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Preface

Le present volume des Memoires de notre Association contient 13
contributions de valeur demontrant une fois de plus la polyvalence des preoccupa-
tions de nos membres. Douze publications sont en anglais et une en allemand.
Nous esperons que l'absence de publications en francais n'est qu'un accident
fortuit qui trouvera une compensation dans lefutur. En effet, il serait regrettable
que nos amis francophones ne fassent pas beneficier leurs collegues de l'ori-
ginalite de leur pensee. II est vrai par ailleurs que 1'anglais devient toujours
plus la langue internationale scientifique et technique. En cela l'evolution
constatee, si eile affaiblit l'une des langues ofncielles de notre Association,
n'est pas en contradiction avec la realite.

Nous sommes heureux de constater une partieipation aecrue d'auteurs
americains et japonais. II faut egalement relever le travail d'equipe entre
specialistes d'horizons divers. Ces deux faits nous rejouissent particulierement
car ils sont la marque du renforcement de 1'action internationale de notre
Association.

Nous remercions vivement tous les auteurs pour avoir fait de ce volume
une etape interessante de nos publications.

Zürich, en aoüt 1970.

Le President de l'AIPC:

Prof. Maurice Cosandey
Directeur de 1'EcoJe Polytechnique Föderale de Lausanne

Les Secretaires Generaux:

Dr sc. techn. Hans von Gunten Dr sc. techn. Pierre Dubas
Pröfesseur ä l'Ecole Polytechnique Pröfesseur ä FEcole Polytechnique

Federale, Zürich Federale, Zürich

Angeld Pozzi
Ecole Polytechnique Federale, Zürich



Vorwort

Dieser Band der Abhandlungen unserer Vereinigung enthält 13 Beiträge,
die das weite Tätigkeitsfeld unserer Mitglieder aufzeigt. Ein Dutzend Abhandlungen

sind in englisch, eine in deutsch. Wir hoffen, das Fehlen der Abhandlungen

in französisch sei nur ein Zufall, der zukünftig ausgeglichen werde. Es
wäre tatsächlich bedauernswert, wenn unsere frankophonen Freunde ihre
Kollegen nicht durch Originalität ihrer Gedanken gewännen. Es trifft zu, daß
das Englische immer mehr die internationale Sprache der Wissenschaft und
der Technik wird. Diese Entwicklung, falls sie eine der beiden offiziellen
Sprachen unserer Vereinigung schwächt, steht nicht im Widerspruch zur
Realität.

Wir sind glücklich, eine vermehrte Teilnahme amerikanischer und japanischer

Autoren feststellen zu können. Es ist nötig, die Gruppenarbeit zwischen
den Spezialisten zu vertiefen. Diese beiden Tatsachen erfreuen uns insbeson-
ders, denn sie sind Merkmale verstärkter internationaler Aktivität unserer
Vereinigung.

Wir danken allen Autoren aus unseren «Abhandlungen» einen weiteren
interessanten Band gemacht zu haben.

Zürich, im August 1970.

Der Präsident der IVBH:

Prof. Maurice Cosandey
Direktor der Eidgenössischen Technischen Hochschule Lausanne

Die Generalsekretäre:

Dr. sc. techn. Hans von Gunten Dr. sc. techn. Pierre Dubas
Professor an der Eidgenössischen Professor an der Eidgenössischen
Technischen Hochschule in Zürich Technischen Hochschule in Zürich

Angelo Pozzi
Eidgenössische Technische Hochschule, Zürich



Preface

This volume of "Publications" contains 13 contributions showing the broad
sphere of activity of the members of our Association. A dozen contributions
are written in English and one in German. We believe that the missing of
contributions in French is just accidental. It would indeed be regrettable if
our francophone friends could not also in the future make friends by the
originality of their ideas. It proves right that English becomes more and
more the international language of science and technic. This development
Stands not in contradiction to the reality if one of the official languages of
our Association gets enervated.

We are glat to realize an increased partieipation of the American as well
as the Japanese authors. It is necessary to deepen the team-work between the
different specialists. These two facts would please us very much as they would
be signs of reinforced international activities of our association. We would
like to thank all the authors which enabled us to publish a further interesting
volume of "Publications".

Zürich, August 1970.

The President of IABSE:

Prof. Maurice Cosandey
Director of the Swiss Federal Institute of Technology, Lausanne

The General Secretaries:

Dr. sc. techn. Hans von Gunten Dr. sc. techn. Pierre Dubas
Professor at the Swiss Federal Institute Professor at the Swiss Federal Institute

of Technology, Zürich of Technology, Zürich

Angelo Pozzi
Swiss Federal Institute of Technology, Zürich



Leere Seite
Blank page
Page vide



Table des matieres - Inhaltsverzeichnis - Table of Contents

Claes Dyrbye, Denmark English

Pieces continues soumises ä une charge repartie en mouvement
Durchlaufbalken mit verteilter Verkehrslast
Continuous Girders with Distributed Live Load

Ytjhshi Ftjktjmoto, Hiroshi Yoshida, Japan English 15

Fissures des arcs soumis ä des charges variables et repetees
Bruch von Bogen unter variabler Wechsellast
Failure of Arches under Variable Repeated Loading

Hans Gesund, Y. P. Katjshik, USA English 41

Analyse des lignes de repartition des fissures decoupantes dans des plaques de beton
Bruchlinienberechnung für Durchstanzen von Decken
Yield Line Analysis of Punching Failures in Slabs

Amin Ghali, K. J. Bathe, Canada English 61

Analyse des plaques soumises ä des forces coplanaires par la consideration d'ele-
ments de grandeur finie et de dimensions importantes

Scheibenberechnung mittels großer endlicher Elemente
Analysis of Plates Subjected to In-Plane Forces Using Large Finite Elements

Conrad P. Heins Jr., Chai Hong Yoo, USA English 73

Analyse des ponts orthotropes par la theorie des treillis
Trägerrostberechnung orthotroper Brücken
Grid Analysis of Orthotropic Bridges

Ben Kato, Hirofumi Aoki, Japan English 93

Aptitude ä la deformation des plaques d'aeier
Verformungsfähigkeit von Stahlplattenelementen
Deformation Capacity of Steel Plate Elements



VIII

D. R. J. Owen, K. C. Rockey, M. Skaloud, Great Britain/Czechoslovakia English 113

Proprietes des charges de rupture de poutres äme pleine renforcees longitudinale-
ment soumises ä la flexion pure

Traglastverhalten längsversteifter Profilträger bei reiner Biegung
Ultimate Load Behaviour of Longitudinally Reinforced Webplates Subjected to

Pure Bending

Herbert Reismann, Sheng-Hsiung Cheng, USA English 149

Plaques en console et ä bord renforce
Der randversteifte Kragplattenstreifen
The Edge Reinforced Cantilever Plate Strip

Johann Jacob Rieve, Deutschland Deutsch 163

Adherence entre acier et beton
Der Haftverbund zwischen Stahl und Beton
Bond between Steel and Concrete

A. N. Sherbourne, S. Krishnasamy, Canada English 173

Poutres en acier doux soumises ä des flexions cycliques alternees
Träger aus normalem Baustahl unter zyklischer Verformung
Mild Steel Beams Under Cyclic Alternating Deflections

Y. Tachibana, Japan English 203

Experience sur poutres composites continues et non-precontraintes
Versuche an schlaf! bewehrten durchlaufenden Verbundbalken
Experiment on Non-prestressed Continuous Composite Beams

Semih S. Tezcan, B. C. Mahapatra, C. I. Mathews, Turkey/USA/Canada English 217

Matrices de rigidite tangentiale pour des elements finis
Tangentiale Steifigkeitsmatrizen für endliche Elemente
Tangent Stiffness Matrices for Finite Elements

J. J. Tuma, G. Alberti, USA/Switzerland English 247

Parametres statiques pour des poutres sur fondation elastique
Statische Parameter von Balken auf elastischer Unterlage
Static Parameters of Beams on Elastic Foundation



Continuous Girders with Distributed Live Load

Pieces continues soumises ä une charge repartie en mouvement

Durchlaufbalken mit verteilter Verkehrslast

CLAES DYRBYE
Denmark

1. Introduction

During the last years, the problems of moving loads on continuous beams
have been examined by different authors, see Ref. [1-5]. In these papers, it is
a general assumption, that the load is moving slowly which means that dynamic
effects are not taken into account.

The main problem in the investigations mentioned has been the determination

of the maximum value of a single force, which can traverse the beam
repeatedly without causing incremental collapse. It has been found for a single
load, that the shakedown load is in most cases only 2-4% less than the collapse
load, however the author has found [4] that in some cases it may be 7-8%
less than the collapse load.

The difference between the shakedown load and the collapse load is much
greater for uniformly distributed live loads. This has been proofed in the
author's thesis [4] with the assumption, that the live load can be located over
a continuous section of arbitrary length. These results will be repeated here
and will be supplied with informations of the shakedown load when the demand
for continuity of the live load is given up.

2. Basic Assumptions and Notations

We shall assume, that the beams are of double-symmetric, constant cross-
section, and that the axis of the beams are horizontal.

The moment-curvature relation is assumed to be an idealized elastic-plastic
curve (Fig. 1) and the influence of shear-forces upon this curve is neglected.
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Mi

"M.

Fig. 1. Idealized moment-curvature diagram.

The total curvature k can be taken as the sum of an elastic part Ke and a

plastic part kp

K Ke + KV. (1)

The bending moment is called M and the füll plastic moment is called \i. The
flexibility is called B, and we then have the following relations:

Ke BM,

dx? ^ 0 for M fi,
d^ 0 for \M\<fi,
dx? ^ 0 for M -ix.

(2)

(3)

(4)

(5)

(6)

For mild steel beams, these assumptions seem to form a reasonable basis for
the calculation of both the collapse load and the shake-down load.

From the assumption of constant cross-section follows, that fx and B have
constant values along the beam.

In the following we shall consider beams over 2, 3 and 4 spans. The total
length is called L and the length of the first span is called A L. The beams over
3 and 4 spans are supposed to be symmetrical.

The dead load per unit of length is called g and the live load is called p.
It is convenient to express the loads by dimensionless quantities y and if/

defined as

gjß

p L2

(7)

<A

m
(8)
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3. Collapse Load

In cases, where an end-span is critical, the collapse-mechanism has two
hinges located as shown on Fig. 2. The value of i/j, which corresponds to
collapse is then

¦0c —^ r- (9)

M2-DXL "X X £.
4-XmL U„LT*»

Fig. 2. End-span collapse mechanism. Fig. 3. Intermediate span collapse mechanism.

If an intermediate span is critical, the collapse mechanism has 3 hinges as
shown on Fig. 3. Let the length of the span be XmL, then the value of i/j

corresponding to collapse will be

A-g-r. <>o)

For beams over 3 or 4 spans we shall take the smaller of the values obtained
from the formulas (9) and (10).

For a 3-span beam, Fig. 4, where both end-spans are A L, we find Xm 1 — 2 A,

which means, that ifjc is to be found

from (9) if A> ' 0.315,
2 + 4^2

from (10) if A< 1+^ 0.315.
2 + 4/2

//W/> 7777777 777777. 777777. 777777 777777 '/T/ss.
XL _ (1-2X)L XL XL (j--X)L (f-X)L XL

Fig. 4. Symmetrical 3-span beam. Fig. 5. Symmetrical 4-span beam.

For a 4-span beam, where both of the end spans, Fig. 5, are XL and the 2

intermediate spans are of equal length, Am f — A. This means that ipc is to be
found

5 + 2i/2
from (9) if A> r

0.230,
Ott

from (10) if A< 5\2. 0.230.

Values of if/c0, i.e. i(jc corresponding to y 0, are shown as funetions of A on
Figs. 8, 13 and 18.
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4. Shakedown Load

The shakedown load is defined as the maximum value of the live load for
which it is possible to find a system of residual moments with the characteristic
that the numerical value of the bending moments nowhere exceeds the füll
plastic moment, regardless of the location of the load on the structure.

We shall denote the bending moment over support no. i corresponding to
a unit load intensity in span no. j by mi [j] L2 (span no. j is between the
supports no. j— 1 and j).

Further we introduce Mf as the sum of bending moments over support
no. i from dead load and residual moment.

2-Span Beam

It is most convenient to start with the loading conditions decisive for the
negative moment over the intermediate support, Fig. 6.

Span no. 1 no. 2

^
m

VA''
2 A

777777. 777777

k. ü "*>¦• M

Fig. 6. Loading decisive for bending moment at support no. 1.

We shall take the residual moment to that value, which will give M± — \x

with the loading shown on Fig. 6, i. e.

Mg1r + m1[l]pL2 + m1[2]pL2 -p. (11)

In order to find the most unfavourable conditions for positive moments, the
live load is removed from span no. 2, see Fig. 7.

g*p iMilllllllllllllllllfl
77^rr' 7777X7,

Fig. 7. Loading decisive for maximum bending moment.

Wefind
M1 Mf + m1[l]pL2 -fjL-m1[2]pL2. (12)

The last expression was found by use of (11). Next the reaction jR0 at support
no. 0 is calculated

M
B0 i(9 + P)XL + X^. (13)
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Finally, we have the maximum bending moment equal to the füll plastic
moment /x,

B2

2(p + g) [i. (14)

From (12), (13) and (14) we get a quadratic equation in p, and we notice, that
p must be equal to the shakedown load. Here it is convenient to find ifjs (value
of *p corresponding to the shakedown load). As mi [j] depends only upon A,

i/js will depend upon A and y.
The correct Solution for i/js is given as formula (2.1.3.2-9) in Ref. [4], but

it is shown, that this may be substituted by the much easier formula

: [1-2.89(1 -A)4](
6 + 4/2

We deduce from (15) that corresponding to y 0 we find ^s ^sq as

6 + 4]/2
0sO^ [1-2.89 (1-A)*]-

A2

and then 4>s ;&o(i
A2

6 + 4/2

(15)

(16)

(17)

The formulas (15)-(17) should be used only for A^ \. Values of ifjs0 and i/jc0

(collapse load corresponding to y 0) are shown on Fig. 8 as funetions of A.

In this case, the two-span beam, it should however be more convenient to
express the values in terms of the longest span instead of the total length.

30- *

20-

10 -

0.5 0.6 0.7 o.e 0.9 1.0

Fig. 8. 2-span beam. iftco and </fS0 as funetions of X.
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This is easily done by quantities \fj' and y defined as

y'=A2y.

(15), (16) and (17) may then be rewritten

# =[l-2.89(l-A)*][(6 + 4/2)-y'],
#0 [1 -2.89(1 -A)4] (6 + 4^),

*¦¦ -*y-^y-

(18)

(19)

(20)

(21)

(22)

ifß'c0 will have the constant value (6 + 4 \2); ifj's0 is shown on Fig. 9. It follows
from Figs. 8 and 9 that the difference between \fjs and \fsc is greatest for A \,
in which case we find if/Jifjc 0.819.

*'A

5 -

0^6 4*2

0.5 0.6 0.7 0.8 0.9 1.0

Fig. 9. 2-span beam. ifi'so and t/r^o as funetions of A.

3-Span Beam

For the 3-span beam shown on Fig. 4 the residual moment over support
no. 1 is found when the live load is in spans 1 and 2, see Fig. 10. We thus find

Mf + m1[l]pL2 + m1[2]pL2 -/x,

and due to the symmetry
Mf Mf.

(23)

(24)
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XL (1-2X)L
777777^

XL

IL
Fig. 10. Loading decisive for bending moment at support no. 1.

The investigations for positive moments become more difficult than was the
case for the 2-span beam.

Here it will be easiest to start with the case, that the intermediate span
(no. 2) is decisive for the positive moments. The live load must be placed in
span 2 only, see Fig. 11.

fliiiiiiiiniiiilll

XL (1-2X)L
777777

XL „
Fig. 11. Loading decisive for maximum bending moment in the mid-span.

The bending moments over the supports 1 and 2 are

MX M2 -fi-m1[2]pL2 (25)

and the maximum bending moment is found at the center of the span. It must
be equal to /x when p corresponds to the shakedown load, and thus we find

M1 + ±(g + p)(l-2\)2L2 fx. (26)

It is not very difficult to find i/js from (25) and (26), but as the exact formula is
somewhat difficult we shall replace it by the more convenient and very accurate

^<1-86A,>(<n^-4 (27)

which holds good for A> 0.25, see ref. 4, and smaller values of A don't seem to
be of practical importance.

We also have to consider the case that an end span, say span no. 1, becomes
decisive for positive moments. In the author's thesis [4] this was treated only
under the assumption of a continuous live load, but we shall here also consider
the case, where the live load can act in non-adjecent spans. Figures and
formulas which assume continuity are indexed c whereas figures and formulas
corresponding to the assumption of discontinuity are indexed d.

The loading corresponding to maximum bending moment in span no. 1 is
shown on Fig. 12.

The moment over support no. 1 is in case of continuity

Mx Mf^rm1[l]pL2 -fi-m1[2]pL2 (28c)

and in case of discontinuity

M1 Mf + m1[l]p£2 + m1[3]pL2 -fx-m1[2]pL2 + m1[3]pL2. (28d)
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p*g

J&2Ä 3A

XL
mim

(1-2X)L XL

Fig. 12c. Loading decisive for maximum bending moment in span no. 1. Continuity case.

g
p*g mi p*g

i- XL
»¦

777777 //////
(1-2X)L XL

Fig. 12 d. Loading decisive for maximum bending moment in span no. 1. Discontinuity case.

From now, we proceed like in the treatment of the 2-span beam, which means
that we can again deduct the formulas (13) and (14)

The value of p corresponding to shakedown is then found from formulas
(28), (13) and (14). In the case of continuity, the shakedown load is (see

Ref. [4])

^^2.55A(-^±^2-yj. (29c)

In the case of discontinuity of the live load, we obtain as a reasonable good
approximation

«As^(13.93A2-20A*)(-^^-y). (29d)

The approximations (29) should not be used for A> 0.35.

120' l*

110 -

\*c
100

*7

90 .— discontinuous

80 ' s4* -continuous

70

60

j ^.
0.25 0.30 0.35

Fig. 13. 3-span beam. j/rc and ifjs corresponding to y (fas funetions of A.
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The smaller of the values of i/js found from (27) or (29) shall be used.
Corresponding to y 0 we find the dependence between i/js and A as illustrated
in Fig. 13.

4-Span Beam

The residual moment over support no. 1 is found with live load in spans
1 and 2 if continuity is assumed (Fig. 14c). If we don't assume continuity,
the live load shall act in spans 1, 2 and 4 (Fig. 14 d).

0,
IIPIIIIIIIIIII^
r&77 7^TT- 7&rr. r£

lüimiiiiiiiuiiiniiiiiiQifl

(j-X)L (|-X)L XL

Fig. 14c. Loading decisive for bending moment at support no. 1. Continuity case.

S/ss//, 77T777

iiiiiimim,

(j-X)L (j--X)L

Fig. 14d. Loading decisive for bending moment at support no. 1. Discontinuity case.

The residual moment in point 1 is thus found from (30c) or (30d)

Mf + m1[l]pL2 + m1[2]pL2 -fx, (30c)

Mf + m1[l]pL2 + m1[2]pL2 + m1[4r]pL2 -fx. (30d)

Due to symmetry
Mf Mf. (31)

The residual moment in point 2 is found with live load in spans 2 and 3, see

Fig. 15.

Mf + m2[2]pL2 + m2[3]pL2 -/*. (32)

o^lllllllllllljT"llllllllllllip
(y-X)L (y-X)L

Fig. 15. Loading decisive for bending moment at support no. 2.

If the end-span is most dangerous with respect to positive moments, the live
load must be placed in span 1 (Fig. 16 c) or in spans 1 and 3 (Fig. 16d).
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p.g IIIIIIIIIIIIIIIIIIIIIIIIIIIHIII.|lllllllimTTig

XL (i-X)L (f-X)L

Fig. 16c. Loading decisive for maximum bending moment in span no. 1. Continuity case.

Illllllllllll 9
p.g

II 9

llllllllllllllll ILiiiiiiiiiiini
XL (|-X)L (|-X)L

Fig. 16d. Loading decisive for maximum bending moment in span no. 1. Discontinuity case.

The moment over support no. 1 is

Mx Mf + mx\l~\pL2 -fx-m1[2]pL2, (33c)

Mx Mf + m1[l]pL2-m1[3]pL2 -fx-m1[2]pL2 + m1[3]pL2-
— m1 [4] p L2. (33d)

As before, the reaction in point 0 is given by (13), and the shakedown value
of the live load is found from (14). When the live load is continuous, it is found
from (33c), (13) and (14), and its value is found to be expressed by

0s^[l+O.184(|-A)2-41(i-A)*](-^t^-y), (34c)

>Ps s [1 - 0.1 (1 - A) + 0.093 (1-A)2- 44 ß _ A)*] (i!±il? _y). (34d)

(34c) is taken from Ref. [4].
If an intermediate span, say span 2, is most dangerous for positive moments,

the live load must act in span 2 (Fig. 17 c) or in spans 2 and 4 (Fig. 17d).

flliiiiiiiiiiiii fiiiiiiiiimg
_ TwT _777777

(|-X)L
_

(j-X)L XL

Fig. 17c. Loading decisive for maximum bending moment in span no. 2. Continuity case.

IHIIIIIIIllll (IM N MIIIH MI LTTTTTTTTTTTTT-rrr IIIMIIHI i M

%rZ Mr &" lS~tL.777777 77777: 77777: 77777}
(|-X)L (|-X)L

Fig. 17d. Loading decisive for maximum bending moment in span no. 2. Discontinuity case.
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The moments in points 1 and 2 are

Mx Mf + mx\2~\pL2 -ix-mx\l~\pL2,
Mx Mf + m1[2]pL2 + m1[3]pL2 - fx-m^p L2 + m1[3]p L2

— m1 [4] p L2,
M2 Mf + m2[2]pL2 -fx-m2[3]pL2,
M2 Mf + m2[2]pL2 + m2[4:]pL2 - fx-m2[3]p L2 + m2[4]p L2.

The shearing force in the left end of span 2 is given by

2(Mt-Mx)
Q2.1 ~ ¦ + l(p+g)ü-*)L(1-2X)L

and as the maximum of positive moment shall be ju,, we finally find

Q2.1
Mi +

2(p + g) /*•

(35 c)

(35d)

(36 c)

(36d)

(37)

(38)

200

150

continuous

discontinuous

100

0.15 0.20 0.25 0.30 0.35 0.A0 0.45 0.50

Fig. 18. 4-span beam. i/jc and i/js corresponding to y 0 as funetions of A.
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If the live load is continuous, the shakedown load is found from (35c), (36c),
(37) and (38). If the live load cand act in separate spans, the shakedown load
is found from (35d), (36d), (37) and (38).

We find the approximate formulas

0g=(O.642 + 2.56A-9.69A2)|(1_6^A)2-yj, (39c)

f8 (0.674 + 2.34A- 9.80 A2)(^-^-r). (39d)

(39 c) is taken from Ref. [4].
The smaller of the values from (34) or (39) is to be used. A graphical

representation of ijjs is given in Fig. 18.

If y 0, i.e. when the dead load is negligeable compared to the shakedown
value of the live load, we find for A 0.230 that ifjs= 158.0 when the live load
is continuous and 0=152.3 when the live load is discontinuous. As i/jc 220.0

we find 0S/0C 0.718 for continuous load and ifßjiffc 0.693 for discontinuous
load.

Conclusion

The results obtained show, that for some girders the shakedown value of a

distributed loading may be smaller when the demand for continuity is can-
celled. However, it does not give a great difference, and it seems questionable,
if it is reasonable to take this into account in static calculations. This is a

question dealing with the probability of the different load conditions and it
must be judged for individual structures, what conditions they should be

calculated for.
It has often been mentioned, that the difference between collapse-load and

shakedown load is so small, that it would be unnecessary to investigate for
incremental collapse. For a distributed live load the shakedown load may be

appreciably less than the collapse load and it seems to be hazardous not to
take this into account.
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Summary

For continuous beams with constant cross-section and an idealized moment-
curvature relation, the shakedown value of uniformly distributed loading is
calculated.

The results are presented as simple formulas for beams with 2, 3 and 4

spans with the limitations, that only beams with symmetrical spans are
considered in the case of beams with 3 and 4 spans.

It is found, that the shakedown load may be 30% below the collapse load
with certain relations between spanlengths, that are within the practical
ranges.

Resume

Considerant des poutres continues a inertie constante et de comportement
parfaitement elastoplastique, l'auteur determine la charge uniforme de

stabilisation.
Pour des poutres a 2, 3 et 4 travees, les resultats sont presentes sous forme

d'expressions simples; toutefois dans les cas des poutres ä 3 et 4 travees, seule
des groupes de travees symetriques sont consideres.

L'auteur demontre qu'a condition de respecter certains rapports limites
entre les longueurs des travees - restant a l'interieur du domaine pratique -
la charge uniforme de stabilisation sera jusqu'ä 30 % inferieure a la charge
uniforme d'adaptation plastique.

Zusammenfassung

Für kontinuierliche Balken mit konstantem Querschnitt und idealisierter
Moment-Krümmungs-Beziehung sind die Stabilisierungswerte einer gleichmäßig

verteilten Belastung gefunden worden.
Für Balken mit 2, 3 oder 4 Feldern sind die gefundenen Werte als einfache

Formeln gegeben; für Balken mit 3 oder 4 Feldern sind nur die Fälle mit
symmetrischen Feldweiten behandelt worden.

Man hat herausgefunden, daß die Stabilisierungslast in den ungünstigsten
Fällen bis zu 30% weniger als die gewöhnliche plastische Bruchlast beträgt,
wenn man spezielle Verhältnisse zwischen den Spannweiten hat, die innerhalb
des Gebietes praktischer Konstruktionen liegen.
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Introduction

The reduction of the füll plastic bending moment due to axial thrust on the
cross section may be disregarded in plastic analysis of structures which are
composed of primary bending members, such as general beams and portal
frame structures.

Many papers on the ultimate load calculated by the collapse mechanism
due to plastic deformation of structures and on the shakedown load such that
deflection of structures stabilized under variable repeated loading were
presented previously. According to them, the difference between the shakedown
load and the ultimate load is not much and the ratio of these loads is less than
0.85.

The first studies on the plastic analysis of arches including the effect of
axial thrust on the füll plastic moment were made around 1950. Outstanding
work among these is Onat and Prager's study [1] introduced yield condition
of a cross section for the combination of a bending moment and an axial thrust
using the upper bound and the lower bound theorems is worthy of praise among
them. Besides, Yokoo and Yamagata [2] presented an interesting paper on
the collapse behaviour of arches. Numerous studies are now available on the
ultimate strength of arches [3]. These include experimental studies on modeis.

Nevertheless, there are few studies on the shakedown load and residual
deformation of arch structures under variable moving repeated load beyond
elastic limit [4]. Franciosi, V., Augusti, G. and Saracio, R. [5] calculated the
ultimate load and the shakedown load of a reinforced concrete arch considering

uniformly distributed dead load, live load and the Variation of temperature.
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They derived an approximation using the upper bound theorem and an icono-
graphy. According to numerical results of the computation, the shakedown
load was only 38% of the ultimate load. It is much less than the ratio of the
two loads calculated by considering bending moment only. Thus the axial
thrust can not be ignored in the investigation of the shakedown load.

In this paper, the theoretical analysis of shakedown load of structures
applying a bending moment and an axial thrust is described and the loads are
calculated for two-hinged steel circular arches with "1", box or reetangular
cross sections.

The calculation results are arranged and are compared for the center angles
of arches, the shapes of cross sections and the depths of cross sections as
parameters.

Assumptions and Yield Conditions

The assumptions in the analysis are as follows;

1. The stress-strain diagram of the material is ideally elastoplastic.
2. In the yield conditions, the bending moment and the axial thrust are

considered but not the shear force.
3. There is no premature failure due to buckling or instability.

Using the above assumptions, the yield conditions are given by the following

expressions, by using AFjAw (the ratio of both flange sectional area AF
and web sectional area Aw) and d\dw (the ratio of the height of cross section
of arch rib d and web depth dw) as parameters, when a bending moment and an
axial thrust act on a "I" or a box cross section as shown in Fig. 1.

-oy

> >Af -Aw *Aw TS TJ

L-^-Jpy.,
(a) (b)

Fig. 1.

where,

M
Mp
M

0N̂V-1 + (AFIAW)'
1 <I<iol + (AFjAw)=Ny U'

{(AFjAw)+ 1.0}2

{(dldw)+ 1.0} (AF/AW)+ 1.0 '

_ {(djdw) + \.0}{(AFjAw) + 1.0}
{(dßw) +1.0} (AF/AW) +1.0

(1)

(2)

(»)
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and Mp is the füll plastic moment, Ny Aay is the yield load, A =AF+AW is
the cross sectional area, M is the bending moment, N is the axial thrust and oy
is the yield stress. Equation (1) considers the yield condition for the bending
moment and the axial thrust for the case of neutral axis in the web at the
formation of plastic hinge, and Equation (2) puts yield condition for the case
of neutral axis in the flange into an approximate linear expression.

Yield conditions of Eqs. (1) and (2) for the bending moment and the axial
thrust for the plastic hinge formation (that is, M\MV= 1.0 — (NjNy)2 for
AF\AW= 0.1, namely for reetangular cross section and AF\AW= 1.5, 3.0 for
d\dw= 1.1) are illustrated in Fig. 2.

Ny 1.0

0.8± >AF_ 0.10.1 AwAw

1.5 Nc^ >r/i.5 0.6

Eq.(l) 3.0 3.0 Eq(l)
Eq.(2)Eq.(2)

Z°±0.4

> > XAF AW

0.2r ~öyj

1.0 -0.8 -0.6 04 0.6 0.8 1.00.4 -0.2 0.2

MP Mp

Fig. 2. Interaction Curves Between Axial Thrust and Bending Moment.

The applicable ranges for Eqs. (1) and (2) are divided by dotted line.
In the following procedures, Eqs. (1) and (2) are used as the yield conditions

and AF\AW is used as parameter because d\dw is approximately 1.1 in general
arches with I-shaped cross sections.

Ultimate Load

The ultimate load of two-hinged circular arch having center angle 2 <f> may
be calculated by lower bound theorem for the condition of uniformly distributed

dead load ocNy/L0 per unit length and a concentrated load acting at d0

where locates at angle 9 from midspan C.
The two hinged arch under unsymmetrical load reaches collapse by the

formation of two plastic hinges. If the plastic hinges form at any two cross
sections, the bending moment and the axial thrust in these sections must satisfy
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the yield condition of Eq. (1) or (2). However, it does not always follow that
statically admissible condition is satisfied in all the cross sections, because the
location of plastic hinges is assumed arbitrarily. Therefore, another assumption
of locations of plastic hinges is necessary to compute the ultimate loads, and
the minimum of these will give the exact ultimate load.

The procedure of analysis of the ultimate load under the loading condition
shown in Fig. 3 are given as follows.

2Lo Fig. 3.

1. Let iA be the angle between RA, the reaction at hinged support A, and the
horizontal and let iA be unknown. The magnitude of the load P is determined
from the equilibrium of hinged support B as follows.

2 sin iA sin </>

B,—,
2 oc sin <f>

¦N„ (4)
sin <f> — sin 6

"*" A sin <j> — sin 6 ^ y '

2. Assume that the plastic hinges are formed at points "a" and "6" where
the angle from midspan C to support B is ifja and the angle from midspan C to
support A is i[fb, respectively. Let the bending moments and axial thrusts at
points "a" and "6" be Ma, Mb and Na, Nb, respectively. Consequently, the
following equations are obtained.

Ma (AaBa + BaNy)L0
Na =GaBA + DaNv,
Mb (AbBa + BbNv)L0.

(5)

Nb =CbBA + DbNv,
(6)

where N is positive for compressive axial force and M is positive if the top
flange of the cross section is in compression, and

Aa sin iA cosec </> (sin <£ + sin ifßa) — cos iA cosec <j> (sin ifja — cos <j>),

Ba —\<x cosec2 (f> (sin cf> + sin if/a),

Ca cos iA cosec if;a — sin iA sin i/ja,

Da a cosec cf> (sin <f> + sin ipa) sin ifja,
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for 9 £ ipa

Aa sin iA cosec </> (sin </> + sin tjja) — cos iA cosec cf> (cos */ra — cos <j>)

— 2 cosec (/> (sin 0a — sin 9) sin i^ sin (/>/(sin (/> — sin 0),

Ba — J a cosec2 </> (sin </> + sin if;a)2 + 2 cosec cf> (sin 0a — sin 9) oc sin cf>l(sin $ — sin 0),

C*a cos iA cos e/ra — sin iA sin ^a + 2 sin i^ sin #/(sin ^ — sin 9) • sin ipa,

i>a a1 cosec <f> (sin </> + sin ifja) sin if;a — 2oc sin <£/(sin (/> — sin 0) • sin </ra,

for 0 ^ <£a

^4Ö sin iA cosec <£ (sin <£ — sin ifja) — cos iA cosec ^ (cos e/f& — cos (/>),

Bh —\ac cosec2 <f) (sin <f> — sin ifjb)2,

Ch cos iA cos 0Ö -f- sin iA sin i/fö,

Dh —oc cosec </> (sin ^» — sin i/jb) sin ^ö.

3. The yield condition must satisfy Eq. (1) or (2), according as the axial
thrusts are smaller or larger than 1/(1+^1^/^4^), respectively. On the other
hand, the magnitudes of these axial thrusts are decided by the locations of the
concentrated load. As shown in Fig. 3, the axial thrust at point "6" is always
larger than that at point "a" when the location of P is nearer to support B
from the center of the span. Therefore, three cases are possible as to the location
of the neutral axis of the cross section. That is,

ar J5a) neutral axes in web at points 'V and "&'

b) neutral axes in web at point 'V and in flange at point "6",
c) both neutral axes in flange at points "a" and "6".

The yield condition, Eq. (1) or (2) has to be satisfied by substituting Eqs.
(5) and (6) at points 'V and "6" depending on the location of the neutral
axis.

4. It can be known from the condition NjNy ^ \f{\ + (AFfAw)} using N
obtained in items a), b) and c) whether the assumed locations of neutral axes in
cross sections are correct or not, where jV is the actual thrust at point "a" or
"6" calculated from item a), b) or c).

5. P is determined by substituting Eq. (4) to valid RA and iA determined
hitherto.

6. Ultimate load P is derived under the assumption that the plastic hinges
form at the arbitrarily assumed points "a" and "6". But it does not always
follow that a atatically admissible condition is obtained. To obtain a statically
admissible condition, the minimum value of P must be determined for all
the combinations of ifja and iftb. Then, the minimum value of P is the ultimate
load under the given load location.

7. The ultimate load P is given as the minimum value of P derived by
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repeating the above mentioned sequences (1) to (6) under varying load location
of0to<£.

The numerical results of the above analysis are summarized at the end of
this paper.

Shakedown Load

Shakedown loading is shown in Fig. 4. When a concentrated load, P 0.1442

Ny moves in the arch having the center angle 2</>= 120° as shown in Fig. 4(a)
and the arch rib of which cross section has d/dw= 1.1 and AF\AW=1.5. The
influence lines of elastic bending moment and axial force due to P 0.1442 Ny
at points "a" and "b" are shown by the curves 1 and 3 in Fig. 4(a) and (b),

P-0I442N»3b
0 10

V

\0 05
Ne + NRo

Nb+N»

6.82' 31 64

lo

IM./MpI+MN./N,?
IM.+M»./MH + K«N« + /NtJ0 5

IM»/MH + K(N»/Ny

(d)/
Fig. 4. Shake-down Loadmg.

respectively, where Max, Mbx and Nax, Nbx are the bending moments and the
axial thrusts at points "a" and "6", respectively and the bending moment
and the axial thrust in Figs. 4(b) and (c) are nondimensionalized by Mp and

Ny, respectively. The values of the right term of the yield condition, \MaJMp\
+ k(NaxjNy)2 and \MbxjMp\+k(NbxjNy)2 are indicated by the cuves 1 and 3

in Fig. 4 (d). When at first the load is at support B, Max and Nax are zero. As
the load moves further, Max and Nax increase and when the load reaches point
x1, \MaxjMp\ -\-k(NaxjNy)2 attains a value of 1.0. After the load passes xx, the
rotation of plastic hinge at "a'
rotation of plastic hinge at iCa'

begins. When the load passes point 'V, the
' becomes the maximum. Even if the load is
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removed at this point, there are residual bending moment and axial thrust due
to plastic deformation.

Therefore, as the load passes through the point "a", residual bending
moment Mra and residual axial thrust Nra in addition to elastic bending
moment Max and elastic axial thrust Nax appear at point "a". The curves 2

and 4 in Figs. 4(b) and (c) show respectively the influence lines of bending
moments and those of axial thrusts at points "a" and "fe" considering the
effects of residual bending moments and axial thrusts. And the combination
of them, \(Max + Mra)lMp\+k(Nhx + Nrb)lNy)2, is shown by the curve 2 in
Fig. 4(d). This value never exceed 1.0 hereafter. On the other hand, the bending

moment and the axial thrust at point "fe" are zero when the load is at the
support B, the absolute values of Mbx and Nbx and their combination, \Mbx/Mp\
+ k (Nbx/Ny) also increase with moving of the load. When the load reaches point
"a", residual bending moment Mbr and residual thrust Nbr due to the plastic
deformation at point "a" appear at point "fe" in addition to elastic bending
moment Mbx and elastic axial thrust Nbx. As the load passes through this
point "a", their combination becomes \(Mbx + Mrb)IMp\ + k[(Nbx + Nrb)INy]2
and this value becomes 1.0 when the load passes point x2, and a plastic hinge is
formed at point "b". But after the load passes this point x2, the value decreases

immediately and the plastic deformation at point "fe" does not remain. If the
load is slightly greater than P 0.1442P2/ the plastic deformation would yield
at point "6". With further moving of the load, \(Mbx + Mrb)IMp\ + k[(Nbx
+ Nrb)/Ny]2 decreases. It increases again along curve 3, and when the load

passes through point "xB", \(Max + Mra)IMp\ + k([Nbx + Nrb)INy]2 becomes
1.0 and it would exceed 1.0 at point "fe". However, according to the residual
deformation at point "a", the combination of bending moment and axial
thrust \(Mbx + Mra)IMp\ + k[(Nbx + Nrb)INy]2 is less than 1.0 as shown by
curve 4 in Fig. 4(d). Therefore, a plastic hinge does not form at point "6".
For the first cycle of loading, the Variation of the bending moment, the axial

Ny

um i ui uim rfTTim

2Lo

rrmTT imiiHii

yb

2L

Fig. 5. Fig. 6.
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thrust and their combination follow the direction of the arrow as shown in
Figs. 4 (b), (c) and (d). After the second cycle of the moving load, their variations
follow along the heavy line as shown by curves 2 and 4 in Figs. 4 (b), (c) and
(d) and the plastic hinges form instantaneously but plastic deformation does not
increase. Thus, after the second cycle of loading, the arch behaves elastically
under the moving load P 0.14:4:2 Ny. This is called shakedown and the
corresponding load P 0.1442 iV^ is a shakedown load.

The method of obtaining the shakedown load by lower bound theory will
be described below.

Let the elastic bending moment and the elastic axial thrust at point "a"
under a concentrated load and uniformly distributed load as shown in Fig. 5

be Ma and Na, respectively.

Ma (AMa P + BMa Ny)L0,
Na=ANaP + BNaNy.

(7)

Also, let the elastic bending moment and the elastic axial thrust at point "6"
under the loading condition as shown in Fig. 6 be Mb and Nb, respectively,

Mb (AMbP + BMbNv)L0,
Nb=ANbP + BybNy,

(S>

where,

AMa (sin <f> — sin 9a)j2 sin <j> • cosec <f> (sin <f> + sin ifsa) — Aa cosec <j> (cos i/ja — cos <f>),

BMa oc cosec <f> (sin cf> + sin ipa) — Ba cosec cf>) (cos ifja — cos <f>)

— \ol cosec2 <j> (sin <f> + sin ifja)2,

ANa Aa cos ifja - (sin <f> - sin 0J/2 sin c/>a • sin if*a,

BNa Ba cos ipa — (sin </> + sin 0a)/2 sin </> sin ipa + oc cosec c/> (sin <j> + sin ipa) sin ifja,

AMa (sin cf> + sin 0a)/2 sin </> * cosec </> (sin <f> — sin i/ja) — Aa cosec <f> (cos ifja — cos <f>),

BMa oc cosec cf> (sin </> — sin ifja) — Ba cosec <j> (cos i/ja — cos <f>)

— Ja cosec2 cf> (sin </> — sin ifja)2,

ANa Aa COS 0a + (sin 0 + SÜ1 9a)j2 SH1 <f> • sin lfja

BNa Ba cos ifja + a sin if*a — oc cosec (f> sin ifja (sin <j> — sin ijja),

AMb (sin cf> — sin 9b)/2 sin </> • cosec (f> (sin </> — sin ijjb) — Ab cosec </> (cos ^ö — cos </>),

i?MÖ a cosec (/> (sin </> — sin i/jb) — J5a cosec </> (cos j/>& — cos </>)

— Ja cosec2 c/> (sin </> — sin 0&)2,

.4^, Ab cos 0Ö + (sin <j> — sin 0ö)/2 sin cf> • sin ^ö,
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BNb Ba cos i/jö + oc sin ifjb — a cosec </> sin ifjb (sin </> — sin if;b),

Aa =\ [sin2 </> — sin2 9a — 2 cos </> (cf> sin 0 — 0a sin 0a + cos </> — cos 9a)

— y (sin2 </> — sin2 0a)]/[</> — 3 sin ^ cos <j> + 2<]> cos2 <f)-\-y(<f> + sin ^ cos <£)],

2?a - [4/3 • sin3 (/> + (/> cos <f> — 2<f) sin2 </> cos </> — sin </> cos2 (f> + 2y(<f> cos2 </> — J </>

— £sin <£ cos (f>)]l[<f> — 3 sin <£ cos <f> + 2<f> cos2 <£ + y (</> + sin <£ cos </>)],

^6 =4 tsin2 4> ~~ sul2 ^& — 2 cos <f> (</> sin </> — 0b sin ö6 + cos <f> — cos 06)

— y (sin2 <£ — sin2 #6)]/[<£ — 3 sin </> cos <f> + 2j> cos2 <£ + y (<£ + sin ^> cos <f>)],

12{1 + (^Mtf)} 1

y

8

3 [1 + h{(d/dw) -1}2 (^/^) +1 8 WdJ2'

djL0.

(9)

On the other hand, the residual reaction due to the residual deformation
are only a horizontal reaction Hn as shown in Fig. 7. Then the residual bending

HR

Mrc Mrc

Nrc Nrc

Fig. 7.

moments MRa,MRb and residual axial thrusts NRa,NRb at points "a" and
"fe" are given by

MBa - COseC 0 (C0S 0a- C°S 0) #tf L0 >

NRa HR COS if;a,

MRb — cosec <£ (cos ifjb — cos </>) HR L0,
NRb HR cos ipb.

(10)

(11)

Now, if plastic hinges are formed at points "a" and "fe", the sum of the
elastic bending moment and the residual bending moment and the sum of the
elastic axial thrust and the residual axial thrust at points "a" and "6",
respectively, must satisfy the yield condition of Eq. (1) or (2).

When P is on the right half of the span, the axial thrust at point "6" is
always larger than that at point "a". Therefore, the location of neutral axis
of cross section at the yield hinge formation is divided into three cases.
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a) Neutral axes in web at points "a" and "6"

The yield condition Eq. (1) must be satisfied at points "a" and "fe",
respectively. Therefore, applying Eqs. (7), (10) and Eqs. (8), (11) to Eq. (1),
respectively, the following expressions are obtained.

(AMaP + BMaNy)L0 + MRa hlANaP + BNaNy + NRa\2
lVLp \ IV y I

(AMb P + BMbNy) L0 + Mm IANbP + BNbNy + Nm\2
±

Mp \ Ny J

(12)

Using the following symbols;

p n H* n mp z \j \ (AFjAw) + l

(14)

Eq. (12) can be rewritten as,

a1Q + b1R + c1 1.00-k(ANaQ + Bcosifja + BNa)2,

a2Q + b2R + c2=1.00-k (ANb Q + Rcosif;b + BNb)2,

where,

ai amJ^ 8, fex cosec (f> (cos ifja — cos <^>)/A 8,

a2 —AMbjXh, fe2 cosec cf) (cos ifsb —cos </>)IA8, (15)

Q and R can be determined from Eqs. (14).

b) Neutral axes in web at point "a" and in flange at point "6"

The yield condition Eq. (1) and (2) must be satisfied at points "a" and "fe",
respectively. Therefore, by substituting Eqs. (7) and (10) into Eq. (1), and
Eqs. (8) and (10) to Eq. (2) and combining with Eqs. (13) and (15);

a1Q + b1R + c1 1.00-k(ANaQ + Rcosi/ja + BNa),

a2Q + b2R + c2 k'{1.00-(ANbQ + Rcosi/ja + BNb)}

are obtained. Q and R can be determined from Eqs. (16).

c) Both neutral axes in flange at points "a" and "fe"

The yield condition Eq. (2) must be satisfied at both points "a" and "6".
By substituting Eqs. (7), (16) and Eqs. (15), (11) into Eq. (2), respectively and
using Eqs. (13) and (15);

a1Q + b1R + c1 kf{1.00-(ANaQ + Rcosi[ia + BNa)},

a2Q + b2R + c2 k,{1.00-(ANbQ + Rcosifjb + BNb)}
}

are obtained. Q and R can be determined from Eqs. (17).
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Locations of the neutral axes of cross-sections "a" and "6" at plastic
hinges are in the web or in the flange can be found from the conditions of
N/Ny^ 1/(1+AF/AW) where N's are the actual thrusts at points "a" and "fe"
and they are calculated from Q and R determined in a) to c), respectively. If
they coincide with the assumed ones, Q and R become the true values. P is thus
determined from the valid Q and R using Eq. (13).

Above is the shakedown load obtained under an assumption that a plastic
hinge is formed at point "a" under the combination of uniformly distributed
load and a concentrated load at point da as shown in Fig. 5 and the other plastic
hinge is formed at point "fe" under the combination of uniformly distributed
load and a concentrated load at point i(db\ However, it does not always follow
that the statically admissible condition is fulfilled. In order that it is always,
the minimum value of P must be determined for every combination of ipa and

Hitherto, it is considered that the concentrated load is located at the points
rotated by angle 9a and 9b from midspan C to support B, respectively. Since a
concentrated load could be applied at any arbitrary points, the shakedown
load, which is taken into account of moving of a concentrated load is the
minimum value for every combination of 9a and 9b varying from —<j>to<f>,

respectively.
The numerical results are summarized at the end of this paper.

Alternating Plasticity Load

When a cross section is subjected to alternating plasticity, fracture may
occur after a few hundred applications of loads. If the maximum fiber stress at
a point on a cross section under a loading condition is omax and the minimum

p
Ny

aLo
llllllllll llilUllillilillllltllllllll

c
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Fig. 8. Fig. 9.
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fiber stress at the same point under the load condition is amin, alternating plasticity

failure occurs at such a section if the following condition is satisfied.

(Jmax-°min 2ay (1S)

Let the positive bending moment at point "a" under a loading condition as
shown in Fig. 8 be Mx and the negative bending moment at point "a" under a

loading condition as shown in Fig. 9 be M2, and let the axial thrusts under those
conditions be N1 and N2, respectively, then by applying the positive and negative

fiber stress on the section "a" to Eq. (18)

(M1-M2)^-(N1-N2)

.(M1-M2)^-(N1-N2)

^2Ny,
(19)

>2N„

are obtained, where I is the moment of inertia of the cross section.

Introducing M1, M2, Nj_ and N2 into Eqs. (7) and (8), the terms referring to
the uniformly distributed load vanish and Eq. (19) can be arranged as follows:

I (¦A-Ma~AMb)ri — (ANa — ANb)\P^2Ny,
\-(AMa-AMb)r,-(ANa-ANb)\P^2Ny,

where; __ 2{(AFIAw) + l}(d/dw)2
1 ([l + H(dldw)-l}]2(AFIAw) + i)8-

The smaller value of P determined from Eqs. (20) is the alternating plasticity
failure occurs at point "a".

As point "a" is assumed arbitrarily, the minimum value of P under Variation
of \fja from zero to (f> is the alternating plasticity load under the assumption
that the loading conditions as shown in Figs. 8 and 9 act alternatingly.

Now, this alternating plasticity load was obtained under the loading condition

that a concentrated load is located at point "a" with angle 9a from
midspan C to support A and at point with angle 9b to support B. Since a
concentrated load may be located arbitrarily, the alternating plasticity load,
considering any combinations of 9a and 9b varying from zero to </>, respectively.

The numerical results on alternating load are summarized at the end of this

paper.

Numerical Results and Discussions

The numerical results of the ultimate load, shakedown load and alternating
plasticity load calculated by the above mentioned methods are shown below
and the comparisons are made among them. The parameters used for the
computation are d/L0 0.02, 0.05 and 0.10, djdw= 1.1 and AF\AW 0.1, 1.5 and
3.0, where d is the height of arch rib section, L0 half length of span, dw the
depth of web of arch rib, AF the total sectional area of both flanges and Aw
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is sectional area of the web. The half center angle of arches cf> varies from 10

degrees to 90 degrees and the pitch is 10 degrees. As on general arch sections
djdw is considered to be in the ränge 1.10 to 1.14, 1.1 is used as d\dw hereupon.
AFjAw 0.1 indicates a reetangular cross section when d\dw is 1.1. And as on
general arch sections the ränge of AF\AW is considered to be in the ränge from
1.0 to 3.0, 1.5 and 3.0 are used as AF\AW. As for uniformly distributed loads
(w ocNyIL0), 0.02, 0.05 and 0.10 are used as oc for djL0= 0.02, 0.05 and 0.10,
respectively.

1. Ultimate Load

a) Ultimate load. The ultimate load due to a concentrated, uniform and
combined loadings are shown in Figs. 10, 11 and 12, respectively. The values are
nondimensionalized by Ny(=Auy). The numerical results neglecting axial
thrusts are also shown by dotted lines in the figures. As these figures show, the
effect of axial thrust is small for <f> 80° to 90° and is particularly insignificance
when d/L0 and AF\AW are small.

But when cf> is small, particularly when d/L0 and AF\AW are large, its effect
cannot be disregarded. Particularly, for an ultimate load due to the uniformly
distributed or combined load, the effect becomes predominant. These figures
show only for the case where neutral axes at plastic hinges are in web.

0.2

o.i

Fig. 10. Ultimate Load
(Concentrated Loading).
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Numerical results are summarized in Tables 1 and 2 together with the shakedown

load.
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Fig. 13. Critical Bending Moment and Axial^Thrust at Hinge "a" Under Concentrated Loading.
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Fig. 14. Critical Bending Moment and Axial Thrust at Hinge "6" Under Concentrated Loading.
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b) Bending moment and axial thrust at a plastic hinge. The magnitudes of bending

moments and axial thrusts at plastic hinges "a" and "6" at the collapse of
arches due to a concentrated and combined loadings are shown in Figs. 13, 14,
15 and 16, respectively. From these figures also, it is clear that axial thrusts
increase and bending moments descrease as <f> descreases. This tendency is
remarkable for uniformly distributed load.
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Fig 15. Critical Bending Moment and Axial Thrust at Hinge "a" Under Combined Loading.
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c) Location of plastic hinges. The locations of plastic hinges at the collapse of
arches due to a concentrated and combined loadings are shown in Tables 3

and 4, respectively. The locations of plastic hinges are almost constant, not so
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Fig. 17. Critical Bending Moment and Axial Thrust at Hinge "a" Under Shake-down Loading
(Combined).
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Fig. 18. Critical Bending Moment and Axial Thrust at Hinge "6" Under Shake-down Loading
(Combined).
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largely influenced by variations in d/L0 and AF\AW. The difference between
the locations of plastic hinges for axial thrust considered and neglected is less
than a few percent of half span length L0.
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Fig. 20. Residual Thrust at Hinge "a".
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2. Shakedown Load

35

a) Shakedown load. Shakedown loads due to a concentrated and combined
loadings are indicated on the lower line in Tables 1 and 2 together with the
ultimate load.
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Table 8. Alternative Plasticity Load (Locations of Load)
(Degree)

dJL0 AFjAw <A

<t>

10° 20° 30° 40° 50° 60° 70° 80° 90°

0.1 a
b
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13.30

25.48
16.62

29.29
19.12

32.17
21.25

33.88
23.10

33.86
24.95

0.02 1.5 a
b

5.73
3.15

11.19
6.63

16.40
9.94

21.25
13.08

25.45
16.85

29.27
19.30

32.17
21.45

33.93
23.26

33.87
25.14

3.0 a
b

5.79
3.10

11.21
6.59

16.40
9.88

21.30
13.02

25.42
16.94

29.27
19.39

32.17
21.53

33.93
23.36

33.91
25.17

0.1 a
b

5.73
3.15

11.21
6.59

16.40
9.91

21.30
12.99

25.39
17.01

29.23
19.49

32.19
21.59

33.92
23.41

33.91
25.25

0.05 1.5 a
b

5.91
2.94

11.42
6.18

16.61
9.40

21.46
12.49

25.27
17.62

29.17
20.07

32.16
22.14

33.94
23.93

34.04
25.68

3.0 a
b

5.99
2.81

11.50
6.06

16.67
9.29

21.49
12.37

25.21
17.83

29.12
20.25

32.15
22.31

34.00
24.08

34.07
25.82

0.1 a
b

5.80
3.21

11.36
6.32

16.56
9.54

21.43
12.58

25.21
17.74

29.10
20.19

32.15
22.21

33.94
23.99

34.00
25.75

0.10 1.5 a
b

1.65
9.90

11.70
5.75

16.89
8.81

21.66
11.78

24.85
19.25

28.92
21.50

32.09
23.47

34.01
25.12

34.24
26.68

3.0 a
b

8.51
9.90

11.77
5.60

16.98
8.60

21.77
11.52

24.78
19.70

28.87
21.94

32.06
23.86

34.05
25.41

34.31
26.96

4. Comparison of the Three Loads

The shakedown load is always less than the ultimate load but it is not less

than 96% of the ultimate load in the ränge considered.
The ratio of shakedown load and ultimate load is minimum at (f> 30° to 50°

and for a concentrated load only is maximum at </> 90°.
The ultimate load and the shakedown load for a concentrated load and the

combined load are shown in Figs. 23 and 24, respectively. The alternating
plasticity loads are also shown by chained lines in these figures.

From these figures, it is found that the alternative plasticity load is almost
less than the corresponding shakedown load and the difference between the
two loads becomes obvious against the uniformly distributed load coefficient oc.

Conclusions

This paper presents the theroretical analysis of the minimum static collapse
load, shakedown load and alternative plasticity load of two-hinged circular
steel arches under a concentrated load, uniformly distributed load and their
combined load. The corresponding loads are calculated using center angle of
arches, span length, cross sectional properties as parameters. Cross sectional
shapes of arch ribs are reetangular, box or / section with double symmetric
axes.
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Flg. 23. Fig. 24.

Main conclusions obtained from the results of this study are as follows.

1. The ultimate load and shakedown load are compared numerically in
Tables 1 and 2. The difference between the loads is about 5% at the most and
can be neglected.

2. The plastic hinges "a" and "6" due to ultimate load are located nearer
the center of the span than the plastic hinges "a" and "6" due to shakedown
load.

3. The alternating bending moment due to variable repeated load yield a
section "a" (Table 8) and the arches collapse due to alternating plasticity
yielding at the cross section by alternating bending moment. This alternating
plasticity loads are less than the shakedown load for the ränge of given arch
properties and the differences of both loads are shown in Figs. 23 and 24. Both
loads for the combined load considered uniformly distributed dead load become
nearly equal but the consideration for both ultimate and alternative loads may
be required for the plastic analysis of arches.
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Summary

The theoretical analysis of shakedown load of structures applying a bending
moment and an axial thrust is described and the loads are calculated for two
hinged steel circular arches with /, box or reetangular cross sections. The
calculated results for concentrated, uniformly distributed and their combined
loadings are compared for the minimum static collapse load, shakedown load
and alternative plasticity load.

Resume

On presente une analyse theorique de structures soumises ä une charge de

stabilisation (shakedown load) et entrainant un moment de flexion et un
effort axial. Les charges sont calculees pour des arcs circulaires en acier ä
deux articulations et de section rectangulaire, en caisson ou en I. Les resultats
trouves pour des charges concentrees, uniformement reparties ou leurs com-
binaisons sont comparees pour la charge de rupture statique minimale, pour
la charge de stabilisation (shakedown load) et pour la charge de plasticite
alternative.

Zusammenfassung

Die theoretische Berechnung der "shake-down"-Last von Tragwerken mit
Biegemoment und Horizontalschub wird vorgelegt und für einen stählernen
Zweigelenk-Kreisbogen mit T-, Kasten- oder Rechteckquerschnitt berechnet.
Die Ergebnisse für konzentrierte, gleichförmig verteilte und kombinierte
Belastung werden mit jenen für die minimale statische Trag-, "shake-down"-
und die entsprechende plastische Last verglichen.
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Introduction

The subject of concentrated loads acting on reinforced concrete slabs has
interested many investigators in the past. This was partly due to the fact that
it is of interest in itself, but largely also because it can, in some ways, be
equated with the very common problems of the slab supported on columns or
with columns supported on spread footings. In this research, the major interest
was usually directed toward the so-called punching shear strength or toward
the diagonal tensile strength of the slab. Many experiments were conducted
and many empirical and semi-empirical formulas were devised in an attempt to
relate apparent shearing stresses in the slab, caused by concentrated loads,
to the strength of the concrete.

Other, and particularly more recent, investigators, have recognized that
the flexural strength of the slab may have a strong influence on the punching
resistance. For instance, as early as 1943, Johansen [1], in his original book
on yield line theory, analyzed some early slab tests by Bach and Graf [2] in
which several concentrated loads, arranged in a small circle, were applied to
slabs supported along their boundaries. Johansen mentioned that at the time
of test, failure was attributed to punching shear. However, he analyzed the
slabs and loading according to yield line theory and stated that the punching
shear was actually a secondary phenomenon, "... since the primary cause -
yielding of the reinforcement - had already largely taken effect at lower load
stages and produced wide cracks". His calculations correlated well with the
experimental results. Another attempt to link punching shear and flexural
strength was made by Hognestad [3] in 1953, when he re-analyzed Richart's
[4] footing tests. Hognestad did this by including a term in his empirical shear
equations, which he called Pflex and defined as "the ultimate flexural capacity
the slab would have had if it had not failed in shear". Pflex was taken as being
"governed by the füll static moment at the edge of the column", i.e. by the
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relation between the yield moment of the footing along a line crossing the
entire footing and lying along one face of the column, and the moment applied
along this line by the pressure acting on the bottom of the footing.

Similar empirical shear equations were later used by Elstner and Hogne-
stad [5] to analyze their slab tests and also some tests conducted by Graf [6].
However, in these calculations, Pflex was calculated by yield line theory using
simplified yield line patterns based on the crack patterns observed in the
specimens. Whitney [7] carried the relationship between punching shear and
the flexural strength of slabs a step further. Re-analyzing Richart's footing
tests, as well as the slab tests conducted by Elstner and Hognestad, he
devised a very simple empirical formula, in which the shear strength was
directly related to the "... ultimate resisting moment per inch width of slab
within the base of the pyramid of rupture".

Moe [8], in analyzing his own and others' tests, devised a new set of empirical
formulas in which the punching shear strength of slabs and footings was partially
related to a shear Vflex which was obtained from the Pflex ofElstner and Hognestad.

Moe's formulas, or variations thereof, were also used by Tasker and
Wyatt [9], Hognestad, Elstner and Hanson [10], Mowrer and Vander-
bilt [11], and Hanson and Hanson [12], in analyzing their own and others'
test results. Other investigators [13-16], while not using Moe's formulas, also

recognized that some relation exists between the bending strength of the slab

or the amount of reinforcement, and the punching shear resistance. Some

[14, 15, 17] equations have also been devised to relate the combination of bending

and shearing stresses in the concrete to the punching failure.
The results of some earlier tests [18] of small slab modeis, carried out under

the supervision of the senior author. indicated that yield line theory might
give good correlation with the punching resistance of uniformly loaded slabs

supported on columns. Also, examination of the crack patterns of a large
number of specimens pictured in the literature indicates that in many cases
the reinforcement must have yielded in tension either prior to, or simultaneously

with, the failure. Further, it is apparent from Moe's calculations, that in
the case of several of his and others' specimens VflexIVtest is close to unity,
which means that for those cases a considerably simplified yield line approach
predicted the failure strength of punching specimens. It is therefore the purpose
of this paper to examine some of the punching tests reported in the literature
from the standpoint of yield line theory in order to determine what patterns
and equations may be applicable, and the ränge of their validity.

Development of Equations

Yield line theory is an upper bound theory. It is therefore always necessary
to look for the lowest possible yield line load, consistent with geometrical and
physical constraints, which the structure can resist. If several different yield
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line patterns are admissible by these constraints, the one providing the lowest
load resistance will be the critical one. Yield line theory only predicts a stage of
slab behavior characterized by yielding of the reinforcement, formation of
extensive cracks, and appreciable deflections. It may or may not predict the
collapse load, depending on the membrane or other non-flexural action of the
slab. However, this method of analysis is useful even when it underestimates the
collapse load, since it then serves to predict the limit of ordinary structural
usefulness, and gives warning of impending structural distress.

Several different yield line patterns which model many of the punching test
specimens and results available in the literature will now be analyzed:

Case I: A square slab, with length of side a, is supported along its perimeter
in such a way that the corners cannot lift. The reinforcement is isotropic (a

square grid will essentially satisfy this requirement) and the positive yield
moment is mx while the negative yield moment is m2. A vertical load P,
distributed over a small circle of radius r, is applied at the center of the slab.
See fig. 1 a. It has been shown [1] that a fan shaped yield line pattern will form.
Fig. lb represents one of the pie shaped segments and shows the moments
acting on it.

h °- H

-loaded area

loaded area
(a)

-nTJ* E

(b

Fig. 1. Yield line pattern for case 1 - (Slab does not crack beneath load).

Applying the principle of Virtual work and equating the energy input ofa unit
downward displacement of the load to the energy simultaneously absorbed in
the yield line hinges, one obtains

Bd<f>2tt
Hmi+^ R-r P, (1)

where R is the radius of the fan, and remains to be determined. d (f> is defined in
fig. 1. Solving, one finds that

P -K + m2). (2)
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From this, it is obvious that P will be smallest for the largest physically
possible radius of the fan. Therefore one would expect the fan to spread to the
boundaries of the slab, so that R \a. This derivation was based on the
assumption that the slab would not crack beneath the load. If this assumption
is not correct, i.e. if the radial yield lines continue under the load (see fig. 2), it
can be shown that

P ^(% + mJ. (3)

1~jR

loaded area

W

loaded area

Fig. 2. Yield line pattern for case I —

(Slab does crack beneath load).
Fig. 3. Yield line pattern for case II.

Case IL: A circular slab of radius R is simply supported along its entire
perimeter. The reinforcement is isotropic and the positive yield moment is kmx
for the central portion of the slab with radius Rx, while for the rest of the slab

it is m1. There is no negative moment reinforcement. A load P, distributed
over a small circle of radius r, is applied at the center of the slab. It is assumed
that the slab will be able to crack beneath the load. See fig. 3. Applying the
principle of Virtual work as before,

2

I m1(R-R1 + kR1)dcl)
R

r^P r2dcf>
~ J Trr2 2

d(f> R — \r
R

This gives P 2irm1
YZ
3 R

1
i+>. i)

If, on the other hand, the slab does not crack beneath the load, then

2 7rmxP
1 r 1+>" i)

w

(5)

(6)

Case III: A square slab, with length of side a, is simply supported along the
perimeter with the corners free to lift. Reinforcement is basically isotropic, but
additional reinforcement is provided as shown in fig. 4 so that two bands, of
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i
loaded area

Fig. 4. Yield line pattern for case III.

approximately the width of the loaded area, are created which contain additional
reinforcement in the direction indicated. Loading is through a square column
stub of side length a' at the center, and it is assumed that the concrete under
the column does not crack. The magnitudes of the positive yield moments are

m1 in the major portions of the slab and km1 in the bands, perpendicular to the
direction of the steel. A simplified yield line pattern is employed for the
analysis, see figure 4, for which it can easily be determined that

Sm1l 1 + k-
a — a

Case IV: A square slab, with length of side a, is supported along the
perimeter, with the corners held down. Reinforcement is isotropic with positive

h» H
m

'Q 3
loaded area

MQ

Fig. 5. Yield line pattern for case IV.
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yield moment m± and negative yield moment m2. Loading is through an
elongated column stub of width 2 r and length a' + 2 r. See fig. 5 for the shape of
the loaded area and the assumed yield line pattern. The total load is P, and it is
assumed that the slab will crack beneath the loaded area. For simplicity, and
since it provides the lowest value of P, it will also be assumed in the derivation
of the load equation that the entire load deflects the same distance. The Virtual
work equation then becomes (note that R is different for each wedge shaped
segment):

P (m1 + m2)
r i 27r n

Solving, (277 + 4^)(mi + m2)-

(8)

(9)

Case V: A square slab is supprted on two opposite edges only. Reinforcement
is isotropic with positive and negative yield moments mx and m2 respectively.
Loading is through a square column stub at the center. See fig. 6. It can easily
be determined that

4(m1 + m2)P

a

(10)

supported edge

tu

supported edge

loaded area

Fig. 6. Yield line pattern for case V.

Case VI: A square or circular slab of area Aslab is supported on a circular
column, of radius r, located at its center. It is loaded with a uniformly distributed

load w per unit area. This loading produces an axial force P in the column.
The reinforcement is isotropic and the positive and negative yield moments
are mx Sind m2 respectively. It is assumed that the slab will not crack above the
column, but that a yield fan will form as shown in fig. 7, which will permit the
entire slab outside the fan to drop the same distance when failure occurs. Let
the average shear per unit length on the perimeter of the fan be q. Then from
statics,
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R2w
2ttR (11)

Dropping the rim of the fan and the entire slab outside it a unit distance, one
obtains the Virtual work equation by summing the effects on the individual
segments of the fan:

[qRd<j> + w[±rd<]>(R-r) + ±(R-r)(R-r)d<}>%] [^~-(mx + m2). (12)

supported area

(a)

&>z

rsr*

(b)

Fig. 7. Yield line pattern for case VI.

Substituting the value of q from equation (11) into equation (12), writing P
wAslab and solving for the sum of the moments,

or

w /, r\[A 77 R% I r r2\~]
mi+m2 _|i-_j^a6-T-^i+_+_jj

P L r\I\ ttR2 I r r2\\

(13a)

(13b)

To determine R, one must maximize the sum of the moments. Differentiating
both sides of either of equations (13) with respect to R and setting the resulting
partial derivative of the right side equal to zero, one obtains

(14)7? -rl/^777^ö_I
M-r\/ 2 nr* 2'

Substituting this value of R back into equations (13), one can then solve for
the sum of the moments, or, alternatively, if one is dealing with a slab of known
properties, one can then find P ov w.

Correlation Between Theory and Test Results

The equations derived above represent simplified mathematical modeis of
certain idealized physical modeis which, in turn, are supposed to represent the
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conditions found in actual buildings. This discussion will only concern itself
with the relationship between the mathematical and the experimental modeis
for the time being.

The mathematical modeis differ from most of the physical modeis reported
in the literature in several respects: First, for convenience in calculation, it was
assumed that the punching loads were distributed over circular areas, while in
most specimens square plates or column stubs were used. Pictures in references

[4, 8, 12, 18 and 19] show that the circular fan cracking patterns developed in
specimens with square column stubs were indistinguishable from those developed
by the circular column stubs of reference [14], except that the cracks on the
tension side, around the periphery of the loaded area, had a slightly different
shape. However, even in the case of square column stubs these cracks were
frequently roughly circular. Second, it will be desirable to apply the equations
derived in cases I and IV to specimens in which the corners were free to lift.
Photographs in reference [12] show that the assumed circular yield line patterns
will form under those conditions also. It is only necessary then to set the negative

yield moment of these slab equal to zero. Third, in pictures of specimens in
which case I might be expected to apply, one can observe that cracking usually
took place under the loaded area even when the column stub was east monolith -

ically with the slab, but that a crack seemed to form around the periphery of the
load at the same time. This indicates that the actual failure yield pattern was an
intermediate between fig. 1 and 2. As one can see by examining equations (2)
and (3) they may be expected to give values of P which differ very little. Since,
as mentioned earlier, yield line theory gives an upper bound on the load, it
seems more conservative to use equation (3) in on all cases except those in which
the column stub was so large that cracking beneath it was unlikely. Finally,
for the same reason, one should also choose the smallest feasible r for the
equivalent circular loaded area when dealing with square column stubs. This would
be the radius of the largest circle which could be inscribed in the loaded area.
The physical equivalent of this is to assume that the corners of the loading
device exert little or no pressure on the slab. By reference to equations (2),
(3), (13) and (14), it can be seen that possible inaecuracies in r of the magnitude
involved in this assumption can have relatively little effect on P. (For a rough
estimate, in most practical cases the change in P will be approximatelx 10% of
the change in r.) The slightly low value of Pyieiaune resulting from the foregoing
approximations compensates at least partly for the fact that some yielding of
reinforcement and consequent wide cracking will actually occur at loads less

than Pyieid une'
106 specimens of slabs supported along their boundaries and subjected to

punching loads, reported in the literature, were analyzed by the yield line
theory. The arithmetic mean of PyieuuneiPtesi was 1-015, where Ptest is the load at
which the speeimen was reported to have "failed". The Standard deviation was
0.248. In addition, 128 footings tested by Richart [4] were also analyzed, using
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equations (13). The analogy between these footing tests and the analysis of a
slab carrying a uniformly distributed load and supported on columns, seems

quite evident, particularly since Richart noted that "... the deflections of the
footing were small in comparison to the amount of closure of the car Springs
until the yield point of the reinforcement was reached, so that an essentially
uniform support was provided over the bottom of the footing". The arithmetic
mean of Py%eui%ne\^tesi f°r ^ne footing tests was 1.05, with a Standard deviation
of 0.32. Further details of the comparisons, including yield line patterns used,
values of Pyield lineiJPtest for all specimens examined and arithmetic means and
Standard deviations for individual test series are given in Table I.

Table 1. Summary of Test and Calculation Besults

Critical
Speeimen Yield Lme Py l

Source Designation Pattern Ptest Q Remarks

TMowrer and M-2-1-0 Fig. 2 0.789 1.36 Series M specimens contained
Vanderbilt [11] M-3-1-0 Fig. 2 0.835 1.07 both tension and compression

M-4-1-0 Fig 2 0.715 0 92 reinforcement and were made
from normal weight concrete.

M-5-1-0 Fig. 1 0.714 0.60 Very large column stub
M-6-1-0 Fig. 1 0.706 0 46 Very large column stub
M-7-1-0 Fig. 1 0.633 0 40 Very large column stub
M-8-1-0 Fig 1 0.643 0 36 Very large column stub
M-2-2-0 Fig. 2 1.080 5 90
M-3-2-0a Fig. 2 1.057 4.56
M-3-2-0b Fig. 2 0.796 2 68
M-4-2-0 Fig. 2 0.964 2 82
M-5-2-0 Fig. 1 0.905 2 44 Very large column stub
M-6-2-0 Fig. 1 0.948 1 89 Very large column stub
M-7-2-0 Fig. 1 0.837 1 67 Very large column stub
M-8-2-0 Fig. 1 0.903 1.43 Very large column stub
M-3-1-2 Fig. 2 1 026 0 93 2 edges fixed
M-3-l-4a Fig. 2 1.022 1.06 4 edges fixed
M-3-l-4b Fig. 2 0 904 1 09 4 edges fixed
JL-0-1.7a Fig. 2 1 016 3.54 Series J specimens contained
JL-3-1.7a Fig. 2 0.870 3.77 only tension reinforcement.
JL-0-1 7b Fig. 2 0 977 2.57 Series JL specimens were manu-
JL-3-1 7b Fig. 2 0.828 2 99 factured from lightweight ag-
JN-0-1.7 Fig. 2 0.700 3 97 gregate concrete, series JN

specimens from normal weight
concrete.

JN-3-1.7 Fig. 2 0 774 3.91 J series slabs with a -3- desig-
JL-0-2.2a Fig. 2 0 937 6.60 nation contained a \\" square
JL-3-2.2a Fig. 2 1.122 6.77 hole at the center of one edge
JL-0-2.2b Fig 2 1.374 5 30 of the column stub.
JL-3-2.2b Fig. 2 0 996 5 30
JN-0-2.2 Fig. 2 0.757 6 09
JN-3-2 2 Fig 2 0.794 6 77
JL-0-1.1 Fig. 2 0 642 0 92

Arithmetic Mean 0 880 Standard Deviation 0 143

Elstner and B-l Fig. 2 0.723 0 45 Series B contained only tension
Hognestad [5] B-2 Fig. 2 0.711 0 25 reinforcement.

B-3 Fig. 2 0.806 1.70 Contained. Shear reinforcement
B-4 Fig 2 0 781 0 91
B-5 Fig. 2 1 086 9 40 Shear reinforcement
B-6 Fig. 2 1 057 7 84 Shear reinforcement
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Critical
Speeimen Yield Line Pyl

Source Designation Pattern Ptest Q Remarks

Elstner and B 9 Fig. 2 1.101 4.38
Hognestad [5] B-10 Fig. 2 1.038 4.18 Shear reinforcement

B-17 Fig. 2 0.941 4.30 Shear reinforcement
B-ll Fig. 2 1.187 21.25
B-12 Fig. 2 0.991 9.33 Shear reinforcement
B-13 Fig. 2 1.000 9.06 Shear reinforcement
B-14 Fig. 2 1.346 8.73
B-15 Fig. 2 1.142 9.06 Shear reinforcement
B-16 Fig. 2 1.066 9.63 Shear reinforcement
A-la Fig. 2 1.015 2.63 Series A contained both tension
A-lb Fig. 2 0.912 1.95 and compression reinforcement.
A-lc Fig. 2 0.948 1.83
A-ld Fig. 2 0.973 1.62
A-le Fig. 2 0.908 2.19
A-4 Fig. 2 0.867 1.93
A-2a Fig. 2 1.475 11.23
A-2b Fig 2 1.430 9.40
A-2c Fig. 2 1.343 6.78
A-7b Fig. 2 1.160 7.87
A-5 Fig. 2 1.180 7.87
A-7 Fig. 6 1.000 7.77
A-8 Fig. 6 0.939 8.61
A-3b Fig. 2 1.75 19.60
A-3c Fig. 2 1.47 18.13
A-3d Fig. 2 1.54 15.88
A-6 Fig. 2 1.71 16.65
A-13 Fig. 2 0.620 0.41

Mean 1.098 Standard Deviation ;- 0.272

Moe [8] S5-60 Fig. 2 0.968 2 52 Steel plate shear reinforcement
S6-60 Fig. 2 1 027 2.56 Steel plate shear reinforcement
S7-60 Fig. 2 0.794 2 48 -\" diameter bar shear head
S8-60 Fig. 2 0.912 2.48
S5-70 Fig. 2 1.034 3.00
S6-70 Fig. 2 1.048 2.91 Steel plate shear reinforcement
Sl-60 Fig. 2 0.878 1.96
Sl-70 Fig. 2 1.026 2.32
Rl Fig. 2 0.934 2.09
R2 Fig. 2 1.128 4.28
S2-60 Fig. 4 1.122 4.23
S3-60 Fig. 4 0.900 9.33
S4-60 Fig. 4 0.706 0.12
S3-70 Fig. 4 1.011 11.78
S4-70 Fig. 4 0.829 0.12
S4-70A Fig. 4 0.748 0.16

Mean 0.942 Standard Deviation -0.127

Hognestad, Hl Fig. 2 0.833 2.54 All specimens in this series
Elstner and Hl L3 Fig. 2 1.013 2.38 were made of lightweight
conHanson [10] Hl L4 Fig. 2 1.006 2.50 crete

Rl Fig. 5 0.934 2.09
Rl L13 Fig. 5 1.261 2.19
Rl L4 Fig. 5 1.113 2.04

Mean : 1 027 Standard Deviation -0.148

Graf [6] 1355 Fig. 2 0.876 8.83 All of these specimens con¬
1356 Fig. 2 0.839 8.82 tained shear reinforcement,
1361 Fig. 2 0.861 11.01 except 1362 and 1375.
1363 Fig. 2 0.920 11.78
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Critical
Speeimen Yield Line Py l

Source Designation Pattern Ptest Q

Graf [6] 1376 Fig. 2 0.901 9.48
1377 Fig. 2 0.915 9 82
1362 Fig. 2 2.02 15.91
1375 Fig 2 2.47 15.87

Mean=- 1.225 Standard D<eviatio

Kinnunen and 5089 Fig. 2 0.831 0.71
NYLANDER [14] 5098 Fig. 2 0.830 0.67

5215 Fig. 2 1.228 3.72
5224 Fig. 2 1.152 3.68
5107 Fig. 2 0.989 2 99
5117 Fig. 2 1.048 3 25
5125 Fig. 3 0.981 2.88
5134 Fig 3 0.962 2 89
5269 Fig 3 1.239 12 60
5270 Fig. 3 1.288 12.83
5281 Fig. 3 1.232 13.75
5290 Fig. 3 1.122 14.05

Remarks

All of these specimens were
circular m shape, as was the
loaded area.

Mean =1.075 Standard Deviation 0.159

Arithmetic Mean of Py l /Ptest for 106 specimens of slabs supported along their boundaries and
subjected to punching loads 1.015, Standard Deviation 0.248.

Richart [4] 105a Fig. 7 0.87 1.84 Footing tests
105 b Fig. 7 1.14 2.20
106a Fig. 7 0.81 1.62
106b Fig. 7 0.89 1.66
107a Fig. 7 0.87 1.61
107b Fig. 7 0.97 1.67
108a Fig. 7 0.72 1.19
108b Fig. 7 0.76 1.34
109a Fig. 7 1.40 4.64
109b Fig. 7 1.63 4.56
110a Fig. 7 1.39 4.10
110b Fig. 7 1.34 4.47

lila Fig. 7 1.42 4.67
111b Fig. 7 1.19 4.40
112a Fig 7 2.00 7.33
112b Fig. 7 1 85 8.13
109Ra Fig. 7 1.13 3.41
109Rb Fig. 7 1 18 3.36
HORa Fig. 7 1.44 4 36
HORb Fig. 7 1.23 4.15
201a Fig. 7 1.85 6 43
201b Fig. 7 1.63 6 43
202a Fig. 7 1.32 4 72
202b Fig. 7 1.38 4 93
203 a Fig. 7 1 32 3 30
203 b Fig. 7 1.46 3 77
204a Fig. 7 2.05 10 02
204b Fig. 7 2 05 10.10
205 a Fig 7 1.77 7.67
205 b Fig. 7 1.77 7 43
206 a Fig. 7 1.58 5.29
206b Fig 7 1.35 5.53
207a Fig 7 1.23 5 07
207 b Fig. 7 1.30 5.23
208a Fig. 7 1 22 3.24
208b Fig. 7 1.15 3 31
209a Fig. 7 0.97 2.57
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Critical
Speeimen Yield Line Py l

Source Designation Pattern Ptest Q

Richart [4] 505 a Fig. 7 0.86 5.95
505 b Fig. 7 0 89 5 90
506 a Fig. 7 0 94 6 22
506 b Fig. 7 0.94 5.83
701a Fig. 7 0.94 3.22
701b Fig. 7 0.92 3 34
702 a Fig. 7 1.26 2.61
702 b Fig. 7 0.79 1.65
101a Fig. 7 0.71 0 55
101b Fig. 7 0.73 0.57
103a Fig. 7 0 67 0.50
103b Fig. 7 0.62 0.50
104a Fig. 7 0.84 0.91
104b Fig. 7 0.93 0.92
313a Fig. 7 0.67 1.25
313b Fig. 7 0.65 1.14
318a Fig. 7 0 67 1.13
318b Fig. 7 0.65 1.16
320a Fig. 7 0.72 1.17
320b Fig. 7 0.76 1.32
322 a Fig. 7 0.65 1.05
322b Fig. 7 0 63 1.00
325a Fig. 7 0 68 1.23
325b Fig. 7 0.72 1.27
327a Fig. 7 0 69 1.01

327b Fig. 7 0 76 1 02

329a Fig. 7 0.73 1.45
329b Fig. 7 0.71 1.44
404 a Fig 7 0.74 1 31

404 b Fig. 7 0 95 1.30

Remarks

The following specimens were
listed by Richart as failing by
tension of the reinforcement.

Arithmetic Mean of Py l /Ptt for 128 footing specimens subjected to punching loads 1.05,
Standard Deviation 0 32.

Differentiation Between Bending and Shear Failure

When the value of Pyieidiinelptesiis less than one> ^ is an indication that the

failure was preceded and perhaps initiated by yielding of the tension reinforcement

along the yield lines, i.e. that it was a primary bending rather than a shear

failure. (In fact, as indicated previously, yield line theory only predicts collapse
due to formation of a mechanism. It is therefore likely that the reinforcement

in the most highly stressed regions of the slab would have yielded at somewhat

lower loads than Pyieidhne.) However, in the case of approximately half of
the specimens, Py%euunelptest was larger than one, and the Standard deviations

reported above are rather large. It therefore appears that in many tests the

failure must have been primarily due to shear. Which of the two types of failure
will be critical in any given speeimen will naturally be determined by its relative
strengths in shear and bending and its relative loading in these two modes.

The relative strengths will be a function of ^k—, where b is to be taken as
\jcbd

the perimeter of the column stub and the other symbols have their usual mean-
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ings. If the slab contains two layers of reinforcement, one near the top and
one near the bottom surface, it would seem logical to make p equal to the sum
of the reinforcement ratios, since it is the sum of the yield moments in the
positive and negative directions which determines the yield line punching
strength. However, if the reinforcement is so arranged that the layer acting as

compression reinforcement extends into the column, it will provide an appreci-
able amount of additional shear resistance through dowel action [15] and
through strengthening of the shear-compression zone. In this case, therefore,
it will probably be more accurate to make p equal only to the ratio qf
reinforcement acting in tension along the column perimeter. The latter com-
ment will also apply, of course, when the support conditions are such that one
of the yield moments will not act.

It is more difficult to establish a criterion for the relationship between the

loadings, but, empirically, they seem to be related through ^~, where B is the

perimeter of the slab. Combining the two relationships, one can empirically
define a parameter Q such that

ircbd\B) iycbBy

Values of Q for all specimens are included in table I.
The values of Pyieuunelptest f°r ^ne 1^6 slab specimens supported along their

boundaries are plotted against Q in fig. 8, while fig. 9 displays similar data for

the 128 footing specimens. If one regards the -I'L'- 1.0 line as the dividingP test

line between primarily shear and primarily yield line bending failure, then it
is apparent that when Q is less than 2, the specimens failed first in yield line
bending. When Q is between 2 and 4, approximately half the specimens failed
first in bending and half probably failed primarily in shear, while for Q greater
than 4 most specimens without shear reinforcement failed in shear.

Application to design

The present design of flat slab or flat plate structures is largely based on the
need to prevent shear failures. When one is dealing with interior panels (and
these are the only ones to which the above analyses can be applied at this time),
it appears that normally the critical loading will be one in which a uniformly
distributed load is applied over the entire surface. Therefore equation (13a)
is the applicable one, and one should design against punching failure by
calculating the required moment sum and providing the appropriate reinforcement
and concrete depth. Then one can check for the value of Q and if that is less
than 2, the shear check becomes essentially irrelevant since, from the above
evidence, the structure will fail first in flexure.
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If one applies this criterion to current designs the results are rather startling.
For instance, if one looks at the Standard design of an interior panel of a slab,
supported on circular columns spaced 25 feet center to center and supporting a
service live load of 200 pounds per square foot, one finds that the CRSI Handbook

[20] requires both a drop panel and a large capital. Using their slab design
for this case, but omitting the capital and assuming the slab to be supported
directly on 12 inch diameter columns, one finds that Q 1.47. This is based on

p calculated from the CRSI design for the column strip by adding twice the
number of trussed bars, plus the number of top bars, plus, since the bottom
layer of reinforcement is not detailed to extend into the column, the straight
bars. If one then calculates vu according to equations 15-1 and 17-7 of ACI
318-63, one finds that it would be 345 psi, far above the permissible 208 psi.
However, according to the experimental evidence, the failure would clearly be

of a bending yield line nature, which requires further examination. The Handbook

or Code design is based on shear failure, and therefore requires the capital.
Analyzing the Handbook design, but without the capital, according to

equations (13 a) and (14), one finds that first, the radius of the yield fan, R, is

slightly larger than half the side length of the drop panel, and, second, that the
sum of the yield moments required for the ultimate load is slightly more than
11% greater than that available. To ensure that the füll yield moments can be

developed throughout the fan, it would therefore be desirable to enlarge the
drop panel by a foot or so in each direction, at the same time extending the
bottom reinforcement so that it ends about a foot nearer the column than
presently detailed. The sum of the yield moments must be increased by 11%
or more, which can be accomplished either by a 15% increase in depth within
the drop panel area without changing Q, or, perhaps more easily, by a 12%
increase in p (concentrated in the negative reinforcement), which will increase
Q to 1.84. This is still within the ränge in which shear failure apparently cannot
occur, which means that the capital is unnecessary. The savings to be obtained
by elimination of column capitals are obvious.

A similar analysis will show that column capitals are also unnecessary in a
slab supporting a service live load of 200 pounds per square foot with 16 inch
diameter columns spaced 40 feet center to center, provided the drop panels are
extended slightly, p is increased by 15% and the bottom reinforcement is
continued through the column. In lieu of the latter two requirements a 10%
increase in column diameter and a 15% increase in depth through the drop
panel would also provide an adequate design against yield line punching, or
shear failure. Even the most extreme case considered in the CRSI Handbook,
40 feet spacing of columns and 500 psf, service live load will, if one assumes the
columns to have diameters of 22 inches and removes the capitals, give a Q of
1.85, and a safe design against punching, provided the bottom reinforcement is
extended into the columns, the drop panel area is extended slightly, and the
total depth is increased by 16% in the drop panel area. It should be noted that
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the column sizes chosen for these illustrations are very small for the loads
involved. Since Q is inversely proportional to column diameter, any increase
in the column sizes would automatically improve the Situation. Effects of these

changes on design requirements for bending moments in the remainder of the
structure were not examined.

Since shear appears not be the primary cause of failure as long as Q is less

than 2, this index can also be used to determine the possible requirement for
shear reinforcement for a slab when capitals and/or drop panels are undesirable.
From test results [5, 6, 8] on specimens containing shear reinforcement, it is

apparent that such devices can be very effective in keeping Pyiaannel^test near
or below one even for very high values of Q.

Conclusions

1. Yield line patterns and equations can be devised which will model some
cases of a load concentrated over a small area of a reinforced concrete slab

supported on its perimeter, and also of uniformly loaded reinforced concrete
slabs supported on columns.

2. Test results from 234 punching specimens available in the literature were
compared with values of punching load predicted by yield line theory. The
overall arithmetic mean of Pyieia Kneiptest was 1-03, with a Standard deviation
of 0.29.

3. Closer examination of the test results revealed that one could define a
p2 f d2

parameter Q ^~— (IO4), which could be calculated for all specimens.

It appears that when Q is less than 2, Pyieuuneiptest^ consistently less than 1, i.e.
the punching strength predicted by yield theory is less than the actual punching

strength. Therefore it appears that bending strength rather than shear

strength is the Controlling factor for design whenever Q is less than 2.

4. When Q is between 2 and 4, either strength may control, while for Q

larger than 4 the shear strength definitely becomes the critical one.
5. Analysis of some Standard designs for flat slab structures shows that under

present shear provisions Q is very low and that in most cases column capitals
may be omitted without increasing Q above 2, even though this raises the
nominal ultimate shear stresses far above the permissible. Some revisions in
reinforcement detailing and small increases in either reinforcement percentage
or depth in the drop panel area may then become necessary to prevent the
possibility of punching yield line failure. Effects on design requirements for
bending moments in other parts of the structure were not investigated.

6. Since the Code shear provisions seem to be overconservative, it is likely
that shear reinforcement could safely be omitted from some flat plate structures
in which it would otherwise seem necessary.
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7. Since bending failures are much preferable to shear failures because they
are more gradual and give warning of distress, it would seem prudent to keep
Q less than two in all designs.

8. The preceding investigation has been solely concerned with symmetrically
loaded, symmetrical specimens. Further experimental data will be required to
analyze unsymmetrical cases in which appreciable bending moment will be
transferred from a column to the slab, or slabs in which the reinforcement is not
isotropic.

Notation

a side length of square slab
a' side length of square column, or other column dimension
Asidb area °f slaD supported by one column
b perimeter of column
B perimeter of slab supported on one column or supporting one column
d distance from compression face of reinforced concrete section to the

centroid of the tension reinforcement
fy yield stress of reinforcement
f'c compression strength of concrete
k an arbitrary constant
mx positive yield moment per unit length of slab - numerically equal to

Mu as defined by ACI 318-63, with the capacity reduction factor set

equal to one.

m2 negative yield moment per unit length of slab - calculated similarly to
mx

p ratio of reinforcement
P axial load in column, column stub or other loading device
Pflex defined in reference [3]
Ptest load at which an experimental speeimen was reported to have "failed"
Pyieu une load carrying capacity of a slab predicted by yield line theory
py.l. a,bbreviation for PyieUline

q shear in slab per unit length
Q parameter defined by equation (15)

r radius of circle over which load P is, or may be assumed to be,
distributed

R radius of yield line fan
vu ultimate shear stress as defined by equation 17-7 of ACI 318-63
Vflex defined in reference [8]
Vtest defined in reference [8]
w distributed load per unit area of slab
<j> angle measured in the plane of the slab, around central axis of column,

column stub or other loading device
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Summary

Yield line theory equations are derived for various cases of concentrated
loads or columns acting on slabs. These equations are then used in the analysis
of 234 punching failure specimens presented in the literature. The arithmetic
mean of Pyieuiunelptest was 1-03, with a Standard deviation of 0.29. A semi-

empirical formula, based on the test results, is presented which provides a
differentiation between yield line bending failures and shear failures and permits
one to predict with good accuracy whether the failure in any given case will be

due primarily to bending or to shear. Application to Standard designs reveals
that capitals and shear reinforcement can probably be eliminated in many
flat slab and flat plate structures.

Resume

Les equations de la theorie des lignes de repartition sont obtenues pour
differents cas de charges concentrees ou de colonnes agissant sur des plaques.
Ces equations sont alors utilisees dans l'analyse de 234 types de fissures decou-

pantes presentes dans differents ouvrages. La moyenne arithmetique du
rapport charge theorique / charge experimentale (Pyieidune Igtest > v°ir appen-
dice 11) etait egale ä 1,03 avec un ecart moyen de 0,29. On presente une
formule semi empirique, fondee sur des resultats experimentaux. Cette formule
permet de differencier les lignes de repartition des fissures de flexion de celles

de cisaillement. Elle permet egalement de prevoir avec une bonne precision
dans un cas donne si la fissure sera plutöt due ä la flexion qu'au cisaillement.
Son application ä des constructions courantes revele que des armatures
principales et des armatures de cisaillement peuvent etre generalement supprimees
dans les dalles et les plaques.

Zusammenfassung

Hergeleitet werden Bruchliniengleichungen für verschiedene Fälle von
Einzellasten oder Stützen auf Decken. Diese Gleichungen sind sodann für
234 in der Literatur angegebene Durchstanzproben angewendet worden. Der
Mittelwert ergab Pberechnetlpversuch 1>03 m^ einer Standardabweichung von
0,29. Eine auf Grund der Versuchsergebnisse gewonnene, halbempirische
Formel erlaubt die Unterscheidung zwischen Biege- und Schubbruchlinien
sowie mit guter Genauigkeit für irgend einen Fall die Voraussage, ob der
Bruch ursprünglich durch Biegung oder Schub verursacht wurde. Die Anwendung

bei Regelbauten offenbart, daß Stützenköpfe und Schubbewehrung
wahrscheinlich in vielen Flachdecken weggelassen werden können.
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Introduction

In the analysis of plane stress problems it is very often necessary to take
recourse to numerical methods. A conventional finite element analysis can give
a Solution to practically any plane stress problem. In such analysis, the structure
is idealized as an assemblage of a large number of small elements. It can be

proved that, in general, the Solution obtained will approach the exact Solution
to the problem as the number of elements increases [1].

However, the continuum can in many problems be idealized as an assemblage
of a small number of large triangles and/or rectangles. This assemblage of
elements can be analysed by matrix methods provided the stiffness or flexibility
matrices of the separate elements can be calculated. In this paper a derivation
is presented of the stiffness matrices of large reetangular and right-angle
triangulär plate elements. A stiffness matrix is calculated by simple matrix
manipulations with conventional finite differences (F.D.) equations.

In a conventional finite differences analysis, one F.D. equation is applied at
each point of a mesh laid upon the continuum, leading to a group of simultane -

ous equations. Once these equations have been solved, it is an easy matter to
calculate all stress components in the continuum.

Generally the following difneulties may arise in the Solution of plane-stress
problems by finite differences:

1. It is difficult to take into account discontinuities in the structure.
2. In a direct F.D. Solution of a plane-stress problem, the structure must be



62 AMIN GHALI - K. J. BATHE

externally statically determinate. The boundary stresses are therefore known.
If the structure is statically indeterminate, the direct F.D. Solution must be

supplemented by compatibility equations [2].
3. A conventional F.D. Solution may require a large number of simultaneous

equations. It may be the case that due to round-off errors or the capacity of the
Computer, a Solution to the problem cannot be obtained.

The object of this paper is to show how the displacement method - as used

in the finite element analysis - together with finite differences can overcome the
difficulties mentioned above.

The plate structures considered may be of any shape, but shall have linear
boundaries. They may be supported in any manner and be subjected to
inplane loading at their interior and along their boundaries. In the analysis, the
structure is idealized as an assemblage of large triangulär and/or reetangular
elements (Fig. 1). The largest number of equations to be handled at a time are

elements are connected at
nodes on their boundaries

727

finite difference
mesh points

Fig. 1. Large element idealization of a plate.

either the F. D. equations used in the derivation of an element stiffness matrix
or the force-displacement relations of the assembled structure, whichever is

larger. Generally, the larger number of equations is required in the analysis
of individual elements and this number of equations is of course, much less than
what would be used in a conventional F.D. analysis of the complete structure.

The method presented here is developed to be used in the analysis of box-
girder skew bridges. An analysis of such structures by conventional finite
differences seems difficult if not impossible. On the other hand, a conventional
Solution by finite element can become expensive because of the large number of
simultaneous equations involved.

If a single-cell box-girder skew bridge is considered as an assemblage of large
plate elements subjected to in-plane and bending forces, a Solution by displacement

method can be obtained in which finite differences are used for the derivation

of the element stiffness matrices.
This paper, deals only with the plane stress problem while the stiffness

matrices of plate elements corresponding to bending displacements are given
elsewhere [3].
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Szilard used finite differences to derive the stiffness matrix of a square
element corresponding to two in-plane coordinates at each corner [4] or at the
mid points of the element edges [5]. No accurate results were obtained in two
test problems solved by the use of these elements. However, Szilard suggests
that when an "optimum" number of elements is used the accuracy is improved.
The elements which are used in the present paper are reetangular or triangulär,
the coordinates and the method ofderivation of the stiffness matrix are different
from Szilard's approach. Further, the Solution using these elements give
accurate results.

Derivation of Element Flexibility and Stiffness Matrices

The typical reetangular and right-angle triangulär elements A and B used
in Fig. 1 are shown again in Fig. 2. The F.D. meshes on the elements are chosen
such that mesh points on the common line between adjacent elements eoineide

r* .x*.
T

y D E

x£
A

'—
typica
coord

typical coordinate
j »¦* at a general node

1
y <

¦

>i B y\y

F^y yy\y*>

typical coordinate c

at a general node

Number of mesh points 52,
n 52-3 49,

m 40, p ra —3 37,

r= 12, n p + r, l 30,

a) Reetangular element A

ata corner

Number of mesh points -30
n 30-3 -27

m — 27, p m — 3 24
r 3, n p-\-r, 1 :15

b) Triangulär element B

Fig. 2. Examples of finite differences meshes used in the derivation of the flexibility and stiffness
matrices of reetangular and triangulär elements.

(Fig. 1). The adjacent elements are assumed to be connected at boundary mesh

points referred to as nodes and all external forces are applied at the nodes. At a
node, two degrees of freedom may be considered, representing in-plane
displacements normal and tangential to the element edge (Fig. 2). At a corner point
the two degrees of freedom represent displacements normal to the element
edges.

The differential equation to be satisfied at all points on the element is [2]:

d*@ 2d*0 d*<P

dxL + dx2dy2+ dy*
°J (1)
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where 3> is the Airy stress function. This function is related to the stresses by the
equation:

d2&
(2)

dy2'

d2&
dx2'

82<P

dx dy'

(3)

(4)

Using central finite differences Eq. (1) to (4) applied at any interior mesh point
i can be represented in the schematic form given below, in which the horizontal
and vertical lines represent F.D. mesh lines parallel to the x and y directions
respectively.

2oc 4 a (1 + a) 2 a

-4 (1 + a) 6 + 6a2 + 8a 4(1+a)-

(ax)i Jz

I

-4a(l + a)-

a2

1

1

-2a

{<*>} 0, (5)

{*}>

1

i —
i

+ !]{*},

(Gxy)ixvn ±KK {*}>

where -ft)'-

(6)

(8)

(9)

A^ and A^ being the mesh intervals in the x and y directions (Fig. 2).
The boundary conditions at a point on a free edge parallel to the £-axis

making an angle y with the #-axis (Fig. 1) are:

K)a (CTJesmV + (^AcosV + 2(^Asinrcosr' (10)

(<^)a (°x)eSinycosy-(Gy)esinycosy+((jXy)e(cos2y--sin2y), (11)



PLATES SUBJECTED TO IN-PLANE FORCES 65

in which the subscript a refers to the external applied stress and the subscript
e refers to the stress as calculated by Eq. (2) to (4). In the element analysis to
follow, Eq. (10) is satisfied at mesh points on the boundary while Eq. (11) is

applied at mid-points between the boundary mesh points. Let the number of
boundary conditions for the element be m, corresponding to m values of external

applied stress oa.
Assume that an element is supported at any three non-parallel coordinates

and a flexibility matrix corresponding to k other coordinates is required.
Boundary forces {Q} applied at the k coordinates are related to p external
applied stresses {cra} by the relations given in Fig. 3, which can be combined in
one matrix equation.

{aa}pXl [C]pXk{Q}kXl> (12)

where p m — 3.

The three cra's omitted from the m stresses in Eq. (12) represent the equi-
librants to the p-boundary applied stresses.

If a unit load is applied in turn at each of the ^-coordinates the external
boundary stress matrix is

KW [CW- (13)

concentrated
boundary force Q

equivalent boundary
stresses

tx y f f
X f X

f

Xh
(a)i

• / \ / y y JJ y / Ay /
•""Q tx X. X X

UUJJJJ*
/Y/,/ A/ 4/$ <

^J^dLüJJ
(cr)i_! (c7)i + J_ -£-

2 2 2Ah

,,'/7 /V /

(o-).
Xh

fi // >/ /

V

v x
ti

x
r*V / s^y y Ay y ' "y \lLA// /As

m^
2 2 2Xh

Fig. 3. Boundary stresses equivalent to concentrated forces. Thickness of plate h.
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Using Eq. (10) and (11) combined with Eq. (6) to (8), the p boundary
stresses are related to the Airy stress function values at the mesh points by p
equations. These equations together with Eq. (5) applied at the interior points
lead to a group of simultaneous equations, which can be put in the form

[A]nXnVP}nXk
f{0},rXl

[Wal
(14)

pXl)

where r is the number of interior mesh points and n is the total number of mesh

points less three. Since the stress depends on the derivatives of <f>, any arbitrary
values for <j> can be assigned at three points not on a straight line. Let the </>-

values at these three points be zero. Solution of Eq. (14) gives the </> values at
the other mesh points.

Using Eq. (6) to (8), the stresses ox, ay and oxy at the mesh points on the
element can be calculated. Thus,

MsZXl [^SJXwWwxi- (15)

The element stresses corresponding to a unit load applied separately at each
of the ^-coordinates is given by

fcJsiXfc [EhlXnlB] nXfc> (16)

where [B] is obtained by solving for [<f>] in Eq. (14) with the right-hand side as
follows:

f[°]rx* 1

[A]nXn[B]nXk l (17)
[[C]pXk)

Let the stress matrix [ou] in Eq. (16) be subdivided as follows:

Lau\sixk K2]

i_KJ.
(18)

The elements of a typical submatrix [o-m-]3XÄ. are the stresses ax, ay and uxy at
mesh point i due to the &-unit load cases.

Using the "unit load" theorem [7], the flexibility matrix of the element is

where

and

[/W= K^KiFMKd,i=l
(AA)i ajiXxXy,

1 -v 0

-v 1 0

0 0 2(l+v)
[d]

(19)

(20)

(21)
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E being Young's modulus, v Poisson's ratio, and h is element thickness. (A A)i is

an elemental area around mesh point i and equals A^. A^ for all interior points.
The multiplyer oj1 1/2, 1/4 and 1/8 for the typical boundary points D, E, F,
respectively (Fig. 2).

Once the flexibility matrix of the element is calculated, the analysis of the
assembled structure may be carried out by either the force or the displacement
method. If the displacement method is chosen, the stiffness matrix of the
unsupported element is to be determined from [/]. (See ref. [7], p. 148).

The analysis of the assembled structure gives the forces {Q} acting at the
boundary nodes of the elements. The stresses at all mesh points of an element
of the assembled structure are then calculated by the equation:

Wsn [°*\svt{Q}ki- (22)

General Remarks

1. While displacement continuity is preserved in the interior of elements, on
the element boundaries, compatibility of displacements is achieved only at
the node points. Therefore, the number of these points should be sufficiently
large and the larger the elements the smaller the error caused by the idealization
of the structure to an assemblage ofelements. Thus, in contrast to a conventional
finite element idealization, the structure should here be divided into the largest
elements possible.

2. Most structures. can be idealized as assemblies of reetangular and
triangulär elements. Sometimes, trapezoidal elements can conveniently be used,
as for example in the analysis of skew bridges. The same procedure given above
can be used for the trapezoidal element.

3. It is to be noted in Computer programming that [A], [C] and [E], are

sparse matrices and only non zero elements should be stored or generated when
needed.

4. It is possible to solve for </> values from a number of simultaneous equations
applied at the interior points only [2]. However, for easy Computer programming,
the form in Eq. (14) was used.

5. Improved coefficients [8] can be used to form matrix [A] in Eq. (14)
instead of central finite differences. More accurate results can then be expected.

Application

Consider the continuous deep beam in Fig. 4, which has two equal spans L,
unit breadth and is of depth equal to the span. For the analysis, the beam is
considered as an assemblage of two equal elements connected at 7 node points
along F B. The F.D. mesh used to derive the element stiffness matrix is of size
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Fig. 4. Continuous plate analyzed in the example.
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(a) Span AB and BC loaded (b) Span AB only loaded

O Schleeh's Solution (Ref. 9)

Fig. 5. Stresses in terms of q at sections DE and FB of the plate in Fig. 4.

Xx Xy L/6. Table 1 and Fig. 5 give the stresses calculated for a uniform load
of intensity g/unit area on the bottom side of the beam in the two spans and in
one span only.

The same problem was solved by Schleeh [9]. He determined the stresses

of a statically determinate beam by a Solution using Fourier series. To determine

the statically indeterminate reaction at the central support, he treared a
continuous beam on spring supports as an idealization of the deep beam. His
extensive study shows that his method can be expected to give accurate results
for continuous deep beams with depth-to-span ratio smaller or equal to unity.
Schleeh's results (see Table 1 and Fig. 5) are in good agreement with the results
of the large element analysis used in the present paper.
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Table 1. Stresses in terms of q for the deep continuous beam in Fig. 4

Loading
Section DE Section FB

y
ox Oy Oxy ox Oy Oxy

-L/2
(-0.212)*
-0.245 0.000 0.000 -0.046 0.000 0.000

-Lß -0.180 0.054 0.004 -0.031 -0.055 0.000

-L/Q -0.195 0.171 -0.013 0.059 -0.197 0.000
Uniform load q
per unit area
on ABC 0.0

(-0.237)
-0.222

(0.367)
0.363 -0.060

(0.254)
0.250

(-0.471)
-0.493 0.000

L/6 -0.155 0.635 -0.135 0.600 -1.151 0.000

L\3 0.236 0.915 -0.167 0.791 -2.726 0.000

L/2
(1.358)
1.280 1.000 0.000 -3.291 -5.894 0.000

-L/2
(-0.364)
-0.352 0.000 0.000 -0.023 0.000 0.000

-L/3 -0.236 0.065 0.027 -0.016 0.038 -0.118

-L/ß -0.230 0.209 0.022 0.029 -0.077 -0.167
Uniform load q

per unit area
on AB 0.0

(-0.203)
-0.241

(0.421)
0.426 -0.012 0.125 -0.237 -0.230

L/6 -0.137 0.703 -0.078 0.300 -0.603 -0.254

Lß 0.320 0.954 -0.126 0.396 -1.493 -0.221

L/2
(1.295)*
1.399 1.000 0.000 -1.646 -3.169 0.000

* values between brackets were given by Schleeh [9]

Conclusion

For finite element analysis of plane-stress problems, stiffness matrices of
triangulär or reetangular elements are needed. If displacement funetions are
assumed to calculate the element stiffness matrices, it is necessary to idealize
the structure as an assemblage of a large number of small elements. In this
paper the stiffness matrices of the elements are derived by finite differences,
without assuming displacement funetions. Therefore, structures can be
considered as assemblages of a small number of large elements. In fact the
larger the elements used in the idealized structure, the smaller is the error
caused, by element division.

The method is used in a test problem of a continuous deep beam. The results
obtained show good agreement with those calculated by another method.
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Notation

[A] matrix formed by finite differences coefficients of Airy stress func¬
tion, Eq. (14)

[B] values of Airy stress function at mesh points due to unit load
applied separately at each of the boundary coordinates

[C], [E] transformation matrices defined by Eq. (12) and (15), respectively
{Q} concentrated boundary forces
(A A) elemental area
[d] elasticity matrix (Eq. (20))
[/] flexibility matrix
h plate thickness
k number of coordinates for which the flexibility matrix is derived
l number of finite differences mesh points on the element
m number of boundary stress equations for an element
n total number of finite differences mesh points less three

p equals (m — 3)

r number of interior points. Also r n — p
oc constant (XxjXy)2

y angle between x- and |-axes
A^., A^ finite differences mesh spacings in the x and y directions
v Poisson's ratio
or stress; type and direction of stress defined by subscripts x, y, £ and

y-
{oa} applied boundary stress
[au] internal stresses at mesh points on the element due to a unit load

applied separately at each of the coordinates
0 Airy stress function
o> multiplying factor, Eq. (19)
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Summary

A derivation of the flexibility and the stiffness matrix of large reetangular
or right-angle triangulär plate elements for in-plane degrees of freedom is

presented. The flexibility matrix is calculated using finite differences. This
matrix is then used to derive the element stiffness matrix. The calculations
involve simple matrix Operations and can be easily programmed.

The stiffness matrices derived by this method are intended to be used in the
analysis of structures which can be idealized as an assemblage of large
reetangular or triangulär plate elements, e.g. box-girder skew bridges.

Resume

On presente une methode permettant d'obtenir les matrices de rigidite et
de flexibilite pour des elements plans (degre de liberte 2) en forme de rectangle
ou de triangle rectangle de grandes dimensions. La matrice de flexibilite est
calculee en traitant des differences finies. On deduit ensuite de cette matrice
la matrice de rigidite de l'element. Les calculs fönt appel a des Operations
simples sur les matrices et peuvent etre aisement programmes.
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Les matrices de rigidite obtenues par cette methode sont supposees etre
utilisees pour l'analyse de structures qui peuvent etre idealisees comme assemblage

d'elements plans de grande dimension en forme de rectangle ou de

triangle rectangle, par exemple ponts inclines ä ceintre en caisson.

Zusammenfassung

Gegeben wird eine Herleitung der Flexibilitäts- und Steifigkeitsmatrix von
großen rechteckigen und aus rechtwinkligen Dreiecken bestehenden Elementen
für die Freiheitsgrade der Scheibe. Die Flexibilitätsmatrix ist mit Hilfe von
endlichen Differenzen berechnet und zur Herleitung der Steifigkeitsmatrix
verwendet worden. Die Berechnung besteht aus einfachen Matrixoperationen
und kann leicht programmiert werden.

Die so hergeleitete Steifigkeitsmatrix kann für Bauwerke Anwendung
finden, die durch rechteckige oder dreieckige Elemente idealisiert werden können,
unter anderem für schiefe Trägerroste.
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Introduction

Various analytical techniques have been proposed [1, 2, 3, 4, 5] for the analysis

of orthotropic bridge structures. Most of the techniques, however, con-
centrate on the analysis of the stiffened deck and floor beams and neglect the
interaction of the main girders. In addition to this structural assumption, the
St. Venant and warping rigidities are not considered in the study of floor
beams.

It is therefore proposed that a grid technique [6], utilizing an equivalent
orthotropic plate analysis and finite differences [3, 7], be applied in analyzing an
orthotropic bridge structure. This analysis will include both bending and
torsional (St. Venant and warping) rigidities for all structural members in the
system. The resulting equations are evaluated by a Computer, permitting any
Variation in loadings and stiffnesses.

Equivalent Plate Equations

A series of interacting grids or beams, subjected to some external load q,
will develop internal moments and shears. Examination of an element of the
grid system, Fig. 1, describes these froces. The spacing of the grids in the x and

y direction will be assumed to be n X and A, respectively. All of the forces acting
on the grid can now be distributed over the grid spacing, thus creating an
equivalent plate system, as shown in Fig. 2.
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Fig. 2. Equivalent Plate Forces.

Plate Equation. - Summing forces in the z direction and moments about
the x and y axis will give three equilibrium equations. These three equations
can be reduced to the following general equilibrium Eq. (1).

1 d2M„ 1 d2M,Ty + -
i d2M,

X dx2 \nX dxdy X d
MTx\
xdy J + i d*M.

nX dy2
M — -?• (1)

The relationship between the moments (bending and torsion) and vertical
deformations is now required. The bending moment and curvature equations
are well known and are defined as:

MX -EI
M„ -EI

82w
xJx*'

82w

yjy2'

(2)

(3)

The general torsional equation, as given in reference [7], relating total torque
to rotation of a beam along the x or y axis is:

Mly MsTT + MVj, GKT&'-EIw®m. (4)
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This equation is then transformed into force by unit of width and deformation
by assuming the derivatives of rotation as follows:

d2w
Twist along x axis: <t>' — -——. (5a)& x dxdy v '

d2 wTwist along y axis: &' — -——. (5b)y cy dx

Taking the derivatives of Eq. (5a), (5b) and substituting these derivatives and
<P'X and 0'y into (4) gives:

Ml „Ktx d2w ^Iwx d±w^ ^G-f-—-~- + E-^ 3_ (6)
A A dxdy X dx3dy

Mv GKty d*w
{ EIwy d*w

(7)nX nX dydx nX dy3dx'

Taking the proper derivatives of Eq. (2), (3), (6), and (7), in accordance with
Eq. (1), and substituting these derivatives into Eq. (1), gives the following sixth
order partial differential equation:

8*w d*w 8°w Vw .n82w_
x8x4 «dx^y2 vdx28yi dx2dy2 v dy* q' yi

where: Dx ^, Cx=^j^, 2H=gI^ + ^A,
TP T T? T

D„ =7*, G„ "
(9)

nX ' v nX

Force Equations. - Utilizing the previous equations, the general force equations

on each beam corresponding to Fig. 1, can now be evaluated.

Bending Moment Equations:

d2w
Mx -DxJ^, (10a)

My -Dv^. (10b)

Shear Equations:

T/ d*w d3w dbw
V* -D*J^-HvJx7y*+CvJx-7y' ¦ (Ua)

T7 dsw d3W d5W /nu\Vv -Dvjtf-HxIy7^^'G*8y~d^- (Ub)
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Reaction Equations:

\83w 2H 83w Cx 85w Gv 8*w ]
x~ x[dxa +

Dx 8x8y2 Dx8x38y2 Dx 8x8^]' a)

ra»u> 2H 8*w Cv d*w Cx 8*w ]
v v\7y*~* Dy 8y8x2 Dy dysBx2 Dy BySx*]'

K '

Torsional Moment Equations:

M^ -H\jyyy\ <14a>

M^ c\^-y\ (14b)

^--**[£?*]' (15a)

^-^[ä7^]- <15b>

Rotation Function G>":

d3w
*- -*?<*• (16a)

*y "^2|-- (16b)u dy*dx

where the constants associated with Eqs. (10) through (16) are defined by
Eq. (9) and the following Eq. (17):

HX G^, Hy G^. (17)x X v nX v

Solution of Orthotropic Plate Equation

The Solution of the differential equation (8) is obtained by use of the finite
difference technique. This technique requires the selection of discrete points
throughout the equivalent plate element.

Examining Fig. 3, a set of coordinates and points are described on a plate,
with mesh spacings of n X and A along the x and y axes respectively. These

spacings also correspond to the grid spacing described in Fig. 1. Using the
difference relationships for the partial derivatives, the finite difference Solution
of the differential equation (8) is obtained and results in Eq. (18).
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bbl bbr

bll mr

all arr

aal aar

Fig. 3. Typical Mesh Pattern Array.

w0 [6 n* + 6 (ßloc)2 + 8 n2 ß +12 A +12 n2 B]

- 4 (wr + Wj) [n2 ß + (ßja,.)2 + 2 A + 6/4 n2 B]

-4(wa + wb)[n2ß + ni + 6l4:A + 2n2B]

+ (w„ + wa) [(ßl*)2 + 2A] + (waa + wbb) [n* + 2n2B]

+ (war + wbr + wal + wbl)[2n2ß + 4:A + 4:n2B]

-A (w«n + wm + warr + wb„) -n2B (waar + Waca -wbbr + wbbl)

(18)

where a H^DxDy, ß E\By, A CJX2Dy, B Cv\X2Dy. (19)

The force equations, (10) through (15), and rotation funetions Eq. (16), can
also be evaluated in finite difference form. Defining the following constants:

0 =äv.
yx T\ '

^xy r\ >

a.
Vv A2ZL

<?,

A2ZL

Dy

DJ

C„
€* X2H'

C„
(20)

X2H„

Equations (1) through (16) are described in a finite difference mesh pattern
as shown in Figs. 5 through 18.

These relationships are now used to modify the general Eq. (18), in order to
aecommodate the various boundary conditions for a bridge structure. The
modifications and the resulting load-deformation mesh patterns will now be
described.
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Fig. 9. Rx General Mesh Pattern.
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Fig. 10. Ry General Mesh Pattern.
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Fig. 11. M^ General Mesh Pattern.
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Fig. 12. Mtx General Mesh Pattern.
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Fig. 13. Mtx General Mesh Pattern.
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Fig. 14. My General Mesh Pattern.
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Fig. 15. MTy General Mesh Pattern.
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Fig. 16. M*ry General Mesh Pattern.
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Fig. 17. <P'x General Mesh Pattern.
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Fig. 18. <P'y General Mesh Pattern.
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Mesh Patterns

The general structural problem which will be evaluated consists of a series of
interconnected deck, floor beam, and main girder comprising a bridge system.
This bridge is simply supported at two ends and has two free supports, as
described in Fig. 4.

Six general finite difference mesh patterns are therefore required to accom-
modate this model.

Mesh Condition 1. General Interior Load Point

The general mesh pattern for any load point completely within the boundaries

is described in Fig. 19, and is Eq. (18), written in mesh pattern form.

-n2B n4+2n2B - -n2B

-A 2n2/3+4A
+ 4n2B

-4(n2/3+n4

+(6/4)A+2n2B) - 2n2/3+4A
+ 4n2B -A

(/3/ct)2+2A -4[n2/3+(/3/oL)2
+2A+(6/4)n2B] - 6n4+6 03/oO248n2/3

+ I2A+I2n2ß - -4[n2/3+(/?/ct)2
+2A+(6/4)n2B]

(/3/cx)2+2A

-A 2n2/3 + 4A
+ 4n2B

-4(n2£+n4
+(6/4)A+2n2B)

2n2/3+4A
+ 4n2B -A

-n2B n4+2n2B - -n2B

qn4X*

Dy

Fig. 19. Mesh Condition No. 1.

Mesh Condition 2. Load Point Adjacent to Simple Support

This type of loading requires three boundary conditions in order to express
the three mesh points beyond the boundary relative to known mesh points.
This relationship can be obtained by the expression My 0. Applying this
equation along the simple supports, at three locations, and substituting these

relationships into Eq. (18) or Fig. 19 gives mesh condition 2, Fig. 20.

Mesh Condition 3. Load Point Adjacent to Free Support

This condition also requires three boundary conditions, in order to relate
interior and exterior points. The relationship for all three boundary conditions
is Mx 0 at each required point along the free edge. Applying this equation
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LD PT.

(£/oc)2+2A -4[n2/3 + (£/o()2

+2A+(5/4)n2B]
5n4+6(/9/a)2

+8n2/?+l2A+IOn2B
-4[n2/3+(/3/ol)2
+2A+(5/4)n2B]

(/3/o02+2A

-A 2n2/S + 4A
+ 4n28

-4(n2/?+n4

+(6/4)A+2n2B)
2n2£+4A
+ 4n2B -A

-n2B n4+2n2B -n2B

qn4X4
Dy

Fig. 20. Mesh Condition No. 2.

-n2B — n4+2n2B

2(n2/9tAt2n2B)

-n2B

-4(n2/3 + n4-K5/4)A

+ 2n2B)
2(n2£+2A

+ 2n2B)

-2[2n2/3+(£/cx)2
+2A+(6/2)n2B]

6n4+5(/3/oc)2
+8n2/3+IOA+l2n2B

-4[n2/3+(/3/oL)2

+2A+(6/4)n2B]
(/3/<x)2+2A

2(n2/3+A + 2n2B) -4(n2/3 + n4+(5/4)A
+ 2n2B)

2(n2/3+2A
+ 2n2B)

-A

-n2B n4+2n2B -n2B

qn4X*
Dy

Fig. 21. Mesh Condition No. 3.

and substituting the results into Eq. (18) gives the final mesh condition 3,

Fig. 21.

Mesh Condition 4. Load Point on a Free Support

This loading condition requires eight boundary conditions. The boundary
conditions that were used are:

1. Mx 0 for five mesh points.
2. Rx =0 for one mesh point.

3* (S)r ilM-+(S)J one mesh point*

4- (i$r M(lf)o+(^)Jone mesh point-

The first two types of boundary conditions, for a free edge, are self-explan-
atory. The last two conditions are relationships relating the slope at a given
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point to the sum of the average slopes surrounding that point. These slope
equations were required in order to express all exterior points relative to the
interior points. The results from all of the eight boundary conditions, and their
Substitution, gives mesh condition 4, Fig. 22.

n2+2n2B -2n2B

-(4n2£+4n4
+2A+8n2B)

— 4n2/3 + 4A+8n2B -2A

6n4+2(£/a)2+8n2/5J
+ 4A+l2n2B 1

- [8r.2/3+4 (ß/ct)2
+8A+l2n2B]

2(/9/cX)2+4A

-(4n2/3+4n4
+2A+8n2ß)

4n2/3+4A+8n2B -2A

n4+2n2B -2n2ß

qn4X4

Dy

Fig. 22. Mesh Condition No. 4.

Mesh Condition 5. Load Point Adjacent to a Simple and Free Support

This load condition requires six boundary conditions. As utilized in mesh
conditions 2 and 3, the moments My 0 along the simple support and Mx 0

along the free support are used. The Solution of these conditions, when
substituted into Eq. (18), results in mesh Fig. 23.

LDPT.

-2[2n2/3+{/3/oQ2
+ 2A+(5/2)n2B]

5n4+5(£/ct)2
+8n2/9 + iOA+IOn2B

-4[n2/3+(/3/a)2
+2A+(5/4)n2B]

(£/<X)2+2A

2n2/9+2A
+4n2B

-4(n2/3+n4+(5/4)A
+ 2n2B)

2n2£ + 4A
+ 4n2B

-A

-n2B n4 + 2n2B -n2B

qn4X«

Dy

Fig. 23. Mesh Condition No. 5.

Mesh Condition 6. Load Point Adjacent to a Simple Support on a Free Support

There are ten boundary conditions that are required for this loading condition.

The required relationships are:
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1. My 0 at two points.
2. Mx — 0 at four points.

i(S).-J[r

/M _
1 \lc_w\ (dvA 1

\8xJt~ 2[\8xlaJ + \8yfbiy
6. i?x 0 at one point.

The Solution of these ten equations, and their relationships, results in mesh
condition 6, Fig. 24.

LD. PT.
1 5n4+2(/3/c<)2
1 +8n2/3+4A+lOn2B

-8n2£-4(0/oO2
-8A-IOn2B

2(£/c02+4A

-4n2/3-4n4
-2A-8n2B

4n2£ + 4A+8n2B -2A

n4+2n2B -2n2B

qn«X»

Dy

Fig. 24. Mesh Condition No. 6.

With all of the required mesh patterns defined and developed, the Solution
of any given loaded bridge grid system can be solved. The generation of the
required equations and their Solutions has been accomplished by a Computer
program (8). The evaluation of deflection at each grid point will then permit
evaluation of each force at that grid point. The force equations (10) through
(16), as described in Figs. 5 through 18, have also been modified to account
for the boundary conditions, and these various equations are then evaluated by
a Computer program. The two basic Computer programs that have been written
will evaluate deflections and then forces.

Stresses

For any given bridge system and loading, the deflections are obtained by
solving the set of simultaneous difference equations, as represented by mesh
conditions 1 through 6. The Solutions of these equations yields deformations at
each respective girder mesh point. These deformations are then utilized to
evaluate forces, given by Eqs. (10) through (16). With these forces, the stresses

throughout the system can be determined by the following equations:
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Bending:
M^

Normal Warping:

where:

St. Venant Shear:

where:

Warping Shear:

where:

Bending Shear:

where:

7bx,y S '

where: Mx Eq. (10a), Fig. 5, My Eq. (10b), Fig. 6.

°Wx,y EWns&^ or EWnSy0"y,

(21)

(22)

0"x Eq. (16a), Fig. 17, 0"y Eq. (16b), Fig. 18.

^tx -t^ty
(23)

MIß Eq. (14a), Fig. 12, MST% Eq. (15a), Fig. 15.

- _ Mw ^wsx yrw &wsy
Twz,y ~ lvJ-Tx± j U1 luTyl~j j11 wx l *¦ wy

M%x Eq. (14b), Fig. 13, M%v Eq. (15b), Fig. 16.

*** xixt viy
Vx Eq. (IIa), Fig. 7, Vy Eq. (IIb), Fig. 8.

(24)

(25)

50.0'
JJL

B-»i detail B^<y \j w-w

3r\^
-3/8

-I/o" — i " I

detail Ä

3/4 "

tf
- J*"

r-jjryj-

24"

8- '/o

section B-B

12" 3"

5/c"

detail B

Fig. 25. Bridge Structure.
detail A
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Bridge Solution

The following will describe the analysis of a hypothetical orthotropic
bridge, subjected to a given truck loading. This structure, Fig. 25, consists of a
cellular deck framing into transverse floor beams and two outside main
longitudinal girders. The stiffnesses of the various elements of the bridge Systems
were evaluated at the respective intersections of the grid nodes, described in

2P„
20.35'

2P,> 2P,
"

13.0'

40.0'

longitudinal loading position

i40.0'

P1,2,3 P1,2,3

g-o1—H .4-25\

P, * I6.0k
Pj,= 16.0k
P - 4 Okr3 ^w transverse loading position

Fig. 26. Loading Condition.

0.0

0.25

0.0

0.

0.0

0.3

0.0

0 2

0.0

10 0

0.0

-o O o_

0 9

-ft" q>; .io-7D/in.2]

Vx [K/in.]

-° ° »-=*= Mw ,0-2[K-in./.n.]

.üST..n-2

0.5-

1.0

M*1 -lO'^CK-in./in.]

Mbx [Kin./in.]

A [in.]

0 .1 .2 .3 .4 .5 .6 .7 .8 .9 10 w

Fig. 27. Forces and Distortions along Floor Beam No. 4.
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Fig. 4. A total of 165 grid points were selected for this analysis. The stiffnesses,

Dx,Dy,Hx,Hy,Cx and Cy were then computed for the

a) Longitudinal Deck
b) Transverse Deck
c) Transverse Floor Beam
d) Longitudinal Main Girder

at the respective points, as listed in Ref. [8].
With these stiffnesses and specified loading, Fig. 26, the bridge deflections at

each grid point were determined. These deflections were then used to evaluate
forces in the system.

Fig. 27 describes the resulting deflection A, shear Vx, bending moment
Mbx, torsional moments M^., MTx and torsional function <PX along floor
beam number 4. Similar results were obtained for the remaining girders 1

through 7, for this loading case.

Fig. 28 describes similar results for the left main longitudinal girder.
These data are typical of the values obtained for the many loading cases

which were investigated (8). From these data the resulting stresses, as prescribed
by equations (21) through (25) throughout the system, can then be evaluated.

05

00

0 5

00

00 *^= M

0 2J

00

002-J

00

200

00

0 5

$>" IO"7 [1/m 2]

Vy [K/in]

Ty[K in /in]

MTy[K in /in]

MB [K in /in ]

A [,n]

0 I 2.3 4 56 7 8 9l0w
Fig. 28. Forces and Distortions along Left Main Girder.
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Nomenclature

q Mesh point load intensity - force per unit area

x,y Horizontal reetangular coordinates. The origin of coordi¬
nates is always at the left corner of the simply supported
edge of the plate. The #-axis is always parallel to the pair
of simply supported edges of the plate

z Vertical coordinate, positive downward

w Deflection of the plate, positive downward

Xy X Spacing of a grid in the y direction - in.
Xx nX Spacing of a grid in the x direction - in.

Xx
n t-— Ratio of grid spacing

Ix The moment of inertia in the x direction of a plate or
girder - in4

Iy The moment of inertia in the y direction of a plate or
girder - in4

Ktx Torsional Constant of a plate or girder in x direction - in4

Kty Torsional Constant of a plate or girder in y direction - in4

E Modulus of elasticity of the material of the plate or girder
- ksi

G Modulus of rigidity of the material of the plate or girder
- ksi

Measure of the bending stiffness of a plate or girder in
x direction - K in2/in.

Measure of the bending stiffness of a plate or girder in
y direction - K in2/in.

Measure of the torsional stiffness of a plate or girder in
x direction - K in2/in.

Measure of the torsional stiffness of a plate or girder in
y direction - K in2/in.

(K K \
—r^-H ^i Measure of the total torsional stiffness of a plate or gir-

A nX J TZ ' 2/'der - K m2/m.

Iwx The warping constant of a plate or girder in x direction

- in6

Iwy The warping constant of a plate or girder in y direction

- in6
W T

Cx —>~ Measure of warping stiffness of a plate or girder in x direc¬
tion - K in4/in.

D* EI*
X

Dy Ely
nX

Hx
J7ri ^tx°77

Hy nX
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A

B

Cx

X2Dy

*Dy
¦liDXDy

ß lb

Vx

Vy

V

X2Hy
Ox

X2HX

Oy

A22>.

Gx

X2D„

Sx D̂y
Sy d
rfs H

xy '
y

^yx j\
Mx,y

M\x,y

Rx
s~

s„

w

0x,y
<T>"

x,y

Measure of warping stiffness of a plate or girder in y direction

- K in4/in.

Dimensionless ratio

Dimensionless ratio

Dimensionless ratio

Dimensionless ratio

Dimensionless ratio

Dimensionless ratio

Dimensionless ratio

Dimensionless ratio

Dimensionless ratio

Dimensionless ratio

Dimensionless ratio

Dimensionless ratio

Bending Moment in the x or y direction - K in/in.
Total twisting moment, in the x or y direction - K in/in.
St. Venant's twisting moment in the x or y direction -
K in/in.
Warping twisting moment in the x or y direction - K in/in.
Shearing force per unit width in the x or y direction - Kjin.
Reaction in the x or y direction - Kjin.
The section modulus of the cross section in the x or y
direction - in3

The warping statical moment at a point s on a cross section
in the x or y direction - in4

The normalized warping function at a point s on the cross
section in the x or y direction - in2

Unit twist in the x or y direction - radians
The second derivative of unit twist in the x or y direction
- in-2
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rbXtV The bending stress in the x or y direction, due to plane
bending - ksi

rWXfV The warping normal stress in the x or y direction - ksi

hxy The bending shearing stress in the x or y direction, due to
plane bending - ksi

rstx Pure torsional shearing stress in the x or y direction - ksi
The warping shearing stress, in the x or y direction - ksi

ilx, y

' Wx,y
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Summary

The relationship between deformations and internal grid forces; bending,
torsion (St. Venant and warping), shear, and applied external forces is obtained
by an equivalent orthotropic plate technique. The resulting differential equations

are then solved by finite differences and various Computer programs, as

applied to a bridge structure.
The results of a hypothetical bridge analysis are presented.

Resume

La relation entre les deformations et les forces internes du treillis, la flexion,
la torsion (St.-Venant), le cisaillement et les forces appliquees exterieures est
obtenue au moyen d'une technique equivalente de plaques orthotropes. Les
equations differentielles resultantes sont ensuite resolues pour des differences
finies au moyen de differents programmes d'ordinateur et appliquees ä des
constructions de ponts.

On presente les resultats de l'analyse d'un pont hypothetique.
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Zusammenfassung

Die Beziehung zwischen Verformung und inneren Kräften, Biegung,
Drillung (St.-Venant- und Wölbkraft-), Schub und aufgebrachten äußeren
Kräften wurde durch eine äquivalente Methode für orthotrope Platten erhalten.

Die erhaltene Differentialgleichung ist sodann mittels endlicher Differenzen

und verschiedenen Computerprogrammen gelöst sowie für Brücken
angewendet worden.

Die Ergebnisse einer hypothetischen Brückenberechnung liegen vor.
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Introduction

The stress-strain relation of the structural steel is characterized by the long
plastic flow started from the yield point and followed by the strain hardening.
When the steel bar of the uniform section is subject to a tensile load, its load-
deformation diagram will present the similar behavior as that of the stress-
strain diagram, and it seems to have enough ductility.

This behavior will become somewhat different when the stress in the section
changes continuously along the length of the bar. Consider the model shown
in Fig. 1, where the cross section of the bar changes continuously and the section
A-A has the minimum cross sectional area. The yield will firstly occur at the
section A~A when the bar is subject to a tensile load, and without the further
increase of the applied load, the vicinity of the section A-A will never yield
because the strain at the section A-A remains in the plastic flow ränge. This
means that, in such a speeimen, the plastic flow will not appear without the
further increase of the applied load as the yield section A-A has geometrically
zero length. When the strain at the section A-A enters into the strain hardening

ränge, the applied load will increase correspondingly, and the yielded zone
will extend to the vicinity of the section A-A.

The maximum strength and the maximum deformation*) of the speeimen
will be reached when the stress at the section A-A reaches the tensile strength
of the material. Thus the inelastic deformation capacity will depend upon the

*) In this paper, the maximum deformation means the deformation of the speeimen at
the maximum strength state, not the deformation at the breaking of the speeimen.
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yield ratio of the material (the ratio of the yield point to the tensile strength of
the material).

If, for instance, there would be a material having the yield ratio which
equals unity, the material of elastic-perfectly plastic, the speeimen will break up
abruptly as soon as the stress in the section A-A reaches the yield point, and

no plastic deformation may be observed.
The similar phenomenon may be observed when the member is prismatic,

however the stress changes along its length. This is approximately the case of
the flanges of wide-flange beams having the moment gradient, then in this
case, the rotation capacity of the beam may be controlled by the yield ratio of
the material, such as Lay had implied [1].

The idea described above will be verified by the following analysis and experi-
ments.

The Case of Gradual Stress Change — Stress Concentration is Negligible

A steel speeimen having the uniform thickness is subject to a tensile load in
the direction of the x-axis as shown in Fig. 1. The speeimen is assumed to be

symmetric about both x and y axis. The change of the sectional area along the
length of the speeimen is assumed to be so gradual as to be able to neglect the
effect of the stress concentration.

The stress-strain relation of the material is simplified by four straight lines
as shown in Fig. 2.

>

i

c

T

\ /¦¦\ riL
il.

A 0 A

\
\ T

Fig. 1.

6y €s

Fig. 2.

where,

eY:
€ot:

yield point,
tensile strength,
strain at yield point,
strain at the start of strain hardening,
strain at tensile strength point.

The maximum tensile strength of the speeimen is reached when the stress
in the minimum section of the speeimen attains to aB.
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Tmax oBA(0), (1)

where, Tmax: maximum tensile strength of the speeimen,
A (0): minimum sectional area of the speeimen.

The average tensile stress at an arbitrary section of the speeimen when
subject to the tensile load having the magnitude of ocTmax(0^oc^ 1.0) is

expressed as,

a{x)--A7x) =0UJsÄ7x)' (2)

where, a (x): average stress at x,
A (x): sectional area at x.

The extension of the yielded zone X is obtained by introducing aY to o~ (x) of
eq.(2),

A(0)
(7v OC (7t A(xy

The alternative expression of the above equation is as follows, introducing
the symbol Y oY\aB \ ^ne yield ratio of the material,

A(X)~A(0)=0. (3)

Eq. (3) gives the extension of the yielded zone X under the given load
oc Tmax, and it may be seen from this equation that, in case of elastic-perfectly
plastic material (Y 1), A (X) is at most equal to A (0) even in the maximum
strength state (a 1), and this means that no plastic deformation of the speeimen

may be expected.
The elongation of the half length of the speeimen 8^, when the tensile load

he T oc Tmax and the extension of the yielded zone be X, is given by,

0 X

The elongation §max at the maximum load is obtained by introducing
oc 1 into eq. (4),

0 X

A(X)-±A{0) 0.

Fig. 3 is the schematical Illustration of eq. (5), assuming, for the simplicity,
that €st and eB have the same values for various grades of steel. The larger the
yield ratio of the material, the smaller the deformation capacity, though the
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descending paths become somewhat different on accordance with the shape of
the speeimen.

To verify the theoretical prediction above described, experiments were
conducted using various grades of steel. The shape of the test specimens is as
shown in Fig. 4. The elongation of the specimens between points G and G' were
measured by dial gauges as shown in Fig. 4 for each step of loading.

max
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s
Elastic Deformatign
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Fig. 3.

Fig 4.
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6b=01S£ct=002 GP=009

005 010 015

-G
020

Fig. 5.

The stress-strain diagrams of materials used are shown in Fig. 5, and their
specific values are shown in Table 1. The simplification of the stress-strain
diagram for the use of calculation was made as follows:
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Table 1. Mechanical Properties of Various Grades of Steel

Grade
of

steel

Young's
modulus

E

Yield
point

ay

Tensile
strength

ob Yield ratio
of material
Y ayjoB

Strain at the
strain hardening

point
€st

Strain at the
tensile strength

point
€Bin tons per square

centimetre

SS41
SM50
SM50Y
SM58

2005
2095
2090
2065

3.03
3.85
4.37
5.01

4.62
5.76
5.51
6.05

0.655
0.669
0.793
0.827

0.022
0.019
0.031
0.020

0.195
0.177
0.163
0.135

a) est and eB are assumed to be 0.02, 0.19 respectively for all grades of steel
here, for simplicity.

b) It is difficult to determine eB exactly because the unlimited flow occurs at
the vicinity of this point, so the point, F (oc or/crB 0.95, eF 0.09) was
chosen as the first point to be checked.

The simplified stress-strain diagrams were thus constructed by connecting
these points with straight lines as shown in Fig. 5.
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Fig. 6.

Elastic
Deformal ionitMFig. 7.
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—Y

The diagrams for the load index a versus elongation for various grades of
steel obtained from the experiments are plotted in Fig. 6, where theoretical
predictions based on the simplified stress-strain diagrams now obtained are also
shown in broken lines.

The relation between the maximum elongation and the yield ratio of the
material is shown in Fig. 7. At the loading state oc 0.95, the theoretical
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prediction and the experimental results are in good accordance, at the ultimate
state (a 1), however, the experimental results exhibit some scattering, which
perhaps be resulted from the difficulty of measuring eB exactly as mentioned
before. The left side of the dotted line a-a in this figure shows the domain where
the parallel parts of the speeimen yields perfectly, and the longer the parallel
parts, the larger the jump of elongation at the a-a line.

The Case of Steep Stress Change — Stress Concentration must be Considered

As the typical example of the case of stress concentration, the plate with
a round hole as shown in Fig. 8 was adopted, and the behavior was investigated
until its ultimate state theoretically and experimentally.

oin
CN

*40 -f-40-

2*

-c=80-

Dimension: mm

Fig. 8.

DIAL GAGE

DNQ1
NO2N03

i 1 1'
WIRE STRAIN GAGE

100^100-50

hv- -29-

In order to investigate the effect of the yield ratio of the material, the
specimens of various grades of steel were examined also in this case.

The rigorous theoretical Solution of such a plate in elastic-plastic ränge has

not yet been obtained, so the numerical analysis by the finite element method
extended to the elastic-plastic ränge on the basis of the plastic flow theory [2]
is performed in this paper. The speeimen is divided into triangulär elements
shown in Fig. 9, considering the symmetry of the speeimen and the available
capacity of the Computer.

The detailed description of the finite element technique adopted here is
shown in Appendix I, and the behavior of this speeimen obtained by the calcu-
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lation and the experiment is illustrated bellow rather minutely taking the case
of SM 50 steel (equivalent to ST-52) as an example.

The relation between the true stress and the natural strain must be used in
this case because the material be in biaxial state of stress in the vicinity of the
hole, and this is shown in Fig. 10, which is obtained from the tensile speeimen
test, the conventional stress-strain diagram is also shown in this figure for
comparison.

16
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The theoretical relation for the mean stress at the minimum section A-A'
versus the elongation of the speeimen between B-B' is shown in Fig. 11. The
theoretical overall yielding of this speeimen had oecured at the mean stress
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4.0 ton/cm2 in the section A-A', whereas the yield point of this material was
3.85 ton/cm2 as was seen in Fig. 10, this difference was caused by having been
assumed von Mises' yield condition in this analysis.

The spread of the yielded zone and the distribution of stress and strain along
the section A-A' are shown in Fig. 12 for various load stepsi? which correspond
to the same symbol shown in Fig. 11. The meaning of other symbols used in this
figure is as follows,
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K= 1

q^=1 88 t fem* ¦¦ Strain-hardening region
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Fig. 12-2. Fig. 12-3.
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V/I e": plastic strain according to the definition of the plastic flow theory.

(ri + ai o-rffy + 3T2: equivalent stress.

Measured strains at the locations of No. 1-No. 3 shown in Fig. 8 are

compared with the calculated strains in Fig. 13. In the finite element method, the

strain is assumed to distribute uniformly in each triangulär element. while the

actual strain will change continuously in the whole region, so the average of the

strains at neighbouring triangulär elements is considered to be the equivalent
strain which should be compared with measured strain. The average strain e

was calculated by the following equation,

(eiVt + ei+1Vi+1),
vt+vi+1

where \\, Vi+1 are volumes of neighbouring triangulär elements and et, ei+l are

calculated strains at respective elements as illustrated in Fig. 14.

The diagram for mean stress at the minimum section A-A' versus elongation

of the speeimen between points G and 0' is compared with the test results

in Fig. 15.

The agreement seems to be satisfactory for the both cases.

As the final step, the relation between the deformation capacity of such

specimens and the yield ratios of the material used is investigated. In order to

see the results on a common base, esi and eB were assueed to have the identical

values for various grades of steel as was done in the previous section. In this



102 BEN KATO - HIROFUMI AOKI

Q03

4.0

Measuredö Theoretical

GAGE N0.1

0.01 0 02

4.0

— Measured '

-°-Theoretical2.0

GAGE NO. 2

0.01 0.02

* 4.0

Measured

Theoretical

GAGE NO. 3

0.01 0.02 0.03

Fig. 13

0.03

£i+l,V[+i

ti,VL
Fig. 14.

SM 50
6.0

4.0

— Experimental
—°- Theoretical

Ö

[ 2.0

5.0 10.0
3GG'mm

o

YiS: -f15.0

«= 0.95

10.0
*" Exact \

Approximate'

5S41

SM 50
5.0

SM50Y

SM 58

a—£jastic_Pe formation

Fig. 15.

02 04 0.6 0.8 1.0

— Y

Fig. 16.



DEFORMATION CAPACITY OF STEEL PLATE ELEMENTS 103

type of the speeimen, the rupture occurs suddenly when the load reaches the
maximum without showing any necking at the part of the minimum section,
and it is very difficult to measure the elongation at the maximum load point, so
both theoretical and experimental values are compared at the loading level
oc TjTmax 0.95 in this study. The solid line of Fig. 16 shows the theoretical
relation between the elongation and the yield ratio of the material. Test results
of specimens having various values of yield ratios are plotted in this figure.
Mechanical properties of all steels indicated in the figure have been shown in
Table 1. The figure shown by a broken line is the prediction based on the simple
theory described in the previous section which neglects the effect of stress
concentration. The left side of the dotted line a-a in this figure shows the
domain where the whole section of no hole yields thoroughly. It can be seen
that the deformation capacity increases drastically when the yield ratio of the
material is smaller than the value shown by this dotted line.

Conclusion

It has been shown theoretically and experimentally that the elongation
capacity of the steel plates of which sectional area change along their length
was controled by the yield ratio of the material used. The larger the value of the
yield ratio, the smaller the elongation capacity of the member.

It may be said from this point of view that it should be careful when the
high yield strength steel be used in a tension member bolted or rivetted at its
connections or in tapered or notched shape, because the high yield strength
steel generally has the high yield ratio.

It has also been shown that the elongation capacity increases drastically
when the whole section of the parallel part of the member could yield thoroughly
before the maximum strength of the speeimen be reached. It may be safe to
assume that the maximum average stress in the minimum section at the maximum

strength state of the speeimen is at least equal to the tensile strength of
the material aB even in the case of the stess concentration be severe, then the
condition above mentioned may be written as,

Amin aB ^p °Y > 0r ^min * ^p >

where Amin: the minimum sectional area of the member,

Ap: the sectional area of the parallel part.

This means that the minimum area should be larger than Y times the area
of the parallel part. For the practical purpose, the above criterion may be useful
to secure the enough ductility of the steel tension member.
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Appendix I. Extension of the Finite Element Method for Plane Stress Analysis
to the Inelastic Range

The material dealt in this procedure is an isotropic and ductile one obeying
the von Mises yield condition, and the Prandtl-Reuss' loading function.

Based on the incremental strain theory, the deformations predicted for the
volume element will be different for each loading path, then the boundary of
elastic and plastic region should be determined by giving the load increments.
And the stiffness matrix of the finite element in the plastic ränge will change

every moment with the change of stress state of the element.

The Stiffness Matrix of Triangulär Elements

In the following, a division of the region into triangulär shape elements is
used. The simplest representation of the displacement increment of a node ; of
the triangulär element is given by two linear polynomials.

Au^q^q^q^,
Avj =q* + q5xj + q6yj,

where

Auj,A Vji cartesian components of the displacement increment at a node j.
Xj, yj: co-ordinate of a node /.

qi (i 1, 2, 3, 6): unknown quantity.

The alternative expression of eq. (6) is as follows,

AÖ=Tq, (7)

where Ad {Au1,Au2,Au3,Av1,Av2,Av3},

q ={?1>22>23>24>?5>?6}>

T

The symbol {} means the transpose of the column vector.
The strain increment is defined in terms of the displacement increment.

_HAu) _8JÄv) _8(Au) 8(Av)A€x~ 8x • /i€«- 8y ' Ayx»-~~8^r + -8ir' (8)

1 xx Vi 0 0 0
1 x2 V2 0 0 0
1 X3 Vs 0 0 0
0 0 0 1 xl Vi
0 0 0 1 x2 V2

0 0 0 1 x3 Vs
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Which are written in matrix notation as,

Ae Bq, (9)

where A e {A ex, A ey, A yxy},

"0 1 0 0 0 0"

B 0 0 0 0 0 1

0 0 10 10
From eq. (7) and eq. (9),

A€ BT~1Aö. (10)

The relation between strain increment and stress increment is assumed to be
linear during the increment.

Ao D*>Ae, (11)

where Aa {A Gx,Aoy,Arxy},
Dp: Elasto-plastic value of an elasticity matrix.

The increment of external work A E done by nodal loads F is expressed as,

AE -(±Aö*AF+Aö*F), (12)

where * : transpose of the matrix,
* ~ \flx> J2x 5 JSx /12/ 5 /2 2/ >/3 2//j
AF {Aflx,Af2x,Af3x,Afly,Af2y,0f3y},
fix>fiy (* 1> 2, 3): components of external load at a node i,
A fix, A fiy (i 1, 2, 3): components of load increment at a node i.

The corresponding increment of the strain energy A U is,

AU S($Ae*Ao + Ae*o)dv. (13)

From the principle of the minimum potential energy,

JJB + J t/ -(iJd*JF+J d*F)+J(i Je* Ja +Je* a)dt; 0. (14)

The next equation may be hold simultaneously, from the theorem of Virtual
work,

jAe*adv-Aö*F 0. (15)

From eqs. (14) and (15),

$(lAe*Ao)dv-\Aö*AF=0, (16)

or Ae*AoAt-Aö*AF= 0,

where A: area of the element,

t: thickness of the element,
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Substituting eqs. (10) and (11), eq. (16) is written as,

AF=KPAö, (17)

where KP N*DpNAt, N BT1.

Elastic-Plastic Value of an Elasticity Matrix of the Material

After Pope [2], the elasticity matrix in inelastic ränge Dp is derived as
follows:

The yield condition may be represented by a yield surface which is given by

/K-) 0, (18)

where a^ is a nine component stress tensor. It should be noted, however, that
the stress tensor is symmetrical and that consequently only six of the stress

components are independent.
If it is assumed that changes in the yield surface during deformation depend

on plastic strain history only, the yield condition after a further infinitesimal
increment of plastic strain is given by

f + tijdefj + ^J-doij 0.

Pi {
Hence ttj defj — -^— dotj, (19)

where t^ describes the strain-hardening properties.
The plastic strain increments are given by

dei Xp-, (20)

where A is the plastic strain increment factor.
We denote by the suffix 0 Symbols relating to some initial loaded state in

whieh the stresses and strains are known in a typical triangulär element. The
total strains after this initial state has been modified by a small load increment
is given by

€ €0 + 8ee + 8£v, (21)

where e {€ll,e22,2e12, £33} (22)

and where S ee and 8 ep are corresponding matrices of the elastic and plastic
strain increments.

Provided that there is no significant change in the elastic constants during
the load increments, the elastic strain increments are given by

o-o0 De08€e, (23)

where a0 {an, u22, a12, cr33}, (24)

and where D% is the elasticity matrix.
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(25)

(26)
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Eq. (20) is expressed approximately by a matrix form

8ep A0O,

~ df df 0 df df \where <f> {—*-, —!-, 2-±-, —L-\.

When yielding is governed by the von Mises criterion, eq. (26) is written

^ {°11 > ^22 ' CT12 9 ^33} '

where superscript ' denotes the deviatric stress.
Provided that the stress increments are small compared with the stresses

themselves, the following linearized form of eq. (19) may be used.

W8ep -&$(o-o0),
where W [tn, t22, t12, t3Z].

Substituting eq. (21) and (25) in eq. (23), it may be shown that

o-o0 De0(€-€0-X<P0).

X may be obtained by substituting eq. (25) and (29) in eq. (27)

X L<P*D%(e-eQ),

where L is a scalar given by

L-i **Dg*o-!Fo0o.

Substituting eq. (30) in eq. (29)

ff-a0=GS(f-I$04»*D«)(e-f0).
Hence a — a0 Dp (e — e0),

DP D8(/-i*0*o*ß8).

(27)

(28)

(29)

(30)

(31)

(32)

(33)

where / denotes a unit diagonal matrix and where Dp is the elastic-plastic value
of an elasticity matrix.

When the element is in a state of plane stress, the D% matrix is written in the
form

~1 v 0 0"
v 1 0 0

U°~ 1-v2 0 o 1^ 0
(34)

0 0 0 0_

Using this expression, Dp of eq. (33) is calculated as follows,
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where

Dp

ofy2 + 2C1 -a'xo'y + 2vC1

a'x2 + 2C1

2H'

(symmetric)

n-2

"x + Wy^
1+v XV

°'y + V°'x

1+v Txy

C2=o'2 + 2vo'xOy + o'2 + 2(l-v2)Cx,
1

K2 + 2va>; + ^} + |^(l-v)^,2(l+v)
°'x M20^-0^)
°y i(2o"2/-°'J
E: Young's modulus,

v: Poisson's ratio,
ö2 or2+a2-(7xay + 3r2y,

Ad

9E

deviatric stress,

H'
A-€p>

(35)

^^ ^[(a; + va;)J6x + K + vc7;)J62/ + (l-v)T^Jycc1/]

equivalent plastic strain increment.

The expression of eq. (35) coincides with that appeared in the later contribution
of Y. Yamada [3].

The strain increment in the direction of the thickness J ez is obtained from
the assumption that the plastic deformation may occur with no volume change,

Je, -Aex-Aey +
y

ß ;(Aax + Aay). (36)

Determination of the Load Increment

The stiffness matrices of respective triangulär elements eq. (17) are assembled

to that of whole structural system now considering, then J F represents the
increment of the applied load. Ad, Ae and J o* may be obtained for the given
value of J F from eq. (17), eq. (10) and eq. (11) respectively.

Stress-strain relation of the steel is characterized by yield point and strain-
hardening point, and to study the inelastic behavior of steel speeimen, it is

important to check the status corresponding to these points. This is performed
by the following procedure,
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1. The distribution of the applied forces F oy AF are indicated by their ratios.

2. An arbitary value of J F is given according to their distribution, and J a,
A e of each triangulär element are calculated.

3. It is necessary to apply the load mAFto make yield an arbitrary triangulär
element, the condition for this may be expressed as follows,

°r (crx + mAax)2 + (ay + mAay)2-(ox + mAaJ
+ Z(TXy + mArXy)2,

where, m: multiplying factor.

Calculate the values of m for all triangulär elements, and the minimum
value of them is the necessary multiplying factor to produce the first yield
of any triangulär elements.

4. Determine the value of m which make yield the next triangulär elements by
the similar procedure as described above, in this step however, it must be
considered whether the strain of the already yielded element should reach
the strain hardening point or not by the increment of the load mAF. This
condition may be expressed as,

mJ^ es,-2J^. (38)

Then in this step, eq. (37) and eq. (38) must be considered simultaneously to
determine the minimum value of m.

5. In successive calculations, co-ordinates of nodes and thickness of the ele¬

ments must be based upon the state just before the each load increment
should be given.

Appendix II. Notation

The following symbols are used in this paper:

A area of the element
A (0) minimum sectional area of the speeimen
A (x) sectional area at x
Amin minimum sectional area of the member
Ap sectional area of the parallel part of the member
B matrix defined by eq. (9)
C1,C2,CS funetions defined by eq. (35)
D% elasticity matrix
Dp elastic-plastic value of an elasticity matrix
E Young's modulus
AE increment of the external work
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F
AF
fix' Jiy
^ fix ' ^ Jiy
H'
i
K
Kv
L
m
N
q

i
T
T
t

hj
T
AU
Auj,A Vj

X
Y
a

K

UGG'

Ad
Ae
€

€Y
€B

€st

Alp
8ee

8ep
2J€-2>
A

V

5

°B

nodal load vector
increment of the nodal load vector
Cartesian components of external load at a node i
Cartesian components of load increment at a node i
strain hardening modulus
unit diagonal matrix
load step
stiffness matrix of a triangulär element in inelastic ränge
half length of the speeimen or a scalar given by eq. (31)

multiplying factor
matrix defined by eq. (17)
unknown vector
unknown quantity
matrix defined by eq. (7)
tensile load
thickness of the element
strain-hardening properties
maximum tensile load of the speeimen
increment of the strain energy
Cartesian components of displacement increment at a node j
volume of a triangulär element i
length of the yielded zone

yield ratio of the material
load index
elongation of the half length of the speeimen
elongation of the half length of the speeimen at the maximum
load
elongation of the speeimen between G and G' (Fig. 4, 8)

elongation of the speeimen between B and B' (Fig. 12)

increment of displacement vector
{J €x,Aey,A yxy} increment of strain vector
average strain
strain at yield point
strain at tensile strength point
strain at the start of strain hardening
increment of the equivalent strain
elastic strain increment
plastic strain increment
equivalent strain
plastic strain increment factor
Poisson's ratio
equivalent stress
tensile strength
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g(x) average stress at x
GY yield point
°AA' average stress at A-A' section
G stress vector
Aa increment of stress vector
G deviatric stress

aij nine component stress tensor
<P see eq. (26)
w see eq. (28)
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Siimmary

Deformation capacity of steel tension members of which sectional area
change continuously along their length is investigated analytically and
experimentally. When the change of the sectional area along the length is gradual,
the stress concentration is negligible, on the contrary, when the change is very
steep as in the case of bolt-hole, the effect of the stress concentration can not
be ignored. For the analysis of the latter case, the finite element method
extended to the elastic-plastic ränge based on the plastic flow theory is adopted.
The agreement of the theory with the test result is satisfactory.

Resume

On etude theoriquement et experimentalement l'aptitude ä la deformation
de pieces d'aeier soumises ä des efforts et dont la section varie longitudinale-
ment. Si la Variation de section est progressive longitudinalement, la concentration

des efforts est negligeable. Au contraire, si la Variation est brusque
comme dans le cas d'un alesage pour boulon, l'effet de la concentration des

efforts ne peut etre ignore. Dans l'analyse de ce dernier cas, on adopte la
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methode considerant des elements finis etendue au domaine elastique-plastique
et basee sur la theorie du fluage. Les mesures experimentales concordent de

maniere satisfaisante avec les resultats theoriques.

Zusammenfassung

Analytisch und experimentell ist die Verformungsfähigkeit von
Stahlelementen untersucht worden, deren Querschnitte kontinuierlich ändern. Ist
die Querschnittsänderung allmählich, so kann die Spannungskonzentration
vernachlässigt werden, ist die Änderung jedoch schroff wie im Falle eines

Nietloches, dann kann sie nicht vernachlässigt werden. Für die Berechnung
des letzteren Falles wurde die für den elastisch-plastischen Bereich auf Grund
der Fließtheorie erweiterte Endlichen-Elementen-Methode angewandt. Die
Übereinstimmung der Theorie mit den Versuchsergebnissen ist zufriedenstellend.
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List of Symbols

d Clear depth of webplate between flanges
6 Width of webplate between centre line of adjacent transverse

stiffeners
t Thickness of webplate
8 Lateral deflections of webplate, stiffeners or flanges
E Young's modulus
/x Poisson's Ratio
k Massonnet efficiency factor

EPD 2 2 Flexural rigidity of plate
7T*L

d2t
TT2D

Kh -jg— Critical (edge) buckling stress for a webplate subjected to pure
bending

Gy Yield stress of material
EI Flexural rigidity of a single sided longitudinal stiffener about

surface of webplate, and flexural rigidity about the mid surface
of the webplate for a double sided longitudinal stiffener

jp j
y jy^ Non dimensional stiffener rigidity parameter
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y* Stiffener rigidity required according to the linear theory of web
buckling if a symmetrical stiffener is to remain straight when
the adjacent panels buckle

Subscripts

v Refers to vertical (transverse) stiffeners
l Refers to longitudinal stiffeners

I. Introduction

The earlier work of Massonnet [1-4], Cooper [5,6] and Rockey [7] has
provided a great deal of information in respect of the behaviour of webplates
loaded in pure bending and reinforced by double sided longitudinal stiffeners.
In addition most of the above work was restricted to a study of webplates
reinforced by a single longitudinal stiffener. Since all of this existing work has
been well reported by Massonnet in his recent paper [8], at the I.A.B.S.E.
Conference held in New York and also in the papers by Cooper [9] and others
[10-12], no detailed survey of existing published work will be given in the
present paper and references will be confined to those papers of direct associa-
tion with the present study.

From his experimental work on all welded girders reinforced by double
sided stiffeners, Massonnet produced his well known efficiency factor concept.
Massonnet noted that for the longitudinal stiffeners on his all welded girders
to remain effective up to the collapse of the girder it was necessary that they
had a rigidity y — ky* where y* is the theoretical rigidity which, according
to the linear theory of elastic web buckling, an ideal stiffener should possess
if it is to remain straight when the adjacent webplate panels buckle.

What is also of importance is that Massonnet showed that the value of
his efficiency factor k varied with the position of the longitudinal stiffener;
stiffeners close to the compression flange, requiring a higher k value than those
closer to the neutral axis.

The k values recommended by Massonnet are as follows:

Distance between horizontal
stiffener and compression flange k

0.5 d 3

0.33d 4

0.25d 6

0.20d 7

Since the above data was obtained from tests on girders reinforced by
double sided stiffeners - it has been considered necessary to carry out tests
on webplates reinforced by single sided longitudinal stiffeners.
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Tests on aluminium girders of bolted construction conducted by Corney
and one of the present authors [13] has shown that when the webplate is

initially plane the behaviour of webs reinforced by single sided stiffeners is

significantly different from that of similar webs reinforced by double sided
stiffeners. However, since a welded steel girder usually has large initial distor-
tions as noted by Goodpasture and Stallmeyer [14], who give detailed
values one would not necessarily expect similar behaviour from welded steel

girders.
The present tests are of particular interest since Cooper and his colleagues

[5, 6] in 1965 and 1966 reporting on tests carried out at Lehigh University on
all welded steel girders reinforced by a single longitudinal stiffener commented
that "the longitudinal stiffeners which were used in these tests had no
significant effect upon the observed ultimate loads, except for girder LB 6 where a
11% increase in ultimate load was realised". Although this stagement would
appear to conflict with the earlier findings of Massonnet and others, examination

of the test data presented by Cooper shows that failure of the girders
occurred at less than twice the theoretical buckling load calculated on the
assumption that the web was simply supported along its boundary. In this
case, one would not except the influence of stiffener rigidity to have such a

significant effect and furthermore it would be difficult to distinguish between
the effects of stiffener rigidity and the many other factors such as residual
stresses, initial deformations etc., which affect the ultimate load. In a more
recent report by D'Apice, Fulldery and Cooper [15] the authors have
modified the earlier findings of Cooper and conclude that "if properly pro-
portioned longitudinal stiffeners are provided, a significant increase in loading
strength can result". The authors did not however present any data similar
in form to that provided by Massonnet.

In order to study the effects which the rigidity of single sided longitudinal
stiffeners have upon the post buckled behaviour of webs loaded in bending
the authors have tested two series of girders in which only the size of the
longitudinal stiffener was varied, all other member sizes being kept constant.

The purpose of the present study was as follows:

1. To study the behaviour under pure bending of large all welded webplates
reinforced by one line of single sided longitudinal stiffeners placed at the
optimum position according to the linear theory of web buckling [20-23].

2. To study the behaviour of webplates reinforced by two lines of single sided
longitudinal stiffeners placed at the optimum position according to the
linear theory of buckling [16,17].

3. To develop a simple collapse method of design for reinforced webs loaded
in bending.
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IL Design of Girders

Since the object of the investigation was to study the post buckled and
collapse behaviour of longitudinally reinforced girders when subjected to pure
bending, only that portion of the test girders so loaded was of interest. It was
therefore decided to test girders having detachable end panels. These end
panels were overdesigned to ensure that failure took place in one of the three
central panels which were subjected to the uniformly applied bending moment.
Two sets of end panels were manufactured and these were used throughout
the complete investigation.

The general details of the girders tested are given in Fig. 1. It will be
noted that three types of girders were tested. One girder TGO was fitted
with only transverse stiffeners which had been designed to provide a value of
yv (y EIjDd) equal to 3 times the y* [18,19] value; the purpose of this test
being two fold. First to provide a datum against which to gauge the Performance

of the longitudinally stiffened girders and secondly to check whether
or not the value of 3 for the efficiency factor k for transverse stiffeners as

proposed by Massonnet is satisfactory. The second series comprised four
girders having the central test section reinforced by one line of single sided
longitudinal stiffeners together with two transverse stiffeners placed as shown
in Fig. lb. The strength of the transverse stiffeners was kept constant and
the girders only differed from each other in the strength of the longitudinal
stiffeners. Three of the girders were fitted with single, one-sided, longitudinal
stiffeners and the fourth with a single-double sided stiffener. The purpose of
testing the latter girder was to provide a datum against which to judge the
Performance of the one-sided stiffeners. The details of the longitudinal stiffeners
employed are given in Table 1.

Table 1

Test
girders

No. of
longitudinal

stiffeners

Position of stiffeners Dimensions of stiffeners (in.)

First
stiffener

Second
stiffener

First
stiffener

Second
stiffener

TGO

TG 1-1
TG 2-1
TG 4-1
TG 7-1*)

TG 1-2
TG 2-2
TG 3-2
TG 4-2
TG 5-2

0

1

1

1

1

2
2
2
2
2

0.2 d
0.2 d
0.2 d
0.2 d

0.123 d
0.123 d
0.123 d
0.123 d
0.123 d

0.40 d
0.40 d
0.40 d
0.40 d
0.40 d

0.713x0.187
0.872x0.187
1.323x0.187
0.87 x 0.187

0.765x0.187
1.008x0.187
1.262x0.187
1.503x0.187
1.741x0.187

0.758x0.187
1.014x0.187
1.261x0.187
1.531x0.187
1.746x0.187

*) Double sided stiffener
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These longitudinal stiffeners were positioned at one fifth of the overall
depth of the girder from the compression flange, which is the optimum position
for a web which is simply supported on all 4 edges [20-23].

It has been established in references [20-23] that the value of y* varies
the area parameter ß, where ß is the ratio of the cross sectional area of the
stiffener to the area of the webplate (dt). It has been shown in reference [16]
that the relationship between y* and the area parameter ß is given by Eq. (1)

yl yto+k**v-2j)ßL, (i)

where y%0 is the value of y* when ßL 0.

rj is the position of the stiffener from the compression flange.

In determining the value of y* given in Table 1, a practical longitudinal
stiffener, of reetangular cross section, was designed subject to the requirement
that its depth to thickness ratio should approach but not exceed 8.5:1.

The area of the actual stiffeners used in the tests varied and y\a is the
corresponding value of y£ for the actual ß value possessed by the stiffener.

The third test series consisted of five girders each having two lines of one-
sided longitudinal stiffeners whose dimensions are also given in Table 1. It was
again assumed that the flanges and transverse stiffeners provide a simple
support to the web and the stiffeners positioned so as to give the maximum
resistance against buckling. Thus the stiffeners were placed at 0.123 d and
0.275 d from the compression flange [16,17].

Both the end and central panels were of welded construction. The flanges
and the heavy transverse stiffeners at the end of the panels were continuously
welded to the webplate but in an attempt to reduce the distortions of the web
due to welding, the longitudinal and intermediate transverse stiffeners were
welded to the web using a staggered welding procedure. This can be seen in
a number of the photographs presented later in the report.

The end panels were attached to the central test section by means of 1"

diameter high tensile steel bolts distributed across the depth of the girder,
these are clearly shown in Fig. 3.

Although a large number of bolts were used to connect the end panels to
the central panel, it was found necessary to provide an additional connection
between the tension flanges on either side of the junetion between the end

panel and the central test girder, since during the testing of girder TG 7-1

(the first test conducted) a weld fracture occurred at the junetion of the tension
flange with the heavy end stiffeners. A satisfactory Solution was achieved by
means of a short cover plate which was welded to the tension flange of the
central section and bolted to the end panel.

The ratio of panel depth to web thickness was chosen to be 750:1, the web
plate being 0.0666 in. thick and the clear web depth between flanges 50 in.
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This ensured that the ultimate load, as calculated from simple plastic theory,
was approximately three times the critical load for those girders with two
lines of longitudinal stiffeners and six times the critical load for girders
reinforced by a single line of stiffeners. By choosing such a high d\t ratio it was

possible to make an adequate study of the post buckled behaviour of the web.

The tension and compression flanges were of equal section each being 8" wide

and 7 deep. The vertical or transverse stiffeners separating the three central

panels were designed to provide an inertia 3 times the theoretical value

required. according to the linear theory.

III. Experimental Apparatus

III.1
The girders were simply supported at their ends on case-hardened steel

rollers and loaded vertically at the junetion of the strong end panels and the

central section by means of two 100 ton capacity hydraulically operated jacks,

see Fig. 2 and 3, which show one of the test girders in position in the testing

3 ^*s ,S
¦ &y

Hf! ri
BSj • y y

lm>sU"' <
SK

L"v»

J*:"'¦
»4»

Fig. 2. General view of testing arrangement. Fig. 3. View of Central Bay of girder showing
deflection measuring apparatus.

frame. Each jack reacted against a very rigid yoke which was bolted to the

testing floor. By ensuring that the two jacks applied equal loads, the central

test section was in a state of pure bending, the bending moment being constant

along the length of the entire experimental section. The applied load was

recorded by two load cells, connected to Elliott load indicators which can be

seen in the right hand side of Fig. 2.

Since it was essential that no lateral buckling of the compression hange

occurred, the compression flange was restrained against lateral deflection at
six positions by the stabilising trusses which are also shown in Fig. 2; the
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positions where the stabilising trusses were connected to the girders is given
in Fig. 1. The stabilising arms were pin connected at one end to the compression
flange of the girder and at the other end to the rigid trusses which are securely
bolted to the floor at the other. Since these lever arms were 6 ft. long, they
allowed vertical movement of the girder but prevented lateral movement of
the compression flange. Reamered holes and machined pins were used to
ensure good restriction in the lateral direction.

II1.2. Deflection Measuring Apparatus

a) Flanges. The rotational, vertical and lateral movements of the
compression flange over the central 13' 6" section were recorded by means of the
dial gauge system shown in Figs. 2 and 3, each gauge being graduated in units
of 0.0001". The measurements were made at five equally spaced sections as
shown in Fig. 4. Since the frame supporting the dial gauges was firmly bolted

N^jV ^ s' | j s y s* ' —p/—

11 dial gauges at
5 crs on each
stiffener

^12'

£^=

\end A

50

sub panel W 1

12 Vr

-stiffener SI

sub-panel W2

f sub-panel W3

Fig 4 Distribution of dial gauges

V

to the floor, the over-all deflections of the girder were measured. The measure-
ment of the lateral movement of the compression flange was complicated by
the fact that the girders deflected vertically by an appreciable amount. To
allow for this the dial gauges measuring this lateral movement recorded against
vertical plates clamped to the edge of the compression flange as may be seen
in Figs. 3, 4 and 5.

b) Stiffeners. Since one of the most important factors under investigation
was the behaviour of the longitudinal stiffeners, it was essential that their
deflection was measured with extreme accuracy. This was achieved by means
of the dial gauge system shown in Fig. 5. This apparatus was clamped to the
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Fig. 5. Dial gauges in position to roeord lateral deflection of longitudinal stiffeners.
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Fig. 6. Central section of girder TG 0 under test. Fig. 7.

transverse stiffeners, its construction being such that it remained unstressed

by the deformation of the girder under load. Eleven dial gauges calibrated
in intervals of 0.0001 in., were distributed at 5" centres along each stiffener.
For the testing of the girder TG 0, which had no longitudinal stiffeners, the
same device was used to record the lateral displacement of the vertical
stiffeners, see Fig. 6.

c) Web Plate. In order to be able to determine the effectiveness of the
various stiffeners in preventing the lateral deformation of the web plate under

loading. the device shown in Fig. 7, see also Fig. 3, was used to measure web
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plate deflections over the whole of the centre panel. The frame was spring
loaded on to the girder to avoid seif stressing during the loading of the girder.
The frame was attached to the tension, and compression flanges in the plane
of the web plate, very small centering holes having been drilled in the flange
to locate the framework. Thus the apparatus was completely unaffected by
any rotation occurring in the flanges. The vertical bar, which was used as a

datum for the depth gauge employed, was provided with slots to allow deflection

readings to be made with a dial depth gauge at convenient vertical inter-
vals. The depth gauge, which was calibrated in units of 0.001" had a 2" travel.
This vertical reference bar, which was supported on two longitudinal guides,
could be moved into any longitudinal position, thus allowing readings to be
taken along any vertical section. The trial tests carried out with this apparatus
indicated that good reproductibility of results was obtained.

The lateral deflection of the web plate in the central panel was measured
at a sufficient number of points to enable a contour plot of the deformed shape
to be drawn. For the large panel adjacent to the tension flange, readings were
taken over a 5 in. square mesh. In the case of the panel adjacent to the
compression flange for girders with one line of stiffeners and for the case of two
stiffeners, the panel bounded by the stiffeners, readings were taken over a
2 inch square mesh. For those girders with two lines of longitudinal stiffeners,
in the panel between the compression flange and the first stiffener, readings
were taken at 2 in. intervals in the longitudinal direction and at 1 \n intervals
in the vertical direction.

IV. Strain Measurements

Each girder was instrumented with electrical resistance strain gauges. In
each case, strain gauges were attached to the web, flanges and the longitudinal
stiffeners. Wherever possible, orthogonal pairs of gauges were used to enable
the evaluation of stresses from the strain readings. The gauges used were
PL-10 polyester type gauges supplied by Electro Mechanisms Ltd., who claim
an accuracy of ±1.5% for these gauges. The gauges were connected to a multi-
point Bruel and Kjaer strain recording bridge which provided the strain
readings direct in micro-strains.

V. Test Procedure

The girders were tested in the following order. The girders with one line
of longitutinal stiffeners were tested first followed by those girders with two
lines of longitudinal stiffeners. Finally, the unstiffened girder TG 0 was
tested.



ULTIMATE LOAD BEHAVIOUR OF LONGITUDINALLY REINFORCED WEBPLATES 123

The strain gauge bridges were initially balanced to give zero readings and
the initial readings of the various dial gauges were recorded.

The lateral deflection of the web and stiffeners was measured at zero load
to enable a contour plot of the initial deformed slope of the web to be
determined.

The girder was then loaded by the hydraulic jacks the load being applied
in increments of 2 \ tons, all strain gauge readings being noted at these loads.
At 10 ton intervals, the stiffener deflections were noted as well as the readings
of the dial gauges used to measure the deformation of the compression flange.
However, as soon as the strain gauge readings indicated that either the flanges
or the web was yielding, these readings were recorded more frequently.

For the first girder tested, web deflection readings were taken at 10 ton
intervals, but subsequent analysis of the results showed the lateral movement
of the web to be small for values of the applied load below about 20 tons.
Hence, for the remaining tests on girders with a single line of longitudinal
stiffeners, lateral web deflection readings were taken at applied load values of
30 tons and 45 tons. Since the girders with two lines of longitudinal stiffeners
were considered to be of prime importance in their case web deflection readings
were taken at applied load values of 20, 30 and 40 tons.

As soon as the behaviour of the girder indicated that the ultimate load was
being approached, all dial gauges were removed in order to avoid their being
damaged. The girder was then further loaded slowly until collapse occurred,
the ultimate load being noted.

An exception to the above procedure for the final stages of the test occurred
during the first test conducted, where the girder failed prematurely, very
suddenly, due to a weld failure; the tension flange breaking away from the
vertical member. This weakness due to the attachment details was overcome
in following tests by employing a flange strap as described in a previous
section.

A large number of material tests were carried out on samples of flange and
web plate materials for each girder. Tensile tests were performed on specimens
cut from the sheet both along and at right angles to the direction of rolling.
The prineipal results are listed in Table 2, average values being recorded.

Table 2

Material
Limit of

proportionality
tons/in2

Lower yield
stress

tons/in2

Upper yield
stress

tons/in2

Ultimate
stress

tons/in2

Web plate

Flange plate

8.68

12.36

13.66

15.66

13.98

15.98

21.31

27.37
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VI. Discussion of Test Results

In the present paper füll test details will not be given for all of the tests,
comments will be restricted to presenting the overall behaviour of the girders
together with a detailed discussion of the results which arise from the tests.

In order to provide a datum against which it would be possible to gauge
the efficiency of longitudinal stiffeners, a girder TG 0, which did not have

any longitudinal stiffeners, was tested. Except for the dimensions of the
vertical stiffeners, which were designed to have a yv 3 y *, all other dimensions

of this girder were equal to those of the other girders.
The measured relationships between flange strains and the applied load

are given in Fig. 8. It will be noted that the compression load/strain plots
depart from a linear relationship as early as 30 tons and that local yielding
in the web occurs at 40 tons. In contrast, the tensile load/strain relationships
remain reasonably linear and even at 45 tons the tensile strain has not reached
the lower yield limit. Since the slopes of the load/strain plots for the gauges
attached to the front and rear of the compression flanges are in close agreement
this indicates that very little lateral bending of the compression flange occurred;
likewise, the dial gauges also indicated that little lateral bowing occurred. The
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Fig. 8. Longitudinal strains in tension and compression flanges at mid section of girder TG 0.



ULTIMATE LOAD BEHAVIOUR OF LONGITUDINALLY REINFORCED WEBPLATES 125

early departure from linearity which occurred in the compression flange is
due to load shedding causing a shift of the neutral axis with a resulting increase
in the compressive strains.

The large initial lateral deflections caused by the welding process were
found to dominate the post-buckled behaviour of the webplate, this being
clearly shown in Fig. 9. It is of interest, however, to note that in the tension
zone, the tensile forces have tended to reduce the initial deformations.

&

<^
Q, C

Girder TG 0 - Initial web deflections. Girder TG 0 - Web deflections at 45 ton.

Fig. 9 Web deformation in web of girder TG 0 - all dimensions m inches

The measurements of the lateral deflection of the two transverse stiffeners
in the central section, indicated that slight bowing of them occurred during
loading, see Fig. 10. However, this bowing was slight and even when the
applied load had reached 37.5 tons, the maximum deflection was still less

than the thickness of the webplate.
The girder finally failed at a load of 48.25 tons when the compression flange

buckled vertically inwards, see Fig. 11. This load was 25.4 times the web

buckling load calculated assuming simply supported edges. It was
subsequently observed that the length of this flange buckle was somewhat greater
than that which occurred in those girders having webs reinforced with
longitudinal stiffeners.

The next test was conducted on girder TG 1-1 which was fitted with a
longitudinal stiffener of size 0.713x0.1875', see Table 1, which provided a
value of yL equal to 0.89 times the value of y%, which according to the linear
theory a stiffener should possess if it is to form a nodal line. Table 3 gives the
maximum initial web deformations of this girder, from which it will be noted
that these initial web deformations were very large, the maximum web plate
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Fig. 10. Lateral deflection of vertical stiffeners in central section. Girder TG 0.

deflection being 4.25 times the web thickness. The stiffener itself had an
initial deformation. single curvature in form, with a maximum deflection 2.89

times the web thickness.
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Table 3. Maximum Initial Deformations (ins.)

First Second Top Middle Lower
stiffener stiffener panel W 1 panel W 2 panel W 3

TGO _ 0.3
TG 1-1 0.192 — -0.241 -0.2811) —
TG 2-1 0.152 — 0.158 -0.1931) —
TG 4-1 0.056 — 0.166 -0.3381) —
TG 1-2 -0.032 0.37 -0.078 -0.113 -0.092
TG 2-2 -0.110 0.138 -0.11 0.133 0.183
TG 3-2 0.092 -0.05 -0.091 0.138 -0.073
TG 4-2 0.020 0.06 -0.087 -0.155 -0.320
TG 5-2 0.040 0.117 -0.089 + 0.204 0.268

x) Lower panel for girders fitted with a single longitudinal stiffener.

In view of the very heavy web deformations which the authors encountered
in their test programme which are similar in magnitude to those experienced
by other investigators [14] it is considered highly desirable that detailed
studies should be made into the effect of welding processes upon the initial
deformation of web plates. In view of these web plate deformations one would
not expect to observe any buckling phenomenon and therefore the main
interest in the test was concentrated upon the behaviour of the flange members
and the longitudinal stiffener. The strains which occurred in the compression
and tension flanges of this girder were similar in form to those given in Fig. 8,

although the compression strains remained elastic up to a higher load.
A strain equal to the local yielding strain was noted in the flange at a load

of 46 tons, whereas the tension flanges remained elastic until close to the
ultimate load.

Fig. 12 gives the additional lateral deflections of the stiffeners which
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Fig. 12 a. Lateral displacement of longitudinal stiffener in central panel. Girder TG 1-1.
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Fig. 12 b. Lateral displacement of longitudinal stiffener in central panel. Girder TG 2-1.
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Fig. 12c. Lateral displacement of longitudinal stiffener in central panel. Girder TG 4-1.
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Fig. 12d. Lateral displacement of longitudinal stiffener in central panel. Girder TG 7-
(double sided stiffener).

occurred at different values of applied load from which it will be noted that
the stiffener has tended to straighten, i.e. to reduce in the magnitude the
initial deformation. Although at a load of 45 tons, these additional deflections

are just in excess of 0.7 times the web plate thickness, they are still relatively
small in comparison with the initial deformations of the stiffeners.

The dial gauges recording the vertical deflection of the compression flange
remained linear up to loads in excess of 45 tons, it was also noted that no
significant twisting of the compression flange occurred.

It was noted in all of the tests conducted that failure first occurred in one
of the panels adjacent to end panels, due to the reduced buckling stress of this
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panel due to the application of load at the junetion of the test and end panels.
The flange in this region was then reinforced by a structural member and the
girder loaded to failure once more.

Failure finally occurred in the central panel when the applied load had
reached 55.5 tons, the compression flange again buckling inwards in what is

generally called 'Vertical buckling". At this load, the flange was yielding and
the buckle in the flange had formed above the region where the web deflections
were the greatest. At this section, there is lateral loading on the flange due to
the tensile membrane stresses developed in the buckled web, this membrane
action being in phase with the buckle pattern and greatest where the lateral
deflections of the web are greatest.

Fig. 13 a shows the initial lateral deformations of the central web panel, it
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a) Initial deflections in web
of girder TG 1-1.

b) Additional deflections in web after loading
each jack to 45 ton.

Fig. 13.
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will again be noted that the initial web deflections, resulting from the welding
process; are very large. Fig. 13b gives the additional web deflections after the
girder had been loaded to 45 tons. Fig. 13 b shows that the loading has tended
to straighten the web in the tensile zone and to buckle the web in the
compression zone into the characteristic sinusoidal wave pattern. However, as

will be seen from Fig. 13 c the initial deformations still dominate the overall
picture.

Fig. 14 shows girder TG 1-1 after it had failed, from which it will be noted
that the web and the stiffener has failed in the direction of the initial
deformations. It is also of interest to note that the inward collapse of the girder
has occurred in the region where the highest lateral deflection of the web and
stiffener occurred.

The second girder with a single longitudinal stiffener TG 2-1, had a
longitudinal stiffener of size 0.872in. X 0.1875in., this stiffener thus had a rigidity
which was 1.84 times that of the stiffener on Girder TG 1-1 and equal to 1.63 y*
as defined and shown in Table 4. Due to the additional stiffness of this
longitudinal stiffener, it will be noted from Table 3 that the initial deflections of
the stiffener are reduced, as are also the initial web deflections, the latter
being only 65% of these of TG 1-1. This girder behaved in a manner very
similar to that of girder TG 1-1. The load/strain plots for the compression
flange remained linear up to 40 tons and local yielding did not occur until a
load of 50.5 tons was reached. As in the case of TG 1-1, the tensile flange
load/strain plots remained linear until a much higher load was reached.

Fig. 12 gives the lateral deflection of the longitudinal stiffener for a number
of different applied loads. It will be noted that in this case, the additional

Table 4

Test
girder

No. of
longitudinal
stiffeners

rly*
l)

rlri
2)

Wer yyexp Wth
W exp

~w7n
yyexp
Wer

TGO
TG 1-1
TG 2-1
TG 4-1
TG7-13)
TG 1-2
TG 2-2
TG 3-2
TG 4-2
TG 5-2

0
1

1

1

1

2
2
2
2
2

0.89
1.63
5.8
3.28
0.64
1.51
2.94
5.11
7.75

0.795
1.412
4.525
2.645
0.602
1.323
2.39
3.89
5.57

1.89
9.62
9.66
9.75

24.15
24.25
24.44
24.60
24.80

48.25
55.5
57.15
59.75

54.75
52.50
62.50
64.0
64.75

56.9
57.66
57.79
58.16

58.61
58.92
59.24
59.55
59.82

0.848
0.963
0.989
1.027

0.934
0.8914)
1.055
1.075
1.082

25.52
5.77
5.92
6.13

2.27
2.174)
2.56
2.60
2.61

*) y* is the flexural rigidity of an optimum longitudinal stiffness of reetangular cross-section that
results from a design by the linear theory of web buckling.

2) y* is the flexural rigidity resulting from the linear theory of web buckling and corresponding
to the actual area factor ß of the longitudinal stiffener.

3) Double sided stiffener.
4) Lateral buckling influenced Wexp.
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•

Fig. 14. View of front side of central panel
of girder TG 1-1 after test to failure.

Fig. 15. View of girder TG 2-1
after test to failure.

deflections of the stiffeners are small, at a load of 45 tons the maximum

stiffener deflection being only some 30% of the web thickness.

Girder TG 2-1 finally failed in the central panel by inward buckling of the

flange at a load of 57.75 tons. Fig. 15 shows girder TG 2-1 after it was failed.

It was noted that the inward buckling of the flange again coincided with a

large web buckle, as in the case of girder TG 1-1. Furthermore, it is seen that

by increasing the size of the longitudinal stiffener the failure load of the girder

has been increased some 4 %.
Girder TG 4-1 which was reinforced by an even heavier longitudinal stiffener,

see Table 1. behaved similarly to the other two girders having a single sided

stiffener, and finally failed in the central panel at an applied load of 59.75 tons,

this load being some 24% greater than the collapse load of girder TGO.

Fig. 12 gives the additional lateral deflection of the longitudinal stiffener

on girder TG 4-1 at various applied loads. It will be noted that these additional

deflections are extremely small, indicating that the stiffener was remaining

quite straight, its maximum initial deflection being only 0.83 the web thickness.

The strain gauges readings also indicated that little bending of the stiffeners

occurred.
The behaviour of those girders fitted with two lines of single-sided stiffeners

was similar in character to that of the girders with a single longitudinal
stiffener. All girders failed by inward collapse of the flanges. It was also noted

that with an increase in the size of the longitudinal stiffeners there was an

increase in the ultimate load.
The load/strain plots for the compression and tension flanges followed the

same pattern as for girder TG 0 and of that for those girders with a single

longitudinal stiffener.
The relative behaviour of the two lines of longitudinal stiffener merits
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Fig. 21. Maximum deflection occuring in stiffeners S 1 and S 2 on girder TG 1-2.

serious consideration. Fig. 16-20 give the lateral deflection of the stiffeners
at different loads. It should be noted that the longitudinal stiffener closest
to the neutral axis did not deflect nearly so much as the longitudinal stiffener
adjacent to the compression flange, as is well illustrated in Fig. 21. Since both
stiffeners on a given girder had the same cross section, this finding is in agreement

with Massonnet's conclusion which was derived from tests on girders
reinforced by a single line of double sided stiffeners.

It will also be noted from Figs. 16-20 that with an increase in the y/y*
ratio the lateral deflections tended to decrease.

The influences of web buckling are well demonstrated in Fig. 22 which
gives the surface and mean web strains occurring along the central section of
girder TG 5-2. It will be noted that at loads as low as 10 tons considerable
bending of the webplate has occurred. Even at this low load some web load
shedding is evident. With an increase in load, the bending strains are seen to
increase and significant load shedding to occur. The effect of this load shedding
is for the neutral axis to move towards the tension flange, this movement is

clearly shown by the mean strain relationship given in Fig. 22 and also in
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Fig. 22. Strain distribution along centre section of girder TG 5-2.

Fig. 23 which gives the mean web strains along the centre line of girder TG 3-2.

This figure is of interest both because of the well defined web load shedding
and the accompanying shift of the neutral axis and also for the demonstration
of the influence of residual stresses upon the strains occurring in the web
and the flange. Because of the high residual tensile strains occurring along the
junetion of the web with the flange, the web goes plastic much earlier than
the edge of the flanges which would be in residual compression.
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Fig. 24 shows the axial and bending strains which occur in the stiffeners

attached to girder TG 5-2. Note that the axial strains are uniformly distibuted

along the stiffener and that the strains occurring in stiffener S 1 are greater
than those occurring in stiffener S 2. The bending strains are also seen to be

much greater in stiffener S 1 than stiffener S 2.

Figs. 25-28 show various views of girders TG 1-2, 4-2 and 5-2. Fig. 26 which

shows a view of the compression flange of girder TG 4-2 after failure, is of

•
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Fig. 25. Fig. 26.
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Fig. 27.
Fig. 28.

particular interest because it shows that the whole hange is waving and that
failure could have occurred at any point along the flange. Since the lateral
membrane loading imposed by the web is greatest in the region of the largest
buckles. the inward collapse of the flange generally coincides with the region
of maximum web deflections.



ULTIMATE LOAD BEHAVIOUR OF LONGITUDINALLY REINFORCED WEBPLATES 141

During the final stages of testing girder TG 2-2 slight lateral buckling of
the compression flange occurred, checks on the stabilizing trusses indicated
that two had not been fully secured. For this reason girder TG 2-2 failed
slightly prematurely.

General Discussion

The tests have shown that there is a distinct increase in ultimate load with
an increase in the rigidity of the longitudinal stiffeners. In this present section
the Variation of the web, stiffener and flange deflections and strains with the
increase in stiffener rigidity will be examined.

Fig. 29 shows how the mean compressive strain in the flange at the central
section varies with the yjy* ratio for the girders fitted with the two lines of
longitudinal stiffener. It will be noted that the compression flange of girder
TGO was strained much greater than the flanges of the reinforced girders.
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Fig. 29. Variation of mean compression
flange stress with y/y*.
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Fig. 30 gives the loads required to produce strains of 500 and 1000 micro
strains in the longitudinal stiffeners. This graph shows how with an increase
in the y/y* ratio the effectiveness of the stiffener increases.

In Figs. 22 and 23 the effect of load shedding was well defined. When a
plate buckles under compression, the central section loses its capacity to carry
additional load, any further application of load having to be carried by the
material adjacent to the edges, see Fig. 31; failure occurring when the stress
in this edge material reaches the yield stress. Fig. 32 gives the percentage
moment loss, as determined from the strain gauge readings, in the panels of
girder TG 5-2 due to load shedding. Although these losses are seen to be quite
significant in respect of the web contribution, the % overall loss in moment
for the complete girder is of the order of 2%.

Fig. 33 gives the % gain in ultimate strength with the yjy* ratio for the



142 D. R. J. OWEN - K. C. ROCKEY - M. SKALOUD

be/2 be/9

d

<7- J L_^

edge
stress

de

theoretical stress
distribution prior
to buckling.

stress distribution
atter buckling

Fig. 31. Effective width concept.

60

50

- moment loss for
complete web

40 - l
30 -

20

1

10

1

1

l
i \ \ \

1

moment loss tor
complete girder

10 20 30
7. moment loss

10 20 30
•/. moment loss

Fig. 32. Effect of load shedding as recorded
on girder TG 5-2.

ultimate load
relationships

es S: 25

~ 20
* £

two lines of longitudinal
stiffeners3 - 15

Single longitudinal
stiffener

weight
yj relationships

—^f
I I I I I I I

.er -AzAr

Vh*

Fig. 33. Percentage increase in strength with y/y* ratio
together with corresponding percentage increage in

overall weight.

probable trend

~ 25

X 20

15

two lines
longitudinal
stiffeners

Single longitudinal
stiffener

I I l l I I I I I I

0 2 U 6 8 10

increase in weight (per inch V«

Fig. 34. Relationship between
gaind in ultimate strength an

corresponding increase in
weight.

girders reinforced by one and two longitudinal stiffeners. The gain in ultimate
strength in the case of the double line of stiffeners is seen to be quite considerable

amounting to 341 % m the case of girder TG 5-2. Also shown plotted is
the corresponding % increase in weight. Associated with the 34 J % increase
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in the ultimate load of girder TG 5-2 over that of girder TG 0 is the 5% increase
in weight due to the stiffeners. Fig. 34 presents the relationship between the
% gain in strength with % increase in weight, which again demonstrates how
a small amount of reinforcement correctly placed can significantly increase
the strength of a member.

Although in all cases failure was due to inward collapse of the compression
flange, this occurred after the flanges and web had become plastic; Carskaddan
[24] having noted this same fact from his tests on unreinforced girders.
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Fig. 35. Buckle patterns in simply supported web plates.

Fig. 35 illustrates the web buckles which will form in the panel adjacent
to compression flange for a girder having no longitudinal stiffener, one
longitudinal stiffener and two longitudinal stiffeners. Corney and one of the present
Authors have shown that the flange receives a lateral loading as indicated in
the diagrams; the web supporting the flange at positions such as A. Ifa stiffener
deflects then the wave form in the panel will be modified, increasing in length.
As a result the flange will be less effectively supported by the web, since the
points A will be further apart. It is this factor which influences the collapse
load, it having been observed that the length of the inward collapse buckle
of the flange decreases with the number of stiffeners and the effectiveness of
the stiffeners.
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Winter [25] has proposed the following relationship between the effective

width be of a plate element in pure compression and the ratio ; see Fig. 36.
amax

O ' ^max L ' ^maxl
(2)

Applying this effective width formula to panels W 1, W 2 and W 3 as indicated
in Fig. 36, the authors have calculated the collapse load for girders which are
reinforced by either a single line or a double line of longitudinal stiffeners
placed at the optimum position as was the case with the experimental girders.

The collapse loads were determined for a fully plastic cross section, the
yield stress for the web and flange materials being used. The effects of work
hardening, which did occur, being neglected.

The collapse loads were calculated for sections corresponding to the
experimental girders, and Table 4 gives the calculated values together with the
experimental values. It will be noted the ratio of experimental collapse load/
theoretical collapse load (load on reduced section) increases with the yjy* ratio,
see Fig. 37. Thus it is seen that by the application of the effective width con-
cept to the longitudinally reinforced girders, one is able to obtain Solutions
to within 8% of the experimental values for girders having adequate stiffeners.
These calculations have also shown that if a yjy* value of 8 is chosen for the
case of two lines of stiffener placed at their optimum position and 6 for the
case of a single line stiffener placed at 0.2 ri then collapse values close to the
load corresponding to the reduced fully plastic modulus will be obtained.
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Fig. 36. Effective sections used in calculations of collapse load of girders.
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In Fig. 38 the k values recommended by Massonnet for double sided
stiffeners has been plotted together with the k values resulting from the present
investigation. Here the k values are for equal size stiffeners and for the stiffener
closest to the neutral axis is clearly conservative, but since the behaviour of
the stiffener closest to the compression flange has a critical effect upon the
behaviour of the girder and any Variation in the size of the second stiffener
will affect its behaviour it is considered reasonable to use the value. From
Fig. 38 it will be seen that the degree of agreement between the values
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recommended by Massonnet and those recommended as a result of the present
study is quite good.

The mere fact that load shedding occurs indicates that to allow a webplate
to buckle under pure bending is not economical. To avoid a theoretical web

buckling before yielding occurs it would be necessary to comply with the facts
given in Table 5. These figures have been derived assuming that the stiffeners
are placed at the optimum position as given in references [16] and [17].

Table 5. Depth to thickness ratios of simply supported steel web plates having pure bending
buckling stress equal to yield stress

Yield stress Tons/in.2
No. of Position of stiffeners from

stiffeners compression flange B.S. 15 B.S. 968
15.25 Tons/in.2 22.0 Tons/in.2

0 138 115
1 0.2 ri 320 266
2 0.123 d, 0.275 d. 498 415
3 0.093 ri, 0.198 ri,

0.323 d.
650 540

4 0.073 ri, 0.152 i,
0.242 d, 0.349 d.

817 680

5 0.06 c?, 0.124 ri,
0.194 ri, 0.273 d,

0.367 d.

983 819

Conclusion

The tests have shown that the collapse behaviour of a longitudinally
reinforced girder is significantly influenced by the stiffness of the longitudinal
stiffener. If the stiffeners have insufficient stiffness they will not give the web
adequate support and this will reduce the ultimate load carrying capacity.

The tests have provided efficiency values k for single sided stiffeners for
the case of webs reinforced by either one or two longitudinal stiffeners.

It has also been shown that providing the stiffeners are designed according
to the foregoing recommendation, it is possible to calculate the collapse load
of girders having webs reinforced by longitudinal stiffeners.
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Summary

The paper examines the influence of the Flexural Rigidity of Longitudinal
Stiffeners upon the Post Buckled behaviour of deep Plate Girders.

Tests on 10 girders having a web depth of 50 ins. (1.27 metres) and
reinforced by either a single or two longitudinal stiffeners have shown that the
ultimate load of a girder can be significantly reduced if the longitudinal
stiffeners have insufficient rigidity and have provided Massonnet type efficiency
values for single sided longitudinal stiffeners. Provided longitudinal stiffeners are
designed according to these relationships then girders should develop füll
plasticity prior to collapse.

Resume

On examine dans cet article l'influence de la resistance ä la flexion de

raidisseurs longitudinaux sur les proprietes apres voilement de profils ä äme
haute. Des essais effectues sur 10 profils ayant une äme de 50 pouces (1,27
metre) et renforces par 1 ou par 2 raidisseurs longitudinaux ont demontre

que la charge limit peut etre reduite de maniere significative si les raidisseurs

longitudinaux ont une rigidite insuffisante. Ces essais ont prouve l'efficacite
des pieces de type Massonnet utilises comme raidisseurs longitudinaux simples.
Les raidisseurs longitudinaux stipules sont calcules en fonetion de ces relations
car les profils doivent presenter une plasticite totale avant la rupture.

Zusammenfassung

Der Beitrag untersucht den Einfluß der Biegesteifigkeit der Längssteifen
auf das Traglastverhalten hoher Blechträger.

Versuche an 10 Trägern mit einer Steghöhe von 50 Zoll (1,27 Meter) und
entweder einer oder zwei Längssteifen haben gezeigt, daß die Traglast erheblich

vermindert werden kann, wenn die Längssteifen ungenügende Steifigkeit
haben und ergaben wirksame Werte nach Massonnet für eine einzige Steife.
Die verwendeten Längssteifen sind gemäß dieser Beziehungen berechnet
worden, denn die Träger sollten für volle Plastizität vor dem Bruch
entwickelt werden.
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I. Introduction

The cantilever plate is a common structural element, and its stress and
deformation characteristics have been examined in a series of previous
publications. The earliest treatment appears to be due to Mc Gregor [1] and Holl
[2] who considered the edge loaded cantilever plate. Mc Gregor applies the
method of Fourier integrals to a cantilever plate strip of unbounded length,
while Holl considers a plate of finite length and employs the (approximate)
method of finite differences. Jaramillo [3] has treated the case of a cantilever
strip of unbounded length under the action of an arbitrarily placed concentrated

load. The authors of [1] through [3] employ classical plate theory,
which neglects shear deformation. A recent study [4] of the edge loaded
cantilever plate within the framework of an improved plate theory indicates
that shear deformation effects are limited to the vicinity of the (concentrated)
edge load and that other regions of the plate are not affected provided the

plate width is large compared to the plate thickness, i.e., say t-> 10.

In actual construction practice, it is customary to reinforce the free edge
of the cantilever plate by means of a beam, resulting in a general stiffening
of the structure. The present investigation is concerned with the case of a
cantilever plate strip of finite width rigidly clamped along one of its edges.
A beam is monolithically attached to the opposite, parallel, free edge. The
plate is unbounded in the direction of the clamped and free edges. A
concentrated load is assumed to act on the reinforcing beam which distributes
this load to the plate (see Fig. 1).
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Nomenclature

Dimensional quantity Physical description F-L-T units

D ——— 2\ plate flexural rigidity F — L

E Young's modulus FjL2
h plate thickness L
a width of plate strip L
P transverse concentrated load F
EI beam flexural rigidity F — L2

G J beam torsional rigidity F — L2

Sinh oc \ (ea — e~~a) hyperbolic sine function of a

Cosha -|(ea + e~a) hyperbolic cosine function of a

To convert to
dimensional

Dimensionless form, multily
quantity by Physical description

x a coordinate along clamped edge

y a coordinate along the plate width
z a coordinate perpendicular to the xy-nl&ne

w ^r-^ deflection of platePa2
P_

~yza'
load intensity

Mx P bending moment per unit length of section of plate
perpendicular to the x axis

My P bending moment per unit length of section of plate
perpendicular to the y axis

Mxy P twisting moment per unit length of a section of
the plate perpendicular to the x axis

p
Qx — shear force parallel to z axis per unit length of

a
sections of a plate perpendicular to x axis

p
Qy — shear force parallel to z axis per unit length of

a

EI
sections of a plate perpendicular to y axis

k± —— 1 stiffness ratio of beam flexural rigidity to the
product of plate flexural rigidity and plate width

C J
k2 y—- 1 stiffness ratio of beam torsional rigidity to theDa

product of plate flexural rigidity and plate width
Poisson's ratio



THE EDGE REINFORCED CANTILEVER PLATE STRIP 151

II. Basic Equations

According to classical small deflection plate theory, the transverse deflections

of the median surface of the plate are characterized by

d*w
+ 2

d*w d*w
dx* dx2dy2 dy1a

?> (1)

where q is the load intensity. The moment and shear stress resultants are
related to the deflections by means of the following equations:

ld2w d2w\

I82w 82w\

M, -Jf =-(1.
82w

dxdy'
8 I82w 82w\

^x =~J^\Jx2+~87fj'
d I82w 82w

^v ~8~y\8x2+8~y2

(2)

(3)

(4)

(5)

(6)

The infinite cantilever plate strip with a beam reinforcing the free edge is
shown in Fig. 1. We introduce the Cartesian co-ordinate system Oxyz such
that the xy-jA&ne coincides with the median plane of the plate. The #-axis is
chosen to coincide with the clamped edge. The constant load P acts on the
beam perpendicular to the xy-nla,ne.

Fig. 1. Plate Strip Geometry.



152 HERBERT REISMANN - SHENG-HSIUNG CHENG

The governing equation and boundary conditions [5] and [6] are as follows:

d*w 8*w £^_0Jtf* dx2dy2 + dy* ' '

w(x,0) 0, (8)

^(*,0) 0, (9)
dy

7 ld*w\ [d*w /ft d*w ]

7 / d*w \ [d2w d2w)
-MäPäFU* W+V^U (11)

where Eq. (10) is Kirchhoff's condition which is equivalent to the requirements

-IQ,-'**) »{£"+<»-.)??} (12)
\ y dx fy==1 dy\dy2 dx2jy=1

III. Solutions for Deflection and Moment

By applying the familiär Fourier Transform [7] with respect to the
^-coordinate to the biharmonic Eq. (7), the boundary conditions, Eqs. (8) through
(11), and Dirac delta function 8 (x), we have

oo

w(<x, y) =-—= \w(x,y)ei0LXdx (13)
T2ttJ

— 00

with the properties of the transform of the derivative

w^n)(cx.,y) — ioc)nw(oc,y), (14)

where w{n) is the nth derivative of w with respect to a. The inverse Fourier
Transform is

oo

w(x,y) -== iw(oc,y)e~iocxdoc. (15)
i27Tj

Since —L [h{x)eiotxdx —L= (16)
i2ir J Y2tt

the Substitution of Eqs. (13), (14), (16) into Eqs. (7), (8), (9), (10), and (11)
leads to

d* _ „ ,_0*
dy

Aw(oc,y)-2oc2~-2w(oc,y) + a*w(a,y) 0 (17)
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with the boundary conditions

w(<x,0) 0, (18a)

— w(*,0) 0, (18b)

k1x*w(x,l) ^w(x,l)-(2-v)x2 — rö(a,l)+—, (18c)

d _ d2 _ _k2oL2-7—w(oc, 1) -^-^w(<x, l) — vx2w(x,l). (18d)

The Solution of Eq. (17) is

w(oc,y) A1Sinhay + A2aySinhoty + A3Cosh(x,y + A±ayCoshoty. (19)

The coefficients At(i= 1, 2, 3,4) are determined from Eq. (18a), (18b), (18c),
and (18d) to be

A3 0, (20a)

A^ -A1, (20b)

Ax —L {[aÄ:2-(l-v)a]Sinha-h(a2Ä;2-2)Cosha}, (20c)
a3y2 7r/(a)

^2 -^J {[(l+v)-a2Ä:2]Sinha + (l-v)aCosha}, (20d)
xz\2rrf(x)

where

f(oc) -2-±(l+v)2 + [2k1 + 2k2-(l-v)2-ik1k2]*2-k1k2a*
-(Ä;1-Ä:2)aSinh2a + l[-4 + (1+^)2 + ^i*2a2]Cosh2a.

(21)

Consequently,

^ (a>^) ~7^= ^TTT [{[fc2-(1-v)-(1+v)y]a + a8fc2y}SinhaSiiihay
]/2 77 or/(a)
+ {[k2-(l-v)y]x2--2}CoshK&inh<xy

(22)

— [&2 — (1 — v)] a21/SinhaCosha?/ — (a3k2 — 2x)y CoshaCosha^/]
Let

H (<x,y) {[k2 — (1 — *>) — (1 + i>)^]a + a3&2^} Sinha Sinha?/

+ {[fc2-(l-v)^]a2-2}CoshaSinha2/
— [k2~(l—v)]x2ySinhxCoshay ^ '
— (a3 k2 — 2x)y Cosh a Cosh a ?/.

By applying the inverse Fourier Transform, Eq. (15), and with the aid of
Eqs. (21), (22), (23), we obtain

1 rH(x,y)e~i0LXJ
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The nondimensionalized moment My is determined from Eq. (3). Hence

O—iOLX

M-~yj""~ sm—*¦• <25>Lf(jty±L
2ir J a3/(«)

— OO

Let fl((«,y)=i(^-v«»fi), (26)

then

G(cc,y) -{(l+v)[k2-(l-v)]x + (l-v2)ay-(l-v)lxsk2y}SmhocSinh<xy

- [(1 + v) (4, oc2 - 2) + (1 - v)2 ol2 y] Cosh <x Sinh <x y
+ {2[-(l+v) + *;aa2]-(l-v)[Ä;2-(l-v)]a2i/{SinhaCosha«/
-[2(l-v)a+(l-v)(a3fc2-2a)2/]CoshaCoshat/.

(27)

00

Therefore Mv -~ [ G^y]e~'axda.
2ttJ ccf(ac)

(28)

IV. Series Representation of Deflection and Moment

The numerical determination of the deflection and moment as funetions of
position x and y, the stiffness ratios kl9 k2 and Poisson's ratio v, requires
evaluation of the improper integrals appearing in Eqs. (24) and (28). In view
of the fact that these integrals are not expressible in terms of elementary
funetions, a numerical integration procedure provides one possible method
for their evaluation [1]. However, this approach is exceedingly cumbersome

if a complete and sufficiently accurate coverage of the Solutions is to be achieved.
For this reason, it is advantageous to resort, instead, to contour integration.
This method leads to series expansions of the integrals in terms of the residues
at the singularities of the corresponding integrands. To this end we observe
that the singularities of the integrands in Eqs. (24) and (28) are simple poles
and eoineide with the zeros of /(a) which, by Eq. (21), are the Solutions of

/(a) -2-l(l+v)2 + [2i1 + 2i2-(l-v)2-li1Ä;2]a2-^1^a4
-(^1-Ä:2)aSinh2a + l[-4 + (l+v)2 + Ä:1yfc2a2]Cosh2a,

^21^

where / (a) is an even function of a.
Since kl9 k2 and v are real and positive, /(a) has no real roots. Moreover,

because all coefficients in / (a) are real, the roots of / (a) must occur as complex
conjugate pairs.

Considering only the upper half plane, it is readily shown that the roots of
Eq. (21) are of the form

ocn=±ßn + iyn (n 0,1,2,3, oo). (29)
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Thus in the region under consideration, there is a single purely imaginary
root for the specific case kx 0, k2 0, i.e., in the case where the edge beam is
absent, the remaining roots occur in complex pairs located symmetrically
with respect to the axis of imaginaries. We find that both ßn and yn, regardless
of the values of v, k±, k2, are monotonically increasing funetions of n for n ^ 1

nn
7 /

ki 0 k2= 0
k|= 0.20 k2= 0.05 ///- k, 0.50k2=0.05

- k|=0.20k2=0.l0 ¦ <

7/i
r ////

/ // /

'S

7/

^0.4 0.8 1.2 1.6 Ä 2.0 2.4 2.8 3.2 3.6 4.0
ßn

Fig. 2. Location of the Roots <xn of/(a) 0.

Table 1. Roots <xn of f(<x) 0

n 0 1 2 3 4 5 6 7

k1 0 ßn 0 0.3565 1.6741 2.1312 2.4345 2.6642 2.8498 3.0057
k2 0 Vn 2.7068 2.0272 5.9638 9.1813 12.3647 15.5341 18.6958 21.8528

kx 0.20 ßn 0.7181 1.0191 1.7462 2.3264 2.7465 3.0666 3.3217
k2 0.05 Yn 1.4743 4.2396 7.1540 10.2718 13.4398 16.6192 19.8005

k± 0.50 ßn 0.7348 1.3496 1.9759 2.4565 2.8242 3.1153 3.3532
k2 0.05 Yn 1.2272 3.9520 6.9883 10.1408 13.3246 16.5153 19.7056

k± 0.20 ßn 0.7581 1.3303 2.1532 2.7075 3.0844 3.3607 3.5758
k2 0.lO Jn 1.4568 4.1722 7.2043 10.4040 13.6182 16.8230 20.0164
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and tend to infinity together with n. It is interesting to note that for large
values of n, all values of yn assymptotically approach mr.

The distribution of the roots of / (a) 0 in the first quandrant of the complex

plane is indicated in Fig. 2, which is based on the values of ßn and yn for
n 0,1, 2, 7 for kx k2 0, and for n 1, 2, 3, 7 for the remaining cases,
all of which are given in Table 1. These values are obtained by the combined
application of the method of two-dimensional lattices and nets, and the method
of false position [9] to the Solution of the two real, transcendental equations
corresponding to the complex Eq. (21).

By virtue of the Residue Theorem [8], the improper integrals of both deflection,

Eq. (24), and moment, Eq. (28), are determined in terms of infinite
series as

/ H(x,y)e~i0LX
VÜÖL ^ 77"£

n=0«3/(«)
da 27™2Ai (3°)

00

and f^^f'f^a 2tt* fj Rn, (31)

where /(a), H(x,y), G(x,y) are given by Eqs. (21), (23), (27), respectively.
Rnl and Bn2 are the residues at the simple poles ccn of the integrands of both
Eq. (30) and Eq. (31), respectively. Therefore, the combination of Eqs. (21),
(23), (30) leads to

n 0 n ' ' n'

and from Eq. (21), (27), (31), we have

H.M-i±e^fr"~. ,33,

Let
51 Sinh (ßn), ^ Cosh (ßn), sx Sin (yn), ex Cos (yn),
52 Sinh (ßn y), C2 Cosh (ßn y), s2 Sin (yn y), c2 Cos (yn y),

R™
P2 ..2*» wn==ffi-yi> Zn 2ßnYn>
Pn i'Yn

un ßl-zßnYl, vn 3ß2nYn-yn,

En [±k1 + ±k2-2(l-v)2-k1k2]ßn-±k1k2Un + 2[a>nk1k2-k1 + k2

+ (l+v)2-i]S1C1(c2-s2)-2znk1k2s1c1(Cl + S2)

+ (-2k1 + 2k2 + k1k2)[ßn(C2 + S2)(c2-s2)-4,ynS1G1s1c1],

Fn =[4k1 + 4k2-2(l-v)2-k1k2]yn-4k1k2Vn + 2[a>nk1k2-k1 + k2

+ (l+v)2-4:]s1c1(Ct + Sl) + 2znk1k2S1C1(c2-s21)

+ (-2k1 + 2k2 + k1k2)[yn(C2+S2)(cl-si) + 4ßnS1ClSlc1].
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The differentiation of Eq. (21) with respect to oc, and the subsequent Substitution

of ocn for oc results in Eq. (34);

f'(*n) En + iFn. (34)
rp jp

Let L EltW' gn M?W (35)

The dimensionless deflection and moment will depend on the parameters kx,
k2 and Poisson's ratio v. Let v 0.3 and group the values of kx and k2 as follows:

1. The absence of on edge beam, i.e., k± 0, k2 0. Combine the Eqs. (23),
(32), (34) and (35) to obtain

w(x,y)=^-2Yjernx[fn(cf>nCosßnx-tnSinßnx)
9o ~i (36)

- 9n (0n CoSßnX + <f>n Smßnx)~\
where

i/j0 -U~k2 + (1 -v) + (1 +v)y]^ + k2y\Siny0Siny0y

+ hk2-(l-v)y]~ + ^\Cosy0Siny0y (37)

-[k2-(l-v))^-8iny0Cosy0y-\k2 + —W Cos y0 Cos y0 ?/,
ro \ ro /

g0 [4k1 + 4:k2-2(l-v)2-k1k2]y0 + 4:k1k2yl

+ [-y2k1k2-k1 + k2 + (l+v)2-4:]Sin2y0 (38)

+ [-2k1 + 2k2 + k1k2]y0 Cos 2 y0,

+ [k2-(l-v)-(l+v)y]Bizn(S1C2c1s2 + C1S2s1c2)

+ {[k2-(l-v)y]Bnßn-2BlUn}(C1S2c1c2-S1C2s1s2)
+ {[k2-(l-v)y]Rnyn-2BlVn}(C1C2c1s2 + S1S2s1c2) (39)

-[k2-(l-v)]y Bn [ßn (S1 C2c1c2 - C1 S2s1s2)

+ yn(S1 S2 cx s2 + C1C2 s± c2) -k2y (Cx C2 cx c2 - Sx S2 s± s2)

+ 2Bly [a>n (C1C2 c1 c2 - Sx S2 s± s2) + zn (G1S2 cx s2 + Sx C2 sx c2)],

K ={[^2-(1~^)-(1+^)^]^^ + ^2^}(Ä1^2Cl«2 + ^1^2ÄlC2)

~{[k2-(l-v)-(l+v)y]B2nzn}(S1S2c1c2-C1G2s1s2)
+ {[k2-(l-v)y]Bnßn-2BlUn}(C1C2c1s2+S1S2s1c2)
~{[k2-(l-v)y]Bnyn-2BlVn}(C1S2c1c2-S1C2s1s2) (40)

- [k2 - (1-v)] y Bn [ßn (S± S2c±s2 + CxC2sxc2)

~yn(S1 C2 cx c2 - G1S2 s1 s2)] -k2y (Cx S2 c1 s2 + S± C2 st c2)

+ 2B2ny [a>n (C± S2 c1 s2 + S± C2 8t c2) - zn (Gx C2 c1 c2 - S1 S2 s± s2)]

and fn, gn are given in Eq. (35).
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From Eq. (27), (33), (34) and (35)

My ^-2ter*x[fn(QnCosßnx-PnSinßnx)
71=1 (41)

-9n(PnGosßnx + QnSiaßnx)], x^O

(42)

where

^o ={(l+v)[k2-(l-v)] + (l-v2)y + (l-v)r20k2y}Siny0Siny0y

+ \(l+v)lk2y0 + --\ + (l-v)2y0y\Cosy0Smy0y

-hl-^ + k2yA-(l-v)[k2-(l-v)]y0y\Siay0Coay0y

-(l-v)[2 + (y2k2-2)y]Gosy0CoSy0y,

Pn =-{(l+v)[k2-(l-v)] + (l-v2)y-(l-v)k2ycon}(8182c1c2-C1C2slS2)
-(l-v)k2yzn(S1C2c1s2 + C1S2s1c2)

-i(l+v)(k2-2Rn) + (l-v)2y]ßn(C1S2c1c2-S1C2s1s2)
+ yn[(l + v)(k2 + 2ßn) + (l-v)2y](C1C2c1s2 + S1S2s1c2) (43)

+ ßn{-2Rn(l+v) + 2k2-(l-v)[k2-(l-v)]y}(S1C2c1c2-C1S2s1s2)
-yn{2Rn(l+v) + 2k2-(l-v)[k2-(l-v)]y}(S1S2c1s2 + C1C2Slc2)

-(l-v)[2 + (k2a>n-2)y](C1C2c1c2-S1S2s1s2)
+ (^-v)k2zny(C182c1s2 + 81C2s1c2),

Qn {^-v)k2yzn{S1S2c1c2-G1G2s1s2)-{(l + v)[k2-(l-v)}
+ {l-v2)y-{l-v)k2ya>n}{S1C2c1s2 + C1S2s1c2)

-ßn[(l+v)(k2-2Bn) + (l-v)2y](C1C2c1s2 + S1S2s1c2)

-yn[(l+v)(k2 + 2Rn) + (l-v)2y](C1S2c1c2-S1C2s1s2) (44)

+ ßn{-2Rn(l+v) + 2k2-(l-v)[k2-(l-v)]y}{SlS2cls2 + ClC2s1c2)

+ yn{2Bn(l+v) + 2k2-(l-v)[k2-(l-v)]y}(S1C2c1c2-C182s1s2)
-(l-v)[2 + (k2a>n-2)y](C1S2c1s2 + S1C2s1c2)

-{l-v)k2zny{C1C2c1c2-S1S2s1s2)

where g0, fn, gn, are the same as before.

Table 2. Deflection (w) along x 0

ÄJ1 0 Ä-! 0.20 ^ 0.50 &x 0.20
y /c2=0 fc2 0.05 fc2 0.05 fc2 0.10

0 0 0 0 0
0.25 0.0134 0.0129 0.0118 0.0129
0.50 0.0500 0.0457 0.0423 0.0463
0.75 0.1003 0.0940 0.0862 0.0949
1.00 0.1677 0.1530 0.1394 0.1568
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Beam Coordinate X

-2 50 -2 25 -2 00 -175 -150 -125 -100 -0 75 -0 50 -0 25 0
oi 1 1 i 1 r i i i •

^
ki 0 k2=0

ki 0e0k2=005
ki 0 50k2=0 05

ki 0 20k2=0 10

Fig. 4. Profiles of Deflection along Beam. Co-ordinate (y=l).

Beom Coordinate X

-2 50 -2 25 -2 00 -175 -1 50 -125 -100 -075 -0 50 -0 25 0
1 1 1 1 t 1 1 1 1

k, 0 k2=0

k, 0 20k2 005
k| 0 50k2=0 05
k, 0 20k2=0 10

0 5

y^ 04

cn 03

0 2

01

Fig. 5. Bendmg Moment {—My) along Clamped Edge.

2. kx±0, k2 + 0.

Use the same argument as in case 1.

00

w(x,y) =-22 evn*^^Cosßnx-i/>nSinßnx)

-gn(>l>nCosßnx + <t>nSmßnx)], x^O
(45)
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(46)
and My(x,y) -2 2 er*x(fn(QnCosßnx-PnSinßnx)

n l
-£n(^Cos/3^ + Q„Sin/3^)], x^O

where the funetions fn, gn, cpn, ifjn, Pn, and Qn are defined as in case 1.

These results are also given in Tables 2, 3, and 4, and plotted in Figs. 3,

4, and 5.

The infinite series were truncated after four terms. This yields sufficient
accuracy for the deflection and moment in most engineering applications.

3. kx -> oo, k2 -> oo.

This means the beam is rigid. There is no deflection, and the moment My
is zero along the clamped edge.

V. Discussion of Results and Conclusions

The major results of this investigation are embodied in Figs. 3 through 5.

All numerical computations were carried out for Poisson's ratio v 0.3.

Although no specific cross-sectional shape has been assumed for the stiffening
beam, the curves are applicable to the case of a beam of reetangular cross-
section with sides hf and 6 as follows:

h
/c2

2 4 10

y (approx.) 1.2 2.1 3.55

We note that the limiting case of a beam which is completely limber with
respect to flexure and torsion results when kx k2 0. The numerical results
so obtained are in complete agreement with reference [3], except that data of
reference [3] must be divided by tt to account for the present non-dimen-
sionalization.

With reference to Figs. 3 through 5, we note that changes of the
(nondimensional) flexural stiffness of the beam kx have a more pronounced effect

upon deflection and stresses than corresponding changes in its (non-dimensional)

torsional stiffness k2. In the physically unrealistic limiting case of a

rigid beam we have kx -> oo and k2 -> oo and deflections and stresses in the
plate will vanish. In this case we have a uniformly distributed shear force
transmitted by the rigid beam to the flexible plate, but its intensity is of
vanishingly small magnitude.

We thus conclude that the addition of a stiffening beam to the free edge
of a cantilever plate strip can result in substantial reduetions in plate stresses
and deflections for the presently assumed loading condition. In effect, the
stiffer the beam, the more uniformly the strain energy will be distributed in
the plate.
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Summary

A cantilever plate strip is reinforced by a beam bonded to its free edge.
The opposite (parallel) edge is rigidly clamped. The beam is acted upon by a

transverse concentrated load. Deflections and stresses are determined with
particular reference to beam/plate stiffness ratios in bending and torsion.

Resume

On renforce une plaque en console au moyen d'une poutre fixee ä son bord
libre. Le bord oppose (parallele) est fixe de maniere rigide. La poutre est
solicitee par une charge transversale concentree. Les flexions et les efforts
sont determinees d'une maniere particuliere par reference aux rapports de

rigidite poutre-plaque pour la flexion et pour la torsion.

Zusammenfassung

Der Kragplattenstreifen ist durch einen Balken am freien Rand versteift,
wobei der gegenüberliegende, parallele Rand fest eingespannt sein soll. Der
Randträger wird durch eine Einzelkraft belastet. Durchbiegungen und
Spannungen sind mit besonderer Berücksichtigung des Balken-Platten-Steifigkeits-
verhältnisses in Biegung und Drillung bestimmt worden.



Der Haftverbund zwischen Stahl und Beton

Bond between Steel and Concrete

Adherence entre acier et beton

JOHANN JACOB RIEVE
Dr.-Ing., Düsseldorf

1. Allgemeines

Das Bauwesen kennt neben den homogenen Baustoffen Steine, Holz, Stahl
und Beton die beiden Verbundbaustoffe Stahl- und Spannbeton. Bei ihnen
verbinden sich die beiden Grundbaustoffe Stahl und Beton zu neuen Baustoffen.
Sie wirken meistens so, daß dem Beton Druck, dem Stahl Zug zugeordnet
wird. Verbundbaustoff will sagen, daß bei der Berechnung gar nicht mehr von
den Einzelbaustoffen Stahl und Beton ausgegangen zu werden braucht,
sondern unmittelbar mit den neuen Verbundbaustoffen gerechnet werden kann.
Für sie unterscheiden sich die Rechenansätze nicht mehr von denjenigen, die
bei den homogenen Baustoffen verwandt werden. Beispielsweise rechnet man
bei Biegung mit der Navierschen Annahme einer gradlinigen Spannungsverteilung

über den Querschnitt, was die wirklich auftretenden Verhältnisse
vereinfacht. Aber ohne Näherungen und Vereinfachungen kommt der Ingenieur

nicht aus, wenn er die Ansätze der klassischen Mechanik für seine besonderen

Zwecke umformt. Er nähert, damit einfache und übersichtliche Rechengänge

genügend genaue Ergebnisse liefern, dabei darauf achtend, daß diese
Rechengänge nicht unnötig genauer werden als die Ausgangswerte, die vor
allem die physikalischen Baustoffkennwerte enthalten. Von diesen Ausgangswerten

bis zur erforderlichen Genauigkeit des Endergebnisses versucht der
Ingenieur ein Gleichmaß der Genauigkeit einzuhalten.

Wo der Ingenieur vereinfacht und nähert, verläßt er die eindeutigen
Ansätze der klassischen Mechanik und begibt sich in das Gebiet des Ermessens,
wo verschiedene Auffassungen darüber bestehen können, wo und wieviel zu
nähern. Die Baumechanik unterliegt dabei wechselwirkend gegensätzlichen
Einflüssen: Erfahrung und Versuchswesen vermehren und verwickeln die
Ansätze, weil sie feiner nähern und neue Erkenntnisse berücksichtigen wollen;
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die Baumechanik vereinfacht, weil sie das Naturgeschehen auf möglichst
wenige, allgemein gültige Gesetze zurückführen möchte. Für die Verbundbaustoffe

des Stahl- und Spannbetons hat der erste Einfluß verlangt, die
Naviersche Annahme durch die Bernoullische zu ersetzen, weil Beton keine
lineare Arbeitslinie besitzt. Der Ingenieur wendet hier ein, dies übertriebe das

Genauigkeitsmaß, denn die Frage der Verzerrung der Querschnitte bleibt
solange unklar, wie der Haftverbund zwischen Stahl und Beton nicht genau
bekannt.

Der gestörte Verform- und Spannzustand am Riß bedeutet für die Rechengänge

wahrscheinlich mehr als die genaue Form der Betonarbeitslinie. Inwieweit

überhaupt die Verbundbaustoffe mit den gleichen Ansätzen wie die
homogenen sich behandeln lassen, kann erst entschieden werden, wenn dieser

gestörte Zustand bis ins einzelne bekannt. Zudem fehlt bis heute eine
allgemeine Baumechanik nichtlinearer Arbeitslinien, und will eine Bemessung solche

berücksichtigen, bringt das eine unnütze Genauigkeit, weil die Schnittkraftermittlung

hier nicht folgen kann. Ehe überhaupt daran gedacht werden kann,
hier etwas gegenüber der technischen Biegelehre mit der Navierschen Annahme
zu ändern, muß die Frage des Verbundes zwischen Stahl und Beton geklärt
werden, weil die wirklichen Verzerrungen des Betonquerschnittes solange nicht
eindeutig zu beschreiben sind, wie man nicht weiß, was an der Rißstelle der
Zugzone im einzelnen geschieht. Das Nachfolgende will versuchen, hier etwas
aufzuklären. Es befaßt sich mit der baumechanischen Grundaufgabe: Bestimme
Verform-, Zerr- und Spannzustand eines im unendlichen Beton-Halbraum
einbindenden kreisrunden Stahlstabes.

2. Rechengang zur Grundaufgabe

Die Grundaufgabe untersucht den drehsymmetrischen Verform-, Zerr- und
Spannzustand nach Fig. 1. Dabei muß der Rand des Betonhalbraumes r p
mit dem Rand des Stahlstabes r p verträglich sein. Die Lösung betrachtet
den Halbraum genau, vereinfacht den Stahlstab aber zum tatsächlichen Stab,
bei dem die Tensoren nur von z abhängen. Er läßt sich damit elementar
behandeln. Umständlich zu behandeln bleibt der Betonhalbraum. Bekannt ist
die Lösung für eine im Innern des Halbraumes in Richtung der 2-Achse angreifenden

Einzellast P. Diese Lösung läßt sich auf Streckenlasten pk erweitern.
Die dimensionslose Rechnung bezieht sich auf die Ausgangsspannung öz ä0
des Stahlstabes am Punkte z 0 und benutzt die Koordinaten r/p und z/p.
Überstrichene Festwerte und Tensoren gelten für den Stahlstab, nicht
gekennzeichnete für den Betonhalbraum, insbesondere:

E und E: Steifezahl,
v und v: Querzahl,
G und G: Gleitzahl,
p Halbmesser des Stahlstabes.
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P 0-0 -7T/02

Fig. 1. Halbraum mit Stahlstab.

C^\p

-^-r; u; £r;or

2; v; 6z; crz

Damit der Rechengang:

1. Bekannt Verform-, Zerr- und Spannzustand des Halbraumes mit einer
Einzellast P wirkend in Richtung der z-Achse bei z x.

2. Erweiterte Lösung für Streckenlasten pk wirkend von z 0 bis z xk für
n Punkte xk.

3. Bestimme insbesondere die Zerrung ez am Rande des Zylinders r p für
n Bezugspunkte zk.

4. Bestimme insbesondere die Schubspannung am Rande des Zylinders r p
an diesen Bezugspunkten.

5. Bestimme Stahlspannung:

*--*•—/•' dz (i)

an diesen n Bezugspunkten zk.

6. Bestimme Stahlzerrung lz an den n Bezugspunkten zk.

7. Vertragbedingung ez ez an den n Bezugspunkten zk liefert n Bestimmungsgleichungen.

Punkt 2 nimmt vereinfachend an, die nach Punkt 7 verträglichen Tensoren
entstünden aus der Summe konstanter Streckenlasten pk nach Fig. 2, anstatt
aus einem Funktionsverlauf. Die Streckenlasten pk reichen dabei stets von
z 0 bis zum Lastpunkt z xk und es werden insgesamt n Streckenlasten pk
aufgebracht. Die n Endpunkte xk der n Streckenlasten liegen dort, wo auch
die Bezugspunkte zk der Vertraggleichungen liegen.



166 JOHANN JACOB RIEVE

Z2

Zk

Zk+1

Zn -I

Pi

P2

Pk

Pk+1

Pn

Fig. 2. Streckenlasten im Halbraum.

3. Tensoren des Halbraumes

Für den Fall einer Einzellast in z-Richtung im Inneren eines Halbraumes
lautet die Vektorfunktion [1]:

+ 4(l-2v)[(l-v)z-vx]ln(X%2 + z +x)- 2zx\

Hierin die X-Funktionen:
X1 r2 + (z-x)2,
X2 r2 + (z + x)2,

(2)

(3)

ii

_1F"

LV
Fig. 3. Einzellast P im
Inneren des Halbraums.

Nach Fig. 3 ist x der Abstand der Einzellast von der Deckebene z 0. x läuft
also auf der z-Achse. Die einzelnen Tensoren folgen in bekannter Weise aus
der Vektorfunktion (2) mit:

U =~2GF™'

w jg[2(l-v)AF-F^,
(4)
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or ~[vAF-Frr\,

8 ^
oz=-[(2-v)AF-FJ,

r =±[(i-v)AF-FJ.

Darin A F„ + -Fr + Fsz.

Die Fußzeiger r und z bedeuten die Ableitung nach diesen Größen. Eine
Streckenlast von z 0 bis z=xk liefert nach einer Integration

Xh

F $F1dx
o

die erweiterte Vektorfunktion für die Streckenlast von z 0 bis z xk:

^=8lf^{^^/2 + Tln(Xi/2 + X-2) + Zi/2[[8v(1-v)-1]^
-4(l-2j>)(l-v)z-(l-2v)(3z-a;)v-2zl

+ ln(Xl'2 + x + z)\[8v(l-v)-l]~

+ 4(l--2v)(l-v)z(z +z)-2y(l-2vL2 + ^-z2) + 2z2|l

Dieser Ausdruck ist zu nehmen von x 0 bis x xk. Die einzelnen Tensoren
aus Gl. (5) mit Gl. (4) jetzt mit eingesetzten Grenzen für die Streckenlast
x — xk und x 0 genommen am Bezugspunkt z m:

u ky Vur f 1 L_ 3-4r _Um L{lQ?TG(l-v)\xy2mk X^0 + r2 ^2mk *2mo)

+^i[5^ + 2zmzfe-34-4v(z2,-4)]-T!-%5--4v) (6a)

_4(l-v)(l-2v)f-= -y-1 1 -^4.
Die Gleichungen sind aufzustellen für n Bezugspunkte an den Stellen zm, die
gleich sind mit den n Endpunkten der Streckenlasten pk. Es gibt also n Bezugspunkte

zm und n Streckenlasten pk. Die X-Funktionen jetzt:

Almfc r + (Zm~~xk) >

¦X-2mk r +(zm + xk)2>

AlmO r + zm A2m0'

(5)
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Die weiteren Tensoren angeschrieben ohne die Kennzeichnung mk bei den
X-Funktionen:

k=n

Wm £ l6irQ(l-v) ^(l-")Pn(^8 + «-g)-hi(^-g)]

+ 8(l-v)2[ln(Xp + a; + z)-ln(Xi()2 +z)]+^-]^- (6b)

-[(5-4v)z-(3-4v)o;]I^ + (5-4v)]^-^^X)}•

„ V P* in 2v)l * -\-r2l-± 1-

a™ Zj 8 tt (i - v) y ' Ui/2 x]$ j Uf5 ^!
+ 7(l-2v)(^-^?)-8(l-v)(z+x)^ + 8(l-v)-2 Vl/2^20

+ [12vx2-8(l-2i/)z2-3(l--4i/)r2-2(5-14v)z^]-^- (6c)

+ [8(l-2v) + 3(l-4v)]I^

_yft(l-2v)f 1 11 r 8(l-v)(z + a;)z] 1

1
[3 + 6i;_8v«]_L. + _J_[_2Zar + 4va;(2 + a!)]^« («d)l_2vL JZ|;2 l-2vL v /JZf2

+4(1--)(xp^-zl^)}'

a- =fc^18^(i-v)r(3~2vH(xF~^)"(^F~xir)j
2 1

(5-^)w +
z2 6 z x (z + x)2l

L20 ^v2

__
v^ ^r j2(l—v)lz — x z z + x z \ z — x

X%2

+ [(5-4v)z-x]^w-(5-4v)^F57s- +'ZP v 'Z1'02 T Z|'22 r
(6f)
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k=n

-y p* f o u)( 1 1 \ (z-*)21

+(3-12"+8j'2)(lF-i)
+ [(5-4v)z2 + (l-4v)x2 + 4(l-2v)za;]

*

z"
X%2

(6g)

•(5-4")™r + 6zx(z + x)2
Xf02 X^2 r

xr

(6h)

Für die Behandlung der Gl. (1) wird noch der Integralschub gebraucht:

/« .„x/J 1 \ 4(l-y)(z + x)x 2zx\
K V)\X\2 Xy2) r2X\2 X%2Y

Die vorstehenden Gl. (6) werden an n Punkten zm angeschrieben, wobei über
die k Streckenlasten von z 0 bis z xk zu summieren. Die Werte die Gl. (3)
laufen sowohl in z als in x über n Punkte und treten damit n2 vielfältig auf.

Von den Tensoren haben für z 0 den Wert Null az nach Gl. (6e), t nach
Gl. (6f) und der Integralschub nach Gl. (6h). Für z -> oo verschwinden alle
Tensoren.

4. Tensoren des Stahlstabes

Diese Tensoren sind dimensionslos in der Ausgangsspannung <r0 an der
Stelle z 0. Am Zylinder r p wirken die Spannungen ar nach Gl. (6c), t nach
Gl. (6f) und \rdz nach Gl. (6h). Beim Stab gilt genau genug:

ör öq) orr für r p.

Für die Zerrung ezm nach Gl. (1):
n

Fzk entspricht dem Klammerausdruck der Gl. (6h), hierin r p. Für die
Verschiebung ü mit Frk für den Klammerausdruck der Gl. (6c) bei r p:

u .^[(i-.)j!,-^-|ji-a_At)]. ,8)

5. Vertragbedingung und Beispiel

Gl. (7) der Zerrung des Stahlstabes ist mit Gl. (6g) der Zerrung des
Betonhalbraumes am Rand r=p gleichzusetzen. Für den Ausdruck der geschweiften
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Klammer der Gl. (6g) bei r p jetzt Fek gesetzt, liefert die Vertragbedingung:

E2>fc(I^-f^fc + ^) 50(l-v)47r. (9)

Gl. (9) wird an den n Bezugspunkten zm angeschrieben, womit ein w-gliedriges
Gleichungssystem entsteht für die n unbekannten Streckenlasten pk, die von
0 bis zk reichen. Die Verträglichkeit erstreckt sich nur auf die Zerrungen ez

und damit auch auf die Verschiebungen w und nicht auf u.

0.15 --
E 300 t/cm2, v %

t t* E 450 t/cm2, v V5

300 t/cm2 v 0

/ XJ*

VP

0.10--

0.05

12 3 6 10

Fig. 4. Verteilung der Haftverbundspannung.

In Fig. 4 sind die Haftspannungen r aufgetragen, berechnet nach Gl. (6f)
für die Festwerte:

E 2100 t/cm2,

E= 300 t/cm2,

v Vb,

- v5.

Die Änderung der Steifezahl des Betons von E 300 auf 450 t/cm2 liefert die

Verteilung r* der Fig. 4 und die Änderung der Betonquerzahl von v 1/5 auf
v 0 die Verteilung r** der Fig. 4.

6. Ergebnis

Die Eintraglänge der Kraft P des Stahlstabes ist dimensionslos in r/p. Die
verbreitete Ansicht, dünne Stäbe verursachten kleinere Spannungen an der

Lasteintragung als dicke, weil das Verhältnis Umfang zum Querschnitt
günstiger, trifft nicht zu. Der dünne Stab hat eine kleinere Eintraglänge als der
dicke, aber die gleichen Spannungen. So jedenfalls die Rechnung.
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Wenn die Bauanwendung zeigt, dünne Stäbe verhielten sich besser in der
Verankerung als dicke, gibt es dafür zwei Gründe. Einmal könnten sich die
Baustoffkennwerte im Grenzübergang zu kleinen Flächen ändern und zum
anderen liefern große Stabdurchmesser aus anderen Gründen einen schlechteren

Verbund, wie aus dem Grenzübergang p -> oo erkennbar. Es verschlechtert

sich der Verbund bei größeren Stabdurchmessern einmal dadurch, daß
der Beton sackt und das um so mehr, je mehr Beton unterhalb des Stabes

liegt, zum anderen dadurch, daß sich Luft -und Wasserblasen am Unterrand
des Stabes sammeln.

Für die Abhängigkeit der Verbundspannung von den Baustoffkennwerten
gilt genau genug:

5™*- 0,025^-^(1 -v). (10)
ct0 E

Für E -> E fällt die Verbundspannung r -> 0. Dieser Grenzübergang ist
technisch bekannt. Steigt die Steifezahl des Betons zu der des Stahls an, geht
die behandelte baumechanische Grundaufgabe über in die bekannte Lösung
des Halbraumes mit einer Einzellast auf der Deckebene. Bei ihr treten in den
Radialschnitten keine Schubspannungen auf. Allein aus diesem Grenzübergang
folgt, daß die Verbundspannung, wie auch in Fig. 4 richtig dargestellt, mit
zunehmendem E absinkt.

Geht der Stahl in den Fließzustand über, sinkt seine Steifezahl bis auf Null
herab und es gilt E -> E. An irgend einer Stelle trifft die Steifezahl E des

Stahles die des Betons. In diesem Augenblick reicht auf jeden Fall die
Betonfestigkeit aus, für einen vollkommenen Verbund zu sorgen, denn die Schub-

Spannung fällt bis auf Null. Dieser vollkommene Verbund läßt die Rißbreite
des Betons beim Biegestab bis auf Null fallen und man erkennt, warum ein
sehr schwach bewehrter Biegestab spröde bricht.

Hohe Ausgangsspannungen ä0 bringen entsprechend hohe Haftspannungen,
woraus folgt, sowohl Stahl- als auch Spannbeton sollten hohe Stahlgüten nur
mit hohen Betongüten verbinden. Weil das E des Betons mit zunehmender
Güte einem Grenzwert zustrebt, bleibt auch die ausnutzbare Stahlgüte
begrenzt. Das sowohl für den Biegequerschnitt als auch für die HaftVerankerung.
Die Bauanwendung kennt die Verankerung dünner, hochgespannter Drähte,
was darauf schließen läßt, daß alle Stäbe sich durch Haftverbund verankern
lassen, wenn nur dafür gesorgt, die sonstigen Nachteile am Verbund zu
vermeiden, ihm also die dieser Rechnung zugrunde gelegten Bedingungen zu
schaffen.
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Zusammenfassung

Den Haftverbund zwischen Stahl und Beton ermittelte man bisher am
Ausziehversuch. Das vorstehende behandelt diesen Ausziehversuch mit den
Ansätzen der Elastizitätstheorie und kommt zu dem Ergebnis, daß der
Haftverbund von den Elastizitätszahlen E und den Querzahlen v der beiden
Baustoffe Stahl und Beton abhängt. Die Querzahl hat keinen großen Einfluß, so

daß praktisch die Elastizitätszahl des Betons die Spannungsverteilung
dimensionslos im Stabdurchmesser bestimmt.

Summary

Pullout tests have in the past been used to evaluate the bond between
steel and concrete. A theoretical analysis of the pullout test is here presented,
which is based on the theory of elasticity. Bond stresses are found to depend
on the Moduli of Elasticity and the Poisson's Ratios of both the steel and the
concrete. It is shown that Poisson's Ratio is not of prime importance, and a
nondimensionalized stress distribution is obtained which depends only on the
Young's Modulus of the concrete.

Resume

D'habitude on determinait l'adherence entre acier et beton ä l'aide d'essais
d'extraction. On traite ici cet essai sur la base de la theorie de l'elasticite et
du nombre de Poisson de l'acier et du beton. L'influence du nombre de Poisson
est negligeable de teile sorte que pratiquement seul le coefficient d'elasticite du
beton determine la repartition qualitative des tensions.
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Introduction

Simple plastic theory is based upon the concept of a set of proportional
loads which affect the collapse of a structure. In determining the load,
ductility of the material is considered rather than fracture. The theory is, in
reality, a limiting strength theory based upon the probability of failure of a
structure under a single application of a peak load rather than gradual collapse
under repeated application of loads below the static collapse value.

It is seldom, however, that a structure will be subjected to static load only.
In its lifetime, it may well suffer variable repeated loading such as wind, snow,
etc., even though the periodicity may vary within wide limits. The repeated
application of the load may cause the structure to fail either by "incremental
collapse" or "alternating plasticity".

The second type of failure is somewhat similar to a fatigue failure but
requires a much smaller number of cycles, a higher intensity of alternating
loads leading to a greater ränge of stress and a low frequency of application
leading to a longer time at peak values.

Considerable work has been done on the elastic-plastic response of structures

and several analytical Solutions have been proposed for determining the
"shakedown" load. These theoretical studies have often been verified by tests
on model and full-scale structures [1-6]. It is important to point out that
changes in material properties during cyclic loading are not taken into account
in the theoretical analysis of "shakedown" and "incremental collapse load"
problems where it is assumed that each application of peak load is sustained
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for a sufficiently long period as to allow the deformations of the structure to
stabilize; in this sense the loading is presumed to be "quasi-static". It is clear
from the published work on the material properties under cyclic loading
conditions that there is a significant change in the stress-strain characteristics of
the steel from one cycle to the other over a wide ränge of loading frequencies
from very high to quite low. It is necessary, therefore, to account for these

changes in material properties in analysing structures under cyclic loading
conditions; this is attempted here for low frequencies.

When a structure, loaded beyond the elastic limit, is subjected to cyclic
loading at or near the collapse value, the nature of the problem is completely
changed. The difference between conventional fatigue and this particular type
of problem is that the former is associated with high intensities of loading
producing failure after relatively few cycles. It is customary to refer to this
second problem as "low endurance" fatigue.

The materials aspect of the "low endurance" problem has been the subject
of investigation by many research workers [7-11]. The structural aspect of
the problem of "alternating plasticity" has received very little attention
[12, 13].

The little work done in this area is inconclusive in helping to predict structural

behaviour analytically since no attempt is made to relate dynamic
material properties to the study of structural response. The work after Royles
[14] throws some light on simple and continuous beams under a constant
deflection ränge in formulating empirical moment-curvature relationship for
mild steel beams subjected to alternate bending.

The procedure of Royles [14] ignores partially the effect of elasticity in
constructing the moment-curvature relation or otherwise assumes a fully
nonlinear material. The application of this type of moment-curvature relation to
simple structures, where the major part of the structure is well in the plastic
ränge, will not produce much error. In the case of statically indeterminate
structures, however, where the major portion of the structure may remain
elastic, the error may be considerable.

The nature of the loading on structures is random, and consequently, it is

very difficult to study such a complex problem directly. The problem can be
classified into two cases involving (I) load control, and (II) deflection control.
Once mathematical modeis have been established for the above two types it
might be possible to formulate a Solution for the more general random loading
case.

The purpose of this investigation is to develop an analytical technique for
deriving the cyclic behaviour of simple structures under a constant ränge of
alternating displacements (strains). It should be emphasized that alternating
displacements only are considered, of a type in which the maximum amplitudes
are identical in hogging and sagging.

The ambient conditions of loading rate are such as to confine the investiga-
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tion to low cyclic fatigue behaviour (1-100 cpm). The method depends upon
the generation of "pseudo-static" moment-curvature relationships which are
discrete funetions of the iristantaneous cyclic history. These curves are obtained
either from cyclic tests on beams under pure bending or from cyclic "push-
pull" tests.

The moment-curvature modeis are derived from cyclic pure bending tests
or "push-pull" tests (Controlling the strain ränge) and are then applied to
study the behaviour of structural components under controlled deflection
amplitudes of equal and opposite sign. The problem where the deflection is
being controlled is neither strain controlled nor load controlled. In fact, when
the deflection ränge at one point is controlled, the strain (curvature) ränge
and the moment (or load) at every other point changes from cycle to cycle
because of the varying strain hardening rates under different strain ranges.
Hence the analytical technique proposed here can predict the experimental
values if the deflected shape of the beam is controlled rather than the peak
deflection ränge at one particular point. In a pure bending (or push-pull)
problem, where the strain ränge is controlled, the moment (or stress) amplitude
increases from one cycle to the other; but if the moment (or stress) amplitude
is controlled the strain ränge decreases [14-16]. The exception to the above
statement occurs if the controlled ränge of strain or moment (or stress) is in
the region of yield, where the reverse is true. In a Situation where all these

parameters change and a different parameter of deformation is controlled, it is
reasonable to assume that the moment (or stress) will be less than the case
where the strain ränge alone is controlled. Based on this conclusion, and on
the fact that the moment-curvature modeis employed in the calculations are
derived from strain controlled tests, it can be deduced that the theory proposed
in this paper will yield an upper bound envelope behaviour. On the other
hand, the load controlled problem (which is not the subject of this paper) will
yield a lower bound "Solution".

Moment-Curvature Characteristics

Two types of steels are used in the expe*riments reported in this paper and
their chemical compositions are reported here. The material used in pure
bending, push-pull and cantilever tests is of the following composition:

Si S P Mn C Cr Fe

0.037 0.025 0.004 0.47 0.143 0.01 Remainder %

The chemical properties of the steel used in four point bending, simple
and continuous beam tests are as follows:

C Mn S P Si Fe

0.12 0.7 0.05 Remainder %
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The cyclic moment-curvature relations for the analysis of structural
components can be formulated in two ways from (I) axial push-pull tests, and (II)
cyclic reversed (pure) bending tests.

In general, four types of moment-curvature modeis can be employed in
the analysis as follows: (I) the model is linear until yield and non-linear
beyond, (II) non-linear from the outset, (III) bi-linear with two different
slopes, and (IV) a rigid-strain hardening type. The first two modeis are employed
in the analysis of structural components (determinate and indeterminate)
reported in this paper; the first of these two accounts for the effect of elasticity
while the second ignores it partly. The third model is similar to the first one

except for a constant slope in the non-linear ränge which is represented by a

polynomial in the first case. The fourth model completely ignores the effect
of elasticity. All four modeis are employed on a determinate structure
(cantilever beam) and the results are represented together with the experiment
on the same plot for the purposes of comparison. The first two modeis lead to
complicated numerical calculations because of their non-linearity, while the
latter ones are less cumbersome to apply. It follows, in general, that the
Model I will yield values closer to experiments than Model II. In the higher
ränge of strain, however, where the effects of plastic strain dominate, the
predictions are almost identical implying that the simpler continuous
nonlinear model (Model II) can often be employed in the analysis of structures
where elastic strains are small compared with inelastic strains. Model III will
yield an upper bound Solution (as in Model I) but the calculations will be

simplified to a significant extent. When the elastic and plastic strains are
comparable, the error will be appreciable, but this will diminish as the plastic
strain increases compared with elastic strain. In the case of Model IV, since
the contribution due to the elastic component is neglected, the error in the
working ränge (where the strains are very small) might be serious. The four
moment-curvature modeis can be represented mathematically as follows in
non-dimensional form:

k m elastic
k 1.0 + ocx (m — 1 )ß1 inelastic

k oc2 (m)^

k m elastic
k C 4- a3 (m — C) inelastic

k a4 (m — mc)

The constants ocx, oc2, a3, a4, ßl9 ß2, C and mc are funetions of the number of
cycles for which the particular model is constructed and can be computed by
plotting the appropriate data from the experiments on pure bending speeimen
or push-pull tests.

From reversed bending tests Royles [14] has concluded that the influence

Model I, (1)

Model II, (2)

Model III, (3)

Model IV. (4)
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of axial extension is predominant when strain ränge exceeds ±2.5% and that
moment amplitudes have to be adjusted accordingly. The present study was
limited to an inelastic strain ränge varying from yield to ± 2.5%. In the
experiments after Royles [14] (also reported here), the maximum strain ränge
considered was ±5.5%, and the results were adjusted accordingly for the
effect of axial extension.

Push-Pull Tests

The results of cyclic axial push-pull tests [17] are plotted on a log-log scale

(Fig. 1). By cross plotting from Fig. 1, the stress-strain curves of Fig. 2 a, can be
derived for various cycles. The stress-strain expression can be represented by
a power law

Aa a(Ae)h, (5)

cyclic frequency 6-30 cpm

— 4

only typical plots are shown

plot no strain ränge A B
% I03psi

1 0 600 69 50 0 0010
CVJ 0 744 71 90 -0 0058
3 1 000 71 Ol 00198
4 1 500 85 47 00 152
5 2 500 89 76 0 0225
6 3 4 00 98 60 0 0273
7 4 180 III 90 0 0388
8 5 2 90 122 20 0 0400

100 1000
cycles

10,000

Fig. 1. Cyclic Variation of Stress Range under Constant Strain Cycling.

200

10,000

5.000
000
500

Ao--a(Ae)
N-50 0

- 60100 Model I

Model I

% strain ränge

Fig. 2 a. Cyclic Stress-Strain Characteristics. Fig. 2b. Cyclic Stress-Strain Curve:
A Typical Value.
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Table la. (Authors)

Uycles <*i Pi a2 02

1.0 13.0 4.1521 0.22 5.6568
5.0 10.4 3.7020 0.35 4.7976

10.0 9.5 3.145 0.31 4.8692
50.0 8.6 2.604 0.45 4.0885

100.0 8.0 2.550 0.52 3.7934
500.0 7.3 2.26 0.56 3.7399

1000.0 7.0 2.115 0.62 3.5424
5000.0 6.2 1.9678 0.62 3.4306
0000.0 5.8 2.0773 0.64 3.4092

Table lb. (Royles)

uycles «i Pi a2 P2

1.0 10.980 1.9000 0.9961 3.4622
5.0 9.618 1.9003 0.9548 3.3577

10.0 9.003 1.9087 0.9268 3.3177
50.0 7.852 1.8972 0.8964 3.2041

100.0 7.379 1.8940 0.8833 3.1528
250.0 6.764 1.9002 0.8533 3.1041
500.0 6.348 1.8972 0.8397 3.0542

1000.0 5.964 1.8851 0.8358 2.9903
1600.0 5.720 1.8895 0.8193 2.9723

where a and b are material constants for a particular cycle (Table la). As seen
from Fig. 2 b, the power law very closely represents the material behaviour.

The cyclic moment-curvature relations for reetangular sections can be

deduced as shown in Appendix I and may be represented in Fig. 3 a. In Fig. 3b,
the moment-curvature characteristic derived from push-pull tests for a particular

cycle is plotted along with the experimental points from pure bending
tests. The geometric constants are computed and shown in Table lb.

0,000
5.000

000
500

100

Model II
N l

0 5

predicted from push-pull tests

oooo expenment (pure bendmg)

curvature K/Ky

Fig. 3 a. Cyclic Moment-Curvature
Relationships: From Push-Pull Tests.

io
curvoture K/Ky

Fig. 3 b. Cyclic Moment-Curvature
Relationship: A Typical Value (N= 100.0).
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I 0

Fig. 3 c. Cyclic Moment-Curvature
Relationship: Log Scale. 0 I

predicted from push-pull tests

oooo expenment (pure bendmg)

curvature, K/Ky

Pure Bending Tests [19, 20]

The constants ocx, oc2, a3, a4, ß±, ß2, C and mc for various numbers of cycles
are computed by plotting the data from Figs. 4 and 5 (see Fig. 6) and listing
as indicated in Table 2. The cyclic moment-curvature modeis generated by
employing these constant are shown in Fig. 7 for the first two modeis used in
the analysis. These moment-curvature characteristics are employed to predict
analytically the cyclic response of structural components under reversed
bending.

Fig. 6 a shows the log-log plots of both m — k modeis (I and II) for a parti-

cyclic Variation of moment amplitude-constant strain ränge

frequency 3-15 cpm (authors)

-A—£ & A^ä A«=4 4% (N 500)

3 4%(N 500)
O ^5

oq

D °

* A * *
A *

W- r- •

M((£=^))M

°>2 3%(N IOOO)

I 53% (N 3000)

* • 0 67%
¦*-5-x(N=20POO)

0 84% (N= 10,000)

0 cycles N

Fig. 4a. Cyclic Variation of Moment Amplitude: Constant Strain Range (Authors).
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100 0

cyclic Variation of moment amplitude

— constant strain ränge

frequency 6cpm

strain ränge Ae

• • • • •—•-
7%

Ae t 0 42 %
• • • • ««

1
1

-«—•—•—•—-• •-

I

-•-

1

100

cycles

1000 10,000

Fig. 4b. Cyclic Variation of Moment Amplitude under Constant Strain Range: Log Scale.

I (A€=ll I %)
frequency l-IOcpm

"v^7

(8%)

My 166 7 in lbs (Royles)

(5 I•-• V

65%)

0 9%

•- •
(0 75%)

cycles
10,000

Fig. 5. Cyclic Variation of Moment Amplitude: Constant Strain Range (Royles).

Table 2 a

Cycle ax IO3 psi. b

1.0 248.6 0.2599
10.0 302.7 0.2968
50.0 347.3 0.3225

100.0 368.4 0.3336
500.0 422.9 0.3594

1000.0 448.6 0.3705
5000.0 514.8 0.3963
0000.0 546.3 0.4073
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Table 2b

Cycle a2 ft
1.0 0.7736 3.8476

10.0 0.9022 3.3693
50.0 0.9822 3.1008

100.0 1.0160 2.9976
500.0 1.0870 2.7824

1000.0 1.1160 2.6991
5000.0 1.1800 2.5233
0000.0 1.2040 2.4552

Model I

0 |L-

N=50 0

oc, 80 60 /3, 2 60

«2= 0 45 /?2 4 10

Ol io
k,(k-l)

mc 1 40 N 50 0

c 1 50 0(3 15 3 o.

slope 0 06521

mc 1 j>^-—

- / Models I and 12"

/ I l i i i 1 t

8 10

curvature,k

Fig. 6 a. Cyclic Moment-Curvature
Characteristics (Models I and II):

Log Scale.

Fig. 6 b. Cyclic Moment-Curvature Characteristics;
Models III and IV.

N =10,000 5000
-500

1000
100

20 -

static

Model I

0 5

00
6 9

curvature, K/Ky

Fig. 7 a. Cyclic Moment-Curvature Characteristics for Various Cycles: Model I.
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max.
2-5 5000^ 1000-

N 10,000 / / 500 100

static

Model I

curvature, K/Ky

Fig. 7 b. Cyclic Moment-Curvature Characteristics for Various Cycles: Model II.

cular cycle. In general, the experimental plots show linearity on log scales of
m and k values; the curve II shows linearity on log scales of (m — 1) and (k — 1)

values. This approximation may introduce an error and its magnitude will be

comparatively greater near the yield point than at larger values of m and k.
From Fig. 6 a, however, this difference seems to be insignificant and, therefore,
the approximation is acceptable without introducing serious error in the
calculations.

Analysis of Structural Components

It is proposed to apply the moment-curvature relations generated from
experiments to structures in order to predict the cyclic history of loading
under a constant ränge of alternating deflections. The following assumptions
are made in formulating the theoretical approach:

(I) the structure consists of prismatic members with reetangular sections

symmetrical about the natural axis,

(II) plane sections remain plane during elastic and inelastic bending,

(III) the effect of shear and normal force is ignored,

(IV) instability is not considered to be a factor,
(V) the cross section of the beam remains constant throughout its cyclic life.

The moment-curvature relations derived in the preceding pages are applied
in the analysis of simple and indeterminate structural Systems. The m — k
characteristics (I and II) derived from pure bending tests are applied to all
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Systems whereas those derived from the push-pull tests and Models III and IV
are applied to cantilever beams only since it is believed sufficient to compare
some typical results rather than repeating all the problems.
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Fig. 8a-c. Cyclic Variation of Load on Cantilever Beams under Constant Deflection Range.

Determinate Systems

Simply supported and cantilever beams are analyzed theoretically and
experimentally. Theoretical investigations and experimental procedures are
reported in detail elsewhere [18, 19, 20].

The moment-curvature relations proposed above are applied here to predict
the behaviour of simple determinate structures subjected to reversed bending
under the constraint of a constant deflection ränge. The moment-area technique
is applied to derive expressions for the angle change and tangential deviation

150 Model H
_—

"
X

120

y/^/X
-^¦"x

^^-^* """Model I
X

90

60 -/ /
xxx expenment
dimensions depht 0

width 0
span 6

50"
25"
5"

30

/ 1 1 1

frequency 1 8-36 cpm

theoretical prediction based

upon
" pure - bendmg" tests

i i i i i

04 05 06 07
deflection ränge, inches

Fig. 9 a. Cyclic Load-Deflection Range Curves forJTJantilever Beams (iV 50.0): Models I and II.
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Fig. 9b. Cyclic Load-Deflection Curves for Cantilever Beams: Push-Pull and Pure Bendmg
(AT 50.0).
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Fig. 9c. Cyclic Load-Deflection Range Curves for Cantilever Beams: Models I-IV.

of an element subjected to end moments. By suitably combining these expressions

and applying the appropriate boundary conditions, the rotation and
deformation of the structure at any point may be calculated (Appendix II).

Tests are carried out on eight 6x/2 inch long cantilever beam specimens
measuring 1j2 X 1// and 1/4,r x 1/4//. The deflection ranges are so chosen to cover
the whole strain ränge possible, i.e., up to ±2.5%. The frequency of the
loading varies from 1.8 cpm. to 6 cpm. depending upon the deflection ränge.
The computed results are plotted with the experimental values in Fig. 8. In
Fig. 9, the load-deflection curves derived by applying both the moment-
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curvature modeis, are plotted for one particular cycle along with the
corresponding experimental results.

The analytical technique developed previously is now applied to predict
the cyclic Variation of loads on a simply supported beam subjected to a central
load under a ränge of alternating deflection. Predicted values are compared
with experiments after Royles [14]. The method is explained in detail in a

paper by the authors [18] and the cyclic moment-curvature constant are given
in Table lb. The results are plotted in Fig. 10. The value of ey is 0.13% for the
material used by Royles [14].

380 ' A8 0-974 inch

• A8 0-840 inch
dimensions-. width 5/16

depth 5/.I6"
span 6"

€y 0l3%

300 »-

A8 =0-657 inch

A8 =0-467 inch

Model I
o o

A8 =0-276 inch

x x symbol A 8

X 0-276
O 0-467

• 0-657
V 0•840
o 0-974

xx

experiment after Royles (14)

cycles

Fig. 10. Cyclic Variation of Load on Simple Beams under Constant Deflection Range (Model I).

Indeterminate Systems

Analytical investigations are carried out on some indeterminate structures
in order to predict their behaviour under a constant deflection ränge. One, two
and three hinges Systems are analyzed and the cyclic moment-curvature
relationships (Models I and II) derived previously are employed in the calculations.

A three-span continuous beam loaded symmetrically is analyzed and
the predictions are compared with experiments after Royles [14]. Virtual
work methods are employed in the analytical calculations (Appendix III)
which are reported in detail elsewhere [20]. Load deflections curves (Figs. 11,
12 and 13) are plotted for various numbers of cycles of loading along with
static load-deflection curves premised upon the usual bi-linear elastic-plastic
moment-curvature relationship. In the two hinge system, the effect of varying
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135
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N l

Model I
statico 60

W W-hinge II

hinge I LÜ
b= Ol L= 10

•100 -200 -300 -400 -500 -600 700 -800 900 1-00

central deflection, inches

Fig. IIa. Cyclic Load-Deflection Curve for Two Hinge System: Model I.

135
b =01

120

Model II
105

N= I

r 75

static

— hinge H

hinge I

W W

Ui
I I

I 1

¦ 100 -200 300 -400 -500 600 -700 -800 -900 100
central deflection, inches

Fig. IIb. Cyclic Load-Deflection Curve for Two Hinge System: Model II.

the spacing between the two point loads is studied. For the centrally loaded
continuous beam (Fig. 13), the cyclic Variation of central bending moment
for various deflection ranges is plotted in Fig. 14 along with experimental
values of Royles [14]. The deflection ranges are maximum amplitudes of
total 0.154, 0.243, 0.364, 0.554 and 0.740 inch equally divided in positive and
negative curvature about the undistrubed reference position of the bearns.
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N= 10,000

300

270-

240

210

180 N=l

i 150
Model I

hinge DJ

stotic

ol j bl
hinge u

hinge I

0 0-6 L 10

b 0-4

10 -20 -30 -40 -50 -60 80 -90
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Fig. 12. Cyclic Load-Deflection Curve for Three Hinge System: Model II.

^ 400-

N=I600
500
100

N=l

static Model I

II hinge -—s—:—zs „ &
6 6 6

I hinge

150 400 450100 •200 -250 -300 -350

central deflection, inches

Fig. 13a. Cyclic Load-Deflection Curve for Continuous Beam: Model I.

Table 3 a

System Load
(lbs)

Spacing of
Loads

Span L
(inches)

Deflection
Range

Single Hinge
Two Hinge

160
162
166
187
214

0.05 L
0.1 L
0.2 L
0.3 L

10
in all
the
cases

±0.5 in.
in all
the
cases
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Table 3 b

System Load
JV=1

(lbs)
2V= 10,000

Spacing
of Loads

Span L
(inches)

Deflection
Range

Single Hinge
Two Hinge

160
162
166
187
214

196
199
207
229
259

0
0.05 £
0.1 L
0.2 L
0.3 L

10
in all
the
cases

±0.5 in.
in all
the
cases

ÖUU

700
N I600

600

500 N l

lbs Model I
$"400

o

static

/
W300

I h

II

nge

hinge
A

\
200 A 6" * 6" A

100

n 1 I 1
1

200 300
central deflection, inches

Fig. 13b. Cyclic Load-Deflection Curve for Continuous Beam: Model II.

A— Model I
B— Model I

cyclic frequency 10 cpm
expenment öfter Royles

:] 0 74 inch

0 364 inch

o

0 154 inch

O O o o o oo o

deflection ränge 0 154 0 243 0 364 0 554 0 740
symbol O & O a a

N =1000 for all ranges except 0 154 inch (N 10,000)
1 I

J_ _L_
1000
-I

10 100 1000 10,000

14. Cyclic Variation of Central Bending Moment on Continuous Beam.Fig.
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Discussion and Conclusions

A method is developed for determining the cyclic Variation of loads on
simple and indeterminate beams subjected to a constant ränge of alternating
deflection. Cyclic moment-curvature relations are generated from experiments
involving pure bending and axial push-pull tests. Employing these moment-
curvature characteristics, theoretical values of load variations on simple
beams subjected to a constant ränge of reverse deflection are compared with
tests.

Two types of moment-curvature realtions are employed, designated as

Model I and Model II, depending upon the inclusion or rejection of elastic
strain components in the ränge of total strain. It follows, in general, that
Model I will yield values closer to experiments than Model II. In the higher
ranges of strain, however, where the effects of plastic strain dominate the two
predictions are almost identical implying that the simpler continuous
nonlinear model can often be employed in the analysis of structures where elastic
strains are small compared with plastic strains.

A bi-linear moment-curvature model (Model III) with two different slopes

may be employed instead of Model I; it will yield a higher envelope to the
problem but the calculations will be simplified to a significant extent. When
the elastic and plastic strains are comparable, the error will be appreciable
and this will become very small as the plastic strain increases with respect
to the elastic strain.

A rigid strain hardening type of moment-curvature model (Model IV) can
also be employed in the calculation, but, since the contribution due to the
elastic component is neglected, the error in the working ränge (where the
strains are very small) may be serious.

It is useful to suggest here that more experimental evidence in the yield
region will give a better understanding of the nature of the behaviour of the
material in order that a more realistic model might be assumed. Even though
Model I is more cumbersome in its application, this can be overcome by the
use of digital Computers. It is also proved in general that the existing classical
static analysis of structures is conservative.

The analysis presented in this paper predicts the load-response on the
basis of certain moment-curvature data generated by recourse to simple tests,
and m — k modeis derived from a fundamental stress-strain curve which is

itself a function of the strain. The correlation seems to be good. The study
reported here predicts the load-response of simple and indeterminate structures

subjected to constant deflection ränge. The work will only be complete,
and more practical, if it is also extended to embrace the behaviour of structural
components under a constant load ränge. It will also be more correct if every
point on the moment-curvature model is determined from a number of tests
rather than a single test.
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Notations

m moment amplitude
me moment amplitude in the elastic ränge
my yield moment
N number of cycles
k non-dimensional curvature (ratio between curvature at

any point and that at yield)
m non-dimensional moment (ratio between moment ampli¬

tude and that at yield)
<*i j a2, a3, a4, ßx, ß2, mc, C constants of the moment-curvature relationship
Ae strain ränge
e angle change
8 tangential deviation
y,A non-dimensional form of 6 and 8

<f>n end slope
Vn deflection at a point
Vc central deflection
Y non-dimensional form of deflection
*v deflection ränge
L length of the beam
Sx. Sn segment lengths

Lx.. Ln ratios: y - • «-y-
I second moment of inertia
E modulus of elasticity
e extent of elastic region
p extent of plastic region
KX,K2 constants
€v yield strain
Ae strain ränge
Av stress ränge
dem maximum strain ränge
B width of the reetangular beam
2d depth of the reetangular beam

Gv yield stress

A,B,a,b material constants

Appendix I. Cyclic Moment-Curvature Characteristics from Push-Pull Tests

The cyclic stress-strain ränge relationship can be represented by a
polynominal as below:
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Ao a(Ae)h,

where a, b are material constants (Table 2 a).
Now the above stress-strain ränge relation is applied for deriving the cyclic

moment-curvature characteristics for a symmetrical (reetangular) section.
The resisting moment of the section, then, can be written as:

d
M 2B]axdx.

o

Evaluating the integral

2+6\ d l
vM

In the elastic ränge, a E and 6 1. Hence, the value of the moment in the
elastic ränge

and the yield moment

M=^-A^d2

My ^— where AemE 2ay.

Now rendering the yield (1-1) non-dimensional

jf_ 3a(J«J>
My 2{2 + b)ay-

>

The moment-curvature characteristics can be plotted from Eq. (1-2) for
various cycles by plugging the proper values of a and 6 and putting
oy 33.5 -IO3 psi.

The m — k relationship employed in this paper is in the following form:

k oc2 (m)&,

where oc2, ß2 are geometrical constants. Values of k and m are generated for
a particular cycle from Eq. (1-2) and they are plotted on log-log scale (which
as indicated earlier is a straight line) to arrivate at the constants oc and ß.
This procedure is repeated for various cycles and the constants are tabulated
(Table 2b).

Appendix II. Deflection of Determinate Structures under Cyclic Loading [18]

Expressions are developed for angle changes and tangential deviations for
various types of loadings on beam elements; these are applied to predict the
Variation of load on simple beams subjected to a constant ränge of alternating
deflection.
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Inelastic Bending Belationships

As explained earlier, four types of moment-curvature relations (Eq. 1 to 4)
are employed in the analytical computations. Here, relationships are developed
for the first two modeis under various loadings and are tabulated in Table 4.
The relationships for the other two modeis can be similarly derived.

Table 4

v Rotation

wh<1.0
m2>1.0

wh^l.O
m2<1.0

ra^l.O
m2>1.0 m1 m2

Elastic Non-Linear A + C + D A + C-D C +H+1.0 l.O+ax^-l)^1

Complete Non-Linear
a2{m2(&+D_mi(&+l)}

(ß2+l)(m2 — wh)
«.(™i)A

Elastic A

A Tangential Deviation

m1<1.0
m2>1.0

wh^l.O
m2<1.0

m^l.O
m2>1.0 m1 m2

Elastic Non-Linear B + E — F H-G+ F E — G + H + 0.5 v/2

Complete Non-Linear

a2{m/2+2)-m1(^
(j8a+l)(j88 + 2)(ma-

-a2(m/2+1)

2+2)}

-mj)2
v/2

(A+i)(»*2-^i)

Elastic B

A (m^m^/2; B (2m1 + m2)/6; C {ai(m2- l)ft+1}/{(ft+ 1) (m2-™i)};
D (m2-l)2/2(m1-m2); E {ai(m8- l)ßl+2}l{(ß1+1)(]31 + 2)(m^mj«};
^ {(m2-l)»}/{6(ma-m1)»}; O 1^^-l)^+2}/{(i31+1)^ + 2) (m^m^2};
H {«i(»»i-l)A+1}/{Oi+l)(m1-fiiI)}.

Using the appropriate relationship (Eq. 1), angle changes and tangential
deviations of flexural members may be determined by direct integration:

Elastic Region

6ab KyLJkd(xlL)=^^jmd(xlL),
A A

B B

8BA Ky L2 f* (xjL) d (xjL) ^- \m (x/L) d (xjL).

(II-l)
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Inelastic Region
B

6AB KyLJkd(xlL)=^jmd(xlL) +^^j{1.0 + 0c1(m-l)ßi}d(xlL),
A Elastic Inelastic

B

8BA Ky L2jk (xjL) d (x/L) ^-2 Jm (x/L) d (x/L) (II-2)
Elastic

M„L2 7l^^{1.0 + ^(m-l^}{xlL)d(xJL).
Inelastic

where 6AB total angle change between two points A and B.

hBA the tangential deviation of point A from the tangent through
point B; distance (x/L) is measured from A.

2. Model II
Applying the Model II type of moment-curvature relationship (Eq. 2), the

expressions for 6 and 8 are as follows:

tt tt
6ab KyLJkd (xlL) ^- ja2 (m)ft d (x/L),

A A
B B
C M L2 C

hBA Ky L2j k (x/L) d {xjL) -fj- j a2 (m)ft (x/L) d (xjL).

(II-3)

Expressions for 6 and S

Considering the beam element subjected to a load as shown in Fig. 15, the
angle change and tangential deviation can be obtained by employing the
appropriate equations (II-1) to (II-3) above. All values are made dimensionless
for convenience.

m(s

njiviy

A

3> MZ

^ vy

*"

mpMy

9AB= angle Change

Sab - tangentential
deviation

Fig. 15. Beam Element.
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1. Model I
I. Angle Change. Moment at any point, xjL (taking the origin at A)

m(x/L) ml + (™2 - ml) (XIL) • (n"4)

In the elastic region,
hxiD mi + (m2 ~ mi) (XIL) (H-5)

and in the inelastic region,

hxiD 1.0 + ax {m1 + (m2 - rax) (x/L) - 1.0}&. (H-6)

The change in angle between A and i?, from expressions (II-5) and (II-6), is:
e

eAB -jjjj- I {™1 + (m2 _ ml) (XIL)} d (XIL)
°

,0 (H-7)

+ ^^J[1.0 + o1{m1 + (ma-m1)(a!/L)-1.0}A]d(a;/JL).
e

By evaluating the integral (II-7)

_ i^Xf^ + m, ^(m.-l.O)^ (m2-l)2 | JfyL^ EI \ 2 (ß1+l)(m2-m1) 2(m2-m1)j y EI ' { }

II. Tangential Deviation. One needs the tangential deviation 8AB; this can
be determined by applying expression (II-2) in which the origin is taken at
point B instead of A. The moment at any point (x/L) is thus given by:

m(x/L) ™>2- (m2 ~ ml) (XIL) • (n"9)

The tangential deviation becomes:

M L2 f
hAB ^T] [1-0 + cc1{m2-(m2-m1)(xlL)ß^(xlL)d(xlL)

0

1.0
M L2 C

+ -fj- J {w2 - (m2 - mx) (x/L)} (x/L) d (x/L).

Evaluation of the integral (11-10) leads to:

MyL2 f 2mi + m2 gl (m2- 1 )(ft+2> (m2-l)3 | =AMyL2
AB EI \ 6 +(ig1+i)(i81 + 2)(m2-m1)2 §(m2-m^)2) EI '

(11-11)
2. Model II

I. Angle Change. Moment at any point (x\L) (origin at A)

m(xlL) % + K-%) («/£) ' (H-12)
Then k(x/L) oc2{m1 + (m2-m1)(xlL)}ßK (H-13)
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Change in angle

l.U

~^rJa2{w1 + (ma-m1)(a;/JL)}ftd(x/i)
o

MyL a2{m2<fe+1>-m^+1>}
_ MyL

EI (ß2+l)(m2-mi) ~V EI ¦

(11-14)

//. Tangential Deviation. Moment at any point (x/L) with origin at B

m(xlD m2- (m2 -mx) (x/L). (11-15)

Then k(xlL) a2 {m2 - (m2 - mx) (x/L)}^. (11-16)

Tangential deviation

M L2 C

8ab —fij- I *M% - (m2 - mi) (*/£)}* (xlL) d (x/L)
0

MyL2 r «2{m|fe+2>-m1'fe+2>} <x2 (m1)fe+1 1
_ MyL2

EI [(ß2 + l)(ß2 + 2)(m2-mi)2 (ß2+l)(m2-mi)\ ~ EI'
(11-17)

As explained above, the expressions for the values of y and A for various
types of loadings are derived and tabulated (Table 4).

Example

The above expressions are now applied to solve a particular problem. The
method as explained in this paper is oriented to a digital Computer since the
amount of work is enormous and it is cumbersome to do by hand. A detailed
study of the Computer flow diagram [18] indicates that, in order to proceed
with the Solution of the problem, it is necessary to know two initial conditions
of either of the boundaries, i.e., rotation and deflection at the support. In a
cantilever beam, for example, the values of cf> and y are known at the built-in
end. In the case of a simply supported beam, however, only y is known and
</> has to be determined at the support. It is, therefore, proposed to formulate
an expression for the end slope <f> of a simple supported beam in terms of the
constants y and A.

A simply supported beam loaded as shown in Fig. 16 is considered. The
Solution is first formulated for this particular problem and is then generalized
for any type of loading.

The B.M. diagram is drawn for the given loading and divided into as many
small parts as required; the ordinates are designated as shown.

Constants yx, y2, y3 and A1, A2,A3 are the values of y and A for the segments
(l)-(2), (2)-(3) and (3)-(4), respectively.
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miM. Ck Si

©

m| My

W2 W3

S2 S3

© ®
a)beam

b) b.m. diagram

ÄJ~AJ m4My

®

n^M
m3My m4My

03.4
*2

»1.2

c) deformed shape

Fig. 16. Simple Beam (Example).

From Fig. 16, a general expression for </> can be derived as shown below:

M„Lt

(11-18)

<£ Eyj {yi^i+y2^2+r3^3+ • • • +yn-iLn-i}

+ ^[{A1L2 + A2L22 + • • • + An_1L*_J

-{y1L1L1 + y2(L1 + L2)L2+ +yw_1(L1 + i2+ • • • + Ln_t) Ln^}].

In order to solve a specific problem applying the above technique, the following
steps are necessary:

1. The bending moment diagram for the given loading is drawn and is divided
into as many segments as necessary. Each ordinate of the diagram is divided
by the yield moment (My) to make it dimensionless.

2. The constants oc and ß are chosen for a particular cycle of loading.
3. The values of y and A are evaluated for all the segments of the beam by

applying the appropriate expression.
4. Using the expression (11-18) the value of </h is calculated.
5. Once </h is known, it is a simple addition and subtraction, using values of

y and A, to calculate the rotation and deflection of the beam at any required
point.

6. The procedure may be repeated for any number of cycles.
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The above technique can be made more convenient to apply in the Solution
ofproblems by plotting values of m2 against y and A for various values of m1. In
order to solve a problem completely, one needs a family of plots for all loading
cycles.

The procedure explained above is easy to apply in finding the rotations
and deformations of a beam once the load is defined. When it is required to
find the loads on the beam for a given deflection, it becomes cumbersome and
a trial and error procedure has to be invoked. To avoid this difficulty a digital
Computer programme is developed in the language of Fortran II [18]. This

programme will compute the loads on a determinate structure for a given
deflection by properly reading in some specific initial conditions.

Appendix III. Central Deflection of Two Hinge System

Typical calculations for a two hinge system are shown. The moment-
curvature relationship (Model I) is used in the calculations. Due to symmetry
of loading, there is only one unknown, the end moment. Assuming that the
ratio between the moment at the loading point and the end moment is equal
to k, the expression for the end moment can be written in terms of k, a and W

as shown below.
Referring to Fig. 17,

m — -
WaL
M —Km

or m

v

WaL (III-l)
(K+l)My'

If the value of the constant k is known for a given value of W, the value
of m can be evaluated from equation (III-l). The value of k can be found
from Virtual work equations [21].

* (c)
¦0

3L I bL |
structure

unit moment

unit moment
diagram

I C 2

(a)

4*
(d)

I unit load

a,L
l-C /cm

10

(b)

1/2

b.m.d. dueto
m load

(dimensionless)

(e)

(f)

1/2

b.m.d dueto
unit load

Fig. 17. Two Hinge System.
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There are three stages of loading:

1. purely elastic,
2. the moment at A exceeds the elastic limit but the moment at 1 is below

the yield point, i.e. m> 1.0 Sind /cm^l.O,
3. moment at A and 1 exceed the elastic limit.

It should be noted here that the loading on the structure is assumed such

that the points A and B reach the yield limit before any other point on the
structure. The deflection of the beam at the centre can be calculated by
writing the Virtual work equation. Here three cases mentioned above have to
be considered. The equation for deflection in each case is derived by knowing
the values of k and appropriately combining the loadings (Figs. 17 b and

17f).
A detailed derivation of these equations is given in Ref. [21].

Stage (I) (m^l.O and Km < 1.0)

_MyL2\ mal Km(a-a1) (2a + a1) Km(l-4a2)"[
Vc ~"~1bT~[ 6~+ 6 + 8 _]'

K ' }

Stage (II) (m>1.0 and Km < 1.0)

2M„L2
Vc

MyL2\ \(ax-e)2 *xa\(m-lf^ \ jm
"¥T_[~l"_T_ + 2(^1+l)(^1 + 2)m2J"\TLai (ai 6)i

m[al-(a1-er]] + Km{a-^
(III-3)

6ax

Stage (III) (m>1.0 and Km> 1.0)

2MVL2\ (K-e)2 aiaf(m-l)fr+2 \m

6 l«i («i e> 1}+ 2Km\2 + 3Kmj
[(a-a-y (Km-1) + JKm- 1) {a2-a\) a1a(a-ax)(Km-l)ß^+1

+ { 4K2m2 + m(/3i + l)
oc(a-a1)2(Km-l)ßi+2) n_4a2v

Employing the moment-curvature Model II, the central deflection can be

written as follows:

_2MyL2\ «2a2mß* aca{Km)ß*(a-a1) fly°--J^r2(ß2+l)(ß2 + 2)+2(ß2+l)(ß2 + 2)^ + a{ß2+1)}

+ ^^(1_4a2)-|
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Summary

An analytical technique, based upon some simple experiments, is developed
for predicting the behaviour of mild steel, simple and indeterminate, structures
subject to reversed bending of the type in which a strain (or deflection) ränge
is prescribed. The method constructs moment-curvature relationships which
are funetions of the cyclic history of the structure and uses these curves to
determine the Variation of load with cyclic straining.

Resume

En se basant sur des experiences simples, on developpe une methode
analytique pour prevoir les proprietes de structures en acier doux, simples et
indeterminees sujettes a une contre-courbe du type dans lequel une classe de
deformations (ou de flexion) est prescrite. La methode conduit ä des relations
moment-courbure qui sont fonetion du passe cyclique de la structure et utilise
ces courbes pour determiner la Variation de la charge avec des contraintes
cycliques.

Zusammenfassung

Es wird auf Grund einiger einfacher Versuche ein Berechnungsverfahren
entwickelt, um das Verhalten von Tragwerken aus normalem Baustahl,
einfach und unbestimmt, unter durch den Dehnungs- oder Durchbiegungsbereich
vorgeschriebener Wechselbiegung vorauszusagen. Die Methode ergibt Moment-
Durchbiegungs-Beziehungen, die Funktionen der Wechselbelastung sind, und
verwendet diese Kurven zur Bestimmung der Laständerung mit zyklischer
Dehnung.
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Experiment on Non-prestressed Continuous Composite Beams

Experience sur poutres composites continues et non-precontraintes

Versuche an schlaff bewehrten durchlaufenden Verbundbalken

Y. TACHIBANA*)
Dr.-Eng., Prof. of Civil Eng., Osaka City Univ., Osaka, Japan

1. Introduction

In deck girder bridges with concrete slab, continuous girder bridges have

many advantages such as economical about the steel weight, comfortable
driving, high ultimate strength and seismie proof. In designing continuous
composite girder bridges, prestressing in negative moment regions has usually
been required in Japan. But prestressed continuous composite girder bridges
have disadvantages of involving complex procedure in design and taking a

long time in construction.
In order to get rid of such disadvantages, non-prestressed continuous

composite girder bridge is proposed. The design coneept is as follows. The
composite section is effective to positive moment, while the slab concrete
can not resist tensile stress for negative moment, therefore, only steel girder
with bar reinforcement (Fig. 1) proves effective, in case an adequate number
of shear connectors are provided.

This is similar in design to continuous composite girder in U.S.A. However,
it differs from that of U.S.A. in that no consideration is taken of negative
and positive moment regions.

Statical experiment has been carried out in order to ensure this design,
and items investigated are as follows.

*) The author died on February 10, 1969, at the age of 60 years. This paper, written
in June 1968, represents Professor Tachibana's last contribution to his field of activity.
Possible enquiries regarding the paper will be answered by T. Mukaiyama, Akashi Technical

College, Akashi, Japan.
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1. Relation between the width of slab cracks caused in negative moment
regions and the amount of bar reinforcement, diameter of bar, and the
ratio of perimeter of bars to gross slab concrete area.

2. Co-operation between longitudinal reinforcement and steel beam (including
the study of effective width of reinforced concrete slab).

3. Composite action of composite beam with cracked slab for positive moment
(including the study of value n EsjEc and effective width of composite
beam with cracked slab).

4. Amount of shear connectors suitable for negative moment.
5. Confirmation of ultimate strength of non-prestressed continuous composite

beams.

Concerning dynamical experiment, a series of similar model tests are now
being made by our co-operators.

2. Test Specimens and Testing Procedure

Four sets of composite beam specimens are shown in Table 1, Fig. 2 a and
Fig. 2b, loading conditions beeing also indicated there.

2.1. Beam A

The amount of bar reinforcements and shear connectors differ from each
other in beams A 1, A2 and A3. Beam A2, A4 and A5 are not the same in
the number of reinforcement, but nearly equal in the amount of reinforcement
and shear connectors, of which design is made by the criteria in section 3.4.

2.2. Beam B

Beam B is designed in the same way as beam A 2, except the pitch of shear

connectors, which are provided for positive moment. Beam B 1 is tested under
positive moment during any test, while beam B 2 is tested under negative
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Table 1. Test specimens

Beam Number Purpose of experiment

A

A 1

A2
A3
A4
A5

2
2
2
2
2

1. Relation between stress of reinforcement and crack
width of concrete slab

2. Adequate amount of shear connectors for negative
moment

3. Co-Operation of longitudinal reinforcement with
steel beam

B B 1

B2
2
2

Composite effect of composite beam with cracked slab
for positive moment (including the study of n value)

C
C 1

C2
2
2 Effective width

D 2 Ultimate strength of beam
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A5(4-D19)
500
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Fig. 2 a. Beam specimens.

moment which causes the stress about 1,200 kg/cm2 in reinforcement and
causes slab crack before testing under positive moment. These tests aim at
the comparison between the composite behaviour of composite beam with
cracked slab and that with uncracked one.

2.3. Beam C

Four beams with wide slab have been designed in order to investigate the
effective width of slab for negative moment as well as the effective width of
cracked slab for positive moment.
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Fig. 2b. Beam specimens.

Beam C 1 is tested as follows: First the beam is loaded to study the effective
width for positive moment. Secondly, it is overturned and tested under
negative moment causing stress about 1,200 kg/cm2 in the reinforcement.
Thirdly, it is overturned again and tested under positive moment. After
comparing the effective width of cracked slab with that of uncracked one, it is
loaded to failure.

Beam C 2 is tested under positive moment to examine elastic behaviour and
then it is overturned and tested to failure under negative moment.

2.4. Beam D

Beam D is a non-prestressed continuous composite beam having two equal
spans. Elastic test and failure test are carried out to obtain cracking behaviour
of a slab in the negative moment region and ultimate load.
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2.5. Materials of test beams

According to material test results, average yielding stress of structural
steel is 2,800 kg/cm2, that of deformed bar reinforcement 3,800 kg/cm2, average
compressive strength of concrete 370 kg/cm2, and value n 7.5.

3. Test Results and Discussion

3.1. Belation between crack width and reinforcement

Crack width of each load was measured by contact type strain gauge at
both sides of slab. As load increased, cracks gradually diffused, tili the cracks
became approximately from 10 cm to 20 cm apart when the test came to an
end. Relation between calculated stress of reinforcement and crack width is
shown in Fig. 3. In Table 2, the maximum crack width and corresponding
stress of each beam are summarized.

The table shows the largest crack width that occurred in beam A 1 and the
smallest one in beam A3: Thus the more reinforcement are, the smaller the
crack width becomes.

The best result of crack width showed itself in beam A 4. Among the beams
with the same amount of reinforcements, when reinforcement of smaller
diameter made better results of crack width were obtained.

2000

1000

A5A4 A3 AI

0.1 0.2 0.3 0.4
crack width (mm)

Fig. 3. Relation between calculated stress of reinforcement and crack width.
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Table 2. Maximum crack width

Beam Reinforcement

Area ratio of
reinforcement
to slab (%)

Perimeter
ratio

cm/cm2

Maximum crack width (mm)
at

os= 1,000 kg/cm2 os 2,000 kg/cm2

A 1

A2
A3
A4
A5
B2

6 - D 13
6 - D 16
6 - D 19
8 - D 13
4 - D 19
6 - D 16

1.02
1.58
2.28
1.35
1.52
1.58

0.032
0.040
0.048
0.043
0.032
0.040

0.194
0.141
0.110
0.132
0.168
0.133

0.276
0.208
0.212
0.180
0.346

Mean value of 2 beams

D: Deformed bar reinforcement

Perimeter ratio is generally related with diameter of reinforcement. Beams

A2, A3 and A4 with larger perimeter ratio showed better results than beams

AI and A5.
Pitch of shear connectors is 30 cm in beam A 2 and 10 cm in beam B. Com-

paring their crack width at the stress of 1,000 kg/cm2, we found that the
difference of pitch of shear connectors did not affect the property of cracking.

Now, according to the proposal of the European Concrete Committee,
admisible maximum crack width should be 0.2 mm for non protected members
of usual structure.

By taking this Suggestion into consideration, it can be confirmed that the
maximum crack width due to the stress 2,000 kg/cm2 of reinforcement will
not exceed 0.2 mm, if the area of reinforcement is about 1.5% of that of a
concrete slab.

3.2. Co-operation of Beinforcement with Steel Beam

The strain of reinforcement in beam A 2 is shown in Fig. 4, from which
it is clear that the strain of reinforcement, when the load is small, is lower
than the calculated value, enabling us to see that concrete resists tensile stress

to some extent. After cracks appeared, strains of reinforcement in the place
where cracking occurred rapidly increased. As cracks increased, the average
value of strain became nearly equal to the calculated value by using the steel
section. The measured strain in steel beam in beam A2 is plotted in Fig. 5.

Above load P=15 ton, which makes upper flange of beam yield, measured
strain coincided fairly well with calculated one. It follows then that the
longitudinal reinforcement is effective to the negative moment.

Next, Fig. 6 shows the deflection and the Variation of the neutral axis of
beam A 2 as a function of load. Composite section turns into steel section by
applying rather small load P 5 <^7 ton to test beam, i.e. the stress of
reinforcement is from 1,000 to 1,200 kg/cm2.
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Fig. 4. Strain of reinforcement in beam A 2.
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Fig. 5. Measured strain in steel beam in beam A 2.
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Fig. 6a. Deflection of beam A 2.
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Fig. 6b. Variation of the neutral axis of beam A 2.

From deflection data of beam A and D in the negative moment region, only
steel section contributed to the flexural behaviour of the beam.

In beam D, as the load increased, a great many cracks appeared in the
regions near middle support, and measured values of deflection and strain
were nearly equal to theoretical value of steel section (Fig. 7 and 8).

3.3. Composite Effect of Composite Beam with Cracked Slab

The flexibility of a beam with cracked slab is not different at all from that
of a virgin concrete slab not yet cracked. From the measured deflection at the

mid-point of span of beam B 2, it was apparent that the composite action had
completely recovered after cracks were closed (Fig. 9), and thus we can
assume n l.
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Fig. 7. Deflection of beam D.
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Fig. 8. Strain in upper flange of steel beam near the middle support of beam D.

3.4. Shear Connectors

Shear connectors for all beams in this experiment are designed according
to the horizontal shear computed by the following formula.

QSl

I ' (1)

where r: Horizontal shear, per unit length at the junetion of slab and steel
beam.

Q: Vertical shear acting on cross section.
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20

--•—•--• measured value (before cracks occurred)

measured value (after cracks occurred)

calculated value (steel section)

calculated value (composite section
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Fig. 9. Deflection of beam B 2.
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S: Statical moment of the transformed section about the neutral axis
of the composite beam for positive moment, or statical moment of
reinforcement about the neutral axis of the steel section (Ref. Fig. 1).

/: Moment of inertia of the composite section for positive moment, or
that of the steel section for negative moment.

When the working horizontal shear increased to allowable maximum load
strength of an individual shear connector, the maximum residual slip between
concrete slab and steel beam A was less than 0.02 mm.

Then, it is required that at failure of the beam the shear connectors should
resist the horizontal force H, equal to the yield strength of the longitudinal
reinforcement of slab.

H Asoy, (2)

where H: Horizontal shear force.
As: Total area of longitudinal reinforcement in the slab.

ay: Yielding stress of reinforcement.

In each beam, working horizontal shear force per one shear connector
computed by using the Eq. (2) is less than the value got from the Eq. (1).

3.5. Effective Width of the Slab

The comparison between the strain distribution in reinforcement of beam
C 1 with uncracked slab and that in the same kind of beam with cracked one
is made in Fig. 10 a. All the cracks caused by negative moment are closed at a
load stage of P= 12 ton. White dots indicate the strains for load P= 16 ton
at virgin concrete slab. Black dots indicate the strains for load P 16 ton
obtained by subtracting the strains at load P= 12 ton from the strains at load
P 28 ton. As these strain distributions are alike and moreover they are
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theoretical value (considering shear lag)

theoretical value (elemental theory)

strain at load P=l6t (uncracked slab)

strain at load P 16t (cracked slab)

neutral axis (elemental theory)
neutral axis (considering shear log)

theoretical value
(under positive moment)

measured value
(under negative moment)

e(xlO"6)

300

200

100

6(xlO-6)

-1200

800

400

2500 2P 2500

§£25Qj

measured section

Fig. 10 a. Distribution of strain in reinforce¬
ment under positive moment.

Fig. 10b. Distribution of strain in reinforce¬
ment under negative moment.

comparatively similar to the theoretical value (considering shear lag). It can
be considered that the effective width of a cracked slab is the same as that
of an uncracked one.

Fig. 10b illustrates the distribution of strain in reinforcement in the slab
under negative moment. Experimental values are the average of the values
measured at upper and lower reinforcement.

By comparing the measured strain distribution under negative moment
with theoretical value under positive moment, we can see that the effective
width under negative moment is nearly equal to that of positive moment.

3.6. Ultimate Strength of Composite Beam

Ultimate load of each beam is summarized in Table 3, where the theoretical
ultimate load is computed by using the simple plastic theory. For continuous

Table 3. Ultimate load (ton)

Beam A 1 A2 A3 A4 A5

Experimental value
Calculated value
Ex./Cal.

24.0
20.6
1.17

22.7
20.6
1.10

23.3
23.0
1.01

24.0
23.0
1.04

30.0
26.0
1.15

27.1
26.0
1.04

24.3
23.0
1.06

24.4
23.0
1.06

24.1
23.0
1.05

25.0
23.0
1.09

Beam B 1 B2 CI C2 D

Experimental value
Calculated value
Ex./Cal.

38.8
38.0
1.02

38.1
38.0
1.00

41.0
38.0
1.08

39.8
38.0
1.05

44.0
40.6
1.07

44.6
40.6
1.10

35.0
29.0
1.21

35.8
29.0
1.23

45.8
41.8
1.10

45.2
41.8
1.08
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beam D, it is assumed that plastic hinges are at middle support and at load
points. Fully plastic moment at hinges in the negative moment region and
positive moment region respectively correspond to steel section and to
composite section.

No such reduction of ultimate load of a beam with cracked slab under
positive moment can be found as in B 2 and C 1. So far as ultimate strength is

concerned, longitudinal reinforcements also act effectively as steel beam.
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Summary

Prestressed continuous composite girder bridges have disadvantages of
involving complex procedure in design and taking a long time in construction.
In order to get rid of such disadvantages, non-prestressed continuous
composite girder bridge is proposed.

Statical experiment has been carried out in order to ensure this design.
According to the results of the test, we can find that this type makes possible
a simplified and economical design in continuous composite girder.

Resume

Les ponts faits de pieces composites continues et precontraintes ont les

desavantages d'imposer des calculs complexes et des temps de construction
prolonges. Afin d'eviter de tels inconvenients, on propose un pont qui serait
fait de pieces composites continues mais non-precontraintes.
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On a assure cette conception y l'aide d'experiences statiques. En se referant
aux resultats des experiences, on peut se rendre compte que ce type rend
possible une conception plus simple et plus economique des pieces composites
continues.

Zusammenfassung

Durchlaufende, vorgespannte Verbundträgerbrücken haben den Nachteil,
daß sie komplex zu berechnen sind und eine lange Ausführungszeit
beanspruchen. Um diese Nachteile los zu werden, wird der schlaff bewehrte
Verbundträger vorgeschlagen.

Statische Versuche wurden unternommen, um die Berechnung zu bestätigen.

Gemäß der Ergebnisse können wir sagen, daß dieser Typ einen
vereinfachten und wirtschaftlichen Entwurf für durchlaufende Verbundbalken
ermöglicht.
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Introduction

It is possible to take into account both the geometric and material non-
linearities in a structure by a suitable repetition of linear stiffness analysis.
Basically, there are two distinct numerical methods for the nonlinear analysis
of structures; (1) step by step application of incremental loads and (2) regulär
or modified Newton-Raphson's iterative Solution under füll loads. In either
of these two numerical methods, it is assumed that during each Solution cycle,
the stiffness analysis proceeds along a straight line tangent to the curve
characterizing the force-deflection relations of the structure. In order to achieve
such a tangent Solution, the stiffness matrix of each element should be modified
to account for the accumulated stresses and the change in geometry. Once, the
tangent stiffness matrices are available representing both the physical and
geometric nonlinearities at any stage of deformed condition, the nonlinear
analysis as well as the stability problems of a continuous medium may be
performed by a repititious application of the direct linear stiffness method of
analysis.

Nonlinearity was first introduced into the stiffness matrices by Turner [1],
et al. through the strain-displacement equations in connection with a truss
element and a triangle in membrane. Using similar techniques, nonlinear
stiffness matrices were obtained for a beam element in plane (2, 3, 4, 10, 12,
13, 14] and in space [5], for a triangulär plate [2, 6, 10, 12], reetangular plate
[7, 8, 12], axisymmetrical shell element [9], and a tetrahedron [10, 11].
































































































