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Préface

Grace aux auteurs et a notre Secrétariat, nous avons le ferme espoir de
sortir de presse dans les délais les deux volumes des «Mémoires 1969» que
notre nouvelle politique nous impose. Le présent volume 29/I comprend 9
contributions de valeur. Elles apportent dans des domaines brilants une série
d’idées originales et fort utiles au développement de notre science. Nous
pourrions nous demander si la fréquence de parution plus grande ne devrait
pas nous inciter a grouper les articles par genre et volume. En raison de I'intérét
d’une publication rapide, nous ne pensons pas que cela soit judicieux sans
Pexclure cependant définitivement.

Nous remercions vivement les auteurs et 1’éditeur.

Zurich, en juin 1969.

Le Président de I’AIPC:

Prof. MAuRICE COSANDEY

Directeur de I’Ecole Polytechnique Fédérale de Lausanne

Les Secrétaires Généraux:

Dr sc. techn. HANXS voON GUNTEN Dr sc. techn. PIERRE DuBAs
Professeur & I’Ecole Polytechnique Professeur a I’Ecole Polytechnique
Fédérale, Zurich Fédérale, Zurich

Dr sc. techn. CHRISTIAN MENN

Coire — Zurich



Vorwort

Dank der Unterstiitzung durch die Autoren und unser Sekretariat darf
erwartet werden, daf} die beiden Teilbdnde der « Abhandlungen» 1969, die nach
der neuen Regelung vorgesehen sind, rechtzeitig herausgegeben werden kon-
nen. Der vorliegende Band 29/1 enthilt 9 wertvolle Beitrdge. Diese Arbeiten
bringen auf hochst aktuellen Gebieten eine Reihe von neuen Ideen, die fiir
die Entwicklung unserer Wissenschaft auflerordentlich niitzlich sein werden.
Man konnte sich fragen, ob das Oftere Erscheinen der «Abhandlungen» uns
nicht dazu veranlassen sollte, die Beitrdge nach Art und Umfang aufzuteilen.
Im Interesse einer rascheren Veroffentlichung scheint dies aber nicht ratsam,
doch mdchten wir diese Moglichkeit nicht gleich ausschlieflen.

Wir sprechen den Autoren und dem Herausgeber hiermit unsern besten

Dank aus.

Ziirich, im Juni 1969.

Der Prasident der IVBH :

Prof. MAURICE COSANDEY
Direktor der Eidgenossischen Technischen Hochschule Lausanne

Die Generalsekretare:

Dr. sc. techn. HANS voN GUNTEN Dr. sc. techn. PIERRE DuBas
Professor an der Eidgendsssischen Professor an der Eidgendssischen
Technischen Hochschule in Ziirich Technischen Hochschule in Ziirich

Dr. sc. techn. CHRISTIAN MENN
Chur — Ziirich



Preface

Thanks to the authors and to our Secretariat, the two volumes of the 1969
“Publications’, which are required by our new policy, may be expected to
come out in good time. The present Volume 29/I includes 9 valuable papers.
They present a series of original ideas in the most timely fields and will con-
tribute greatly to the development of our science. The question arises whether
more frequent publication should not require a grouping of the papers according
to contents and length. If the papers are to be published without delay,
however, this does not seem advisable, but we should not like to exclude
this possibility entirely.

We should like to express our thanks to the authors and the publisher.

Zurich, June, 1969.

The President of IABSE:

Prof. MAuRICE COSANDEY

Director of the Swiss Federal Institute of Technology, Lausanne

The General Secretaries:

Dr. sc. techn. HANS voN GUNTEN Dr. sc. techn. PIERRE DuBas
Professor at the Swiss Federal Institute Professor at the]Swiss Federal Institute
of Technology, Zurich of Technology, Zurich

Dr. sc. techn. CHRISTIAN MENN
Chur — Zurich
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Effective Column Length in Unsymmetrical Frames
Longueur de flambement des cadres asymétriques

Knacklinge in unsymmetrischem Rahmen

KUANG-HAN CHU HSUEH-LIEN CHOW
Ph. D., Professor of Civil Engineering, Structural Engineer, Westenhoff and
Illinois Institute of Technology, Chicago, Novick, Ine., Chicago, Illinois
Illinois
Introduction

In the design of bulding frames, the slenderness ratio of any column is
determined by its effective column length rather than its actual unbraced
length. The ratio K of the effective column length to the actual unbraced
length is of great concern to designers working with unbraced frames. This is
because K is always less than 1.0 in braced frames but it is usually greater
than 1.0 for unbraced frames subject to lateral sway. The value of K for
unbraced frames is usually determined by the alignment chart given in the
AISC Manual of Steel Construction [1]. This chart is based on an equation
(given in the Guide to Design Criteria for Metal Compression Members [2])
which is the buckling equation for columns in a symmetrical rectangular
frame subjected to symmetrical vertical loads at the tops of the columns [3].
As shown in Fig. 1, the frame is assumed to be braced in the direction per-
pendicular to its plane with moments of inertia of the colums (which resist
bending in its plane) I.=1I, and subjected to loads P’'=P. Note that the
moments of inertia of the beams are not equal (I;+ I,) and the column bases
become fixed if I, =co hinged if I; =0.

Since the AISC alignment chart is based on symmetrical frames symmetri-
cally loaded, the question arises as to what will be the value of K if P’ P
and I +1,. In this paper, the basic buckling equation will be derived and a
chart which gives a coefficient for modifying the K values given by the AISC
chart will be presented. Since coefficients given by the chart are average
values, some errors can be expected in the modified K values obtained. How-
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ever, the maximum error of the modified K will be at most about 20 per cent
and for most pratical cases less than 10 per cent.

P P'=P
Ip
L
P.
: . .
I =l |Lc Mij /R
Vi a
I ' R &L
' L y Mii\/ P
r 2 - Vi
Fig. 1. Symmetrical frame Fig. 2. Notations for the slope
symmetrically loaded. deflection equation.

Buckling Equation

The slope deflection method will be used in the derivation of the buckling
equation. The slope deflection equation for a member ¢j subject to an axial
load P (Fig. 2) as given in standard textbooks [4,5] may be written in the
following form [6, 7].

_2EI

M 7 (2a0;+b0;—cR), (1)
in which M,; = moment at end 7 (M;; at end j), positive clockwise,
E = modulus of elasticity,
1 = moment of inertia about an axis perpendicular to the plane
of the frame,
L = length of the member,
0;,0; = slope at ends ¢ and j respectively, positive clockwise,
R = slope of the chord, positive clockwise,
= A4/L = end deflection/length of member,
I
a = 4 1—¢>cot¢+00t¢ , (2a)
_ i( ¢ )
b =5 1—¢cot¢_00t¢, , (2b)
2
c = 2a+b= ¢ (2c)

1—¢cotg

L./ P
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For small values of ¢

L _@4r 124y

a= 30 25000 O’

_ (2¢)2 13 (2¢)*

b= 1+~ 25000
for ¢ =0 a=b=1.

(4a)

(4b)

(4¢)

Letting K be the ratio of the effective column length to the actual unbraced
length, then P at buckling becomes the critical load P, given by

m BT

cr

and

Referring to Fig. 3, let
P =AP(0=A1),

IJL
G, == c7
4 LL,
I/L
Gy =2
B L Ly

(K L)
B

e

B

(5)

T
5K (6)
I, =al,(0=«=<1), (7a,b)
r_ Aol Lo _
Gy= e = G (8a,b)
p_ Lol Lo _
GB == Ib,/Lb = OLGB, (SC,d)

in which I, and I are moments of inertia for the columns, I, and I, are the
same for the beams, L, and L, are the lengths of the columns and beams

respectively as shown in Fig. 3. With the coefficients a,,b;... etc. for the
P . b P'= AP
A 51910, GQ‘Q A
| "6a /J'
. [/ Te =1,
ap |/ oy i Q&£
Le b, ff b, ([ 0£A=l
CZ l! 1 1 C'g i
og_ lp»al by ,
B 2 B
Fig. 3. Unsymmetrical frame ! %s
unsymmetrically loaded. L L -

members as indicated in Fig. 3, the slope deflection equations for members

t4A A" and A B are

(9a)

(9b)

For equilibrium at joint 4, > M, =M, ,, + M ,5 =0, yields

2(a1+GAa2)0A+GAbng+b10A'—GAC2R - 0.

(10a)
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Similarly with > Mz =0, > M ,. =0 and > Mg = 0, one obtains

Grby0,+2 (a)+Gpay) fy+bl 0 —Ggoy R = 0, (10D)
b0, +2(ay+aG,al) 0 +uC b,0h—xG ciR =0, (100)

The shear equilibrium equation

MAB—*_J'MBA+MA'B'+MB'A'+PLCR+P,LC‘R=O (11&)
gives ¢yl +cobptac,0 +ac0p—2[co+ac,—(1+A)$?*] R =0, (11b)
. L2P

. , L2
in which % = iEL (12)
Let 2y +acy,—(1+A) 2] =d. (13)
From Eq. (11) R=%2(0A+03)+°.‘—;%(0;+939). (14)

Since there is no axial force in the beams 4 4" and BB’,

Substituting Eqs. (14) and (15) into Eqs. (10a—-d), yields

(2+G,W)0,+ Gy Wolp+ (-G, W;) 0, — G4 W0y =0, (16a)
G Wa0,+(2+Gp W) 05— G W;0,+(1 -Gz W;)0p =0, (16b)
(1-G, W) 0,— GaWs0p+(2+G 4 W) 0, + G4 W, 05=0, (16c)
—GpW;0,+(1—-Gg W;)0p+ Gp W04+ (2+Gz W;)05 =0, (16d)
2 c2

in which Wl=2a2-—%, Wy = by, (17a,b)

, Cy)? , Cy)? €y Co
W= 2aay—E9E g O G 70

The buckling equation is obtained by setting the determinant of the coeffi-
cients of the unknown 6’s in Eqgs. (16) equal to zero, or
2+ G, W GaWe 1-G, W, -G, W

GpWy, 2+GgW, —GpW, 1-Gyg I/Vs

, U I =0. (18)
L—G Wy —G Wy 2+G, W, Wy~
Couw eaw Gaw, 2ecaw
Expanding and rearranging Eq. (18), one obtains
3N+QRUN-Ush-U; V3-U, V- U, V;) G, (19)

H(UN=U Vo= Ug V= Ug V= Uy Vz+ V) G3 = 0,
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in which
Uy = Wi+ W+ W, Uy = W Wy— W,
Us = Wo+2 W, Uy = WMW,— W, W,
Us = Wy+2 W, Us = Wy Ws— W, Wy,
§ (20a-k)
U =2W+ W, Ug = W W,— W2,
Uy =2W,+ W, U= W, Wy — W2,
Up =W, Wy— W
V1=3+2GU,+G}U,, Vo=GpUs+ Gy Us,
Vo =GpUs+ G} Uy, Vi=GpU;+G% Us, (21a-f)
Vs = GpUs+ GF Uy, Ve = 0% Uty

In Eqgs. (20), the W’s are obtained from Egs. (17a—e) with a,, b,, etc. obtained
from Eqgs. (2a-c) and (4a,b), using

Ly P o«
=2 Vzi~ ek (222)
for a,, b, and c,, and
. Lo/ P o= ]/i
¢=¢=5Vwr ~axls (22b)

4 ’ ’
for a;, by and cg.

Special Cases

The following special cases may be obtained from the general buckling
Eq. (18) or (19)
a) If ¢ ,=0, (I,=0), then in Eq. (19), /;=0 or
3+2G5U,+G% U, =0. (23)

b) If G =00, (I,=0), then in Eq. (19), the coefficient of G% =0, hence
Us—Uy Vo= Ug V3= Ug Vy— Uy V5 + Vg = 0 (24a)
or GR(U3—2U,Usg—Ug— Ui~ U3y)
+ GB(2 Ul Uz— U4 U5_ U3 UG_ U7 Us‘_‘ U9 U10)+3 U2 = O.
¢)If P=P and I,=1,then A=1, a=1, W;=W; and W,= W,. Consider the
case 0 ,=0"; and 0p=0%.
Let W, =W, W, = W, W, = Wy (25a—c)
for this particular case. Eq. (18) becomes
3+G (W — W) Ga(Wy =W5)| _
Gp(Wy —W5) 3+ Gg(W, — W)
or 9+3(G4+Gp) (W — W)+ G Gp[(W) — W) — (W, — W)*] = 0. (26D)

(24D)

0 (26a)
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2

Note that W) - W, = 2(@2—%) = %(eoth—tanqS) =¢cot24¢, (27a)

— o} ¢

Wy — Wy = b,— 1= ——2~(cot¢+tan¢), (27b)
. : 4p3cot ¢

- —d2) =
in which d = 4(cy—¢?) T—gootd’ (27¢)
Eq. (26b) becomes
9+3¢cot2¢(G,+Gp) -G, Gzd?=0. (28)

With ¢=ﬁ, Eq. (28) is identical to the equation given in Guide to Design
Criteria for Metal Compression Members [2].

d) If I,=0 («=0) and P'+0 (A+£0), then ¢'=co and W,, W, and W;
become indefinite. There will be no solution for Eq. (18). The structure will

buckle since there is a load on a column of zero flexural rigidity.
However, if ;=0 and P'=0, then « =0 and W;=W,=W;=0.

Let W, =Wy, W,=W (29a, b)

for this particular case. Eq. (18) becomes

2+GAm/I GAWZ” 1 0
GeWy 2+Gz Wy 0 1
1 0o 2 o= (30a)
1 0 1 0 2
or 946 (Gq+ ) Wy +4 Gy G [(W)2— (W) = 0 (30b)
2
with W, = 2a2—% = W, - W, (31a)
n cg 4 7
Wy = by 2= Wy - W  (31D)
2¢3cot ¢
— ¢ — h2y — i
and d = 2(cy—? I—dootd’ (31c)

The case of I,=0 and P’'=0 is equivalent to the case with the member
A" B" omitted and the ends A" of 4 A" and B’ of BB’ supported on rollers
(see Fig. 4a). It can be seen that Eq. (30b) is the same as Eq. (26b) for the
symmetrical frame symmetrically loaded if 2 G, and 2 G'y are used instead of
G, and G'i. The same result is obtained if 2 L, is used instead of L,. This is
because in the present case the points of inflection of the beams are at the
ends A’ and B’, whereas in the symmetrical case, the inflection points are
located at the midspan of the beams (see Fig. 4b).
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i Ip

a) [F Ly 1 Lb/2 | Lp/2 b)

Fig. 4. Comparison of the deflection pattern of the case P’=0 and I; =0 with the symmetrical
case.

e) For the case of P=P and I=1, A=1, a=1, W, =W, and W, = W)
without the restriction of 8 ,=0, and 6,;=0y, it can be shown that Eq. (18)
may be reduced to

{1—(G4+Gp) (Wi + W)+ G, Gu[(Wy+ W) — (W, — W;)?]}-

{9+ 3(Cy+ Cp) (Wy— W)+ Gy G [(Wy— Wy — (Wy— Wy = 0. 3P

Setting the terms in the second pair of braces equal to zero results an equation
which is identical to Eq. (26b) for antisymmetrical buckling. Setting the
terms in the first pair of braces equal to zero would result an equation for
symmetrical buckling. Since K values for symmetrical buckling is always less
than 1 while that of the antisymmetrical buckling always greater than 1
(equal to 1 if I, =1;=00). The buckling load will be governed by the anti-
symmetrical case instead of symmetrical case.

Solution of the Buckling Equation and Presentation of Results

Eq. (19) may be solved very simply in the following manner. If the values
of «, A, and G are given, values of G, may be determined for any assumed
values of K. Since the equation for ¢, is quadratic, negative and complex
solutions must be discarded. Also some false or physically meaningless roots
must be rejected.

It is noted that Kq. (18) is symmetrical with respect to G, and G'5,. Hence
G, and G5 are interchangeable. Thus Eq. (23) may be regarded as an equation
for ¢, when G/ =0 and Eq. (24) as an equation for ¢/, when G'z=co.

Various methods of presenting the results were tried. It was found that for
a given pair of « and A values, the B values defined by the following equation
remain approximately constant for various values of ¢, and Gj.

K

in which K is the ratio of effective length to actual unbraced length for a given
pair of « and A values corresponding to a pair of specifies G, and G5 values
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(referring to the stronger column) and K, is the value of K for A=o=1 (sym-
metrical case) with the same values of G, and Gp.

The ratio B is determined in the following manner. For given values of «,
A and G g, using Eq. (19), G is obtained for some assumed value of K. Using
the same G, and G@p, K, is determined from Eq. (28) by Newton’s method
for solving transcendental equations. Then B is determined from Eq. (33). All
computations were carried out on an IBM 360 computer.

For a given pair of « and A values, an average value of 8 is determined for
various values of G, and Gg. A set of curves of the average 8 versus o for
various values of A is plotted in Fig. 5. This figure is to be used in conjunection
with Fig. 6 which is reproduced from the AISC Manual [1]. With known values

” T
17 ——
P P':Mfl_J Ca Ko Ge
6 Ib [
Neohn =3=20, —
I i Gale 1000 F783 — 1000
15 L " 500— I — 50.0
- 300 -+ 5.0 — 300
14 : 200— I 40 — 200
\ \ 8- K(O£A1,0= a=1) 1 : |
\ \ " KolA=l,o=1 with Ga a..a) T
the some os for K
B * 100 1 a0 — 100
N T 9.0 — 9.8
2 j B8O ] X
NN | 70 — 70
B ) - T 60— — 60
L AN NN - i T 50— . ~~ 50
AR NI~ b || 40— -+ 20 n 40
{ ‘. R
\ ™~ L T
TR s 0 o e e e A2 ! — 30
0.9+ s S e s L
= 0.2\ = ] —— 20— r—- 20
os - —— —+ i5
v T T—lon \\‘“~“1N+i . I
07 — T 1.0— = {0
0.6 1 : [
0.5 T O-j -0 L 0
(¢} [oX] 02 03 04 05 o« 06 Qr o8 09 10 :
Fig. 5. Curves of average 8 versus « for Fig. 6. Chart for the determination of K.
g 3 4 g Ao
various values of A. (After AISC Manual of Steel Construction.)

of A, «, G4 and Gy, the value of K will be given by B K, with 8 determined
from Fig. 5 for a given « and A and K, from Fig. 6 for given values of ¢,
and Gp.

Since average values of 8 are used in the plotting, some errors can be ex-
pected. It was found that the error increases as o of A decreases (i.e., as the
frame or loading becomes more unsymmetrical). For very small value of «,
the error may reach 20 per cent. However, the maximum error is 11.3%, for
xa=0.3, 8.99 for «=0.5, 4.5%, for «=0.75 and 1.19, for «=1.0. For most
practical cases, the error will be less than 10 per cent since « is seldom less
than 0.5.

It should be noted that the estimated errors are maximum values. For the
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ordinary ranges of G, and G, B will be near the average and the error will
be much smaller. In case precise K values are needed, Eq. (19) may be solved
by the method of linear interpolation (false position) using as first approximate
values of (1+e)K in which e is a small fraction representing an estimated
error and K is determined from Figs. 5 and 6.

Numerical Examples

Various problems may be solved by using the charts presented herein
intelligently. For readers not familiar with the use of the AISC Chart, examples
will be shown for both the case of B=1 (for A=1 and «=1) and the case of
B+1.

Example 1. A ten story frame is shown in Fig. 7 (a). The moments of inertia
of the columns and beams are as shown in the figure. It may be noted that the
ratio of G, and G5 at all joints are equal.

(Le/2)/ Ly _ o) Le

(G,) at A = =
A ’
Ib/2 /Lb Ib/Lb
() at B - LU+ LJDVL, _ LJL,
- ’
L[ Ly, I/ Ly,
e - Tl _ LiL
[(Ls/2) + (Lp/2)]] Ly ol Ly
Gy ap D = Tt L _ L/L,
B .
T+ 1)L, ~ Ty/L,
Pl P P P P Pl Pl
b2 ¥V Ibr2 Iv/z In/z
A C
1‘-’ IL IKJ ]c —I-; (b) Ic I_G L
‘Ew bo b [ 2 1o |® ¢
>
L Ic d ++ e Ik L tb.]
Ip Ip Ip
I Ie I e .
9 2 T Ty 1 2 (c) Identical _wn.h(u)except Column
(€] N P Bases are fixed as shown
ol '1 4' —— .
b | I Ip Ip Iy
I Ic Ic Tc i I Ic Ie Ic L
Il |n [ TTlw P Ll | [ TTLn |2
L Ie Ic I %c . Ic Ic e *
l Ij T 1
A - b/z 3 bzg y b2 Jn Jir - Jr kd
(@) n Spans @ Ly J n Spans @ Lp _]
1 T 1

Fig. 7. (a) Frame solved in example 1. (b) A unit of the frame shown in (a). (¢) Frame solved in
Bleich’s book.
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The problem may be treated as a superposition of the basic frame as shown
in Fig. 7(b). Noting that B=1 and K =K, from Fig. 6, connecting a straight
line between the given values on the ¢/, and G5 scale and finding the inter-
cepts on the K|, scale, one can easily determine the values as shown in Table 1.

Table 1. K values for the ten story frame shown in Fig. 7

K=K, 1.31 1.59 1.83 2.05

The values in Table 1 check very well with the curve given in BLEICH s book
[4] for the solution of the frame as shown in Fig.7(c). The frames shown in
Fig. 7(a) and Fig. 7 (c) differ only in the degree of fixity of the bases of the
bottom story columns. However for tall buildings the effect of base fixity of
the columns in the bottom story will be negligible.

Example 2. The problem as shown in Fig. 8 (a) was solved by JoHNSON [8].

I/L 21/L 1
(GA)AD,CF = 51—/(/%—3) = (G4)pr = *2*27/*/(%—[/—) =3~ 0.33,

I+21)L oT+4D)L 3
(GB)ap,cr = (2}_/71))/) = (Gp)pr = %ﬁj—l/—(%)—l/,)— =3= L

3
(GA)DG,EH, FI = (GB)AD, CF,BE — )

(GB)pe, er,pr = 0-
From Fig. 6, K=K,=1.21 for columns AD, CF and BE and K=K,=1.15

for columns DG, EH, F1I. The given solution is P=7.10 %: (II_;%){E with

K =1.18 which is exactly equal to the average of 1.21 and 1.15. The frame
may be treated as a superposition of two frames shown in Fig. 8 (b). It may
be pointed out that the results are good primary because the column stiffness
is proportional to the loading.

Py Py
1
P 2P P P P P
21 21 21 ¢ 21
e 1 I L
1 1| 1 P2 Pa
P P PP P 1
SRV -3 B R
2t 2ft 2t 21 I 1 L
'l L J » J7 1L JL_—JL
2. %L 1:
2
(a) (6)
Fig. 8. Frame solved in example 2. Fig. 9. Frame solved in example 3.

Example 3. The previous example shows that very good results can be
obtained by using the AISC Chart for well proportioned rectangular frames.
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This example will show the amount of error involved in applying to some
other cases. Fig. 9 shows a frame which has been solved in reference 9. The
given values of E I/L? is 1007 and the solutions are P, =4007 and (P, + B,) =
8077 corresponding to K =K,=mx/ /4.0=1.56 and ) ¥8.07=1.10 respectively.
From Fig. 6, the K value for the top column is 1.24 for ¢ ,=% and Gz=1
and that for the bottom column is 1.15 for G,=1 and G5=0. Consider the
fact that column stiffness is not proportional to loading, the errors involved
are reasonable.

Example 4. The four cases shown in Fig. 10 were solved by Zwgia [10].
A comparison of the results will be of interest. For cases I and I1I, G ,=G5=0

TR
T l ! IJ «11 1 dll

Fig. 10. Frames solved in example 4.

and K,=1. For cases Il and IV, ¢, =0, Gz=00 and K,=2. The values of 8
for various values of A and « from Fig. 5 are listed in Tables 2 and 3.

Table 2. B values for cases I and 11

A =72 0.16 0.49 0.81 1.0

B 0.76 0.86 0.95 1.0

B (Zweig) 0.765 0.864 0.951 1.0
Table 3. B values for cases 111 and IV

o = r? 0.16 0.49 0.81 1.0

B 1.27 1.08 1.02 1.0

g =rB 0.508 0.756 0.918 1.0

B’ (Zweig) 0.532 0.812 0.946 1.0

Error 7% 7% 3% 0%

It should be noted that the notations A and « are respectively corresponding
to 72 and 72 given in reference [10] and the 8 values can easily be derived from
the K values given therein. Also for cases III and IV, the critical load in
reference [10] is related to the weaker column, thus

p_ am? B I _ rm2 Bl 7B
(B KoL)} (BK,L)*

(B" Ko L)?
It can be seen that for cases I and II, the B values checks very well and for
cases I1I and IV, the errors are within the maximum values stated previously.

Hence B’ = rB.
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Example 5. This example shown in Fig. 11 (a) was also solved by Zwzic [10].
It would put a severe test of the versatility of the proposed method. This
frame may be treated as a superposition of the frames shown in Fig. 11 (b)
and the equivalent frame is as shown in Fig. 11(c). The conditions of the
column bases, however, are dissimilar and can not be replaced by a single

150K 200K 350K 200K 150K 150 100 100 35072 350/2 100 100 150

l | | | | l || ! l

' TI, - Ip=c0 Lip=o0 - -
40| 1er3 75 - 7% opzind  [273 sz | + lws2 swve| 4 fss2 TS| 4 frs2 2r3
7 #

l__Lm__‘L_/an. T T Loz | Los |
T- Tt

H I = T H
1OWE49 12We5 I2wes  12wes  lowag (@)

(b)

350
650= (uso) 400= [jggj

Al +150 C»l

.
533 Iy /L
(c) 273 175 A .
273 173 1-|350/4:875
1-1079 4 1=350
8 o

Fig. 11. (a) Frame solved in example 5. (b) Superposition of frames. (¢c) An equivalent frame.
(d) Final equivalent frame.

beam. Nevertheless since column C’'D" has G, =0, Gz=00 and K;=2 (from
Fig. 6), it may be replaced by a column of C”"D” with G, =G5=0 and K,=1
if Towp = I%%_%:%O — 87.5 in® as shown in Fig. 11(d). Noting that A =
400/650 =0.615, «=87.5/1079=0.081, and G,=G5=0, one obtains f=1.24
and K,=1 from Figs.5 and 6 and K =8 K,=1.24. The answer given in reference
[10] is 3.14/2.46 = 1.28. The error is only 39, although the « value is very

small in this case.

Discussion of Results and Conclusions

The following conclusions may be reached particularly with reference to
Fig. 5.

1. Note that for A=1, on the average, §=1.08 for «=0.5 and B=1.15 for
a=0.3. This means that for equal loads, if the stiffness of the column on one
side is only 50 per cent of the stiffness of the column on the other side, the
K value is only slightly higher than the K, value for the symmetrical case.

2. For equal loads (A=1), K will be significantly higher than K, only when
o is small (say « <0.3).

3. With the exception of A=0, if the loads and stiffness are in the same
proportion (A=«), the average 8 will lie between 0.9 and 1.0.
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4. With the exception of A=0, 8 will be greater than 1.0 only when A> «.

5. When there is no load on the weaker column (A=0), 8 will have values
lying between 0.8 and 0.7 for 0.3 <« <1.0 with a smaller 8 corresponding to
a larger o.

6. As bointed out previously, there will be no solution for the case «=0
and A+0. However, for « =0 and A=0 roller supports are assumed for the
beams, with the weaker column omitted. The K value may be obtained from
the AISC alignment chart using 2 L, instead of L, in computing the values of
G, and Gp.

7. As pointed out previously, the maximum error in using Fig. 5 would be
less than 9 per cent for o =0.5. It may reach 20 per cent for small values of «.

8. By intelligently using the concept of considering G, (similarly Gz) as
the ratio of > I /L, and » I,/L, instead of the ratio of I,/L, and I,/L,, the
rectangular frame studied may be considered to represent any story of a
multistory, multibay frame as shown in the numerical examples.

Notation
a see Eq. (2a)
ay,0q,0,,0 values of a for members as shown in Fig. 3
b see Eq. (2b)
by,b1,b05,b4 values of 6 for members as shown in Fig. 3
c see HEq. (2¢)
84361 5 Cars O3 values of ¢ for members as shown in Fig. 3
d see Kq. (13)
e a small fraction representing an estimated error
E modulus of elasticity
G,, G, (g, G see Eq. (8a—d)
I moment of inertia about an axis perpendicular to the plane
of the frame
1,1, moment of inertia of top and bottom beams respectively
1,1, moments of inertia of columns as shown in Fig. 3
K ratio of effective column length to actual unbraced length
K, K for the symmetrical case A=a=1
L length of a member
L,, L, lengths of beam and column respectively
M moment at end ¢ of the member 4 j

-

™,

e ~.
~

column axial loads (P’ < P)
chord slope of a member
see Kgs. (20a—k)

see Kqs. (21a-f)

see Jgs. (17a—e)

= SR

a7l
gL
th

=

go
e

o
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W/, W), W, W's for the symmetrical case A=a=1

S LR

S o ¥

10.

", Wy W" s for the case A=a =0

1

= IJI,(0sx<1)
= K /K, using the same (¢, and G for K and K,
= deflection of one end of a member with respect to the other end
slope of a member at end ¢ = rotation at joint s
= P[P (0AL])
L¢y/ P
- Ve
Leyf P’

2 VEI;

I
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Summary

In this paper, the basic buckling equation is derived for an unsymmetrically

loaded unsymmetrical rectangular frame which may be considered as repre-
senting a portion of a multistory multibay frame. The ratio, K, of the effective
column length to the actual unbraced length may be considered as equal to
value of K, obtained by the alignment chart given in the AISC Manual of
Steel Construction multiplied by a coefficient 8. A chart which gives average
values of 8 is presented. For most practical cases, the maximum error of the
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K values obtained from this chart in conjunction with the AISC chart will be
less than 10 per cent. Numerical examples are given for illustrating the use
of the charts presented.

Résumé

Dans cet article, les auteurs étendent ’equation générale du flambement
au cas d’un cadre rectangulaire asymétrique et changé asymétriquement que
I’on peut considérer comme une portion d’'un cadre a plusieurs étages et a
plusieurs ouvertures. Le rapport K (longueur de flambement sur longueur
théorique) peut étre considéré comme égal & la valeur de K,, obtenue par les
diagrammes du manuel de I’AISC pour la construction métallique, multipliée
par un coefficient . On donne un diagramme indiquant des valeurs moyennes
de (. Dans la plupart des cas, I’erreur maximum des valeurs K obtenues a
I’aide de ce diagramme et de celui de 'AISC est en dessous de 109,. Pour
montrer 1'utilisation des diagrammes, on a apporté des exemples numériques.

Zusammenfassung

In diesem Beitrag wird die Grundknickgleichung fiir einen unsymmetrisch
belasteten, unsymmetrisch gebauten und rechteckigen Rahmen hergeleitet,
der als Ausschnitt eines vielstockigen und mit vielen Offnungen versehenen
Rahmens aufgefaflt werden kann. Das Verhéltnis K der Knicklinge zur geo-
metrischen Lénge kann gleich dem Wert K, den man aus dem Schaubild
des AISC-Handbuchs fiir Stahlkonstruktionen herausliest, multipliziert mit
einem Beiwert 8 gesetzt werden. Ein Diagramm fiir durchschnittliche Werte
von f3 ist abgebildet. Fur die meisten praktischen Félle liegt der maximale
Fehler des Wertes K, den man aus dem Schaubild fiir f# und K° der AISC
erhélt, unterhalb zehn Prozent. Numerische Beispiele sind beigefiigt worden,
um die Anwendung der Schaubilder zu zeigen.
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Prof. of Civil Eng. Assist. Prof. of Civil Eng. Assist. Prof. of Civil Eng.

University of Waterloo, Waterloo, Ontario, Canada

Introduction

A variety of methods is presently available for the analysis and design of
reinforced concrete structures allowing for different degrees of moment
redistribution [1] ... [8].

Recently a comprehensive study was devoted to the presentation of the
specific techniques, features, field of application and limitations of these
methods [9].

The study was prompted by the need for providing structural engineers
with an overall view of the potential applications of limit design and with some
illustration of the problems involved in the available approaches. Two impor-
tant results of this study [9] are noted:

1. A set of objective criteria for quantitatively comparing structural design
solutions evolved.

2. Some theoretical developments in the ultimate load design [10], optimal
design [11], [12], compatibility analysis [13] and computer techniques in
plastic analysis [14] followed.

While the theoretical developments mentioned above are reported else-
where, this paper elaboratores on the objective criteria first presented in [9],
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i.e., the collapse safety, serviceability and efficiency of limit design solutions
and methods.

The paper does not attempt to recommend the application of any specific
method in preference to the other. It only provides the designer with a set of
standard criteria for evaluating various limit design methods [2] ... [8] with
respect to the currently used ultimate strength design (USD) method [1].

Design Criteria and Limit Design Methods

A summary of the design criteria and basic assumptions adopted in various
methods is reproduced in Table 1 [9].

The ultimate safety is expressed by the ultimate load factor for a particular
loading arrangement, which is defined as the ratio of the collapse load for the
given loading arrangement to the corresponding service load, At=W;I/W.
The ultimate safety parameter (u.s.p.) #;, can be introduced as a convenient
measure of the structural safety, and is defined by the ratio of the ultimate
to the specified load factors, i.e., u; =] /A,.

The serviceability is basically dependent on the safety against the first
section reaching its ultimate stage. In brief, this is here referred to as yield
safety, and is measured by the yield load factor. This is defined as the ratio
of the load at which the ultimate moment is reached at section j (first plastic
hinge load) and the service load, i.e., A;;=W,;;/W. A convenient measure of
the yield safety of a critical section for a particular loading arrangement is the
yield safety parameter (y.s.p.), which is the ratio of the yield load factor of
the section to the specified overall load factor of the structure, i.e., x;=2;;/A,.

The compatibility condition ensures that section behaviour in the inelastic
range follows the load-deformation curve of the material. For the elastic-
plastic material idealization it reduces to a limitation of the inelastic rotations,
i.e., 6,0, [16]. This condition presupposes a limiting concrete strain which
varies with different methods, as listed in line 3 of table 1.

The efficiency of a particular design solution may be considered in relation
to total or initial cost, material consumption or other criteria. When geometry,
concrete sections and shear reinforcement are maintained constant for various
solutions, a reasonable criterion of economy is the consumption of flexural
reinforcing steel. If V, and V), are the steel volumes required by the elastic,
U.S.D. solution and by limit design respectively, the ratio v,=V,/V, is a
measure of the relative steel consumption in limit vs. elastic design, and is
referred to in this and previous studies [9], [11] as the efficiency index of the
structure.

This paper suggests that ratios u,, x; and v;,, enable a meaningful comparison
of design solutions to be made in relation to safety, serviceability and efficiency,
respectively.
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The following methods are investigated:

. USD: “Ultimate Strength Design’’ as proposed in the ACI Building Code
[1], currently accepted in American design practice, and implying an elastic
structural analysis and plastic sectional design.

. BLD: “Bi-Linear Design’’ as proposed by H. A. SAwWYER, Jr., [2], [3] and
similar in principle to the method of imposed rotations by MaccHI [15].

. SLD: “Simplified Limit Design’’, as proposed by A. L. L. BAKER [4], [5]
with amendments to include a serviceability criterion and consistency in
the ultimate conditions [10].

. LRD and FRD: “Limited and Full Redistribution Designs’’, as proposed
by M. Z. ConN, [7], [8], formerly referred to as OLD 2 and OLD 1 methods
respectively, [6].

. OLD: “Optimum Limit Design’’ as proposed by M. Z. Cor~N and D. E.
GrIERSON [8], [11].

Methods 2., 3. and 4. above have been selected because they have a rela-

tively higher potential for application, are representative of methods in the

|
s ¢
w;=18 kif w =30 kIf a4 @ 5.25 . \\f:ll.; :K I
T I D
eStaasatteies l ® l l l @® l J
@ ‘/'oll ®2|u T @
14"x 28" x ,
LIS 24'———}——24'——1 21 : 21 t :05-1
Example 1 Example 4
we=1a l '
‘ LU wy = 1O kit w, =20 if
T er W wer o ¢ ; ¢
& = @ @7 @ )
8 X7 s g |
= p—1 o
}Lﬁ' Dy Q@ ® @l l | R e 1
® g O @ - E ®
g N 8 E.d 4y
i  Lekar © S
T o .
4 g :
e 2| _.*_\ 28 _,1__", - 21 21 105
Example 2 Example 5
W =150%
=5 Wp=7-5% W, =267 kif

260l ol @ @ ®®
w/3: s5® |] 0 l OO KC)

Example 3 Example 6

Fig. 1. Geometry and loading of 6 examples of building structures.



SAFETY, SERVICEABILITY AND EFFICIENCY OF LIMIT DESIGN v 21

“compatibility’’ and ‘‘serviceability’’ classes [7] and have been retained for
consideration by the Joint ASCE-ACI Committee 428, Limit Design.
Methods 1. and 5. have been included because they represent the extreme
trends in relation to the safety, serviceability and efficiency of structural
designs.
The lines in table 1 are self-explanatory and summarize the basic assump-
tions and criteria adopted in various limit design methods illustrated in the

paper.
Examples of Building Structures

Design solutions based on various methods are studied by reference to six
examples of building structures to which limit design may safely be applied
at this time. It is believed that limit design principles are acceptable for all
the examples investigated because flexural action prevails and, with proper
detailing, shear, instability and other effects may be neglected. These examples
are indicated in Fig. 1 and consist of two continuous beams, two multi-storey
braced frames and two single-storey, unbraced frames. The braced frames were

4655

368.7 %\ J 713{\ 2910 ¢

2843 284.0 2405

Example 1 Example 4

I

305 183 319 ¢

¢_
3171 3407 3406‘ Ir2mios 134 p148

256-9) , 242y 2307 4] 260!

sia l\l97 % 610 7 60'51 26 /I\ 344 296 [\ 268

316 \]_/ \l_/268 \J
1539 837 353 1576 344 216 1262 296 133.5

2206832 | 876 g5
7.7 o872
58 252419 438416

Example 2 Example 5

A 362-5 .
387.0 3830 372-0

Example 3 Example 6

Fig. 2. Factored elastic moment envelopes (USD theoretical solutions).
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Table 2. Design Solutions and Yield Safety: Myp; and x; Values for Continuous Beam
Hxamples 1 and 4
. USD BLD SLD LRD FRD OLD
E 1 Section
xample | ™ )
Mp; Mp; Mp; Mp; Myp; @ My

1 189.4 1.000 175.0 0.923 143.0 0.755 170.5 0.900 135.0 0.712 135.0 0.712
2 368.7 1.000 335.0 0.910 270.0 0.732 310.0 0.840 289.0 0.785 271.3 0.736

1 3 284.3 1.000 247.0 0.870 297.0 1.045 256.0 0.900 271.0 0.950 | 234.3 0.824
4 426.4 1.000 385.0 0.905 331.0 0.777 358.0 0.840 334.0 0.785 426.4 1.000
5 233.1 1.000 235.0 1.008 265.0 1.138 210.0 0.900 233.0 1.000 166.0 0.712
6 465.5 1.000 385.0 0.826 331.0 0.710 392.0 0.840 366.0 0.785 408.1 0.877
1 284.0 1.000 — — 275.5 0.970 255.5 0.900 260.5 0.916 253.0 0.889
2 330.0 1.000 — — 231.0 0.700 244.5 0.740 235.0 0.712 251.0 0.760

4 3 215.0 1.000 — — 168.0 0.782 193.3 0.900 157.0 0.732 150.3 0.700
4 291.0 1.000 — — 205.0 0.704 215.5 0.740 207.0 0.712 203.0 0.700
5 240.5 1.000 — — 181.5 0.756 216.5 0.900 171.0 0.712 172.3 0.726

Table 3. Design Solutions and Yield Safety: M p; and x; Values for Braced Frame Examples

2 and 5
Exam- Sec- USD SLD LRD FRD OLD
tion

ple )
4 Mp; @ Mp; Mp; Mp; Mp; x5
1 51.4 1.000 48.0 0.940 47.0 0.915 46.0 0.890 51.4 1.000
2 153.9 1.000 155.0 1.010 141.0 0.915 143.0 0.930 153.9 1.000
3 256.9 1.000 210.0 0.820 235.0 0.915 229.9 0.890 185.6 0.723

2 4 317.1 1.000 275.0 0.870 290.9 0.915 282.0 0.890 317.1 1.000
5 220.6 1.000 236.0 1.070 202.0 0.915 208.0 0.940 170.5 0.773
6 340.7 1.000 275.0 0.810 312.0 0.915 303.0 0.890 340.7 1.000
7 340.6 1.000 275.0 0.810 312.0 0.915 303.0 0.890 340.6 1.000
8 219.5 1.000 236.0 1.070 202.0 0.915 197.0 0.890 159.6 0.727
1 70.6 1.000 70.0 0.992 63.3 0.897 56.7 0.803 70.6 1.000
2 157.6 1.000 169.2 1.074 141.4 0.897 155.8 0.988 125.1 0.794
3 241.2 1.000 170.0 0.706 216.2 0.897 194.0 0.803 241.2 1.000

5 4 230.7 1.000 170.0 0.737 207.0 0.897 185.3 0.803 230.7 1.000
5 126.2 1.000 124.6 0.986 113.2 0.897 102.8 0.814 89.1 0.706
6 213.1 1.000 155.0 0.727 191.2 0.897 171.4 0.803 153.9 0.722
7 216.0 1.000 155.0 0.717 193.9 0.897 173.7 0.803 183.1 0.866
8 133.5 1.000 132.5 0.993 119.8 0.897 107.5 0.803 94.3 0.706

designed assuming that the requirements of articles 905 and 914 of ACI 318-63
[1] apply.

Examples 1, 2 and 3 are the same as in reference [9] and represent fairly
typical loads, geometries and amounts of plastic redistribution. Examples 4,
5 and 6 have been added in an attempt to explore higher limits of redistribution
for the same classes of structures. :

The five methods mentioned in the previous section have been successively
applied to the six examples in Fig. 1. Details of the analysis and design pro-
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cedures will not be reproduced here, as they have been extensively described
elsewhere [9].

The factored elastic moment envelopes for all six examples, which constitute
the theoretical USD solution, are given in Fig. 2 in k-ft. units.

Design solutions based on USD, BLD, SLD, LRD, FRD and OLD are
summarized in terms of plastic moments M ,; required at each critical section
in table 2 for the beam examples 1 and 4, in table 3 for the braced frame
examples 2 and 5, and in table 4 for the unbraced frame examples 3 and 6.

For the sake of undistorted comparison, the theoretical moments, as
resulting from analysis, are generally assumed as design moments. A 59,
overdesign of span moments has been used in SLD as an additional ultimate
safety and to avoid collapse mechanism formation at the ultimate load.

The BLD method has been applied only to the first two examples, as it
appears to require considerable computational effort. It is believed that the
solutions obtained for these two examples and the criteria on which the method
is based are sufficient to indicate probable trends in its general application.

Safety

An accurate evaluation of the actual carrying capacity of a given design is
not possible. If plastic collapse is assumed to be an acceptable failure con-
dition for all designs, the mechanism collapse load W, and the ultimate
safety parameter u;=Af/A, provide a convenient measure of the relative
safety of various designs.

Possible collapse modes of the six structures chosen as examples are shown
in Fig. 3. For examples 3 and 6 only the most critical mechanisms, i.e., those
resulting in lowest safety, are indicated. Values of the ultimate safety para-
meters u; for each critical collapse mode and for each design solution are
given in table 5.

Typical for examples 1 and 4 Typical for examples 2 and 5

-
.

CRTL (R O R R

PSS

Example 3
Example 6

Fig. 3. Collapse modes of example structures.
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Table 5. Collapse Safety: u; Values

Exam- Me_cha-
lo nism USD BLD SLD LRD FRD OLD
F (?)

1 1.381 1.269 1.029 1.205 1.000 1.000

1 2 1.170 1.042 1.025 1.000 1.000 1.000
3 1.164 1.063 1.022 1.000 1.000 1.000

1 1.095 — 1.028 1.000 1.000 1.000

2 2 1.100 — 1.022 1.008 1.000 1.000
3 1.122 e 1.022 1.028 1.000 1.000

1 1.285 1.150 1.052 1.028 — 1.075

2 1.292 1.116 1.045 1.055 — 1.000

3 3 1.975 1.810 1.618 1.542 — 1.396
4 1.170 1.130 1.030 1.000 — 1.020

5 1.160 1.100 1.012 1.000 — 1.000

6 1.170 1.118 1.025 1.000 — 1.000

1 1.189 —_ 1.035 1.000 1.000 1.000

4 ‘ 2 1.389 — 1.022 1.121 1.000 1.000
1 3 1.405 — 1.023 1.143 1.000 1.000

1 1.116 — 1.029 1.000 1.000 1.000

5 2 1.240 — 1.021 1.112 1.000 1.000
3 1.247 — 1.023 1.118 1.000 1.000

1 1.235 — 1.034 1.000 — 1.000

2 1.387 — 1.054 1.003 — 1.000

3 1.235 — 1.034 1.000 —_— 1.000

6 4 4.060 — 2.520 2.950 —_ 3.000
5 1.241 —_ 1.018 1.000 _ 1.000

6 1.258 —_ 1.004 1.000 — 1.050

7 1.273 — 1.056 1.002 _— 1.019

8 1.325 — 1.020 1.031 — 1.110

It is noted that since the mechanism collapse is the most severe failure
criterion considered ;=1 in methods based on such criterion, i.e., OLD, FRD
and LRD, and #,>1 in SLD, BRD and USD, which adopt more conservative
failure criteria. In the full redistribution design (FRD) u;=1 or A;=A, is
postulated for a number of collapse modes equal to the number of independent
limit equilibrium equations that can be written for the structure. For the
optimal limit design (OLD) the same result is obtained, although this con-
dition is not an explicit design requirement. In limited redistribution design
(LRD) the condition u;=1 in at least one collapse mode is imposed and is
reflected in table 5. SLD solutions are in general close to those for LRD and
for beam problems may be made close to FRD solutions if adequate safety
and serviceability criteria are adopted [9], [10].

Safe SLD solutions may be obtained only when all possible loading com-
binations are considered. This is essential in cases where lateral loads are
significant, as the exclusive consideration of the full loading for the structure
may be unsafe in some particular loading schemes. The same aspect should be
retained in calculating inelastic rotations and checking the compatibility
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requirements for all critical sections under the most critical loading arrange-
ments.

BLD solutions result in larger collapse safety than other limit design
methods because the governing failure criterion is the crushing of the first,
most stressed, section in the structure.

It is seen from table 1 that the largest strength reserves against plastic
collapse are provided by the USD solutions, which imply that the structure
fails when at least one of its critical section yields.

Serviceability

Normal service performance requires that deflections be within acceptable
limits, cracking not be ‘excessive, maximum stresses remain within allowable
bounds and inelastic behaviour be avoided. It has been shown [17] that except
for the deflection requirement all service conditions are controlled by adopting
a sufficiently large margin of safety against the ultimate moment of critical
sections. For the under-reinforced sections currently used in reinforced concrete
design yielding of steel governs the formation of plastic hinges and the ultimate
moment. Hence, the concept of yield safety is introduced, which can be
measured by the yield load factor A, ; for each critical section j. By definition,
this is the ratio of the ultimate moment to the working moment, i.e., A;;=
M,;/M;. Note that, for proportional loading between service and ultimate
stages, this ratio also equals the ratio of corresponding first yield to service
loads, or Ay ;=M ,;/M;=W,;/W [7].

It has been shown [9] that adoption of a lower bound for A;; may ensure
the simultaneous satisfaction of all serviceability requirements but the deflec-
tion control, and accordingly a tentative bound was suggested as A, =min ), ;=
1.2. ‘

It is emphasized that further study is necessary for a proper assessment of
the minimum values of acceptable yield load factors. Indeed, variable A; values
may be warranted to allow for different roles of span, support or column
sections or to accomodate different serviceability requirements.

With A;=1.2 and A, corresponding to the dead and live loads in each
example, minimum values of yield safety parameters, minx;=1.2/,, resulted
as in table 6.

xre ¥ ¥

Table 6. Minimum Allowed Yield Safety Parameters for Ay=1.2

Example 1 2 3 4 5 6
Ao 1.685 1.700 1.700 1.714 1.700 2.000
min x; 0.712%) 0.706 0.706%*) 0.700 0.706 0.600

*) In BLD, since A\;=1.39 is adopted, min 2; for examples 1 and 3 are 0.825 and 0.818

respectively.
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For the design solutions listed in tables 2, 3, and 4, it is seen that this
serviceability requirement is nowhere violated. Values of x;=1 in the USD
solution reflect the criterion of structural failure associated with the first
section becoming a plastic hinge, i.e., A;;=2y. Occasional values of x;>1
refer to highly conservative designs for column sections, indicating that in no
loading arrangement such sections could be the first to yield.

It is seen that extreme values of z; are used for SLD solutions, particularly
for the beam and braced frame examples. This corresponds to the trend of
this paper to put each method toits advantage, ensuring maximum redistribution
permitted by the standard serviceability requirements adopted.

In this regard it should be mentioned that example 6 is identical with the
frame example used in the Institution of Civil Engineers Research Committee
Report [18]. In the absence of guidelines on permissible redistribution and
serviceability the SLD solution proposed in the report [18] violates drastically
the serviceability requirements for the column sections.

Values of x; in LRD solutions reflect the alternative criteria specific to the
method: either equal yield safety for all critical sections or equal z; for span
sections and smaller, but also equal x; values for support sections. The criterion
of equal minimum yield safety for the largest possible number of critical
sections is reflected by the FRD solutions [6].

Consistent with the design objective of minimizing the steel volume the
yield safety parameters in OLD solutions tend to be at their lowest permissible
values wherever possible.

Efficiency

The efficiency index v, for various solutions is calculated on the following
assumptions:

1. Section sizes remain the same in each example.
2. The flexural steel required at each section is proportional to the corre-
sponding design plastic moment, and
3. the arrangement of the flexural reinforcement follows the typical schemes
in Fig. 4.
The efficiency indices calculated with the formula,
]

’Uk =V; = .._—..______;A()Mjlj

for the examples and methods discussed are listed in table 7. In general, it is
seen that with USD solutions taken as reference, v, values decrease (i.e. the
relative reductions in steel consumption are larger) as BLD, SLD, LRD, FRD
and OLD solutions are considered in turn.
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Fig. 4. Typical reinforcement of example structures for the 6 examples.

Table 7. Structural Efficiency: vy Values

Example USD BLD SLD LRD FRD OLD
1 1.000 0.907 0.877 0.868 0.850 0.825
2 1.000 —_ 0.948 0.927 0.922 0.890
3 1.000 0.926 0.934 0.790 — 0.760
4 1.000 — 0.793 0.831 0.768 0.766
5 1.000 — 0.897 0.909 0.866 0.829
6 1.000 — 0.772 0.757 — 0.756

It is noted that for the six examples presented in the paper, limit design
resulted in steel savings of from 5.29, to 259, in relation to USD.

For all the examples and limit design methods considered (excluding the
extreme USD and OLD solutions) an average efficiency index v=10.852 is
obtained, which represents a steel saving of about 159, compared to the
current design practice. It may be concluded that savings of 15-209, vs. USD
may be expected by adopting limit design methods for the classes of structures
investigated in this paper.

Conclusions

1. When compatibility considerations are not critical, the three basic
criteria governing a design solution are: safety, serviceability and efficiency.

2. The parameters wu;=2A}f/A,, x;=M,;[M; g=2Ay;/A; and v,=TV,/V, are
introduced in the paper for a quantitative evaluation of design solutions in
relation to the above criteria.

3. Safety and efficiency are conflicting requirements, related to the amount
of allowable moment redistribution: structures designed to accomodate a large
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redistribution are less safe, but more efficient than those designed for small
moment redistribution.

4. Various limit design methods are available for taking advantage to any
desirable degree of the inelastic moment redistribution in reinforced concrete
structures. Limit design methods illustrated in the examples range in the
following descending order in relation to their ultimate safety: USD, BLD,
SLD, LRD, FRD and OLD, with the USD and OLD having the largest and
smallest reserve strength against plastic collapse respectively. The above order
is preserved for the efficiency index, indicating an increase of steel savings vs.
USD as one moves from BLD towards OLD.

5. Adoption of a minimum yield load factor A; is a convenient and reliable
approach to the control of serviceability requirements in any limit design
method.

6. The examples presented in this paper indicate that steel savings of about
159, vs. USD are very likely to be obtained, regardless of the limit design
method adopted.

7. Because of the small difference in efficiency of FRD and OLD solutions,
it appears that full redistribution should be a practical aim in design, which
would ensure results not too far from those based on mathematical optimiza-
tion.

Notation
) subscript referring to collapse modes (mechanism ¢)
/] subscript referring to critical sections
k subscript referring to particular solutions obtained by using

various limit design methods

; conventional length over which the reinforcement of section j is
maintained constant

M; elastic envelope moment value at critical section j

M, design plastic moment at initial section j = ultimate moment

load based on U.S.D.
u; =Af/A,  ultimate safety parameter
v,=VW,/V, efficiency index

V, flexural steel volume in the elastic, U.S.D. solutions
Vs flexural steel volume in a particular design solution
w working load
W, ultimate load

Wy, first yield load when section j is first to become a plastic hinge

w; =M ;A M;=A,;[A, yield safety parameter for section j

A=W,/W  overall load factor of the structure

Af collapse load factor of a structure associated with mechanism ¢
A=Wy, /W yield load factor of section §
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A (=1.2) minimum allowable value of the yield load factor

0; inelastic rotation of plastic hinge j
0,5 rotation capacity of plastic hinge j
USD ultimate strength design

BLD bi-linear design

SLD simplified limit design

LRD limited redistribution design

FRD full redistribution design

OLD optimum limit design
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Summary

Safety, serviceability and efficiency of solutions based on various limit
design methods, as applied to some typical reinforced concrete building struc-
tures, are compared.

Safety is considered in relation to the failure of structures as collapse
mechanisms. Serviceability is evaluated in terms of the safety against first
yield of critical sections. Structural efficiency for each limit design method is
evaluated by the ratio of flexural steel consumption to that resulting from an
elastic design.

Six examples of typical building structures (two continuous beams, two
multi-storey, multi-bay braced frames and two single-storey, unbraced frames)
illustate the relevant features of solutions based on existing limit design
methods.

Résumé

Une comparaison de ces trois facteurs est faite pour différentes méthodes
de dimensionnement & la rupture, appliquées & quelques structures typiques
en béton armé.

La sécurité de rupture se rapporte au moment de ruine par formation de
mécanisme instable. La sécurité de service se rapporte a la plastification des
premiéres sections critiques. Le rendement pour chaque méthode se mesure
au tonnage de fer d’armature employé par rapport au dimensionnement
élastique.

Six exemples typiques de structures (deux poutres continues, deux por-
tiques & plusieurs étages renforcés, et deux portiques simples, non-renforcés)
montrent les caractéristiques essentielles des solutions des diverses méthodes
existantes de dimensionnement a la rupture.
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Zusammenfassung

Sicherheit, Nutzbarkeit und Leistung von Berechnungen, die auf verschie-
denen Traglastkriterien fuBlen, werden an einigen typischen Stahlbetonbauten
miteinander verglichen.

Die Sicherheit bezieht sich dabei auf das Bruchmoment durch Bildung
eines instabilen Mechanismus. Die Nutzbarkeit bedeutet die Sicherheit vor
dem Nachgeben der ersten kritischen Querschnitte. Die Leistung mifit sich
am Verbrauch an Armierungsstahl fiir die verschiedenen Methoden gegeniiber
einer elastischen Bemessung.

Sechs typische Beispiele (2 Durchlauftriger, zwei versteifte Stockwerk-
rahmen und zwei einfache, unversteifte Rahmen) zeigen die wichtigen Charak-
teristiken der verschiedenen existierenden Bruchbemessungsmethoden.
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Introduction

In this paper a method is presented for analysis of floor systems based on a
similar technique by SAIBEL and D’AppoLoN1A [3] for the treatment of continu-
ous beams. The problem is considered as a two-dimensional plate problem with
the slab of the floor system resting on supporting columns, and solution of a
fourth order partial differential equation complying with the necessary boundary
condition is involved. For solution of the equation the normal mode method is
employed together with some properties of orthogonal functions.

A simple frequency equation is derived in terms of the number of ‘“‘symmet-
rically situated’’ columns supporting a floor system. Numerical solutions for
the equation, which is of cubic form, are obtained by trial and error methods for
a few cases and from the data obtained an approximate formula is derived.
A general frequency equation is also derived in terms of the stiffness number for
floor system with elastic interior columns. Finally, a brief analysis of mode
shape due to free and forced vibrations of floor system is included.

An ideal elastic structure is one in which no internal damping forces exist.
Such a structure may vibrate for an infinitely long period of time without the
application of external forces, other than those required to initiate the motion.
The vibration can occur in any one of several natural modes in which each
point in the structure executes harmonic motion about a position of static
equilibrium, every point passing through its position of equilibrium at the same
instant and reaching its peak position at the same instant. Thus the frequency
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of oscillation is the same at every point and this is the natural frequency of the
system in the particular mode involved, which is conveniently expressed in
terms of the deflected configuration of the structure in the extreme position.

The equilibrium of a dynamical system may be conveniently expressed by
application of any one of the following basic principles: 1. Newton’s laws of
equilibrium; 2. D’Alembert’s principle and the associated principle of virtual
work; 3. Hamilton’s principle and the associated equations of Lagrange. Since
physical structures are always more or less continuous, exact governing equations
must be in the form of differential or integral equations in which the independent
space variables may vary continuously. However, in all but exceptional cases,
solution of these equations is not possible unless approximations are made with
respect to the actual boundary conditions and to the mode of solution of the
equations. The validity of the results obtained will depend directly on how well
the assumed mathematical model portrays the actual structure. In this respect
structural damping of the real structure plays a dominant role and hence
confirmation of theoretical concepts by actual structural records is necessary.

Existing Methods of Analysis for Floor Systems

The most notable contributions to analysis of floor-systems have been made
by BLEICH [1] and RoGERs [2]. Bleich’s method, essentially, is to reduce the
complex structural system to a number of simpler structures, the natural
frequency of which can be easily found. The simpler structures are termed
complementary systems. ‘

Consider the simplified beam and girder floor system shown in Fig. 1. If the
moment of inertia of the main girder is assumed to be infinitely great, (I,= c0),
the problem resolves itself into a system of independently vibrating floor beams
which may be termed System A. The normal shapes and frequencies of each
of the floor beams can be readily determined. On the other hand if it is assumed
that all the floor beams are infinitely rigid, (Iz=00), and the main girder
remains flexible, a complementary system, (System B), is formed. The normal
mode shapes and frequencies of this system must also be determined before
the whole system can be analysed.

For the complementary system Bleich has shown that

X = XA + X B> (l)
where X = shape function of the entire structure,

X 4, = shape function of system 4,
X 5 = shape function of system B.

Eq. (1) holds true regardless of the actual nature of the loads as long as the
members forming the structure can be considered elastic. By expressing the
shape functions of the complementary systems X , and X ; in terms of a series
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expansion of the normal functions, and making use of the general theories of
oscillation and properties of orthogonal functions the following set of equations
is obtained [1, 2]:

0, [1 p1A+Z Bir ]+02AZ___2EUC—B‘N€_+... =0,

(PR p/P?) —1 (% 5/P?) —1 )
Blkﬁzk pzA lgzk .
IAZ (P slP +02A +Z (P BlIP =0

Eq. (2) is comprised of a set of + homogeneous, algebraic equations in the
unknowns (., and non-trivial solutions will exist only if the determinant of
coefficients vanishes. This determinant is the frequency equation for the struc-
ture. For more general types of statically indeterminate structures application
of the above method becomes highly complicated.
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Fig. 1. Simplified floor-system. Fig. 2. Grid floor-system.

For the type of structure shown in Fig. 1. Rogers considers the dynamic
shear at the end of each floor beam as a dynamic load on the main girder. By a
simple approximation these concentrated loads are converted into an equivalent
uniformly distributed load represented by:

3
w(x',t) = Eg)\”(cot/\nL—coth)\n L)y, (x',t). (3)

The problem is then solved for a forced vibration of the main girder as in
Eq. (3). The governing equation is

o & ,
E IOa ?,/g +w, 8ty2°=w(x,t). (4)

After consideration of the boundary conditions of the main girder the
frequency equation is given by:
3

% (cot A, L—cothA, L), (5)

E1A
2 — pnd2
pn np0+ woe

where n designates the particular mode.
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A more general case of a grid-floor system with beams running in the x and y
directions, as shown in Fig. 2., has also been investigated by Rogers. If, in
any given direction the beams are assumed to have the same flexural rigidity,
E I;the same spacing, ¢; and the same mass per unit length, w; the free vibration
of the grid is expressed, approximately, by the equation:

E 1,6 0"y E,I, "y &2y
w,e, 0xt +wyey oyt = ot

=0. (6)

For the grid shown in Fig. 2 with simply-supported edges, its fundamental
frequency is given by:
, D, 7t D,
P = 16 b*w, * 16 atw,

(7)

and the mode by.
y = CcosAzcosA’ y (Asinp,,t+ Bcospyt). (8)

Conventional analysis treats a floor-system as a set of vibrating beams, the
mass of the floor slab being either neglected completely or distributed on to
the beams. Thus the system is left vibrating as a free body and the effects of
interior supporting columns are neglected. But the interior columns and the .
floor slab mass have significant effects, particularly, on the natural periods and
mode shapes of the floor system. These effects are considered in the following
sections.

Floor Systems on Rigid Columns

Consider the floor system shown in Fig. 3, consisting of a rectangular slab
A BCD of constant thickness, ~; modulus of elasticity, E; Poisson’s ratio, u;
deflexion Z; mass per unit area, W; and lengths a and b along the x and y axes
respectively. It is internally supported by any arbitrary number, N, of rigid
columns.

Taking A as the origin the various columns are located by the coordinates

(c1,d4), (¢a,ds), .. (e, dy).
For dynamic analysis of the floor system the following assumptions are made:

1. No deformation occurs in the middle plane of the slab. This plane remains
central during bending.

2. Points of the slab lying initially on the normal to its middle plane remain
so after bending.

3. The normal stresses perpendicular to the plane of the slab can be neglected.

4. The material of the slab is isotropic.

5. The floor system is taken as a flat slab.

6. The edges of the floor system are assumed simply-supported and the
contact surface of the slab with each interior supporting column is taken as a
single point.
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Assumptions (1), (2), (3) and (4) are those usually adopted in the theory of
thin plates. Assumption (5) is reasonable because most of the stiffening power
comes from the interior columns. Assumption (6) ignores the rotational
resistance but not the translationary resistance of the boundary walls and
columns on the grounds that the flexural resistance offered by these members
is relatively small. The assumption of point contact at the interior columns is
also reasonable unless dropheads are used and it simplifies the analysis consider-
ably.

If the system is considered equivalent to a simply-supported rectangular
slab having the same dimensions and distribution of elastic properties as the
actual system, and subjected to time-dependent concentrated loads, where the
interior columns occur, the governing differential equation is given by:

27
ot?

DV2p2(Z)+ W = f(x,y,t). (9)

The term f (x,y,t) represents the applied load which, in this instance, is the
reaction offered by the interior columns. If this term becomes zero then Eq. 9
becomes the governing equation of free vibration for a similar slab simply-
supported at the boundaries and having no columns.

Since the whole system is vibrating freely the column reactions must depend
upon the frequency of the system. If R, represents the amplitude of the time-
dependent column reaction F;, acting at the point ¢;, d; then:

P, = R,cos (wt—0), (10)
where w = frequency of the system
and § = phase angle of the motion

and values of P, and 6 should be determined through the initial time conditions.
The concentrated column reaction, P, can be expressed as an equivalent
distributed load in terms of the normal functions (3) by:

N _ -
f(x,y,1) ='ZIRiGOS (wt—e)ZZ W Z,, (2, Y) Zyy, (c;:dy), (11)
1= m n
where i =1, 2, 3,... N depending on the number of interior columns.
Substituting Eq. 11 into Eq. 9 the solution will take the form
Z(@.9:8) = 2 X Zuun (@ Y) G (), (12)

which leads to

S 2 W B Lo (@ Y) G O+ W Z, (@) Gn (D] =

N _ _ (13)
Z RiCOS (wt_e)zz WZm'n(xs y) Zmn(ci7di)'
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If the coefficients of Zmn (x,y) are matched to get the equation on the time
function ¢,,, (), then:

N —
Q'mn (t) + p?nn an (t) = Z Rz Cos (w t— 0) Zmn (ci ’ d@) . (14)

The solution of Eq. 14 takes the form:

an(t) =DmnCOS(a)t—-0), (15)
N —
where D,, =- o (16)

Since the deflexion at each point of column support must equal zero, then

for a column support at (c;,d;)

Z(¢; d;,t) = 23 Zpy (¢;,d;) D,y cOS (wt—0) = 0 (17)
2R, Zmn (€i38;) Zippn (€5, ;)

or ZZ : T =0. (18)

There will be as many equations of type (18) as there are interior supports,
each containing as many terms as there are interior supports, and all these
equations are linear and homogeneous in the constants, R. By setting the
determinant equal to zero the frequencies of the floor system can be obtained,
the least value giving the fundamental natural frequency.

L a I | a o
_Af ) . __Fﬁ 1
;]"_“—D_ (mn (2)
o Ty

—_ ab, 2ab
t?—— (3) (4)
b—-—p L[ $2sd
b & Fig. 3. Fig. 4.
Y

Actual solution of Eq. 18, may become intractable if more than four interior
columns are considered, or more than two terms of the series. But if the columns
are symmetrically spaced about the centrelines of the floor system the amount
of computation is greatly reduced.

Consider, for example, the floor system with four symmetrically placed
interior columns shown in Fig. 4. For brevity, the column positions are numbered
(1), (2), (3) and (4) respectively.
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Due to the symmetry of the system, the frequency equation, is given by

Eq. 19.
L e ey Y e e
R Zmn(l)zmn(?’) R, Z n (1 )_mn(4) B
+;; Thh— o +;; Do —?)

Yy & Zny () Zn (1) , 5§ B Zp (2) L (2

(P — %) 75 (D~ @)
RN IR
R
RS leszfs;"@) I x Z];;fg Lo,

By Loy, mn(2)
(PR

) Z (pmn_w Zn(4) _

m

(
ZZR Zmn

Since the relative positions of the columns are known the corresponding
normal functions can be written as

J

mar n & . 2mm . nw
Zipon (1) = C’sm»g—sm 3 Zipn (2) = Csin 5 sin—o-,
= . . 2 = . 2 .2
i (3) = C’sm-w?sm ;”T, Zpn (4) = Csin ?Wsm ?;,77

Because of the rapid convergence of the series in Eq. 18 it is sufficient to
consider values of m and n < 6.

It can be shown that all of the interior column reactions, R, have the same
absolute value and differ only in sign. The following possibilities exist:

.R,= R,= Ry;= R,,
1=—Ry=—Ry;= R,
= R,=—-R;=-R,,
1=—Ry= Ry=-R,.

(20)

SR

Using the four possible arrangements of R-values shown in Eq. 20 four
corresponding frequency equations can be obtained:
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l%11A2+l%5i)\2+l§1i>\2+zgsi>\z =0, (21)

lézi)\2+l§4i>\2+l§2i/\2+zg4i)\2 =0, (22)

l%zikz+l%4ihz+l§2i)\2_l§4i)\2 =0, (23)

lgliﬂ * lg;m + l}l-l-)\z + zgsi)\z =0, (24)
where 2, =m>o?—n??, K2= bl‘:l#’ 2. = K22

= gide ratio, A = % = Frequency number.

The least value of the solution is given by Eq. 22 which determines the
fundamental frequency of the floor system.

For the general case of a floor system with mn symmetrically located,
infinitely rigid columns, with m columns in each row parallel to the z-axis and
n columns per row, parallel to the y-axis (i.e. ¢=m, j=n), the frequency
equation may be written as:

1 1 1 1
= 0. 24
Bon X By X N B .
Eq. 24 has as its parameters, K, «, m and n. For definite values of m and »,
the equation, after expansion, becomes a cubic equation in the square of the
frequency number, A%. It can be written as:
4 (A2)3 -3 ()‘2)2 [lrzn,n + lr2n, n+2 + lrzn—i—2, n + Z72n~!-2, n+2]
+2 (A2) [l72n,n ?n, n+2 + l72n,n l72n+2, n + l12n, n l?n+2, n+2

2 2 2 2 2 2
=+ lm, n+2 lm+2, n + lm, n+2 lm+2, n+2 + lm+2, n lm+2, 'n+2]

(25)
72 2 2 2 2 2 2 2 2
[lm, n lm,n+2 lm+2,n + lm, n lm, n+2 Zm+2, n+2 + lm, n+2 lm+2, 7 lm+2, n+2
2 2 2 —
+ ZM, n lm+2, n Zm+1,n—i—1] = 0.

Eq. 25 has been solved, by trial and error process, for different values of «,
m and n to obtain the frequency numbers, A, which are shown in Table 1. The
relation between A and the side-ratio, «, is shown in Fig. 5.

Table 1. Frequency number with change of side ratio (for rigid columns)

m n a=1.0 a=1.1 a=1.2 oa=1.3 a=1.4 a=1.5
1 1 5.81 6.34 6.79 7.18 7.54 7.89
1 2 9.07 9.80 10.55 11.24 11.85 12.39
2 2 12.94 14.20 15.42 16.60 17.85 19.10
2 3 18.27 19.74 21.23 22.69 24.10 25.55
3 3 22.90 26.40 28.74 31.43 33.92 36.90
3 4 31.42 34.06 36.74 39.43 42.32 45.24
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Actual numerical solution of the general frequency equation when applied to
a particular case is tedious. For this reason an approximate expression has been
worked out from the data given earlier in the paper. This is given below:

A= 5.623 (mxn)®82 (c—1)+5.689 (mxn)05E, (26)

By comparison with the results obtained from Eq. 25, the frequency values
err, on the average, by 6.69, for a-values ranging from 1.0 to 1.4. If & is 1.5
then the error is 129%,. But Eq. 26 is limited in its application, to differences
in value between m and n not greater than one:ie. 0= (n—m)=1.
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Fig. 5.
SIDE RATIO, &

Floor System on Elastic Columns

When the interior supporting columns are elastic and have different spring
constants, k, analysis can be performed using techniques similar to those shown
in the preceding section.

Let the column at point z;, y, have a spring constant k. The column reaction
P, is represented by:

F=k;Z(x;,y;,1). (27)

Hence it can be shown that the column reaction is given by:
Rz‘ = k@ZZZmn (xi7yi)Dmn (28)
m n
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or for support at j
A7

Z Rz Zmn (x'b i yz) Zmn (xj > y])
Ry=k;) ) - e — . (29)

m n

Again, a set of equations of type 29, and linear and homogeneous with
respect to R, results. The spring constant will vary from zero for a fully flexible
column to infinity for a perfectly rigid column. The two limiting cases have
already been defined. For intermediate cases, either all the interior columns
have the same degree of elasticity or different values of k. Where k is constant
the analysis is considerably simplified, but if k£ varies, some approximations must
be made in order to achieve a solution.

Dealing first with the case where k is constant, it has a dimension of length/
force and should have a negative sine in order to ensure that a positive deflexion
relates to an upward, or negative load.

(m+1)(n+1)

Denoting k WabK2

=@, (30)

where G can be termed the stiffness number of the floor system, the frequency
equation may be written as:

1 1 1 1
o ¢ [l?n,n_hz + lrzn,n+2_)\2 + l?)@+2,nr — A2 + l%'z+2,n+2_)‘2] =90 (31)
Eq. 31 has been solved for floor systems having 1, 2, 4, 6, 9 and 12 symmet-
rically located interior columns and values of ¢ equal to 1, 10, 102, 103, 10% and
oo respectively. The results are grouped in Tables 2 to 7 and show that the
frequency number, A, is linearly related to the side ratio, «, for any particular
floor system having a particular value of stiffness number, . The main varia-
tion of frequency number with stiffness number lies within the range, G'=10
to G =10°% and as far as dynamic analysis is concerned, interior columns with
G-values greater than 103 can be regarded as infinitely rigid, in the analysis.
It should be noted, however, that the value of the stiffness number depends
on the value of the column spring constant and on the column numbers, m and
n. Hence, in order to compare different floor systems with interior<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>