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Out of Plane Bendmg of a Uniform Circular Ring

Flexion laterale des anneaux circulaires ä section constante

Seitliche Biegung von Kreisringen mit konstantem Querschnitt

J. L. KRAHULA
U.S.A.

Consider a thin curved beam (circular axis) whose cross section is any open
contour. The beam is supported on a transverse elastic foundation which will
produce transverse deflectional restraint proportional to the local deflection.
There is also a torsional foundation (5) which will produce rotational restraint
proportional to the local torsional rotation of the ring cross section.

Choose the prineipal x-axis in the plane of the circular z-axis and place the
prineipal ?/-axis in the direction of transverse bending (Fig. 1). The z-axis is
the axis of the center of gravity of the cross section and 0' 0' is the axis of the
shear center.
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Fig. 1.

Any small element of the bent beam will be as shown in Fig. 2, where mz is
a distributed external torsional moment. Let ky and kz be the vertical and
torsional constants of the elastic foundations. Projecting all the forces on to
the three axes yields the three differential equations.
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where g^., g^, qz are the components of the distributed external load in the
three directions, and v is the displacement in the y direction. Summation of
moments about the three axes produces

dM„ Qv+^ o.B
dM.

dM„
ds

B

v- + Qx o,

-me + kzip,

(4)

(5)

(6)

where i/j is the angle of rotation of any cross section. Eqs. (4)—(6) apply only
to beams whose centers of gravity coincide with their shear center, and to
beams with a large radius, because in those instances ejR is a small quantity
which may be neglected.

Designate the displacement components in the x, y, z directions by u, v, w
positive as shown in Fig. 2. The state of deformation of the beam may be
described by, (a) the strain of the z axis, (b) changes of curvature of the z-axis
in the x and y directions and, (c) the angle of twist of any cross section. The
strain of the z axis is given by the formula

dw u

The curvatures of the deformed beam k°x, k\, k\\ relative to the undeformed
axes are
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ds2' y R ds2 ^ R2'

The curvatures of the deformed beam &*, k*, k* relative to the deformed
axes (Fig. 3) 0" x' 0" y' 0"z' are

k* k%cos(xx') + ty cos (yx') +k% cos (zx'),
k* k% cos (xy') + ky cos (y y') + k% cos (zy'),
k* k^cos (xz^ + ky* cos (yz')-\-k%cos (zz').

X Y Z

X
'

1 * -u'

y' -* 1 ¦V

z' 1

u u' 1

Fig. 3. Table 1

The direction cosines between the deformed and the undeformed axes may be
obtained from Table 1, so that

difj duh* — ^v i * ^u u
* ~ ^~ds2 + \R+~d^ + ~R2Jr ds ds'

k* —

k* —

d2v
ds2

d2v du

,)?-

d2u u
B + ~ds2+B~2

(:

dtft dv
ds ds'

d2u u\ dv_.^ d±
ds2 ds + \B + ds2 + B2! ds + ds'

The curvature changes and the angle of twist may now be obtained by neg-
lecting the small non-linear terms as:

d2v ip

"ds2+^'
d2u u
ds2

t =-r- +

Since for a straight beam we had
dw

N EA ds' MX -EIX

B2'

7dt^
B ~ds'

d2v

(8)

(9)

(10)

My=EIy
d2u

and M, -n.f¦wg+°**g
*) See reference [6] for definition of Di.
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for a curved beam or a ring we must have

* -M£-*)- (11)

*¦--»¦$-%¦ <-»

„ T ld2u u \ /10.

„ ld*tl> 1 d»»\ _ T /# 1 d»\*-=-M^+ä^)+öM^+"w (14)

In-plane bending of rings may be found in reference [2].
For out of plane bending of uniform ring, with no foundation present, \jj

may be eliminated from Eqs. (12) and (14) to give
R2

(v»> + vy-*(v'" + v')=-gT[-ßMz + *M'x-MZ], (15)

GIT Q EIX Dx
where a ^, ß ^, D =-^
and all derivatives will now be with respect to the angular coordinate </>. The

complementary Solution of (15) is

v Acoscj> + Bsincf> + C coshVoccf> + E sinh\/otcf> + F. (16)

Use of Eq. (15) will be illustrated later.
Combining Eqs. (2), (4), (6), (12), and (14) gives

vYlu-(<x-2)vYI + (p + y+l+ßy-2oc)vlv-oc(p + y+l)v" + (l+y)ßpv
i?2, TV _ TVX äff ff mi?2< „ ,Rsqy (17)

~Dß(m]> Rqy]-jDqv+{(x+ß)^f+{ l+r)-^r
and ^ -t>VI + c4t>IV + c2i/'+c0i>-^(<-i^;)-(a +y+l)^^

» n*8"' "8)

where gr j?(l +y) (a + i8 + y + 1), c4 (a + y-1), c2 (2a + j3 + y + 1 -p),

c0 />(a+y+i), y -fri> p
v*/

Dß' r Dß '

If the roots of the equation

m8-(ot-2)m(i + (y + p+l+ßy-2<x)m*-<x(p + y+l)m2 + (l+y)ßp 0 (A)

are of the form ±a±ib and ±p±iq2), then the complementary Solution of
(17) may be written

2) This is true for some rings supported by cylinders where ky and hence pß in equation
(A) is very large. Other type roots are also possible.
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v XS4+7Ti + ZK++WL+ + IUt + JV4 + 0M+ + GNt, (19)

where S cosh a </> cos 6 <£, T — sinh a <£ sin 6 </>,

K cosh pcf) cos qcf>, L — sinh p cf> sin q cf>,

JJ cosh a cf> sin b cf>, V — sinh a cf> cos b cf>,

M — cosh p cf> sin qcf), N — sinh p cj> cos q cf>,

and X, Y, 0, G are constants of integration. To have v and Mx symmetrical
with the origin we must let /, J, 0, and G be zero. The v displacement and
its derivatives may now be expressed in the form

(evenn) v-= X (anS-bnT)+Y (anT + bnS) +Z(pnK-qnL)
+ W(pnL — qnK)n 0 gives v,

(oddn) v- X(anV-bnU)+Y(anU + bnV) + Z(pnN-qnM)
+ W(pnM + qnN).

ifj and its derivatives are

(evenn) g^ X(Sen-Tfn)+ Y(Ten + Sfn) + Z(Kr„-Ltn)
+ W(Lrn + Ktn)n 0 gives ip,

(oddn) gr X(Ven-Ufn)+Y(Uen+Vfn) + Z(Nrn-Mtn)
+ W(Mrn + Ntn),

where

a0 1, ax a, a2 (a2 — b2), as a(a2 — 3b2), a4 a\ — b\,

a5 a(a4-10a262 + 5fo4), a6 a2-b2, a1 a[a6-21a462 + 35a264- 766],

a9 a(a8-36a6ö2+126a464-84a266 + 9fe8),

b0 0, bx=\, b2 2ab, b3 b(3a2-b2), 64 2a2b2,

b5 =6(5a4-10a262 + fe4), 66 2a363, 67 6[7a6-35a4fe2 + 21a264-66],
b9 6(9a8-84a6fe2+126a464-36a2ö6 + 68).

The £>w and qn coefficients are obtained by replacing a by p and b by g in the
above equations.

en — d6+n + c4 ß4+w + c2 a2+n + c0an, rn — £>6+^ + c4 Pi+n + c2 P2+71 + co Vn >

/«, — bQ+n + c4 64+OTf + c2 b2+n -r-c0bn, tn — g6+?l + c4 g4+n + c2 #2+n + co #n •

The relations for Jfx and Mz may now be written as

fß (XS+YT)^-^) + (Y8-XT){h-^
+ iZK+WL)fi-%)HWK-ZL)$-%),
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^.(IF+7ff)[.(±+5).(a+5)]+(rF-z«n[.(A4)

-(M)] + (ZN+WM) '(7%-M)} (21)

+ (JFiV-.ZJM) HM)-M)]-
For a concentrated load Q and a concentrated torque M03) &t <j> tt the
constants of integration are derived from the boundary conditions that at c/> tr

»' f 0, Qv
Q

(22)

The last two of Eqs. (22) may be written as

v (M0-QB)B f" QB-(l+ß)MQ
2Dß ' r 2Dß

These constants of integration will be of the form

X QX1 + M0X2, Y QY1 + M0Y2, Z QZ1 + M0Z2
and W QW1 + M0W2,

where Xt X2 Y1 Wx W2 are influence coefficients.

-v
%)

F <?2

Fig. 4. Fig. 5.

For a concentrated load and torque at any angle £, the deflection at any
point such as A (Fig. 4) will be given by (Eq. (19) becomes)

(QX1 + M0 X2) S^+ (QY1 + M0 Y2) T^
+ (QZ1 + M0 Z2) K(i+4>) +(QW1 + M0 W2) Lq+q

(23)

For any distributed load such as that shown in Fig. 5 let Q q(y)Rd^ and
M0 m(z)Rd€ in Eq. (23) to obtain

3) To solve the case of a ring subjected to a concentrated bending moment let X, Y,
Z and W be zero in (19).
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V-4 1 [?(„)^i+ »», *.) %^ + (% *i + »», ra) 2$+^ + (g„ Zj + mz Zs) i^+<Al

+ (qy Wx + mz W2) Li+4>1] df + f ['(^Xt + msZ2) %^3

+ (% 5i + m, Y2) T£+<h + (qy Zx + mz Z2) Ki+4i + (qy Wx + mz W2) L$+h] d£,

if mz m0 (constant) and g(4/) g^ (constant) then

V-A=(1V -V -V \ \m°(aX2~b Ya) + <lo(axi-° ^i)l
B K " v~e *"-<•>>[ a2 + b2 J

Using Eqs. (19)—(23) the deflection at any point not under the load and
relations for \\s, Mx and Mz may be derived in a similar manner.

The problem may also be solved by assuming a trigonometric series for v
and ifj as

00

v Y0+£Yncosn(i-</>), (24)
n=l

0 0o+ Ztn™sn(£-<f>), (25)

where £ defines the section where the concentrated load and moment are
applied. The Galerkin equations for the curved beam are:

f r(a + i8)f,-^IV +^(a^-(i8+l)^-^i8^)+^^ls^^-0, (26)
o

2tt

| ^ßil+y)^-^" +^ + \{V^-(a +ß)v"}-^^ 8 + d<f> 0 (27)
0

substituting (24) and (25) into (26) and (27) gives

5, BQ[ß(l+y) + ccn2 + n*]-M0[n'i + (x+ß)n2]
B ßirD[ns + (oc-2)n« + (p+l+y(ß+l)-2oc)ni + oc(P + y+l)n2+pß(l+y)y

M0 (29)

27TDß(l+Yy (30)^o
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4>n

*£-[„*+(a + j8)n«]-r"
rD R
[ß(l+y) + an2 + ni] '

Mx Dß^+^^+^cosntf-t)],
Mz DJtn (n2 + a) fyn +^J sin n (£ - <f>).

(31)

(32)

(33)

To solve the problem of a ring subjected to a distributed load and moment,
Substitute Q q(y)Rd^ and M0 mzRd£j in Eqs. (24)—(33) and integrate
within the proper limits. Knowing v and ifß, the bending moment in the flanges
can be computed from

[*?*!¦
The total bending stress is then equal to the algebraic sum due to Mx and Mf.

Numerical Examples

Consider bending of the ring shown in Fig. 6. The ring is simply supported
at two points and subjected to a concentrated moment M0. From statics we
have

M M
Mx =—-^sincf) + KCoscf), Mz - —-^(1 + cos <£) + /< sin <£.

If H " equation (15) becomes

vY + (l-<x)v"'-<xv' H ß + (a + j8+l)cos</>-(a + i3+l)-^sinJ,

hrTS",TS7 77 77

Fig. 6.
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whose Solution is

v A cos cf> + B sin cj> + C cosh^a cf> + E sinh^a cj> + F

\2k (oc + ß+1) {a +ß+l) ßfl
-HlM-0 (a+1)' ^Sm^- 2(«+l)

4>eo*4> + —\,
Eq. (12) now gives

Ri/j —A sin cf> — B cos cf> + C oc coshKa </> + E<x sinh]/oc cf> + H sin <£

4*#
Jfn

COS * -g [(2 (a++1)) (<A C°S * + 2 Sln ^
^ 2k (oc + ß+1) l[>

1

The boundary conditions

v v' ^' 0 when cf> 0 and <£

give the constants as

[ß(oc+l)(coshVä7T-l) (a2 + 3ai8 + a + j8)^g|?(«+l)(o<
L aKa(a+l ÜlVa-smnKa7r

-]¦

B H (<xß-<x2-2oc-ß-l)
2 (a+1)2

4a(a+l)

[l-(l + 2a)coshl/a7r]
C Hß

E Hß_(l + 2*)

ocVtx (a + 1 )2 sinh/a 7r

and F H

al/a(l + a)2'

+ cosh)/a77)r w
(l+a)2sinh/a77 4«(

»(a + j8+l)'
(a2 + 3ai8 + aj3)1

a+1) J-

Note that this problem is statically indeterminate and hence the moment
k must be determined from the displacement boundary conditions.

CL j:RING

"

CYLINDER
M0= -e

0=1 h'i

777777777777777777777777777777777Z

Fig. 7 a.

JL Le
Fig. 7b.

Consider a ring supported by a cylinder whose Ky is 75,000Ib./in.2 and Kz
is 400 lb.-in./in./rad. The cross section of the ring, whose radius is 24 inches,
is a Channel (Fig. 7b) whose properties are i? 30x 106 psi, G= 11,54 x 106 psi,

4 2.1 in.4, IT 0.0285, t t± 0.25 in., A 3 in., 6=JL5 in. and hence

D Etb*h2
24t R*

I th*\ 716.675 lb.-in.
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Let the ring be subjected to an eccentric load of one Ib. (Fig. 7a). For Q — 1

and M0= — 1 equations (19)—(20) for cf> 7T give

v 1.617 Xl0"6in., 0 - 1.848 X 10"6rad.,

Mx - 0.285 lb.-in., Mf 0.285 lb.-in.

when D 0

v4) 2.276 xlO-6 in., 0 5.424 x 10~6rad., Mx -0.8191b.-in., Mf 0.

Note that the in-plane bending stiffens the ring. This is also true in the
previous example. The sum of F0 and seven terms of Eq. (29) give the deflection
at cf> 7r as v 1.470 X 10~6 in. The sum of Y0 and twelve terms of (29) give
v= 1.584 x 10~6 in. The convergence of Eq. (29) is rather slow, that for Mx is

probably worse. Eq. (33) gives zero for the value of Mz at <£ £. This is an
average value for Mz at this section.

Assuming a series for v and i/j and using Eqs. (26) and (27), Solutions for a

portion of a ring on an elastic foundation may be obtained. However,
convergence is slow as was the case for a complete ring. A particular integral of
Eq. (17) corresponding to a concentrated force and a concentrated torque at
cf> £ may be found by La Place Transforms so that exact Solutions for a

portion of a ring are possible but algebraically complex. Hence, for a complete
ring with several elastic or other supports in addition to an elastic foundation
or for a portion of a ring with elastic or other supports, the Solution using the
methods of the form of Runge-Kutta is recommended.

It should be indicated that the Solution here obtained is still not right for
warping of the cross sections is not included.

Acknowledgment

The author wishes to express his appreciation and thanks to Pratt &
Whitney Aircraft and particularly to James Lenehan who assisted the author
by programming the Solution.

Bibliography

1. Theory of Elastic Stability by S. Timoshenko, McGraw-Hill Book Co., New York,
1936, Page 279.

2. Applied Elasticity by J. Prescott, Longman-Green Co., New York, 1924.
3. Bending of a Circular Beam Besting on an Elastic Foundation, by Enrico Volterra,

Journal of Applied Mechanics, March, 1952, Volume 19, No. 1, Page 1.

4) See J. L. Krahula, Pratt and Whitney Aircraft, TDM 1786.



OUT OF PLANE BENDING OF A UNIFORM CIRCULAR RING 215

4. Deflections of Circular Beams Besting on Elastic Foundations Obtained by Methods
of Harmonie Analysis, by Enrico Volterra, Journal of Applied Mechanics, Jurie 1953,

Pages 227—232.
5. Three Dimensional Bending of a Bing on an Elastic Foundation, by D. A. Bodrigues,

Journal of Applied Mechanics (brief notes), September 1961, Page 461.
6. Strength of Materials, Part II, Advanced Theory and Problems, by S. Timoshenko,

D. Van Nostrand Company Inc., Third Edition, 1956, Page 255.

Summary

The problem treated is that of a circular ring of open section (I-beams,
Channels etc.) subjected to any distributed load and any distributed twisting
moment. The ring is supported vertically by an elastic foundation and any
cross section is restrained from rotating by a torsional foundation. Equations
for the ring without the foundations are also included. A Solution for a
concentrated load and a concentrated twisting moment is obtained and a Solution
for any distributed load and a distributed twisting moment is then developed
using the principle of superposition.

Resume

L'auteur etudie le probleme d'un anneau circulaire a section ouverte
(double-te, section en U, etc.) soumis ä des charges et ä des moments de torsion
repartis de facon quelconque. L'anneau repose verticalement sur une fondation
elastique et chaque section est encastree elastiquement ä la rotation. On

indique egalement les equations pour un anneau libre. On developpe les
Solutions pour une force concentree et un moment de torsion concentre et, en
utilisant le principe de superposition, on en deduit la Solution pour des charges
et des moments de torsion repartis de facon quelconque.

Zusammenfassung

Der Verfasser untersucht Kreisringe mit offenem Querschnitt (I-Träger,
[-Profile usw.), die durch beliebige, verteilte Belastungen und verteilte
Torsionsmomente beansprucht werden. Der Ring ist vertikal auf einer elastischen
Bettung gelagert und jeder Querschnitt ist zudem elastisch drehbehindert.
Die Gleichungen für den Ring ohne elastische Bettungen werden ebenfalls
angegeben. Die Lösungen für eine Einzellast und ein einzelnes Torsionsmoment
werden angeschrieben und unter Benützung des Superpositionsprinzipes wird
eine Lösung entwickelt für eine beliebige, verteilte Last und ein verteiltes
Torsionsmoment.
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