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Préface

Onze auteurs rapportent dans le présent volume au sujet de leurs recherches
et études les plus récentes.

Cette fois également la majorité des contributions est en langue anglaise,
tandis que deux sont rédigées en langue allemande. Les thémes se répartissent
également entre les domaines des constructions en béton et des structures en
acier, lesquels gagnent de nouveaux aspects grace au développement technique
ininterrompu et aux exigences constamment accrues.

Nous nous permettons de lancer un appel, comme nous l’avons déja fait
dans la préface du volume 30-I, & nos amis d’expression francaise pour qu’ils
accroissent leur collaboration a nos Mémoires, convaincus que nous sommes
de la valeur de leurs travaux, comme cela a été démontré dans le passé.

C’est un agréable devoir de constater que les contributions & ce volume
vont permettre de poursuivre I’échange d’idées entre les membres de notre
Association. Nous remercions trés sincérement tous les auteurs pour leur
engagement positif au service d’une cause qui nous est chére.

Zurich, avril 1971

Le Président de ’AIPC:

Prof. MAURICE COSANDEY

Directeur de I’Ecole Polytechnique Fédérale de Lausanne

Les Secrétaires Généraux:

Dr sec. techn. HANs voN GUNTEN Dr sc. techn. PIERRE DuBas
Professeur & ’Ecole Polytechnique Professeur a I’Ecole Polytechnique
Fédérale, Zurich Fédérale, Zurich

ANcEeLO Pozz1
Ecole Polytechnique Fédérale, Zurich



Vorwort

Elf Autoren berichten im vorliegenden Band iiber ihre neuesten Studien
und Untersuchungen.

Auch diesmal ist die Mehrzahl der Beitrdge in englischer Sprache abgefa(t,
und nur zwei sind in deutscher Sprache geschrieben. Der Themenkreis um-
schlieft gleichermaflen die Gebiete von Beton- und Stahlbauten, welche —
dank der ununterbrochenen technischen Entwicklung und auf Grund der
stets wachsenden Anforderungen — stets neue Aspekte gewinnen.

Wir erlauben uns, wie wir es schon im Vorwort zu Band 30-I getan haben,
unsere Kollegen franzosischer Zunge zu intensiverer Zusammenarbeit an
unseren Publikationen aufzurufen. Wir sind iiberzeugt, daf}, wie die Erfahrung
bereits gezeigt hat, ihre Arbeiten fiir uns von hohem Wert sind.

Es ist uns eine angenehme Pflicht, festzustellen, dall die Aufsdtze im vor-
liegenden Band dazu beitragen werden, den Gedankenaustausch unter den
Mitgliedern unserer Vereinigung zu férdern. Wir danken aufrichtig allen Ver-
fassern fiir ihren Kinsatz zum Wohle einer Sache, die uns sehr am Herzen
liegt.

Ziirich, April 1971

Der Prasident der IVBH :

Prof. MAURICE COSANDEY
Direktor der Eidgendssischen Technischen Hochschule Lausanne

Die Generalsekretire:

Dr. sc. techn. HANS voN GUNTEN Dr. sc. techn. PIERRE DuBas
Professor an der Eidgendssischen Professor an der Eidgendssischen
Technischen Hochschule in Ziirich Technischen Hochschule in Ziirich

ANGELO Pozzr

Eidgenoéssische Technische Hochschule, Zurich



Preface

In this volume, eleven authors report about their newest studies and
investigations.

Again, the majority of the contributions is written in English, and only
two of them are in German.

The themes include likewise the fields of concrete structures and steel
structures which are showing new features, due to the never-ending technical
development and the continuously increasing requirements.

We invite our francophone collegues — as we did already in the preface of
vol. 30-I — to collaborate more intensively. We are firmly convinced that,
as experiences have shown it repeatedly, their works are very valuable for us.

We are sure that the contributions in this volume will help the interchange
of ideas between the members of the IABSE.

Finally, we sincerely thank the authors for their initiative for the benefit
of a real serious matter.

Zurich, April 1971

The President of IABSE:

Prof. MAURICE COSANDEY

Director of the Swiss Federal Institute of Technology, Lausanne

The General Secretaries:

Dr. sc. techn. HANS vON GUNTEN Dr. sc. techn. PIERRE DuBas
Professor at the Swiss Federal Institute Professor at the Swiss Federal Institute
of Technology, Zurich : of Technology, Zurich

ANgELO PozzI
Swiss Federal Institute of Technology, Zurich
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Brief Review of Modern Earthquake Engineering
Bref exposé du génie sismique moderne

Kurze Darstellung des heutigen Erdbebeningenieurwesens

“Working Group on Information on Earthquake Engineering”’

J. FERRY BORGES J. DESPEYROUX Y. MAEDA
P. MAZILU J. R. ROBINSON

1. Introduction

This review is a brief survey of the present status of Earthquake Engineering.
It contains information on earthquake hazards, main Earthquake Engineering
problems, safety of structures under the action of earthquakes, Earthquake
Engineering research and education, and international collaboration.

The review is prepared in accordance with a decision by the International
Assocation for Bridge and Structural Engineering to set up a working group
for dealing with “Information on Earthquake Engineering’’. The decision to
create this working group was supported by the “Comité de Liaison’’, which
coordinates the activity of several international associations dealing with
Structural Engineering, such as the International Association for Bridge and
Structural Engineering, the European Committee for Concrete, the Inter-
national Federation for Prestressing, the International Council for Building
Research Studies and Documentation, the European Convention of the
Association for Steel Construction, and the International Association for Shell
Structures.

2. Earthquake Hazards

Earthquake hazards are among the most serious dangers that mankind
has to face. In fact, referring only to the second quarter of this century,
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between 1926 and 1950, over 350000 people were killed and the damage to
buildings and public works is estimated in nearly 10 000 million U.S. dollars [1].

The number of casualties due to a large earthquake may be tremendous.
It has ranged, for the most severe ones, from 100000 to 200 000. In the future,
if no special precautions were taken, an earthquake hitting a large town could
kill millions. On the other hand owing to the increasing density of construction,
a single earthquake could result in a tremendous loss of property. Avoiding
such catastrophes is the task of Earthquake Engineering.
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Fig. 1. Seismicity of the earth compiled by the Unites States Coast and Geodetic Survey [2].

Fig. 1 shows a map of world seismicity compiled by the Unites States Coast
and Geodetic Survey [2]. This map refers to the period 1961-1967 and includes
earthquakes having depths between 0 and 100 km. Owing to the modern seis-
mographic networks and to the modern data processing techniques the defini-
tion of hypocenter data is now much more accurate that it was years ago. This
accuracy will increase in the near future, so that very reliable data will be
available for studying the mechanisms of earthquake generation and defining

“regional seismicity.

Recently the direct forecast of earthquakes has aroused much interest
among researchers [3]. It must be noted however that such a forecast may
help to reduce casualties but not substantially to reduce the amount of damage.

Anyhow the information provided by such studies is of foremost interest
for a better understanding of earthquake generation, even allowing us to dream
of avoiding strong earthquakes by a man-controlled release of energy along
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fault zones. In fact, by slowly releasing the stresses that produce the rupture
of the crust, the cause of some types of earthquakes might be eliminated. This
however is a very remote possibility only potentially applicable in a small
number of cases.

The real challenge within our present possibilities is to design and to build
earthquake-resistant constructions. This has to be done in economic terms,
which implies an accurate estimate of the seismic risk.

3. Earthquake Engineering Problems

There is a large variety of problems to be studied in Earthquake Engi-
neering. Some of the most important ones are:

~— Frequency of earthquake occurrences on the whole earth and at localized
sites.

— Measurement of strong earthquakes including engineering definition of
earthquake ground motion.

— Dynamic soil mechanics; study of earthquake disasters due to soil conditions.

— Application of the stochastic method in Earthquake Engineering, including
the simultaneous consideration of physical, economic, and social phenomena
in engineering. ,

— Experimental studies and theoretical analysis of safety of members and
structures.

— Survey of earthquake damages, particularly in relation with soils and
foundations.

— Prevention of earthquake disasters including installations, plannings,
shelters, relief, temporary repairs, rehabilitation.

— Prevention of disasters due to tidal waves.

These problems are being studied all over the world as indicated below.
The present review particularly emphasizes structural safety problems.

4. Safety of Structures

Structural safety under earthquake loads has to be dealt with according
to the general safety principles used for other types of loads [4]. According to
simple economical criteria, one engineering objective is to minimize the total
long-term cost of providing earthquake resistance and repairing damage, both
resistance and damage being considered in a very broad sense. Achieving this
goal and expressing it in statistical terms involves a statistical estimate of seis-
mic loads and a statistical estimate of the behaviour of the different types of
structures when subjected to seismic vibrations [5]. The modern principles
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of structural safety cannot be applied without accurate information of these
two types.

The statistical estimate of seismic loads requires a quantitative definition
of the seismicity of the regions. For this purpose, information on the historical
occurrence of earthquakes has to be combined with the information gathered
in studies on geophysics, geology, rock mechanics and soil mechanics.

PROBABILITY OF OBSERVING YEARLY A MAXIMUM EARTHQUAKE
OF MAGNITUDE HIGHER THAN M, F (M) RETURN PERIOD (YEARS)
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Fig. 2. Relations between probability and magnitude.

Fig. 2 shows the probability of yearly observing an earthquake with a
magnitude higher than M in the whole earth, in California, and in Portugal.
Within the range of interest the observed data fit double exponential extreme
distributions, which are represented by straight lines in the diagrams.

On the other hand, for quantifying earthquake loads, seismic vibrations
have to be duly idealized and defined by a convenient number of parameters.
The theory of stochastic processes provides the most powerful means for
obtaining this idealization.

The statistical distribution of the intensity of the earthquakes in a given
region being thus defined, it has to be combined with the statistical distribution
of the response of the structures to allow the definition of the statistical
distribution of seismic loads. This last distribution is the one to be used in the
design.
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In general, the statistical distribution of the response of the structure
depends on several parameters. For the simple case of linear one degree-of-
freedom oscillators these parameters are the natural frequency and the damping
factor.

This very brief survey of the tasks necessary for a satisfactory definition
of seismic loads could lead to the erroneous conclusion that these are simple
problems. In fact much work has already been done along these lines and much
is still required to obtain the desired results. However, the general policy
being established, sufficiently accurate pratical results are at present obtain-
able from the existing data.

On the other hand, final results on structural safety can only be reached
if the ultimate strength is also statistically expressed. This strength may be
defined in terms of ultimate forces or of ultimate displacements. The corre-
spondance between these two concepts can be established using the notion of
ductility factor.

The information at present available on structural behaviour allows a more
accurate definition of ultimate forces than of ultimate displacements. On the
other hand, seismic loads are naturally expressed in terms of maximum dis-
placements. Thus an important research task is the statistical definition of the
ultimate displacements in the different types of structures when acted by
seismic loads. As indicated, the results of these studies can be expressed either
directly in terms of displacements or indirectly in terms of duectility factors.

It is amazing how little information of the above type can be obtained
from the very large volume of structural research performed till now. It is
expected that this situation will improve in a near future, allowing the safety
of structures in seismic regions to be completely defined on a quantitative
statistical basis.

5. Earthquake Engineering Research and Education

It is not easy to present a survey of Earthquake Engineering research
owing to the lack of centralized information and also to the inter-relation of
Earthquake Engineering with many other scientific and technical fields. A very
important contribution to this survey is due to the “International Association
for Earthquake Engineering, IAEE”’, that publishes world directories of uni-
versities, institutions and personnel engaged in Earthquake Engineering
research. The last directory (6), revised in 1968, contains 136 institutes and
539 researchers. Although covering an important part of this activity in the
world, this directory refers to 14 countries only. The number of countries
where regulations dealing with earthquake loads are at present in force is
considerably larger. The world list of earthquake resistant regulations published
by IAEE [7] refers to 26 countries.
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The majority of research results in this field is published in the proceedings
of the world conferences: U.S.A. (1956) [8], Japan (1960) [9], New Zealand
(1964) [10] and Chile (1969) [11], which include altogether about 500 papers.
Although more than 400 papers were submitted to the last conference only
160 could be accepted.

In addition to the world conferences referred to several regional and national
conferences [12 to 15] were recently organized and others have already been
announced [16 to 18]. Furthermore several journals specialized in Earthquake
Engineering and many others publish papers on this subject. A recent report
published by the American Committee on Earthquake Engineering Research
[19] gives a broad up-to-date view of the main problems in this field.

All this activity shows that Earthquake Engineering is an attractive field
of research. It is in fact so, particularly if on one hand the potential damage
of earthquakes is considered and, on the other, if it is recognized that the
scientific and technical tools that can avoid such damage already exist.

Specifically as concerns education and training, several international and
national institutes and schools were created during the last ten years to
improve the specialization in Earthquake Engineering. Among the interna-
tional institutes special reference is due to the following:

— International Institute of Seismology and Earthquake Engineering, Tokyo,
Japan [20].

— International Center of Earthquake Engineering ‘“Arturo Danusso’’, Milan
and Bergamo, Italy.

— Institute of Seismology, Earthquake Engineering and Town Planning,
Skopje, Yugoslavia.

Furthermore, special courses on Earthquake Engineering are organized at
several universities and national research institutes.

Nevertheless it has to be recognized that education and training in Earth-
quake Engineering is not yet sufficiently spread even in countries with a high
seismicity. Changing the present state of things is surely the most effective
way to increase the rate of progress in this field and to put in pratical use
the results available.

6. International Collaboration

As indicated, the International Association for Earthquake Engineering,
IAEE, is particularly effective in securing international collaboration in its
field. Recognizing the importance of Earthquake Engineering other interna-
tional associations have set up special committees on this problem. Thus a
close relation of these associations and their committees with the IAEE seems
necessary to obtain the best coordination of efforts. Unhappily exchange of
information and collaboration among international associations is sometimes
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difficult. Anyhow it seems that further increasing the number of committees
on Earthquake Engineering is going to render this coordination even more
difficult. It cannot be forgotten that in addition to the IAEE there also exist
several other regional and national organizations, more or less interrelated
with it.

A practical way to improve the present collaboration among international
associations in Earthquake Engineering would be to include IAEE in the
“Comité de Liaison’’ that co-ordinates the major structural engineering
associations. Anyhow there is no reason to substitute IAEE in its leading
position in Earthquake Engineering. Just on the contrary it seems advisable
that the different international associations coordinate their activities in direct
collaboration with the TAEE. On the other hand, information on the aims of
TAEE should be made known more widely and possible adjustments in the
activities of the TAEE so as to satisfy the needs of other associations should
be considered.

The UNESCO, United Nations Educational, Scientific and Cultural Organi-
zation, plays a very prominent réle in the field of international collaboration
and its activities in Earthquake Engineering have been very important. In
fact, in addition to its wide activity in Geophysics and particularly in Seis-
mology, special reference is due to the following actions in Earthquake Engin-
eering: survey missions to the principal seismic zones of the world, field
studies of earthquakes, technical assistance missions, working groups on special
subjects such as seismic maps, principles of earthquake resistant design and
measurement of strong motions, organization of intergovernmental meetings
and support of international institutes and of special researches. The activity
of the “Joint Committee in Seismology and Earthquake Engineering’’ formed
under its patronage must also being mentioned.

Recently, some other international organizations — for instance NATO,
North Atlantic Treaty Organization — have also decided to include in their
activities the protection against natural calamities, such as earthquakes [21].

On the other hand, collaboration at associative and governmental levels
between USA and Japan, both in the research field through the USA-Japan
Science Council, and in the disaster prevention field through the USA -Japan
Government Conference for the Natural Resources Utilization, is also yielding
good results for the progress of Earthquake Engineering.
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Summary

Earthquake resistant constructions are the great challenge of Earthquake

Engineering. The scientific and technological knowledge already available
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makes it possible to reach this aim safely and economically. It is to be expected
that basic and applied research carried out in a well balanced condition will
improve this knowledge, notably the rational bases of design, further increasing
the efficiency and the economy of constructions. In particular, patterns of
earthquake damages should be analysed and understood through actual
investigations of the damages.

The present high rate of progress has not been accompanied by a parallel
dissemination of knowledge which would enable mankind to take full advantage
of the benefits that could derive from this knowledge. Consequently, education
and training actions are highly profitable and are strongly recommended.

Special attention must be paid to securing the efficiency of international
collaboration, as in fact this collaboration is one of the most effective ways
of accelerating progress and disseminating knowledge.

Résumé

Les constructions résistant aux tremblements de terre représentent le grand
défi du génie sismique. Ce défi peut étre surmonté actuellement grace aux con-
naissances scientifiques et techniques déja acquises. Des recherches appliquées,
bien appuyées sur des recherches de base, permettront de rationaliser davantage
le projet des constructions, avec des conséquences directes sur 'efficacité et
I’économie. En particulier, on doit faire des études quantitatives des dégits
diis aux tremblements de terre.

Le rapide progrés actuel n’a pas été accompagné d’une diffusion des con-
naissances permettant de profiter des avantages qui en découlent. En consé-
quence il est vivement recommandé d’augmenter les actions d’enseignement
et d’information.

I1 est tout spécialement important d’assurer une collaboration internatio-
nale efficace, car cette collaboration est un des meilleurs moyens d’accélérer
le progres et de diffuser les connaissances.

Zusammenfassung

Der Entwurf und Bau von erdbebenbestéindigen Bauwerken stellen die grofle
Herausforderung an das Erdbebeningenieurwesen dar. Die bereits vorhandenen
wissenschaftlichen und technischen Kenntnisse erlauben dieses Ziel auf sichere
und wirtschaftliche Weise zu erreichen. Durch eine ausgewogen durchgefiihrte
Grundlagen- und angewandte Forschung kann das vorhandene Wissen erwei-
tert werden, insbesondere die Grundlagen der Bemessung, so daf} ein verbesser-
ter Nutzen und eine erhohte Wirtschaftlichkeit zu erwarten sind. Vor allem
sollten typische Erdbebenschiden untersucht und im Lichte der heutigen
Schadensforschung betrachtet werden.
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Der derzeitige, rasche Fortschritt wurde allerdings nicht von einer gleich-
zeitigen Verbreitung der Kenntnisse begléitet, welche der Menschheit erlauben
wiirde, vollen Nutzen aus diesen Kenntnissen zu ziehen. Demzufolge ist eine
sorgfiltige Ausbildung und Fortbildung von groBem Nutzen und besonders
zu empfehlen.

Besondere Beachtung verdient die Aufrechterhaltung einer intensiven
internationalen Zusammenarbeit, stellt doch eine solche eines der besten
Mittel dar, um die Verbreitung der Kenntnisse und den Fortschritt zu be-
schleunigen.



Influence of Shear and Bond on Rotational Capacity of Reinforced
Concrete Beams

L’influence de la sollicitation de cisaillement et de l’adhérence des armatures sur
la capacité de rotation des poutres en béton armé

Der EinfluB von Schubbeanspruchung und Verbund auf die Rotationsfihigkeit
plastischer Stahlbeton-Gelenke

HUGO BACHMANN

Dr. sc. techn., Assistant Professor of Civil Engineering, Swiss Federal Institute of
Technology, Zurich, Switzerland

Introduction

A considerable amount of experimental and theoretical research into the
plastic behaviour of statically indeterminate structures has been carried out
during the last 20 years. The application of the simple plastic analysis to steel
structures has been shown to be valid. In statically indeterminate reinforced
concrete structures, however, the rotational capacity of plastic hinges may be
very small and as a result theoretical ultimate load can not be reached.

Since 1963 a research programme to study the influence of shear and bond
on the general development and the rotational capacity of reinforced concrete
plastic hinges has been carried out at the Institute of Structural Engineering
of the Swiss Federal Institute of Technology (ETH), Zurich, Switzerland.

Test Specimens

The test series consisted of two groups of 5 symmetrical two-span beams,
Series A of a rectangular cross section and Series B of an I-shaped cross section.
The load arrangement and dimensions are shown in Fig. 1. The two end reac-
tions were measured with dynamometers at every load step. Thus the value
of the moment and shear at every cross section of the beams could be cal-
culated from the equilibrium conditions.



12

HUGO BACHMANN

X

5 BEAMS P/4 3P/4 5 BEAMS
SERIES A 100 cm 100 cm 100 cm SERIES B
(394" (39.4") (39.4")
X / x5
_ yi r i
518 | o 1 1 . BEYE
BlE 2= Ee
/ R I SN
= / = 7]
B 5B Dynamometer 300 em ) EET
(709" 7.88") (118" (473"
2.Hinge
Mechanism 1 1.Hinge
N allsl
(A < 0.5) W—"r
1.Hinge

Mechanism I )

(X > 05) 2-Hinge

Fig. 1. Loading arrangement and dimensions of test specimens; mechanisms arrived at by
plastic analysis.

The test beams were designed on a simple plastic analysis theory as given
for instance in [1]. The ratio of the calculated ultimate moments in the spans
and over the central support is denoted by A. The value of A determines where
the first hinge is formed. The corresponding mechanisms are shown in Fig. 1.
If A< 0.5, Mechanisms I occurs, and if A> 0.5, Mechanism II. A,=0.456 cor-
responds to the elastic moment distribution. The plastic rotation necessary
to allow the calculated ultimate load to be reached increases with the difference
between A and A,.

The values of A for the 10 beams varied from 0.17 to 2.32. The longitudinal
tensile reinforcement p varied from 0.34 to 2.04 percent in span and from
0.78 to 2.04 percent over the central support.

For the design of the shear reinforcement it was assumed that

V,=v,b'd with v, = 4+0.025f, (kg/cm?) (1)
(v, = 574+0.025f; [psi])

is carried by the concrete compression zone. The stirrup reinforcement was
calculated according to the truss analogy with a shear force of ¥, —V, and a
steel stress of f,. The ultimate shear force V, was calculated by the simple
plastic analysis method. )

An example of the stress-strain curve for the longitudinal and stirrup rein-
forcement (Torstahl) is shown in Fig. 2. The elastic limit stress f, varied from
3200 to 3800 kg/em? (nom. 46 to 54 ksi), the yield strength f, (0.2 percent
proof stress) from 3600 to 4800 kg/ecm? (nom. 63 to 87 ksi). Good bond condi-
tions were provided by a combination of spiral and non-continuous ribs. The
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Fig. 2. Example of stress-strain curve of reinforcement.

average compressive strength of the concrete f, was 356 kg/em? (nom. 5000
psti).

Tests to study rotational capacity are often carried out on simply supported
one-span beams. However, with this test arrangement the following con-
ditions could be investigated:

— At hinges in the spans: A small shear stress (but no pure bending!).

— At hinges over the central support: A high shear stress and a small moment-
shear ratio (M/Vd=1.0+2.8 due to contraflexure).

— At hinges in the spans and over the central support: A variation of the
shear stress during rotation.

Test Results

In particular curvatures, rotations and the extensions of the stirrups were
measured with dials and mechanical extensometers placed along the length
of the beams.

General Behavior and Failure

In all the beams the mechanisms developed as predicted by the simple
plastic analysis. In the beams A1 and A 2 the first plastic hinge was formed
in span, corresponding to Mechanism I, and in the other beams the first
plastic hinge occured over the central support, corresponding to Mechanism IT.

In 8 beams the collapse load reached or exceeded the ultimate load computed
by the plastic analysis using a bilinear moment-curvature relationship. In
2 beams, however, the rotational capacity of the support hinge was not suffi-
cient to enable the theoretical ultimate load to be reached.

3 beams (A1, A2, A3) failed in span due to bending. The tensile rein-
forcement was elongated until the steel was ruptured. In the other 7 beams
a shear failure occurred at the support hinge during plastic rotation. As the
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Fig. 3. Typical “flexural crack hinge”, beam A 2.

stirrups deformed plastically. that is as their stress exceeded the elastic limit
stress f,. greater shear deformations in the web could be observed. These
deformations caused high local stresses in the concrete of the web and the
compression zone. Mainly as a result of these stirrup deformations the concrete
in the web and the compression zone finally was crushed.

Plastic Hinges

Two entirely different types of plastic hinges were observed. They are

described as . . .
flexural crack hinges’’, and

“shear crack hinges’’ .

A typical flexural crack hinge is shown in Fig. 3. This type of hinge develops
in a beam zone in which the bending moment is predominant. The shear stress
is small and therefore only vertical flexural cracks occur. As seen in Fig. 3
plastic deformations were concentrated mainly to one crack. For this reason.
the rotational capacity of such a flexural crack hinge may be very small.

A typical shear crack hinge behaves in another way (see Fig. 3). Diagonal
flexural-shear cracks are produced through the influence of a relatively large
shear stress in addition to the bending moment. This improves the behaviour
of the hinge. The tests have shown that the plastic deformations in a shear
crack hinge occur over a much wider zone than with flexural crack hinges,
and this allows a much greater rotational capacity.

Rotational Behaviour

Plots of the moment ratio against the total rotation of the two types of
plastic hinges as shown in Fig. 3 and 4 are given as examples in Fig. 5. The
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Fig. 4. Typical “shear crack hinge’, beam A 5.
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Fig. 5. Moment-rotation and shear stress-rotation relationship of a flexural crack hinge and

of a shear crack hinge.

deformation of the hinges was considered to occur in the zone of plastic
extension of the tensile reinforcement. This “plastic length L’ was observed
to be 25 em (nom. 10 in.) at the flexural crack hinge of beam A2 and 80 cm
(nom. 31 in.) at the shear crack hinge of beam A 5. Also the nominal shear
stress =V /b’ d in the hinge is plotted against the total rotation in Fig. 5.

The rotational capacity can be characterized by the rotation 6, which is
reached at the ultimate moment M ,. Fig. 5 shows that the rotational capacity
g, of the shear crack hinge is considerably greater than that of the flexural
crack hinge. This result and the rupture of the tension steel in the span hinges
of the beams A1, A2 and A3 are incompatible with the usual view and
theories as stated in [2] and [3] for instance.

Table 1 lists the values of the amount of the tensile reinforcement as a
percentage p, the nominal shear stress v, at M, and the corresponding moment-
shear ratio M,/V, d at the flexural crack hinge of the beams A1, A2, and A3.
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Table 1. Details, Measured and Calculated Values of Test Beams

Beam P Vy My 0. Ouc _ei Ous 9,”_ Out { _'?11
No. | percent (kg/cm? (psi)| V,d |radians | radians | 8. |radians| 6045 |radians | @y
Al 0.34 | 2.86 (41) | 4.4 | 0.0100 | 0.0506 | 0.20 | 0.0477 | 0.21 | 0.0074 | 1.35
A2 0.34 1.51 (21) | 9.6 | 0.0173 | 0.0474 | 0.36 | 0.0509 | 0.34 | 0.0094 | 1.84
A3 0.51 0.27 ( 4) |83 0.0188 | 0.0316 | 0.59 | 0.0525 | 0.36 l 0.0131 | 1.43

In addition, the rotations §, measured over a gauge length of 25 ecm (nom.
10 in.) which included the zone of the steel rupture, are listed in Table 1. In
beam A 2 plastic deformations of the steel were only produced within this
gauge length. Plastic deformations could also be observed outside this gauge
length in beam A1 to a small extent and in beam A 3 to a greater extent.
For this reason, the values of 4, for A1 and A 3 are only representative of the
rotational capacity of the gauge length.

The values of 6, listed in Table 1 were calculated by the method given in
[2] and [3]. 0,, is computed by multiplying a ‘“‘curvature of rupture’’ by the
plastic length:

0

uc

€cu

Taking into account the effect of the binding of the concrete compression
zone by stirrups and compression steel as given in {3] the maximum concrete
compressive strain e,, was found to be 0.0038. The depth of the neutral axis ¢,
was computed neglecting the compression steel as given in ACI 318-63. The
plastic length L, was taken as the gauge length of 0,, i.e. L, =25cm (nom.
10 in.). Comparing 6, and 6,, in Table 1 it is found that the measured values
reach to only 20 to 59 percent of the calculated values. ‘

In analogy to Eq. (2) the total rotation 6, for failure due to rupture of
the tension steel is usually calculated by the following formula:

ES‘ axr
Hus = d‘:nco Lp7 (3)

in which ¢,,,, means the maximum steel strain at rupture, viz:
f’
€ = €, + (4)
smaxr su E "

S

€5, denotes the permanent steel strain measured on a gauge length not including
the rupture zone (see Fig. 2). E, is the modulus of elasticity of the steel.

For the calculation of 6,,, L, was taken again as 25 cm (nom. 10 in.). The
results listed in Table 1 show that 0,., as well as §,,, considerably overrates
the measured rotation 0,. 1f 6, 6., and 6, were to be calculated with respect
to the observed plastic length and the theoretical plastic length as given in
[2] and [3], still greater differences would be obtained.
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The situation is quite different with shear crack hinges. As an example the
calculated rotation 8,, of the beam A 5 is given in Fig. 5. It demonstrates that
for shear crack hinges, 6,, considerably underrates the measured rotation 0, .

Shear Behaviour

In the cracked sections of flexural crack hinges the shear is almost exclu-
sively carried by the concrete compression zone. If the stress in the tensile
reinforcement exceeds the yield strength, any possible shear carrying capacity
by interlocking of the aggregates is lost; nor is the dowel action of the tensile
reinforcement usually significant.

It was of great interest to realize that in shear crack hinges the stirrup
stress is not influenced by the hinge rotation. As an example the shear force
V. in the beam B4 is plotted against the rotation 6 in Fig. 6. V, denotes here
that part of the total shear force ¥V which was not carried by the stirrup rein-
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Fig. 6. Shear force V. carried by compression zone versus total rotation 8 at shear crack hinge
beam B 4.

forcement according to the truss analogy; hence it was mainly carried by the
concrete compression zone. In all the shear crack hinges of the described
investigation a significant reduction of ¥V, could only be observed after some
of the stirrups sustained plastic deformations. For this reason, the stress in
stirrups of a shear crack hinge is essentially a function of the acting shear
force. The stirrup stress does not depend primarily on the deformations
produced by progressive rotation.
Further details of the test results are given in a earlier report [4].

Theoretical Investigation

The following approaches try to describe the behaviour of reinforced
concrete plastic hinges by means of models which are chosen as close to reality
as possible.

Flexural Crack Hinges

The model of a flexural crack hinge is shown in Fig. 7. The spacing of
cracks measured along the tension reinforcement is denoted by z. All the
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Fig. 7. Model of the flexural crack hinge.

cracks belong to the hinge in which plastic deformations of the steel occured.
Neglecting the unimportant elongation of the concrete between the cracks
the total rotation 6 is given by Eq. (5):

b= ;di}igo = d—_l—;;Zl“ 2

w is the width of the crack at the level of the tensile reinforcement.

A ““flexural crack element’’ is shown in Fig. 8. First we assume that this
element is affected only by a bending moment M. For this assumption the
variation of the following quantities is plotted along the tensile reinforcement:

— The steel strain e,.

— The steel stress f,.

— The nominal bond stress u between the surface of reinforcement and the
concrete.

— The slip s between the reinforcement surface and the concrete.

To calculate the values of these variables the following fundamental
relationships are needed:

2/2'} 2/2 1/2 w 2/2
i
o
- g’) 2 fsmin
d w w
M ( )M o o 29 fs max
X dx @ fs (x)
X -t - u(x)
. g i
z c 25
Z -7 i
= s min
o
b €5(x)
o ) Qa
a
M g 3 /9 Smax
» _ v €smax @ ®1six)

Fig. 8. “Flexural crack element’ with variation of several variables.
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— The bond-slip curve u (s).
— The stress-strain curve ¢, (f;) of the steel.

The bond-slip curve of the bar element dx can be found experimentally as
shown in [5]. Typical curves for vertically embedded bars are given in Fig. 9.
The bond stresses w of horizontally embedded bars are much smaller in most
cases.
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UNRIBBED STEEL
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RATIO OF LOCAL BOND STRESS uTO CONCRETE STRENGTH ¢

Fig. 9. Typical bond-slip curves of finite elements of vertically embedded bars.

The following relationships between the variables listed above are applic
able:

a D? d
df, i~ w(s)Dmdx; leﬂf = %u(s), (6
Is = e (@)de: 0= (1. (7)

D is the diameter of the tension steel bars. A general solution of the problem
for any functions u (s) and ¢, (f,) is given in [6]. This approach only investigates
the case of steel rupture. The bond-slip curve of “Torstahl’’ used in the test
beams is assumed to be a straight line parallel to the abscissa, hence u (s) =
constant = u* (compare with Fig. 9). For that reason, the function ¢, (x) is a
part of the stress-strain curve of the steel. The Eqgs. (6) and (7), respectively,
lead to the following expressions for the length z/2 from the centre of a crack:

4 2
_ _f . =¥

Afs - fsma;c fsmzn U D 2’ (8)
5/2 D .fsmax

Smax = fes (x)dx = 4—%*—[68 (fe) dfs (9)

0 1s min
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If /s maw @0 € 4, are given and 4 is calculated from (8), the integral expres-
sion of (9) can be evaluated from the stress-strain curve of the steel.
The width of the crack is given by

w:28maw(1+€smax)' (10)

The relationship of the average steel strain e, within the flexural crack element
to the maximum steel strain e,,,,, in the crack is characterized by the bond

factor «:
z/2
2 (1 + 6.9max)f€s (.’IS) dx
K = €sa  _ 0 . (11)
€ ze

smax smax

The value of « varies from 0.10 to 1.0. « depends on e,,,,,, the shape of the
stress-strain curve of the steel (especially the strain-hardening characteristic)
and on the quality of the bond.

If the rupture of the steel occurs in a certain flexural crack element, No 1
SaY, € maz 1S given by Eq. (4). Then the steel stress in the crack of the neigh-
bour element No 2 is computed by

A ML2

jgmax = imaz-m’ (12)
where 4 M'2 is the moment difference between the crack cross sections No 1
and No 2 of the beam at failure, @ the depth of the equivalent rectangular
stress block in the compression zone, and A, is the area of the tensile steel.
If M varies linearly, Eq. (12) becomes:

Vz

fgmaa:zf;max_“(d__a/z)AS' (13)
Computing the total ultimate rotation of the hinge 6, from Eq. (5), each
flexural crack element in which plastic steel deformations are present must
be taken in account.

This method neglects that the points of zero slip, s=0, is not exactly mid-
way between two adjacent cracks. This point is located slightly closer to the
crack with the smaller strain ¢,,,,,. However, as shown in [6], the resulting
error is not significant and can be neglected.

The theoretical ultimate rotations 6, of the gauge length of 25 cm (nom.
10 in.) of the test beams A1, A2 and A 3 were computed with this method of
calculation using the material properties and the observed crack spacing of
the test beams and listed in Table 1. The constant bond stress #* was assumed
to be 50 kg/em? (nom. 700 psi). To determine 4 M, the theoretical ultimate
moment distribution according to the simple plastic analysis was used, and
not the measured values.

The comparison of 8, and 6, in Table 1 shows that the measured values
are 35 to 84 percent greater than the theoretical values. The value of 8, is
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always on the safe side, because several effects not introduced in the theory
increase the ultimate rotation. For instance the bond between the steel bars
and the concrete at the border of the cracks may become loose over a certain
length producing a steel strain e,,,,, on both sides of the cracks. For this
reason, it can be concluded that the developed method alwasy gives safe
values of the ultimate rotation.

Considering the influence of the important variables, the ultimate rotations
6, and 0, as determined by the rupture of the steel are found to decrease with:

— Better bond properties.

— Smaller bar diameters.

— Less strain-hardening.

— Smaller permanent steel strain.
— Greater crack spacing.

— Greater shear force.

Comparing the values of ,, listed in Table 1 with respect to the shear force
it is found that the method of calculation correctly takes into account the
influence of the shear force.

Shear Crack Hinges

It was found that in shear crack hinges the rotational capacity is mostly
much greater than calculated by the usual methods. It will be shown here
why plastic deformations can occur over a wide zone.
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Fig. 10. Model and internal forces of a shear crack hinge.

The model of a shear crack hinge is shown in Fig. 10a. This model cor-
responds to the often observed crack pattern shown in Fig. 4. The maximum
inclination of the flexural-shear cracks of the hinge is characterised by tan

»=1.3. It is assumed that the tensile reinforcement has good bond properties
(ribbed steel bars). Furthermore it is supposed that the shear reinforcement
only consists of closely spaced vertical stirrups.

The part of the beam on the left of the flexural-shear crack ¢ of Fig. 10a is
shown in Fig. 10b. All the free body forces are shown. It is assumed that no
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external loads exist between the cross sections I and II. Cross section II is
affected by the bending moment M;; and the shear force V. The force in the
tensile steel is denoted by Z,. B; is the resultant of the stirrup forces crossing
the flexural-shear crack ¢ on the left of the support. (!, and K, denote the
forces acting in the flexural compression zone parallel and perpendicular
respectively to the beam axis. Any possible fixed end moment between two
neighbouring cracks and dowel action of the tensile reinforcement are neglected.
Furthermore, due to the large cracks widths, the shear transfer across cracks
by the interlocking of aggregate particles must not be considered. The positions
of the lines of action of the forces are shown in Fig. 10 also. As a simplification
the distance of C; from the extreme compression fiber is taken as ¢;/2. ¢ is the
distance from the extreme compression fibre to the end of a flexural-shear
crack (elliptical form), and b, the support width.

With M;=M,,+V h the force Z, in the tensile reinforcement is given by
equilibrium conditions: _

e; m

With some transformations Eq. (14) becomes more appropriate for plotting
and discussion in the following form:

M B, (e, m, m.
Zizv[ 1__%(_1__%)___@], 15

Ve VY oyl Y 4o
B;|V can be expressed for tan 8;=b,/2 as follows:

_Bi _ By [tand; —b,/2d
1-b,/2d |-

(16)

/N
B,; is the resultant of the stirrup forces crossing a 45° crack. Furthermore,
if ¢y/d and b,/d are given, the distances ¢;, m,, and y, are a function of the angle
3; alone. When using Eq. (16) care must be taken that the condition B;/V > 1.0
is always satisfied. :
For flexural cracks perpendicular to the beam axis instead of inclined
flexural-shear cracks, the tensile force Z; would be given by
2=V |7k - itanSi] .

17
Ve ¥ ()

In this formula tan §, characterises the distance from the considered flexural
crack to the point of maximum moment (cross section 1). Eq. (17) also gives
the tensile force corresponding to the usual bending theory of reinforced con-
crete beams with y, as the lever arm of the internal bending forces: Z,=M,/y,.

When discussing the derived formulas the following values are usually
assumed:

S

Lo_9.2;
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Fig. 11. Distribution of the tensile force in a shear crack hinge.

A dimensionless diagram of the distribution of the tensile force for several
assumptions is given in Fig. 11. On the abscissa the distance from the cross
section under consideration to cross section I is characterised by tan §;. On
the ordinate the values of (M;/Vy— Z,;/V), which are calculated by Eqs. (15)
and (17) are plotted. Therefore, the ordinate values correspond to the reduc-
tion of the maximum amount of the tensile force over the support.

For several values of the ratio B,;/V the actual force distribution in a zone
of flexural-shear cracks is given in the upper part of Fig. 11. B,/V charac-
terises the stress and efficiency of the shear reinforcement. The portion K,
of the shear force V which is not transferred by the shear reinforcement is
carried by the compression zone. Since the values of M,; are always greater
than or equal to V,=v,b’d, the value of B[V essentially depends on the
shear force V=vb'd. As a result, B,;/V is often very low. But if a very high
shear stress v exists, B,;/V increases to a maximum value of about 0.75.
Furthermore, the distribution of the tensile force, assuming flexural cracks or
calculated by the usual bending theory, is shown in Fig. 11. The tensile force
is proportional to the bending moment.

In Fig. 11 it can be seen that in a zone of flexural-shear cracks the reduction
of the maximum tensile force is relatively low. This explains the wide spread
of plastic deformations in shear crack hinges. Since the small force reduction
can be compensated by strain hardening of the steel the plastic length of ‘the
hinge on both sides of the support often is equal to or greater than the effective
depth of the beam.
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Dependence of Rotational Capacity on Shear Stress

The dependence of the ultimate rotation 6, on the shear stress v is shown
only generally and qualitatively in Fig. 12. If v <v,, flexural cracks only occur.
If v>w, flexural-shear cracks are developed. Corresponding to these crack

FLEXURAL
CRACK HINGE, SHEAR CRACK HINGE

1

E]
@
Z
=4
2
-
o
[+ 4
wl
2 CONCRETE
3 FAILURE
= IN WEB
J
p}

1 1
0 Vi Vm

NOMINAL SHEAR STRESSv

Fig. 12. General dependence of ultimate rotation 8, on the nominal shear stress v.

patterns a flexural crack hinge or a shear crack hinge develops. In a flexural
crack hinge the plastic deformations are concentrated into a smaller zone the
greater v is. The value of the ultimate rotation 6, accordingly decreases.
Assuming that a rupture of the steel occurs, the reduction of 6, is very high.
In the case of a concrete fracture a reduction is also confirmed. If the shear
stress is enough to produce flexural-shear cracks, the rotation 6, considerably
increases since plastic deformations occur on a much wider zone. With increas-
ing shear stress v the ultimate rotation 6, decreases again. But if sufficient
shear reinforcement exists, a drastic reduction of 8, only occurs as v — v,,
through crushing of the concrete in the web due to shearing deformations and
inclined compression forces. Depending on several conditions the values of
v, and v,, can vary considerably. From tests it can be concluded that v, and
v,, Teach approximately the value of v, and (4 —5)v,, respectively.

Conclusions

As a result of this experimental and theoretical investigation the following
conclusions can be made:
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1. According to the amount of shear stress two quite different types of
plastic hinges are produced:

— “Flexural crack hinges’ which occur in the beam zone mainly affected by
a bending moment, and only producing flexural cracks perpendicular to
the beam axis (Fig. 3), and

— “Shear crack hinges’’ which occur in the beam zones which are, in addition
to a bending moment, affected by a considerable shear force, and exhibit
inclined flexure-shear cracks (Fig. 4).

2. In a flexural crack hinge plastic deformations may be concentrated to a
single or only a few flexural cracks. For this reason the rotational capacity
may be very small.

3. The danger of a steel rupture can follow from good bond properties of
the tensile reinforcement in a flexural crack hinge, since the steel strain only
increases in the cracks, while between the cracks the steel strain is still in the
elastic range.

4. The usual method of calculating the rotational capacity by integrating
a ‘‘curvature of rupture’’ over a ‘‘plastic length’’ may lead to severe errors.
The values of ultimate rotation in the case of a steel rupture measured in the
described tests reach only 20 to 59 percent of the values calculated by the
usual method mentioned above.

5. Therefore, the rotational capacity of flexural crack hinges, particularly
in case of a steel rupture, should be investigated with the corresponding crack
model (Fig. 7). This method correctly takes into account the influence of bond,
bar diameter, strain and strain-hardening properties of tensile reinforcement,
as well as the influence of shear force. Thus, this theory gives safe lower limit
values of the ultimate rotation.

6. On the other hand plastic deformations in shear crack hinges usually
extend over a relatively wide zone. For this reason, the rotational capacity is
correspondingly high.

7. This observation can be explained with the aid of the crack model for
the shear crack hinge (Fig. 10). The tensile force in the steel is considerably
greater than in the case of flexural cracks only or calculated by the usual
bending theory.

8. In shear crack hinges the stress of vertical stirrups is mainly a function
of the value of the shear force. The stirrup forces do not depend on the defor-
mations in the hinge caused by progressive rotation.

9. In a zone of flexural cracks the shear stress may considerably decrease
the rotational capacity. However, if the shear stress is high enough to produce
inclined flexural-shear cracks, the rotational capacity is significantly increased.
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Notation

area of tensile reinforcement

depth of the equivalent rectangular stress block in compression zone
resultant of stirrup forces crossing a flexure-shear crack

width of compression face

width of web

support width

compression force in bending compression zone

distance from extreme compression fibre to the end of a flexure-shear crack
distance from extreme compression fibre to neutral axis and to the end of
flexural crack

bar diameter

distance from extreme compression fibre to centroid of tensile reinforcement
modulus of elasticity of steel

distance of the line of action of B from the support in a shear crack hinge
compressive strength of concrete

elastic limit stress of reinforcement (0.005 percent proof stress)

tensile stress in steel

tensile strength of reinforcement

yield strength of reinforcement (0.2 percent proof stress)

distance of the line of action of V from the support in a shear crack hinge
shear force in bending compression zone of a shear crack hinge

plastic length of hinge

bending moment

ultimate bending moment

distance fixing the acting line of K in a shear crack hinge

tensile steel ratio 4/bd

slip between reinforcement surface and concrete

nominal bond stress between reinforcement surface and concrete
shearing force

shear force carried by the concrete compression zone

shear force at ultimate moment

nominal shear stress v="V/b'd

nominal shear stress at (ultimate moment) M,

nominal shear stress at which flexure-shear cracks are developed
nominal shear stress at failure due to crushing of the concrete

nominal shear stress in concrete compression zone

width of a crack at tensile reinforcement

distance determining the line of action of Z in a shear crack hinge

force in tensile reinforcement

spacing of cracks measured along tensile reinforcement
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5 angle between a flexure-shear crack and a line perpendicular to the beam
axis

., Mmaximum concrete compressive strain at M,

tensile strain in steel

average steel strain

., permanent steel elongation as a percentage measured on test bars outside
of rupture

m M Mm M
©® »
<

6  total rotation occurring within the plastic length L,
g, total rotation at ultimate moment M,
0,. total rotation calculated by the method as given in [2] and [3] (failure

due to failure of concrete)
.« total rotation calculated by Eq. (3) (failure due to rupture of steel)
A ratio of calculated ultimate moment in span and over the central support

DD
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Summary

10 two-span reinforced concrete beams were tested to study the influence
of shear and bond on the rotational capacity of reinforced concrete plastic
hinges.

The shear stress determines whether a “flexural crack hinge’’ or a ‘“‘shear
crack hinge’’ occurs. In flexural crack hinges the rotational capacity can be
considered smaller than the values calculated by usual methods. Therefore
a new method of calculation giving safe values has been developed. On the
other hand in shear crack hinges plastic deformations occur within a wide
zone allowing a larger rotational capacity.

Résumé

On a fait des essais avec dix poutres en béton armé a deux travées pour
étudier l'influence de la sollicitation de cisaillement et de I’adhérence des
armatures sur la capacité de rotation des rotules plastiques en béton armsé.

Suivant la valeur de la sollicitation de cisaillement, il résulte une ,,rotule
due & une fissure de flexion ou une ,,rotule due & une fissure de cisaillement<.
Dans des rotules dues a la flexion, la capacité de rotation peut étre trés infé-
rieure a celle calculée d’apreés les méthodes usuelles. Par conséquent, il est
nécessaire de développer une nouvelle méthode de calcul qui donne des résul-
tats srs. Au contraire, dans des rotules dues au cisaillement, les déformations
qui s’étendent sur un large domaine provoquent une grande capacité de
rotation. -

Zusammenfassung

Es wurden Versuche an 10 zweifeldrigen Stahlbetonbalken gemacht zwecks
Studium des Einflusses von Schubbeanspruchung und Verbund auf die Rota-
tionsfahigkeit plastischer Stahlbeton-Gelenke.

Je nach Hohe der Schubbeanspruchung entsteht ein ,,Biegeri3-Gelenk*
oder ein ,,Schubrifl-Gelenk<. In Biegeri3-Gelenken kann die Rotationsfahig-
keit wesentlich kleiner sein als sie sich nach iiblichen Methoden berechnen
1at. Daher wird eine neuartige Berechnungsmethode entwickelt, die sichere
Resultate liefert. Demgegeniiber entstehen in SchubriB3-Gelenken plastische
Verformungen iiber einen weiten Bereich, die eine entsprechend groBle Rota-
tionsfahigkeit bewirken.
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Introduction

Solutions to plate bending problems can often only be obtained by taking
recourse to numerical methods. A conventional finite element analysis can give
a solution to practically any plate bending problem. In such analysis, the
structure is idealized as an assemblage of a large number of small elements.
It can be shown that a solution approaching the exact solution to the problem
can be obtained as the number of elements used in the analysis increases [1].

In many practical plate bending problems, the continuum can be idealized
to an assemblage of a small number of large rectangular and/or right angle
triangular elements. For the analysis of such an assemblage, the flexibility
or stiffness matrices of the large individual elements are needed. In this paper,
the flexibility and the stiffness matrices of ‘“‘large’’ rectangular and right-
angle triangular elements in bending are derived by simple matrix operations.
with finite differences equations.

The two main difficulties arising in conventional finite differences (F.D.)
analysis of complex plate bending problems may be outlined as follows:

1. To predict accurately the stress in the continuum it may be necessary
to use a large number of F.D. equations. The solution of large systems of F.D.
equations may become impossible due to the capacity of the computer used
or due to round-off errors.

2. Boundary conditions and discontinuities of the plate can not be easily
accounted for in the F.D. solution. It is mainly for this reason that in many
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cases finite element analysis is preferred, although it usually involves the solu-
tion of a larger number of equations. _

The object of this paper is to show how the general displacement method
(as used in the finite element analysis) together with finite differences can
overcome the difficulties mentioned above. The plate structures considered
may be of any configuration but shall have linear boundaries. For the analysis,
the structure is idealized as an assemblage of a small number of large
triangular and/or rectangular elements (Fig. 1). The largest number of equa-
tions to be handled simultaneously are either the F.D. equation used in deriving
‘the flexibility (or stiffness) of an individual element, or the force displacement
relations of the assembled structure.

T —N— =T

elements are connected at nodes I
on their boundaries ‘]

\

~
finite differences
mesh points

Fig. 1. Large Element Idealization of a Plate. '

The method presented in this paper is developed to be used as a part of
the analysis of box-girder skew bridges. An analysis of such structures by
conventional finite differences appears difficult if not impossible for the reasons
mentioned above. On the other hand a conventional solution by finite element
may become expensive because of the large number of simultaneous equations
involved.

If, for example, a single-cell box-girder skew bridge is considered as an
assemblage of large plate elements subjected to in-plane and bending forces,
a solution by displacement method can be obtained in which finite differences
are used for the derivation of the element stiffness matrix. This paper deals
only with the bending of plates while the stiffness matrix of the plate element
corresponding to in-plane displacement is presented elsewhere [3].

SzILARD [4] derived the stiffness matrix of a square plate element using
finite differences. He used coordinates at the centre of each element side. The
structure must be divided into a large number of small elements to obtain
accurate results. In the method presented in this paper, the plates are divided
into elements which are essentially large (as mentioned earlier). Accuracy is
increased if the finite difference mesh size within the element is reduced and
larger elements are chosen. ANG and NEWMARK [2] analyzed continuous slab
panels by idealizing the plate as a system of rigid bars and springs, for which
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the deflection and load are related by equations identical to the F.D. equations
of the plate. First, the deflection of each slab panel is calculated assuming the
edges to be fixed. Then the panel boundary displacements could be deter-
mined using a relaxation technique. In this manner, the solution of a large
number of F.D. equations was avoided.

In the following section, the flexibility and stiffness matrices of rectangular
and triangular elements are derived.

Derivation of Element Flexibility and Stiffness Matrices

The large elements idealizing the plate are assumed to be connected at a
finite number of node points along their boundaries (Fig. 1). Fig. 2 shows a
typical rectangular element 4 and a right-angle triangular element B. A F.D.
mesh is chosen such that node points on the lines between the elements in the
assembled plate coincide with F.D. mesh points. At node points on the element
edges two degrees of freedom may be considered, a transverse deflection and

i 1

— v
b4 / ' N T =
/. T -

typical coordinate
ot o general node

typical coordinate
at a general node

typical coordinate

typical coordinate 90°~Y ata corner node

at a corner node
a) Rectangular Element A b) Right-Angle Triangular Element B
Fig. 2. Typical Coordinates at Nodes on Edges ant at Corners.

a rotation about an axis along the edge. At a corner node puint, the degrees
of freedom can be a transverse deflection and rotations about axes perpen-
dicular to the two edges meeting at that corner. Compatibility of displacement
of elements will be achieved at these nodes at the chosen coordinates (Fig. 1).
If the boundary nodes are sufficiently close, the deformation of the assembled
elements will represent that of the actual slab.
The differential equation to be satisfied at any mesh point on the element
is [5]
otw *tw otw
6x4+28x26y2+8y4 - %’ (1)

where w is the deflection of the plate; ¢ intensity of a distributed transverse
applied load;

¥

Eh?

N=Tmay N
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E is the modulus of elasticity; A the thickness (assumed constant for each
element) and v Poisson’s ratio. Using central finite differences, Eq. (1) applied
at a typical mesh point 4, away from the boundary, can be written in the
form [6]:

N 1A] (0} = Q. (3)

where [A] is a row matrix of dimensionless coefficients of the deflection at ¢
and at 12 other points in its vicinity;

Qi = 924y, (4)
A, and A, being the mesh spacings in the x and y directions (Fig. 2).
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Fig. 3. Finite Difference Coefficients for a Rectangular Plate with Free Edges. Coefficients to be
Used in the Equation:

(l\;:\ y) [coefficients] {w} = Q.
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Fig. 4. Deflection Coefficients of the F.D. Equation Applied at Point ¢ on or Adjacent to a Free
Edge of a Triangular Element. F.D. Equation Takes the Form:
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) [coefficients] {w} = @;.
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The pattern of the deflection coefficients of Eq. (3) (elements of [A]) are
shown in Fig. 3a. When the point ¢ where the F.D. equation is applied is at
or adjacent to the boundary, the coefficients must be modified to incorporate
the boundary condition of a free edge [6]. The modified coefficients are given
in Fig. 3b to f. The corresponding coefficients for the triangular element
(Fig. 2b) are given in Fig. 4.

The F.D. equations applied at all mesh points of an element with free
edges may be written in matrix form

[K){w} = {€}, (5)

where [ K] is a square symmetric matrix formed by F.D. coefficients. It relates
the deflection and the forces applied at the mesh points and can therefore be
regarded as a stiffness matrix corresponding to the coordinates {w}. The
matrix [K] is singular. The element must be restrained at not less than three
coordinates (not on a straight line) in order that its stiffness matrix can be
inverted. If springs of arbitrary stiffness (say NA,/A3), are introduced’ at
three (or more) boundary nodes, then the spring stiffness is added to the
corresponding elements in [K] to obtain [K*] which can be inverted. Thus,

{w} = [K*17{@Q}. (6)

Flexibility matrix [ K *]-! will now be transformed into another flexibility matrix
[f*] corresponding to the degrees of freedom at the boundary (Fig. 2). The
displacements {D} at the coordinates in Fig. 2 are related by geometry to the
deflections {w} at the element mesh points as follows:

{D} = [C]{w}: (7)

Therefore, the flexibility matrix of the element on spring supports corre-
sponding to the {D}-coordinates is given by [7]

Fig. 5. Mesh Points and Coordinates Referred to in Equation 7a.
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[/*] = [CILK*][C]7, (8)

where the superscript 7' means matrix transpose.

The elements of [C'] are either zero, 1, 1/A,, or 1/A,. Consider for example
the plate in Fig. 5 which has 25 mesh points. The edge displacements {D} at
the five arbitrary coordinates shown in the figure are related to the deflections
{w} at the 25 mesh points by Eq. (7) as follows:

Column
Number 1 2 6 9 10 ... 25
- _
,1~ 1 Elements not
A, B E shown are zero
1 1
DV=|_—- = w 9
{ 532 1 A, A, 2{5 x}; 9
1
‘ 11
L /\x A:E -
or {D} = [C]{w}. (9a)

In this equation any of the edge rotations, say D; (Fig. 5) is considered
equal to the slope of the deflected surface midway between mesh points 10
and 9. This would be accurate if the mesh size A, is small or the curvature
perpendicular to the free edge is small. Using [C] in the above form in Eq. (9)
would give a less accurate value for the elements /3%, f% and % than the other
elements of the matrix [f*]. This is because these elements represent the
rotation at a coordinate due to a unit couple applied at the same coordinate.
A more accurate value of any of these elements, say f%, is given by:

Row
Number
0 11 '
Colomn
Number 1 ... 7 8 9 10 ... 25 0
1
1 =
f§<5=(6_)\—) [0 0 2 -9 18 =11 0 ... O][K*]1, Ay, (10)
? 1
_X; 10
0
| 0 25
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In this equation the slope at the element edge is calculated from the deflec-
tions using the pattern of coefficients [8] (1/6A,) [11, —18, 9, —2] and a unit
couple at the edge is replaced by a pair of equal and opposite forces (of mag-
nitude 1/A,) at mesh points 9 and 10.

The flexibility matrix [f*] derived above (Eq. (8)) is for an element on
spring supports.

From [f*] the flexibility matrix of the element supported in any manner
can be derived [7]. The inversion of [f*] gives the stiffness matrix [S*] of the
element on spring supports. When the arbitrarily chosen stiffness of the
springs are deducted from the appropriate diagonal elements of the latter
matrix, the stiffness matrix [S] of the free (unsupported) element is obtained.

Fixed-end Forces

If the displacement method of analysis is used, the fixed-end forces {¥}
at the {D} coordinates will be needed for any transverse loading {@} on the
element.

Combining Eq. (6) and (7), the node displacements of the element on spring
supports due to forces at mesh points can be written as

{D} = [C][K*]H{Q}. (11)

These node displacements are reduced to zero by the restraining forces
{£;}. Hence, '
[*UE+[CIE*]7{Q} = {0},
from which

{£} = —[/*]7 [C]K*]{Q}. (12)

Stress Resultants

The stress resultants at any mesh point can be calculated by F.D. Egs. [7]
from the final deflections {w}. In the displacement method, the final deflections
are given by the superposition equation:

{w} = {w.} +[w,){D}, (13)

where {w,} are mesh point deflections of the element with restraint edges and
[w,] are mesh point deflections corresponding to unit nodal displacement, and
{D} are the final nodal displacements. Eq. (13) can be put in the form:

{w} = [K*7 (@ + [CTH{E+[/*]17{D}}). (14)
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General Remarks

1. A study of the finite difference coefficients in Fig. 4 shows that the stiff-
ness matrix [ K] for a triangular element is not quite symmetric. The coefficients
introducing unsymmetry in the matrix have been marked with a prime. For
example, for symmetry, D’ in Fig. 4d should be equal to D in Fig. 4b. The
difficulty of obtaining finite differences coefficients which have reciprocal
relationships at mesh points near skew edge corners is reported by JENSEN [6].
To overcome this difficulty, it is suggested that unsymmetric elements of [ K]
are to be replaced by their average.

2. It should be noted that [f*] can only be inverted if a dlspla,cement at
each of the D-coordinates can be imposed while the displacement at the
other D-coordinates is prevented. For example, the rotation D; in Fig. 5,
which is expressed in terms of the transverse deflection at points in edge 1-5,
cannot be produced if at the same time the transverse deflection at points
1, 2, 3 and 4 are zero. This does not provide serious difficulty. It only has to
be noted when choosing the system of the D-coordinates representing the
element degrees of freedom.

3. The finite differences patterns of coefficients required for the derivation
of the flexibility or stiffness matrices of rectangular and triangular elements
are included in Fig. 3 and 4. However, in some cases, some saving in the
computations may be achieved by using trapezoidal elements. The writers
used trapezoidal elements for the analysis of skew bridges.

Application

To test the above method, a uniformly-loaded rectangular plate with two
simply-supported edges, a built-in edge and a free edge was analyzed (Fig. 6).
The plate was idealized as an assemblage of two elements 4 and B, with the
F.D. mesh shown in Fig. 6. The finer mesh in the y-direction for element B

Table 1. Moments and Deflections of Plate in Fig. 6 (v=20.3)

Section CD Section EF
Megh ; Moment M, in . Moment M, in Detlections 1?
Point Point q

terms of q L2 terms of q L? terms of ST
e & 2 -0.097 6 0.091 0.114
4 -0.134 8 0.121 0.159
6x6 4 ~0.132 8 0.122 0.157
8x8 4 -0.130 8 0.123 0.156
Exact 4 -0.124 8 0.123 0.154
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was chosen to get accurate values of M, which is known to change rapidly
near the fixed edge. The two elements are connected at two coordinates at
each of the internal mesh points on line G H.

Table 1 gives moments and deflections along CD and E F obtained by a
solution in which a 4 x4 mesh was taken for each of elements 4 and B. The
table also includes the results of two other solutions in which the meshes
were 6 < 6 and 8 X 8 instead of 4 x 4.

>

Conclusion

In conventional finite element analysis of a plate in bending, displacement
functions are assumed to calculate the element stiffness matrices. For accurate
results, it is necessary to idealize the plate as an assemblage of a (compara-
tively) large number of small elements. In this paper, the stiffness matrix is
derived by finite differences, without assuming a displacement function.
Therefore, the plate can be considered as an assemblage of a small number
of large elements. In fact, the larger the elements used in the idealized structure,
the smaller is the error caused by element division.

The results of the test problem show that the method gives accurate
answers.



ANALYSIS OF PLATES IN BENDING USING LARGE FINITE ELEMENTS 39

Acknowledgment

This research was supported by a grant from the National Research Council
of Canada which is gratefully acknowledged.

Keywords

Computer matrix methods; finite differences; finite elements; numerical
methods; plate bending; slabs.

[C]
{D}
[f]

{5}
[K]

{}

[S]
{w}

Notation

transformation matrix defined in Eq. (7)
displacements at nodes on element edges

flexibility matrix corresponding to the {D}-coordinates
forces at the {D}-coordinates when {D}={0}
“equivalent’’ stiffness matrix formed by F.D. coefficients (Eq. (5))
flexural rigidity of plate (Eq. (2))

concentrated mesh point transverse loads

intensity of distributed load

stiffness matrix corresponding to the {D}-coordinates
mesh points transverse deflections

spacing between F.D. mesh lines

Poisson’s ratio

Subscripts and Superscripts:

used as superscripts in [K*], [f*] and [S*] to refer to plate element on
arbitrary chosen spring supports

refers to restrained element, that is — displacements {D}={0}
rectangular coordinate axes
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Summary

Plates in bending are analyzed by idealizing the continuum as an assem-
blage of large rectangular and triangular elements. The flexibility and stiffness
matrices of these elements corresponding to boundary displacements are
derived using finite differences. The analysis involves simple matrix operations
which can be easily computer programmed.

The stiffness matrices derived by this method are intended for use in the
analysis of structures which can be idealized as an assemblage of large rec-
tangular and triangular plate elements, e.g. box-girder skew bridges.

Résumé

On calcule les plaques fléchies au moyen d’une idéalisation du continu par
un assemblage d’éléments rectangulaires et triangulaires de grandes dimen-
sions. Les matrices de flexibilité et de rigidité de ces éléments pour les déplace-
ments au contour sont obtenues & I'aide du calcul aux différences finies. Le
calcul se fait & ’aide d’opérations matricielles simples et peut aisément étre
programmeé.

Les matrices de rigidité assemblées par cette méthode sont destinées au
calcul de structures qu’on peut idéaliser au moyen de grands éléments rectan-
gulaires ou triangulaires, p. ex. des ponts biais a section fermée.

Zusammenfassung

Die Biegung der Platten wird durch eine Diskretisation des Kontinuums
in eine Reihe von rechteckigen und dreieckigen Elementen groBler Abmessun-
gen berechnet. Die fiir die Randverschiebungen ausgedriickten Flexibilitéats-
und Steifigkeitsmatrizen werden anhand endlicher Differenzen ermittelt. Die
Analyse umfaf3t einfache Matrix-Operationen, die fiir den Computer leicht
programmierbar sind.

Die durch diese Methode abgeleiteten Streifigkeitsmatrizen sind fiir Trag-
werke bestimmt, die zusammengesetzt aus gro3en rechteckigen und dreieckigen
Plattenelementen idealisiert werden konnen, z. B. Kastentrdger von schiefen
Briicken.



Importance of Cell Symmetry in Flexural Finite Element Method
Importance de la symétrie des éléments finis pour le calcul des plaques

Bedeutung der Symmetrie der endlichen Elemente fiir die Plattenbiegung
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General

The use of Finite Element Method for solution of plate flexure problems is
based on replacement of the plate by a cell model and development of the
stiffness matrices of the individual cells composing it. Out of these the computer
formulates the stiffness matrix of the whole model and solves the equations
for the nodal displacements. The most common shapes of cells are triangular
and quadrilateral, with the nodes located at the corners of the cells. In the
usual presentation these cells possess three degrees of freedom for each node:
a transverse displacement and the rotations about the two co-ordinate axes
in the plane of the cell, making the size of the cell’s stiffness matrix 9x 9 in
the triangular and 12X 12 in the quadrilateral cells. Cells with more than
three degrees of freedom per node and with additional nodes on the sides of
the cells will not be considered in the present work.

The usual procedure is to assume the deflection function of the cell in the
form of a polynomial in z and y satisfying the basic biharmonic equation of
plate flexure

otw ot w *w
8x4+26x28y2+8y4 = 0. (1)

The right hand side of this equation is zero when the loads acting on the
model are applied only at the nodes, which is usual.

The triangular cells are the most convenient for constructing models of
non-rectangular plates or plates of irregular outline. However their non-
symmetry leads to loss of precision and sometimes even to gross errors espe-
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cially in flexural moments, not improved by the reduction of the mesh size.
Demonstration of this proposition coupled with discussion of the necessary
and desirable characteristics of the deflection polynomials is the subject of
this paper.

The significance of displacement continuity on the edges of cells apart from
the nodes will not be discussed here. The author’s view is that the edge con-
formity of the adjacent cells is not a necessary condition in flexural (as well
as the plane stress) elements and in this view he is supported by other
investigators [1, 2].

General Deflection Polynomial

The generally used polynomials for the deflection w are composed of some
or all of the following 12 terms

w=Ag+Ajx+ Ay 2>+ Az2*+ By + By,y>+ By y*+ C,xy+ Oy 2y

+C;23y+ Cyxy*+COsxy? (2)

all of which satisfy the differential Eq. (1). The bending and torsional moments
in the cell are expressed through the second derivatives of w. The three linear
terms of the polynomial correspond to the three free body movements of the
cell, resulting in no stresses, and the three second order terms — to the constant
curvatures and torsion, the conditions which the cells must assume on infinite
reduction of the mesh size, if they are to imitate faithfully the action of the
plate prototype. This makes the six linear and quadratic terms compulsory
irrespective of the shape of the cell. The remaining non-compulsory six terms
in Eq. (2) are included or excluded depending on the type of the cell.

It may be observed that all the terms mentioned here are either symmetrical
or antisymmetrical about the co-ordinate axes. The terms involving the odd
powers of x and y are antisymmetrical about the y and x axes respectively,
while the even power terms (including the zero power) are symmetrical.

Rectangular Cell

The rectangular cell of the dimensions @ by ka is referred to the axes x
and y coinciding with its symmetry axes. In deriving the stiffness matrix of
this cell it is sufficient to consider only the three movements of the node 1,
w,, 6% and 6Y. It is easy to see that each of these conditions may be
replaced by four symmetrical and antisymmetrical cases presented in Figs. 1,
2 and 3, and designated by the symbols s,, a,, s, and a,. In each component
case the corner movements are all equal to !/, of the total corner movement,
the node 1 being always moved in the positive direction, and the other nodes —
in the directions determined by the nature of the intervening axes s or a.
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The displacement polynomials of each component case must accordingly
consist of three terms, all of the same symmetry type as the case itself, i.e.
828y, Sz, a8, and a,a,. Here are the four symmetry components of the
12 term polynomial:

Wy = Ao+ Ay 2%+ By y?,

Sp .. Wy, = Ayx+Az23+C 2 y?,
AySy .. Wes = Bry+ B3y +Cy 2y,
@y . Wy, = Cixy+Cxdy+Cyays.

Sy Sy - -

(3)

The partial derivatives of these polynomials are:

8wss awa

W =2A4,x, —8—963—=A1+3A3x2+04y2, "
8was 3waa /

0 Wss =2B,y, 6,w5“=204xy,

oy ay (5)
a’was 2 2 awa'a 3 2

2y =B, +3B;y*+ C,22, 5y =02+ Cy23+30;xy2.

Each component polynomial is independent of the other three, and its
coefficients are found by substituting into it and its derivatives the proper
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corner movements of the node 1 (or any other node) and its co-ordinates, as
shown in Figs. 1, 2 and 3. Here are the resultant expressions for the three
displacement fields corresponding to the transverse displacement and the two
rotations of the node 1:

w—_l._l_ﬁi_ a? 3y ¥ 2xzy 2xy? 2m3yw

“\4 " 4ka ke 4a @ ka® kat I3qd |
_(_e_= _y, ¥ ¥ _xy ey  xy\, |
w—( 16 8k 8+4a+2a2 4ka+2ka2+ka3 o1, (6)
_(ka x 2? x3 ky xy afy  ady\
w_(ﬁ+§_4ka_2k2a2+_§+4_a—2ka2_kza3)91-

Examining the partial polynomials in Eq. (3), it may be seen that the three
terms of the polynomial w, are of the compulsory types, while the three other
partial polynomials possess each only one compulsory term, thus making
permissible replacement of the other terms by appropriate substitutes. For
example the term C,xy? in the polynomial s, a, might be replaced by the
combination F) (z®y?—xzy*) satisfying the differential equation and being of
the same symmetry type. The stiffness matrix based on so modified poly-
nomial is non-singular and would be fully suitable for solution of plate problems,
but it would involve one undesirable feature; the properties of the displace-
ments conforming to the modified polynomial would be different in the direc-
tions of the two co-ordinate axes with the result that the solution would
change if the x and y axes were renamed y and x respectively. To avoid this
unjustifiable non-similarity and the resultant decrease in precision, the terms
of the type 2™ y" must always be present in company with the terms x™y™.
Thus in the example under consideration the terms F (z3y?—2xy?*) must be
used together with the terms F,(x%y®—2x*y) in replacement of the part of the
original polynomial C, 22y + C,xy?. Although the suggested alternative is quite
legitimate, the original polynomial appears preferable, since its lower power
terms correspond to lower, i.e. less extreme, variations of displacements and
stresses within the cell. Incidentally, combinations of several terms of the
same symmetry type under single parameters such as C,(x2y+a2y3—2xty)
and O, (xy?®+ 2% y?—x y*) are possible, but their advantages seem questionable.

Combinations under the same parameter of the terms of two different sym-
metry types, such as C; (xy +22y3) would lead to unsymmetrical displacement
pattern in symmetrical modes, as will be demonstrated presently.

Isosceles Triangle Cell

The cell (Fig. 4) is referred to the co-ordinate axes with the origin at the
vertex of the triangle and the x axis placed along the axis of symmetry. The
shape of the triangle is described by the aspect ratio k. The required 9 term
displacement polynomial consists of the six compulsory linear and quadratic
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terms and the three additional terms to be chosen from the four available
cubic members, A;23, C,xy? C,2?y and B,y3, the first two of which are s,
terms, and the other two —a,. The question of symmetry of the terms about
the y axis does not arise because the cell itself is unsymmetrical about it.

In order to form a correct polynomial it is desirable to separate the dis-
placement modes w;, 67 and 6Y into their symmetrical and anti-symmetrical
parts, as is done in Figs. 4, 5 and 6. The other three necessary unit movement
modes wy, 0% and 6% (Fig. 7) need no separation, because the first two are
themselves symmetrical about the x axis and the last one — anti-symmetrical.
Components of the displacement modes in Figs. 4, 5 and 6 add up to three s,
and three a, conditions, while Fig. 7 depicts one a, and two s, conditions.
Thus the displacement polynomial must be composed of five s, and four a,
terms. Among the compulsory terms four are symmetrical and two — anti-
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symmetricaﬁl. Therefore one more s, term, i.e. either 4,23 or C,xy?, and both
a, terms Cy22y and B,y? must be added on. Choosing arbitrarily 4,23, the s
and a parts of the displacement polynomial become
w, = Ag+ A x+ A2+ Ag23+ B, y2, } .
w, = Biy+ B3y + Ciaey+Cya®y. )

Proceeding as with the rectangular cell, the six basic displacement fields are
found to be

3 2, 3 1, 3,
Y=ot Tkt T T Ba” T 2kad” y——y %1

1 1 1
= J— 2 RO [ . 3 X \
“ ( sia” t2a¥ "2k Y i Timar” 3/+a2?/)01, (8)
1 1 1 1
= |——a24- — 3 . 2 Y
“ (2 o TaY T I e” kazxy)el’
3 2 )
v (1_k2a2x2+k3a3x3) Ws>
w—( ——2—x +—1 x*y)| 0% L (9)
— y ka y k2a2 y 3> '
2 1
= | — _— xr2_ 3 Y
w ( Tty k2a2x)03'

It is desirable now to examine the outcome of using the combination of
the s, and a, terms C, (z?y +xy?) under the cover of a single parameter. The
polynomial for 6% is taken for the demonstration of the ensuing result. By
using the w, polynomial in Eq. (7), the same expression is found for the anti-
symmetric part of the field 6% as the second of the Eqgs. (9). However the

presence of the term k—zl— x2y on this expression brings in automatically the

s, term Ic2 ~xy?, augmenting the w, part of the deflection polynomial in

Eq. (7). With the procedure used earlier the complete deflection field is found
to be ‘
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1 1 2 1 1 : 1
(y+4k‘3 &= ka,y ka ry— 4k2a k2a2 y+ T2t yz)gg (10)

Although the nodal displacements imposed on the cell in this mode are purely
anti-symmetrical, four of the terms in its displacement polynomial are sym-
metrical. The stiffness matrix terms corresponding to this deflection poly-
nomial will not conform to the requirements of symmetry and the precision
of the model solution based on this matrix will naturally suffer. Thus the use
of a deflection polynomial with a superfluous term combined under the same
parameter with a necessary term of a different symmetry type must be
avoided. ' '

It may be observed that if an isosceles triangle cell is referred to the axes
x' and y' at an angle to the axes x and y, the single term z'2y’ in the new
system will give rise to both 2%y and zy? terms in the old system, and for this
reason will be inappropriate.

Triangle Cells of Irregular Shape

A plate model may include cells in the shape of irregular triangles, such as
the triangle 1-2'-3 in Fig. 8 whose node 2’ is located not far from the node 2

Fig. 8.

of the isosceles triangle 1-2-3, referred to the co-ordinate axes x and y, arranged
as before.

Although the use of the term C,xy? in the deflection polynomial of the
isosceles triangle is not permissible, the 9 term polynomial of the irregular
triangle may contain either Cy2?y or C,zy? terms. However in view of the
closeness of the node 2’ to the node 2, it is felt intuitively that the anti-sym-
metrical term will be the more appropriate of the two. Even better results
should ensue if the cell 1-2'-3 is referred to the axes x”, ¥”, of which the axis
2" bisects the angle at the node 3. It is felt that of the three vertices of an
irregular triangle the bisector oriented axis should be placed at the vertex
enclosed between the pair of sides whose ratio is closest to unity.
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Transformation of Co-ordinates

The directions of co-ordinate axes at different nodes of a cell model may
be different even with cells of regular shape, and so transformation of co-
ordinates becomes necessary for equalization of displacements and rotations
of different cells meeting at the common nodes. The most convenient resolution
of this complication requires selection of the best set of co-ordinate axes in
each cell in accordance with the considerations presented above, and deter-
mination of the terms of the stiffness matrix referred to these axes. Then at
each node a convenient common set of co-ordinates is chosen to which the
matrix terms of all adjoining cells belonging to this particular node are con-
verted from their individual cell axes. This conversion of the cell stiffness
matrix [K] in the cell co-ordinates to the matrix [K], in the common node
co-ordinates [2] is effected through the transformation matrix [7'] and its
transpose [T']* by the equation

[K], = [T1LK][T]*. (11)

With the use of triangular cells direct employment of a nine term deflection
polynomial referred to the common axes for all cells meeting at a node would
be unsatisfactory, because a cubic term z'2y’ in common co-ordinates would
give rise in cell co-ordinates to both 2%y and « y? terms, one of which would be
unsatisfactory and might even lead to singularity of the matrix.

Cell Symmetry

Triangular (as well as trapezoidal) cells of isosceles shape, possess only one
axis of symmetry as against two in the rectangular cells. Since the deformability
of space in a uni-symmetrical cell is different in the directions of the x and y
axes it may be expected that the precision of plate models composed of
triangular or trapezoidal cells is lower than of the rectangular cell models.
The truth of this deduction is demonstrated on the examples presented below.

Examples

Models composed of rectangular and triangular cells are compared on the
examples of simply supported and fixed-ended uniformly loaded square plates
of Poisson’s ratio 0.3. The models (Figs. 9a to ) involve the actual (or “solid’’)
squares and the ones made of pairs of rectangular isosceles triangles in contact
along the diagonals. The model (f) is unsymmetrical about the plate axes x
and y because its contact diagonals point in the same direction over the whole
plate. The four other triangular cell models have symmetrical arrangement of
triangles in the four quadrants of the plate, which in the models (b) and (c) is
the same in all squares, and in the other two models different in the adjacent
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squares, with the contact diagonals pointing alternately in NE-SW and
NW-SE directions.

The solutions are based on the stiffness matrix terms presented in the
Appendix 1.

The distributed load is applied in the form of nodal concentrations coming
from the areas tributary to the nodes, which means that the load of a rec-
tangular element is divided equally between its four corners, and of a triangular
one — between its three. The results of solutions are presented in Table 1.

This table contains the exact elasticity values of the central deflection and
of the central bending moment M, as well as the bending moments M, and
M, [2,3] at the mid-edge of the fixed-ended plate. The precision of the finite
element solutions is given by their 9 errors, with the plus signs corresponding
to the condition when the exact value is greater than the approximate one.
Models of 8 x 8 and 16 X 16 mesh were employed to indicate the convergence
of the results. Plate moments were determined by dividing the nodal con-
centrations in the model by the tributary lengths. This method on the whole
produced here better results than the deflection method.

The figures in the Table 1 show definite trends justifying, within the limits
of the examples, the following deductions: 4

1. Of all models the ones involving the actual rectangular cells show the
best precision and the best progress towards the exact values on reduction of
the mesh size, in most of deflections and bending moments. The moment
about the axis normal to the edge in the fixed ended plate, unlike the other
moments, is inaccurate, but it improves fast as the mesh becomes finer.
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2. The unsymmetrical model (f) of the similarly arranged ‘triangles comes
out the next best. In fact it is better than the rectangular cell model in very
precise results of the simply supported plate, but is significantly behind the
leader in the fixed-ended plate.

3. Of the symmetrical triangular models two, (b) and (c), have their deflec-
tions changing in the right directions on reduction of the mesh size, but the
same does not always apply to the moments, some of which are very inaccurate.

4. The symmetrical models (d) and (e) with differently oriented triangles
in the adjacent squares are inaccurate and erratic both with regard to the
deflections and the bending moments.

Conclusions

The following conclusions based on theoretical considerations and supported
in part by the numerical results seem to be justified:

1. The terms of the deflection polynomials of the cells must conform to
certain requirements, some of which are general for all types of cells, while
others depend on the shape of the cell and its symmetry. Some of these
requirements are compulsory, while others are only desirable for better
precision.

2. Cells of triangular shape are almost always inferior in precision to rec-
tangular cells, because they cannot imitate homogeneous isotropic elastic
material. Isosceles triangle cells, similarly oriented throughout the model, such
as the ones in Fig. 9 (f), are the best of the triangular cells. As their size
decreases to zero the space modelled by them approaches homogeneity, while
remaining anisotropic. Such cells are capable of imitating uniform flexure or
torsion condition in the plate.

3. Models composed of cells of irregular triangular shape or of differently
oriented isosceles triangles, may under certain conditions lead to satisfactory
results in deflections. This applies particularly to some recently proposed con-
forming triangular cells [4]. It is not believed however that any of these
models are suitable for determination of moments because the irregularity of
their cell arrangement effectively precludes true imitation of a uniform stress
condition in the plate.

In this connection it may also be pointed out that the common practice of
selection of the centre of gravity of the cell for the assignment of stresses
determined from the displacement function has no rational basis when the
stress condition in the cell is non-uniform.

4. Two situations appear appropriate for use of triangular cells:

a) When the triangles are used on the edges of the plate in order to approxi-
mate its irregular shape, provided that the plate region covered by the triangles
is stressed lightly.
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b) When analysing circular plates or plates in the form of circular sectors,

using models formed of isosceles triangles near the centre of the circle and
isosceles trapezoids over most of the model.

Appendix I

Tables 2 and 3 contain nodal forces in a rectangular cell and a cell in the

form of an isosceles triangle, produced by unit displacements w; and unit
rotations 6% and 6y of the node 1 (see Figs. 1 to 6). The latter table presents
also the corner forces caused by the unit movements of the node 3. Forces
produced by the movements of the other nodes are similar and easily follow
from symmetry.

Table 2. Nodal Forces in a Rectangular Cell

(Figs. 1, 2, 3)

Action w; =1 Action 67 = Action 8Y = 1
Z = (4k+lj‘3 + 2]:3 O‘]f" g | Z = (—2k—07'2~0;fﬁ)1, Zy = (k—22+0.2+0.8p,)L
Zo= (-t =224 O 2] = (204 02028 1 | 2 = (-02-084) 2
242(_2k_k_2:3+2];8_0;££)§ z4=(k—%g+%‘)lz z4=(_ki2+0.2—0.2p)L
mfz(_zk—%z—ﬁ;lfﬁ)L mgz(%_%Jr%’“)aL m? = palL
mg:(_zk—-%ﬁgf—“ L mg,:(_ﬁJrﬁfLﬂL%’ﬁ)a mg = 0
m{:(k—22+0.2+08/u. L my = —pal mi’:(:—g% ‘;—;c 41—’;3]6)(1L
mé’:(i}i—OQ—OSp)L mi =0 mé’:(;—k—%+%@)aL
mgz(k%+0.2—02p)L mf§ =20 mg=(§27c—l—’%+il‘-§)aL
mZ:(kiz—02+0.2p)L my = 0 mgz(ﬁqul—’;—%) L

Note:L:-;D =—1—é—(IE—’%a.
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Table 3. Nodal Forces in a Triangular Cell

(Figs. 4, 5, 6 and 7)

Action wy =1 Action 6y = 1 Action 65 =1
J

Zy = k_?;éi Zgz—%L Zs =0
LR R
mg:(“s%_%r{%)’: "3 121152'L“ mg:(lzlkﬁ%_%ﬁ)]““
mg:(’s%“Lg)L mll’:(ﬁ% lﬁc_%k)l‘ my 121k2L“
mgzkizL mg=—2—1kLa mf <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>