfoxdx.
0

Evaluating the integral

o Ba (Aem

b
SETNCIA 0

In the elastic range, a=F and b=1. Hence, the value of the moment in the

elastic range
_ BE

Me —3— A €n d2
and the yield moment
2
M, = Efgili where de¢, B = 20,.

Now rendering the yield (I-1) non-dimensional

M 3a(de,)’
M, 2(2+b)o,’

v

m =

(I-2)

The moment-curvature characteristics can be plotted from Eq. (I-2) for
various cycles by plugging the proper values of a and b and putting
o, =33.5-10° psi.

The m — k relationship employed in this paper is in the following form:

k= o, (m)ﬁ‘z,

where «,, 3, are geometrical constants. Values of k and m are generated for
a particular cycle from Eq. (I-2) and they are plotted on log-log scale (which
as indicated earlier is a straight line) to arrivate at the constants « and B.

This procedure is repeated for various cycles and the constants are tabulated
(Table 2b).

Appendix II. Deflection of Determinate Structures under Cyclic Loading [18]

Expressions are developed for angle changes and tangential deviations for
various types of loadings on beam elements; these are applied to predict the
variation of load on simple beams subjected to a constant range of alternating
deflection.
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Inelastic Bending Relationships

As explained earlier, four types of moment-curvature relations (Eq. 1 to 4)
are employed in the analytical computations. Here, relationships are developed
for the first two models under various loadings and are tabulated in Table 4.
The relationships for the other two models can be similarly derived.

Table 4
v = Rotation

m,<<1.0 m,=1.0 my;=1.0 o =

my>1.0 my<< 1.0 my>1.0 1=
Elastic Non-Linear A+C+D I A+C—-D ’ C+H+1.0 1.0+ o4 (ml—l)B1

(B2+1) (B2+1)
. as {my —-m } B2
Complete Non-Linear my)
P (B2+1) (my—m,) % (1
Elastic A
4 = Tangential Deviation

m,<<1.0 m,21.0 m;=1.0 me—m

my>1.0 my<<1.0 my>1.0 1=
Elastic Non-Linear B+ E-—F ‘ H—-G+F E—G+4+H+0.5 v[2

s {m2(52+2)_m1(ﬁ2+2)}
o o (Bat-1) (Ba 1 2) (my—my)? ,
omplete Non-Linear v
— g (ml)('82+1)
(B2+1) (my—my)

Elastic B

A= (my+m)(2;  B=2mytmy)[6;  C = {oy(my— 1P+ 1) (my—my));
D = (my—1)%2(my—my); B = {a; (my— 1)PI2Y((B, 4+ 1) (8,+2) (my—my)2};

F = {(my—1)}[{6 (my—my)?}s G = {o, (my— DPY2YL(B, 4 1) (B, +2) (my — my)?}
H = {o, (my— DPT1 (B, +1) (my — my)).

1. Model I

Using the appropriate relationship (Eq. 1), angle changes and tangential
deviations of flexural members may be determined by direct integration:

Elastic Region

B B
0.5 =K, Lfkd(x/L) = g”ILfmd(x/L),
. “ B (I11-1)
2
Spa = K, L? [ k(x/L)d (x| L) = ﬂ%f— m (/L) d (z/L)

o

A A
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Inelastic Region

B
M, L
0,5 = Knykd(x/L) - llg”ILfmd(x/L)+—ﬁf{l.O+al (m—1)B}d (z/L),
A Elastic Inelastic
B
80 = K, L f k() L)d (@] L) = ]‘%IL f m (/L) d (z) L) (IL-2)
A Elastic
+J’%IL J{1.0+oc1(m—1)31}(x/L)d(x/L).

Inelastic

where 0,5 = total angle change between two points A and B.

354 = the tangential deviation of point 4 from the tangent through
point B; distance (z/L) is measured from 4.

2. Model 11

Applying the Model II type of moment-curvature relationship (Eq. 2), the
expressions for 8 and 8 are as follows:

B
6an = K, L kd(aL) = 2 [my i el D),
4 4 - (I1-3)
Spa = K, L2 [ k(e D)d @]2) = 227 [y (miPe /L) 1D,
A A

Ezxpressions for 6 and &

Considering the beam element subjected to a load as shown in Fig. 15, the
angle change and tangential deviation can be obtained by employing the
appropriate equations (I1I-1) to (II-3) above. All values are made dimensionless
for convenience.

8,5 angle change

Sag = tangentential

mlMy‘—‘ el ————» Jeil
deviation

Fig. 15. Beam Element.
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1. Model 1
1. Angle Change. Moment at any point, /L (taking the origin at A4)
Mgy = My + (Mg —my) (x/L). (I1-4)

In the elastic region,
kiipy = my + (my—my) (@) L) (I1-5)

and in the inelastic region,
k(;l‘/L) = 1.0+ oy {ml + (m2 —ml) (x/L) — 1.0}’31. (II‘G)
The change in angle between A and B, from expressions (II-5) and (II-6), is

0. = " f{ml+<m2 my) (@] L)} d (2] L)

(II-7)
—my) (2] L) — 1.0}r] d (/L) .
By evaluating the integral (1I-7)
) EI 2 (Bi+1)(my—my) 2 (mg—m,) EI

11. Tangential Deviation. One needs the tangential deviation 6 ,5; this can
be determined by applying expression (II-2) in which the origin is taken at
point B instead of A. The moment at any point (/L) is thus given by:

Mr) = My — (Mg —my) (@] L) (I1-9)

The tangential deviation becomes:

M, L?
dup = E’I f[l 0+ ay {my — (Mg —m,) (x/L)Bl] (z/L)d (z|L)
(IT-10)
M L?
f{ 2— (my—m,y) (x| L)} (x| L) d (| L).

Evaluation of the integral (11-10) leads to:

5 . MyL2{2m1+m2 al(mz_l)(31+2) 3 (m2_1)3 }_‘AMULz

BEHT 6 T EADEAD o Slmy—my BT
(IT-11)

2. Model 11

1. Angle Change. Moment at any point (z/L) (origin at A4)
Mgy = My + (Mg —my) (/L). (I1-12)
Then k@) = oy{my+(my—my) (x/1)}Fe. (I1-13)
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Change in angle

1.0
M, L

6 ,5= -—E”—I-faz{ml-i—(mz—ml) (x/L)}BZd (x| L) =

0 (1I-14)

M,L oy {m Pt D) — g {Fe+ 1} _ M,L

BT (Bt 1)(my—my) ~ VBT

I11. Tangential Deviation. Moment at any point (x/L) with origin at B

M) = Mg — (Mg —my) (€[ L). (1I-15)
Then kiry = ag{my— (my—m,y) (x| L)}Pe. (II-16)
Tangential deviation
L 1.0
Ban= 7 | oa{ms = my— ) (2] L)Y (2] L) d ] ) =
; (I1-17)
M, L [ ay (Pt —m{Pri®) oy ()P ] _a ML
ET [(Bo+1)(Ba+t2)(my—my)®  (By+ 1) (my—my) E1

As explained above, the expressions for the values of y and 4 for various
types of loadings are derived and tabulated (Table 4).

Example

The above expressions are now applied to solve a particular problem. The
method as explained in this paper is oriented to a digital computer since the
amount of work is enormous and it is cumbersome to do by hand. A detailed
study of the computer flow diagram [18] indicates that, in order to proceed
with the solution of the problem, it is necessary to know two initial conditions
of either of the boundaries, i.e., rotation and deflection at the support. In a
cantilever beam, for example, the values of ¢ and y are known at the built-in
end. In the case of a simply supported beam, however, only ¥ is known and
® has to be determined at the support. It is, therefore, proposed to formulate
an expression for the end slope ¢ of a simple supported beam in terms of the
constants y and 4.

A simply supported beam loaded as shown in Fig. 16 is considered. The
solution is first formulated for this particular problem and is then generalized
for any type of loading.

The B.M. diagram is drawn for the given loading and divided into as many
small parts as required; the ordinates are designated as shown.

Constants vy, , y,, y; and 4, , 4,, 45 are the values of y and 4 for the segments
(1)=(2), (2)—(3) and (3)—(4), respectively.
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From Fig. 16, a general expression for ¢ can be derived as shown below:

M, L

(I1-18)

In order to solve a specific problem applying the above technique, the following
steps are necessary:

1.

2. The constants o and B are chosen for a particular cycle of loading.

The bending moment diagram for the given loading is drawn and is divided
into as many segments as necessary. Each ordinate of the diagram is divided
by the yield moment (M) to make it dimensionless.

3. The values of y and 4 are evaluated for all the segments of the beam by

applying the appropriate expression.
Using the expression (II-18) the value of qSl is calculated.

The procedure may be repeated for any number of cycles.

Once ¢, is known, it is a simple addition and subtraction, using values of
y and 4, to calculate the rotation and deflection of the beam at any required
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The above technique can be made more convenient to apply in the solution
of problems by plotting values of m, against y and 4 for various values of m,. In
order to solve a problem completely, one needs a family of plots for all loading
cycles.

The procedure explained above is easy to apply in finding the rotations
and deformations of a beam once the load is defined. When it is required to
find the loads on the beam for a given deflection, it becomes cumbersome and
a trial and error procedure has to be invoked. To avoid this difficulty a digital
computer programme is developed in the language of Fortran II [18]. This
programme will compute the loads on a determinate structure for a given
deflection by properly reading in some specific initial conditions.

Appendix III. Central Deflection of Two Hinge System

Typical calculations for a two hinge system are shown. The moment-
curvature relationship (Model I) is used in the calculations. Due to symmetry
of loading, there is only one unknown, the end moment. Assuming that the
ratio between the moment at the loading point and the end moment is equal
to k, the expression for the end moment can be written in terms of «, a and W
as shown below.

Referring to Fig. 17,

_ Wa L — e em
M,
or m = ————WdL . (D
(k+1) M,

If the value of the constant « is known for a given value of W, the value
of m can be evaluated from equation (I1II-1). The value of « can be found
from virtual work equations [21].

aL 3 unit moment
() }
;
structure
P T @
A7 1 C 2 — ¥ lunif load

(a) T ?
(e)
oL 172 . 72
) K km
o b.m.d. dueto , b.m.d. dueto
- Fgl ' +|m load /4 unit load
(dimensionless) .
(b) : (f)

Fig. 17. Two Hinge System.
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There are three stages of loading:

1. purely elastic,

2. the moment at A exceeds the elastic limit but the moment at 1 is below
the yield point, i.e. m> 1.0 and km £ 1.0,

3. moment at A and 1 exceed the elastic limit.

It should be noted here that the loading on the structure is assumed such
that the points A and B reach the yield limit before any other point on the
structure. The deflection of the beam at the centre can be calculated by
writing the virtual work equation. Here three cases mentioned above have to
be considered. The equation for deflection in each case is derived by knowing
the values of « and appropriately combining the loadings (Figs. 17b and
171).

A detailed derivation of these equations is given in Ref. [21].

Stage (1) (m=1.0 é,nd km < 1.0)

M I mai  km(a—a,)(2a+a,)  «m(l—4a? )
Ye="FT [— 6 T 6 T 8 - (L2)

Stage (I1I) (m>1.0 and «m <1.0)

— QMyL2 (@, —e)? a a2(m-1)31+2 m .
T I [—{ r 2(/311+11)<61+2)m2}‘{:_r[“?—(“x—e)1
m .3 3 km(a—a,) (2a+a,)  «m(l—4a?) (I11-3)
~ o [od— (=P} + ) pamitat]
Stage (I11I1) (m>1.0 and xm > 1.0)
_2M,L* (@ —€)? oy a2 (m — 1)Br+2 m
w25 | G v 3 00
- oot — =Pl + G+ e
(I11-4)

(@a—a)?(km—1)+(km—1)(a2—ad) o a(@—a,)(km—1)F+
{ £iEm? * m (By+ 1)

o (@ —ay)? (km — 1)Bi+2 | afl—4a?
W2m? (B +1) By +2) }+{1+°‘1(Km_l)ﬁ}{ 16 }]

Employing the moment-curvature Model 11, the central deflection can be
written as follows:

_2M, L] ay admbe oy (km)P2 (@ —a,)
Ye EI [ 2(ﬁ2+1)(62+2)+2(52"‘1)(32’*"2) Wl i I11-5
%2 (Km)'g2 (HL-5)

+—1g (1—4a,2)].
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Summary

An analytical technique, based upon some simple experiments, is developed
for predicting the behaviour of mild steel, simple and indeterminate, structures
subject to reversed bending of the type in which a strain (or deflection) range
is prescribed. The method constructs moment-curvature relationships which
are functions of the cyclic history of the structure and uses these curves to
determine the variation of load with cyclic straining.

Résumé

En se basant sur des expériences simples, on développe une méthode
analytique pour prévoir les propriétés de structures en acier doux, simples et
indéterminées sujettes & une contre-courbe du type dans lequel une classe de
déformations (ou de flexion) est prescrite. La méthode conduit & des relations
moment-courbure qui sont fonction du passé cyclique de la structure et utilise
ces courbes pour déterminer la variation de la charge avec des contraintes
cycliques.

Zusammenfassung

Es wird auf Grund einiger einfacher Versuche ein Berechnungsverfahren
entwickelt, um das Verhalten von Tragwerken aus normalem Baustahl, ein-
fach und unbestimmt, unter durch den Dehnungs- oder Durchbiegungsbereich
vorgeschriebener Wechselbiegung vorauszusagen. Die Methode ergibt Moment-
Durchbiegungs-Beziehungen, die Funktionen der Wechselbelastung sind, und
verwendet diese Kurven zur Bestimmung der Lastinderung mit zyklischer
Dehnung.
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Experiment on Non-prestressed Continuous Composite Beams
Expérience sur poutres composites continues et non-précontraintes

Versuche an schlaff bewehrten durchlaufenden Verbundbalken

Y. TACHIBANA *)
Dr.-Eng., Prof. of Civil Eng., Osaka City Univ., Osaka, Japan

1. Introduction

In deck girder bridges with concrete slab, continuous girder bridges have
many advantages such as economical about the steel weight, comfortable
driving, high ultimate strength and seismic proof. In designing continuous
composite girder bridges, prestressing in negative moment regions has usually
been required in Japan. But prestressed continuous composite girder bridges
have disadvantages of involving complex procedure in design and taking a
long time in construction.

In order to get rid of such disadvantages, non-prestressed continuous
composite girder bridge is proposed. The design concept is as follows. The
composite section is effective to positive moment, while the slab concrete
can not resist tensile stress for negative moment, therefore, only steel girder
with bar reinforcement (Fig. 1) proves effective, in case an adequate number
of shear connectors are provided.

This is similar in design to continuous composite girder in U.S.A. However,
it differs from that of U.S.A. in that no consideration is taken of negative
and positive moment regions.

Statical experiment has been carried out in order to ensure this design,
and items investigated are as follows.

*) The author died on February 10, 1969, at the age of 60 years. This paper, written
in June 1968, represents Professor Tachibana’s last contribution to his field of activity.
Possible enquiries regarding the paper will be answered by T. Mukaiyama, Akashi Tech-
nical College, Akashi, Japan.
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1. Relation between the width of slab cracks caused in negative moment
regions and the amount of bar reinforcement, diameter of bar, and the
ratio of perimeter of bars to gross slab concrete area.

2. Co-operation between longitudinal reinforcement and steel beam (including
the study of effective width of reinforced concrete slab).

3. Composite action of composite beam with cracked slab for positive moment
(including the study of value n=E /E, and effective width of composite
beam with cracked slab).

4. Amount of shear connectors suitable for negative moment.

5. Confirmation of ultimate strength of non-prestressed continuous composite
beams.

Concerning dynamical experiment, a series of similar model tests are now
being made by our co-operators.

2. Test Specimens and Testing Procedure

Four sets of composite beam specimens are shown in Table 1, Fig. 2a and
Fig. 2b, loading conditions beeing also indicated there.

2.1. Beam A

The amount of bar reinforcements and shear connectors differ from each
other in beams A1, A2 and A3. Beam A2, A4 and A5 are not the same in
the number of reinforcement, but nearly equal in the amount of reinforcement
and shear connectors, of which design is made by the criteria in section 3.4.

2.2. Beam B

Beam B is designed in the same way as beam A 2, except the pitch of shear
connectors, which are provided for positive moment. Beam B 1 is tested under
positive moment during any test, while beam B2 is tested under negative
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Table 1. Test specimens

Beam TN umber Purpose of experiment

Al 5 1. Relation between stress of reinforcement and crack
A2 9 width of concrete slab

A A3 5 2. Adequate amount of shear connectors for negative
A4 2 moment
A5 9 3. Co-operation of longitudinal reinforcement with

steel beam

B B1 2 Composite effect of composite beam with cracked slab
B2 2 for positive moment (including the study of n value)

c o : Effective width

D 2 Ultimate strength of beam
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Fig. 2a. Beam specimens.

moment which causes the stress about 1,200 kg/ecm? in reinforcement and
causes slab crack before testing under positive moment. These tests aim at
the comparison between the composite behaviour of composite beam with
cracked slab and that with uncracked one.

2.3. Beam C

Four beams with wide slab have been designed in order to investigate the
effective width of slab for negative moment as well as the effective width of
cracked slab for positive moment.
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Fig. 2b. Beam specimens.

Beam C 1 is tested as follows: First the beam is loaded to study the effective
width for positive moment. Secondly, it is overturned and tested under
negative moment causing stress about 1,200 kg/cm? in the reinforcement.
Thirdly, it is overturned again and tested under positive moment. After
comparing the effective width of cracked slab with that of uncracked one, it is
loaded to failure.

Beam C 2 is tested under positive moment to examine elastic behaviour and
then it is overturned and tested to failure under negative moment.

2.4. Beam D

Beam D is a non-prestressed continuous composite beam having two equal
spans. Elastic test and failure test are carried out to obtain cracking behaviour
of a slab in the negative moment region and ultimate load.
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2.5. Materials of test beams

According to material test results, average yielding stress of structural
steel is 2,800 kg/ecm?, that of deformed bar reinforcement 3,800 kg/cm?, average
compressive strength of concrete 370 kg/cm?, and value n 7.5.

3. Test Results and Discussion

3.1. Relation between crack width and reinforcement

Crack width of each load was measured by contact type strain gauge at
both sides of slab. As load increased, cracks gradually diffused, till the cracks
became approximately from 10 cm to 20 cm apart when the test came to an
end. Relation between calculated stress of reinforcement and crack width is
shown in Fig. 3. In Table 2, the maximum crack width and corresponding
stress of each beam are summarized.

The table shows the largest crack width that occurred in beam A1 and the
smallest one in beam A 3: Thus the more reinforcement are, the smaller the
crack width becomes.

The best result of crack width showed itself in beam A 4. Among the beams
with the same amount of reinforcements, when reinforcement of smaller
diameter made better results of crack width were obtained.

A2
A4 A3 At A5

N
O calculated stress of
8 reinforcement (kg/cm?)

1000}

(O} 0.2 0.3 o4
crack width (mm)

Fig. 3. Relation between calculated stress of reinforcement and crack width.
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Table 2. Maximum crack width

. o Maximum crack width (mm)
. Area ratio of Perimeter t
Rein- . . a
Beam reinforcement ratio
forcement
to slab (%) cm/em?
0s=1,000kg/cm?| g;=2,000kg/cm?
Al 6 — D13 1.02 0.032 0.194 0.276
A2 6 — D16 1.58 0.040 0.141 0.208
A3 6 — D19 2.28 0.048 0.110 0.212
A4 8 - D13 1.35 0.043 0.132 0.180
ASb 4 -D19 1.52 0.032 0.168 0.346
B2 6 - D16 1.58 . 0.040 0.133 —

Mean value of 2 beams

D: Deformed bar reinforcement

Perimeter ratio is generally related with diameter of reinforcement. Beams
A2, A3 and A4 with larger perimeter ratio showed better results than beams
Al and A5. . ,

Pitch of shear connectors is 30 cm in beam A 2 and 10 cm in beam B. Com-
paring their crack width at the stress of 1,000 kg/cm?2, we found that the
difference of pitch of shear connectors did not affect the property of cracking.

Now, according to the proposal of the European Concrete Committee,
admisible maximum crack width should be 0.2 mm for non protected members
of usual structure.

By taking this suggestion into consideration, it can be confirmed that the
maximum crack width due to the stress 2,000 kg/em? of reinforcement will
not exceed 0.2 mm, if the area of reinforcement is about 1.5%, of that of a
concrete slab.

3.2. Co-operation of Reinforcement with Steel Beam

The strain of reinforcement in beam A 2 is shown in Fig. 4, from which
it is clear that the strain of reinforcement, when the load is small, is lower
than the calculated value, enabling us to see that concrete resists tensile stress
to some extent. After cracks appeared, strains of reinforcement in the place
where cracking occurred rapidly increased. As cracks increased, the average
value of strain became nearly equal to the calculated value by using the steel
section. The measured strain in steel beam in beam A 2 is plotted in Fig. 5.
Above load P =15 ton, which makes upper flange of beam yield, measured
strain coincided fairly well with calculated one. It follows then that the
longitudinal reinforcement is effective to the negative moment.

Next, Fig. 6 shows the deflection and the variation of the neutral axis of
beam A2 as a function of load. Composite section turns into steel section by
applying rather small load P=5~7 ton to test beam, i.e. the stress of rein-
forcement is from 1,000 to 1,200 kg/cm?2.
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Fig. 6b. Variation of the neutral axis of beam A 2.

From deflection data of beam A and D in the negative moment region, only
steel section contributed to the flexural behaviour of the beam.

In beam D, as the load increased, a great many cracks appeared in the
regions near middle support, and measured values of deflection and strain
were nearly equal to theoretical value of steel section (Fig. 7 and 8).

3.3. Composite Hffect of Composite Beam with Cracked Slab

The flexibility of a beam with cracked slab is not different at all from that
of a virgin concrete slab not yet cracked. From the measured deflection at the
mid-point of span of beam B 2, it was apparent that the composite action had
completely recovered after cracks were closed (Fig. 9), and thus we can
assume n=17.



EXPERIMENT ON NON-PRESTRESSED

& Load Pit) §

201

1400

CONTINUOUS COMPOSITE BEAMS

measured value

—— --—— calculated value
(equal composite section)

—— -— calculated value
(indeterminate amount is
calculated as variable section)

variable section

PBOO 800 800 800_‘? 1400

|y

T

composite | steel |composite

T :

section lsecﬁon section

5

10 S(mm) 15

Fig. 7. Deflection of beam D.

&(xi076)
P
1400 P 1600 1600 1400 /\ measured value
"77 —_ — -
1 T I —-— calculated value 1 800
r ABCDEFGH (variable section)
& ‘ ) T B
‘ !
7©200=1400 ] 590
\ 4 400
4 200
: [-Y —— O

@
o

Fig. 8. Strain in upper flange of steel beam near the middle support of beam D.

3.4. Shear Connectors

211

Shear connectors for all beams in this experiment are designed according
to the horizontal shear computed by the following formula.

_ R4

T

I

2

(1)

where 7: Horizontal shear, per unit length at the junction of slab and steel

beam.

@: Vertical shear acting on cross section.
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S: Statical moment of the transformed section about the neutral axis
of the composite beam for positive moment, or statical moment of
reinforcement about the neutral axis of the steel section (Ref. Fig. 1).

I: Moment of inertia of the composite section for positive moment, or
that of the steel section for negative moment.

When the working horizontal shear increased to allowable maximum load
strength of an individual shear connector, the maximum residual slip between
concrete slab and steel beam A was less than 0.02 mm.

Then, it is required that at failure of the beam the shear connectors should
resist the horizontal force H, equal to the yield strength of the longitudinal
reinforcement of slab.

H=A4,, (2)

where  H: Horizontal shear force.
A,: Total area of longitudinal reinforcement in the slab.
Yielding stress of reinforcement.

O'y.

In each beam, working horizontal shear force per one shear connector
computed by using the Eq. (2) is less than the value got from the Eq. (1).

3.5. Effective Width of the Slab

The comparison between the strain distribution in reinforcement of beam
C 1 with uncracked slab and that in the same kind of beam with cracked one
is made in Fig. 10a. All the cracks caused by negative moment are closed at a
load stage of P =12 ton. White dots indicate the strains for load P =16 ton
at virgin concrete slab. Black dots indicate the strains for load P =16 ton
obtained by subtracting the strains at load P =12 ton from the strains at load
P =28 ton. As these strain distributions are alike and moreover they are
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ment under positive moment. ment under negative moment.

comparatively similar to the theoretical value (considering shear lag). It can
be considered that the effective width of a cracked slab is the same as that
of an uncracked one.

Fig. 10Db illustrates the distribution of strain in reinforcement in the slab
under negative moment. Experimental values are the average of the values
measured at upper and lower reinforcement.

By comparing the measured strain distribution under negative moment
with theoretical value under positive moment, we can see that the effective
width under negative moment is nearly equal to that of positive moment.

3.6. Ultimate Strength of Composite Beam

Ultimate load of each beam is summarized in Table 3, where the theoretical
ultimate load is computed by using the simple plastic theory. For continuous

Table 3. Ultimate load (ton)

Beam Al A2 A3 A4 Ab

Experimental value| 24.0 | 22.7 | 23.3 | 24.0 | 30.0 | 27.1 | 24.3 | 24.4 | 24.1 | 25.0
Calculated value 20.6 | 20.6 | 23.0 | 23.0 | 26.0 | 26.0 | 23.0 | 23.0 | 23.0 | 23.0
Ex./Cal. 1.17 | 1.10 | 1.01 | 1.04 | 1.15 | 1.04 | 1.06 | 1.06 | 1.05 | 1.09

Beam B1 B2 Cl1 C2 D
Experimental value| 38.8 | 38.1 41.0 | 39.8 | 44.0 | 44.6 | 35.0 | 35.8 | 45.8 | 45.2
Calculated value 38.0 | 38.0 | 38.0 | 38.0 | 40.6 | 40.6 | 29.0 | 29.0 | 41.8 | 41.8
Ex./Cal. 1.02 1.00 1.08 1.05 1.07 | 1.10 1.21 1.23 1.10 1.08
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beam D, it is assumed that plastic hinges are at middle support and at load
points. Fully plastic moment at hinges in the negative moment region and
positive moment region respectively correspond to steel section and to com-
posite section.

No such reduction of ultimate load of a beam with cracked slab under
positive moment can be found as in B2 and C 1. So far as ultimate strength is
concerned, longitudinal reinforcements also act effectively as steel beam.
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Summary

Prestressed continuous composite girder bridges have disadvantages of
involving complex procedure in design and taking a long time in construction.
In order to get rid of such disadvantages, non-prestressed continuous com-
posite girder bridge is proposed.

Statical experiment has been carried out in order to ensure this design.
According to the results of the test, we can find that this type makes possible
a simplified and economical design in continuous composite girder.

Résumé

Les ponts faits de piéces composites continues et précontraintes ont les
désavantages d’imposer des calculs complexes et des temps de construction
prolongés. Afin d’éviter de tels inconvénients, on propose un pont qui serait
fait de piéces composites continues mais non-précontraintes.
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On a assuré cette conception y 1’aide d’expériences statiques. En se reférant
aux résultats des expériences, on peut se rendre compte que ce type rend
possible une conception plus simple et plus économique des piéces composites
continues.

Zusammenfassung

Durchlaufende, vorgespannte Verbundtrigerbriicken haben den Nachteil,
dal sie komplex zu berechnen sind und eine lange Ausfiihrungszeit bean-
spruchen. Um diese Nachteile los zu werden, wird der schlaff bewehrte Ver-
bundtriger vorgeschlagen.

Statische Versuche wurden unternommen, um die Berechnung zu bestatl—
gen. Gemal der Ergebnisse konnen wir sagen, dafl dieser Typ einen verein-
fachten und wirtschaftlichen Entwurf fir durchlaufende Verbundbalken
ermoglicht.
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Introduction

It is possible to take into account both the geometric and material non-
linearities in a structure by a suitable repetition of linear stiffness analysis.
Basically, there are two distinct numerical methods for the nonlinear analysis
of structures; (1) step by step application of incremental loads and (2) regular
or modified Newton-Raphson's iterative Solution under flll loads. In either
of these two numerical methods, it is assumed that during each Solution cycle,
the stiffness analysis proceeds along a straight line tangent to the curve
characterizing the force-deflection relations of the structure. In order to achieve
such a tangent Solution, the stiffness matrix of each element should be modified
to account for the accumulated stresses and the change in geometry. Once, the
tangent stiffness matrices are available representing both the physical and
geometric nonlinearities at any stage Of deformed condition, the nonlinear
analysis as Well as the stability problems Of a continuous medium may be
performed by a repititious application of the direct linear stiffness method of
analysis.

Nonlinearity was first introduced into the stiffness matrices by Turner [1],
et al. through the strain-displacement equations in connection with a truss
element and a triangle in membrane. Using similar techniques, nonlinear
stiffness matrices were obtained for a beam element in plane (2, 3, 4, 10, 12,
13, 14] and in space [5], for a triangulér plate [2, 6, 10, 12], reetangular plate
[7, 8, 12], axisymmetrical shell element [9], and a tetrahedron [10, 11].
















































































































































