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Buckling Strength of Plates in the Plastic Range
Résistance aw voilement dans le domaine plastique

Awusbeulen von Platten im plastischen Bereich

BEN KATO
Dr. Eng., Associate Professor, University of Tokyo

Introduction

In the plastic design of steel structures or in the design of tall buildings
based on non-linear dynamic response to severe earthquakes, beams and
columns are required to have adequate rotation capacity at the positions of
the plastic hinges, that is to say, it is necessary that the plate members of the
columns and beams should undergo sufficient plastic deformation without loss
of strength due to the occurrence of local buckling when they are subjected
to compression.

The problem is to determine the width-thickness ratio of plates which are
subjected to compression in order that their yield strength should not be
decreased by the occurrence of local buckling, during the performance of the
necessary plastic deformation.

Several contributions dealing with this problem have been ‘made [1,2],
they are all attempts to obtain the solution to this problem by treating it as
an eigenvalue or as a problem of stability.

In the analysis of the buckling of plates in the plastic range, however, the
critical value always coincides with the yield point of the material in so far
as an elasto-plastic pattern is assumed as the stress-strain relation of the
material, and this cannot afford an answer to the given problem.

In an actual plate, if the width-thickness ratio is sufficiently small, a slight
warping of the plate is observed as soon as the plate yields. At this point,
however, the plate does not lose its carrying capacity, but continues to
deform to some extent while supporting its yield load, and the amount of
deformation in the period during which the yield load is retained it depends
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upon the width-thickness ratio of the plate and upon the yield ratio of the
material.

This behaviour of the plate may be explained as follows; when the stress
in the compressed plate reaches the yield point of the material, the strain in
the section can assume an arbitrary distribution without any external dis-
turbance, because the strain does not correspond to the stress in the plastic
flow range. This means that the plate can assume indifferent warping at the
vield load.

Photo 1. Column. Photo 2. Beam.

Along the ridge of the warped plate, the strain would pass into the strain-
hardening range in a moment, and the plate would then obtain the resistance
against the bending moment which is introduced by the axial force.

The maximum strength of the plate will be reached when the stress in the
whole section reaches its maximum strength (tensile strength) and produces
a kind of plastic hinge. and until this stage is reached the plate can deform
without losing its load-carrying capacity after the initiation of buckling.

When the determination of the deformation capacity in the plastic range
of the plate is required, it would seem to be more suitable, from the above
consideration, to treat this problem as a problem of the bearing capacity of
the plate rather than to treat it as that of the eigenvalue.

From this point of view, the load-carrying capacity of the plate, after it
has reached the yield load, is investigated in this paper on the basis of the
actual stress-strain relation of the material including the strain-hardening
range.

In the analysis, an appropriate mode of collapse of the plate is assumed
and, furthermore, the elastic strain of the material is neglected, for the sake
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of simplicity, the error caused by this simplification would appear to be small,
because the amount of the deformation in question is much greater than that
induced by the elastic strain.

Analysis

The results of compression tests on plates in which the width-thickness
ratios are small, show that, although warping is observed when the yield load
of each plate is reached, this does not mean that the limit of the capacity
has been attained. The plate can continue to deform to some extent while
retaining its yield load or, in some cases, it may show a further increase of
load (Fig. 1).
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Fig. 1. Deformation Capacity of Buckled-Plate.

On the basis of these experimental results, an analysis of the strength of a
plate subjected to compression in its plane is attempted, using the equation
of work under the following assumption: “a plate which has buckled in the
plastic range can continue to deform to some extent while retaining its yield
load, and the extent of the deformation depends upon the width-thickness
ratio of the plate and upon the yield ratio of the material.”’
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Case 1. Rectangular Plate Supported on one Edge and Free at the Other Edge

These are cases the flanges of wide-flange shapes of the legs of angles sub-
jected to compression by axial force or by bending. Warping of a plate which
has initial curvature will assume a shape such a that shown in Fig. 2 or in
photo 1 after buckling had occurred. So that the equilibrium of this distorted
plate may be considered, it is reduced to a simplified model, as shown in Fig. 3.
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The analysis is put forward on the basis of the following assumptions:

1. »—n in Fig. 2 are nodal lines, and do not rotate;
2. at or near the collapse stage, the half-wave length is equal to 2b;

3. the rectangle C EC' F (in Fig. 3) is maintained plane, and will be subjected
to shear deformation only, and each side of the rectangle remains unchanged
in length;

4. plastic hinges are formed along the CE, C'E,CF, C'F, BEB' and DED’
lines. A half-wave sub-rectangle B B’ D’D is considered and analysed.

Work Done by the Shear Stress

Fig. 4 shows the shape of the rectangle C £ C’ F' as deformed by the shear
stress 7 acting along its sides.
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Displacement 4 of E and F is nearly equal to that of C' and C’, when 4 is
very small and the plate is square; the work then done by the shear stress is
described by:

Wo=1V2b+t27Y24 = 4btdr. (1)
T
b
+
-+ n
b E 5y
> c+ N
- 2]
A
(b)
Fig. 5.

Work Done by the Bending Moment

On the assumption that 4 E, C E do not change in length, the deflection A
of the point B can be expressed by the displacement 4.
Referring to Fig. 5a, we have:
14 h V
2_ 2 - _-“ - =
h= PP (b—d) = ;/2bA(1 4b) s =12 ( )

Referring to Fig. 5b, the rotation y of the plate A B E, with respect to the
axis 4 E, is expressed as follows:

BO= ye b =2y (1= ). (2)

The angle of plate A B E and plate ' BE is nearly equal to 2.

Now let us consider the plastic bending moment of the plate in the strain-
hardening range. The plate is in the plastic state under the compressive load
2 P, and the stress in the direction of the applied force is o, (the yield point
of the material), and it is assumed that strain-hardening would occur as soon
as the plate is subjected to bending by buckling in this compressed state.

The material is obliged to obey von Mises’s yield condition, but it is assumed
that the octahedral stress o,, may be increased to the tensile strength of the
material o, in this locally bent zone.

Taking an arbitrary axis of bending on the plate which meets the longitudinal
edge of the plate at an angle i, the equilibrium of stress at a point on this
axis will be as follows;

oy = 0,sin?y, oy = 0, C08% Y, T =%o0,8in24, (b)
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where o, is acting normally to the axis of bending, and o, is acting along the

axis of bending.
The maximum possible value of o, is written as o,,,, and is determined by

the following condition.

2 —_ a2 — 2 2 __ 2
Tt ‘UT“01m+02 0'1m0'2+37-

or O1m = 5 {og £ 1/034‘4(0%'_03_372)}- (c)

Introducing Eq. (b) into Eq. (c), we have:

O1m = % {c0s2) + Yeostyh+ 4 [ — cos? ¢ (1 + 2sin24)]} o, (d)

a=o0p/o,: the inverse of the yield ratio of the material.

For unit width of the plate (thickness: ), the interaction between the axial
force N and the bending moment M in the full plastic state is expressed as

follows,
M _q N \2
M, = \N,)°

M, = full plastic moment in pure bending, and is equal to }#20,,, with the
bending axis we are now considering.

N, = maximum compressive force normal to the axis of bending, and is
equal to toy,,.
N = effective compressive force normal to the axis of bending, and is equal

to t o, in this case.

Then the maximum possible bending moment M may be written as follows
by introducing the above expression,

2 2 _
M={1_(ﬂ_)}><_t201m=10_1m__01t2_ (e)
O1m . 4 .
Introducing o,,, of Eq. (d) and o, of Eq. (b) into Eq. (e),
cos?y (3cos?h—2+ B) + 2 («? —1)
u = 4{ cos?y + B toy,
B* = cosy+4[a? —cos?yf (1 + 2sin%y)]

(f)

The maximum possible bending moment with the axis C' K will be obtained
by introducing ¢ ==/4 into Eq. (f),

1(4(a2—1)+ (B —% 1
MCE=M1=1{ & 231+(lﬁl 2)}t2cry, Bi = (+4(2-1).

The maximum possible bending moment with the axis B E will be obtalned
by introducing ¢ ==/2 into Eq. (f),

aZz—1

1
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Now the work done by bending until the moment when each portion of the
plate approaches its maximum value can be calculated as follows:

W, =4 V§blM1y+2b1M228

1/2451+ - 4 1—1£ bt?o,,
- (ool (i-4)

4 (= 1)+ (B1—3) a®—1
, D, = .
2B,+1 o
It is to be expected that the plate would retain its yield load 2 P=2F, =
2bto, until a critical deformation 24 which is as yet unknown, is attained,

and the work done by the external force can be calculated as follows:
oW =2P 24 =4btdo,. (3)

(2)

D, =

The work done by the external force is equal to the work done by internal
forces,

oW = W+ W,.

This is written as follows by means of Eqgs. (1), (2) and (3) and by intro-
ducing the expression for 7 in Eq. (b),

4btdo, =2btdo +(V2<D1+ )}/4(1_1£)bt2

() (yfE 1y

20, +P,  \b 4 41b)
A4/b denotes the critical strain of the plate as is shown in Fig. (3), and by
substituting the expression 4/b=e¢ in the above equation, the following result

is obtained. _ B
o, ()=~ 5) Y

Eq. (4) is the relation between the width-thickness ratio of a plate and
the maximum compressive strain at which the plate would retain its yield
strength, and it also shows that the relation is concerned with the yield ratio
of the material.

which is arranged as,

Case 2. Rectangular Plate Simply Supported at Both Edges

This is the case for web plates of I-shapes or flanges of box-sections. In
this case, the model of the distorted plate compressed to the plastic range is
assumed to be as shown in Fig. 6.
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The following assumptions were made in analysing this plate (see Fig. 7).

1. The length of the half-waves is equal to b.

2. The nodal lines 4 A’, BB’ do not change their length, and AC, AD, A'C
and A’D also do not change their length. Then the squares 4C A’ D and
BD B'E do not deform at all, but only rotate with the axes 4 A" and BB'.

3. The triangles A BD and A’ B’D may be subjected to shear deformation,
and their deformed shapes are shown by the dotted line in Fig. 7.

4. Plastic hinges are formed along the AC, A'C, AD and A’D lines.

A half wave subrectangle A A’ BB’ is considered and analysed.

Work Done by the Shear Stress

The triangles 4 BD and A’ B' D as deformed by shear are shown in Fig. 7
by dotted lines, and these triangles are put together as shown in Fig. 8. This

(a) (b)
Fig. 8. Fig. 9.
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shows the square as deformed by shear and diagonals of it change their length
by 24, then this is the same case as in Case 1, so the work done by the
shear stress be written as follows,

Im=7%7t2V§A=2btAT. (5)

Work Done by the Bending Moment

Making the assumption (2) that A D, BD and the plate width b (4 4’, BB’)
do not change in length, and that A B changes its length by 24, the deflection
of the point D may be written as follows (see Fig. 9a):

L N T )
B_h—Vbz_Q]/?(l—%g). | ()

Referring to Fig. 9b, it is clear that the angle between the plane A A’ D
and the plane A BD is equal to 286.

The edges A B and 4’ B’ are simply supported, so that they are not con-
cerned in the work done by bending. Work is done by bending along sides A D,
DB, A’D and D B only, and work done on each side has the same value.

Since the inclination of each side to the direction of the compressive force
 is w/4, the maximum possible bending moment of the plate for unit width
is equal to M, which was derived in Case 1.

Thus the work done by bending until the moment when each portion of
the plate approaches its maximum value may be written as follows:

b1
Wy = 4 5,20,

(6)
iy ]/4(1_1_4)1”:2
Work done by the external force P, is,
oW =PF,24 =2btdo,.

The work done by the external force is equal to the work done by the
internal forces:

oW = W, +.W,.
That is to say:

2btdo, =bido,+, f( )bt2

which is arranged as,
1t ]/b 1]/241
V§¢1_(5)( 24 4 T)‘
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In this equation, 24/b denotes the axial strain, and by substituting the
expression 24/b=e, the following result is obtained.

- W)

Case 3. Rectangular Plate Clamped at Both Edges

Since the edge 4 B in Fig. 9a is fixed in this case, the plate performs the
additional work done by bending due to the rotation ¢ of the plate.
Referring to Fig. 9a, ¢ is calculated as follows:

) ; 4 14
—p=h=—0, = 20_2V ( )
2 ¥ /2 7=t

The maximum possible bending moment, with the axis 4 B, for unit width,
may be obtained by introducing =0 into Eq. (f).

2(ax®2—1)—(Bs
MAB::M?»:—i{ Bs _1(19 } Cys
B2=1+4+4(a—-1).

So that the work done by bending along these edges is:

W =2b= M3<p qb]/—( -——)bt2

¢3 = (OL _Bl):lB3—1

The equilibrium of the work done by the external and the internal force is,

oW = W+ W+ W)

(8)

or 2btde, =bido +(cb1+ @)]/"( —l-gj-)w

By the same operation as was performed in Case 2, the following result
is obtained.
1 t\(1 Ve
: - ()6 5) ©
V2 ((Dl + _21_ @3) 1/6

Experimental Correlation

The theoretical results obtained above have been compared with the
experimental results. The results of compression tests on plates in the plastic
range that are now available are summarised in Table 1.
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Table 1. Test results

137

Flange Test

T 10-3
R . €cr ¥
el Shape bity | dfty % Remark
er A** B** t/em
1
|| B H 400.400.11.12,5 | 15,6 | 34,1 | 2,80 | — | 3,70 | SM 50 (High Tensile
3| H H 400.400.11.12,5 | 15,6 | 34,1 | 3,13 | — | 3,70 | Steel)
R H 400.400.11.12,5 | 15,6 | 34,1 | 2,57 | — | 3,70 | As Delivered
|| H H 400.400.11.12,5 | 15,6 | 34,1 | 3,15 | — | 3,70
o 1 L L 235.235.25 84 | — | 90 | —| 2,72 | SS 50 (Mild Steel)
S 4| L L 235.235.25 84 | — |12,.20] — | 3,38 | As Delivered
|| . L 235.235.25 8.4 — 6,87 | — 3,38
K
|| = H 300.150.6.10 75 | 48,5 | — | 14,70 | 3,60 | SM 50 (High Tensile
Uom H 240.180.6.10 9.8 | 39,8 | — |[11,20 | 3,60 | Steel)
| B H 270.180.6.10 97 | 44,2 | — | 11,40 | 3,60 | As Delivered
|| H H 300.230.6.11 10,5 | 47,6 | — | 4,13 | 3,60
H 10 WF 33 9,2 | 31,9 | 85 | 7,0 | 2,41 | A7 (Mild Steel)
H 8 WF 24 8,6 | 32,3 | 13,5 | 23,0 | 2,38 | As Delivered
H 10 WF 39 7,8 | 28,6 | 19,0 | 22,5 | 2,46
& H 8 WF 35 8,5 | 24,8 | 17,0 | 22,0 | 2,56
x)
ERN A 22 12,6 _ 3,0 _ T A7 (Mild Steel)
= L A 31 885 | — | 165 | — | 244 |3 00 00
L A 32 8,79 | — | 16,5 — 2,42 -
L A 33 873 | — | 160 | — | 289 )
’ ; g . As Delivered
L A 51 107 | — | 60 | — | 287 } AT As Delivere
H H 260.150.7.10 715 | 31,2 | 250 | — | 3,0 .
H H 260.180.7.10 8,65 37,2 | 14,0 | — | 3,0 ii t;e%md Rkeel}
H H 260.180.7.10 8,65 | 37,2 | 200 | — | 3,0
H H 260.180.7.10 8,65 | 37,2 | 230 | — | 2,50
H H 260.180.7.10 8,65 | 37,2 | 22,0 | — | 2,50 |} SS41. Annealed
3 H H 260.180.7.10 8,65 | 37.2 | 220 | — | 2,50
5 H H 260.120.7.10 565 | 37,2 | 290 | — | 3,0
: ’ ’ . S 41. As Welded
E 6| m H 260.120.7.10 565 | 31,2 | 31,0 | — | 3.0 } S8 41. As Welde
H H 272.150.7.7 10,2 | 389 [ 14,0 | — | 25
Q s > s ’ B d
H H 272.150.7.7 10,2 | 389 [ 11,0 | — | 25 } S8 41. Anneale
H H 272.120.7.7 8,1 | 389 | 21,0 | — | 3,0
4 . : ’ . As Welded
H H 272.120 7.7. 8.1 | 389 | 120 | — | 3, } S5 41. As Welde
H H 272.120.7.7 81 | 38,9 | 220 | — | 25
9 s 3 s’ . l
H H 272.120.7.7 81 | 389 | 120 | — | 25 } S8 41. Annealed
Web Test
o H H 400.400.11.12,5 | 15,6 | 341 | 2,23 | — | 3,70 | SM 50
3 3| H H 400.400.11.12,5 | 15,6 | 34,1 | 2,80 | — | 3,70 | As Deiivered
M 1 H H 400.400.11.12,5 | 15,6 | 34,1 | 4,70 | — | 3,70
o]
g H 8 WF 24 86 | 32,3 | 12,70 | — | 2,38 | ‘A 7. As Delivered
2 1| H 12 WF 50 66 | 330 | 50 | — | 245
= i H 10 WF 21 9,1 | 40,9 | 1,6 | — | 2,66
Note: * H = Wide Flange Shape. L = Angle Shape.
** A = Axial Compression Test. B = Bending Test.
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In this table, “Flange Test’’ means the tests performed in order to obtain
the relation between the critical strain and the width-thickness ratio of wide
flanges by means of axial compression tests or of bending tests as illustrated
in Fig. 10, and “Web Test”’ means the axial compression tests of webs of
I-shapes undertaken for the same purpose.

The yield ratios of steel plates used in the author’s tests varied from 0.63
to 0.685 (expressed as «, a=1.46 ~ 1.59). If the mean value, a=1.5, is adopted
for the sake of simplicity, then the following equations would result, from the
introduction of «= 1,5 into Eqgs. (4), (7) and (9), respectively.

0.865 = ;) (= - ‘/_), ()

b)\ye 4
0.579 = (?f*) (Vf“g)’ (7)
0.446 = (bf) (‘/—1; - é;) (9")

These estimations are compared with the test results in Fig. 11 and Fig. 12.
In this comparison it should be noted that the yield ratios of the materials
used in Haaijer’s and Okumura’s tests were not then known.

It is presumed, however, that they would not be greatly different from the
yield ratio used the in author’s tests, because the steels used are all of similar
grade.

With regard to the behaviour of wide flanges (Fig. 11), the theoretical
prediction had shows fairly good agreement with the experimental results, but
as far as the behaviour of webs is concerned, the test results are too few to
enable the theory to be evaluated.

Related Remarks and Conclusions

1. In the specifications given in ‘“Plastic design in steel’’ [7] and ‘“‘Speci-
fication for the Design, Fabrication and FErection of Structural Steel for
Buildings, Part 2’ [8] of the AISC, the following limitations are specified
for A-7 type steel.

For flanges of rolled shapes and
flange plates of similar built-up shapes b/t,< 8.5.

For flange plates in box-sections bjt;<32.

The limitation of width-thickness ratio for wide flanges is based on the
condition that a section under uniform compression can be strained to the
point of strain-hardening before local buckling influences its carrying capacity.

The standard strain of A-7 type steel at the point of strain-hardening is
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€q=14x 1073, and by substituting this value in Eq. (4'), the following result
is obtained,
bjt = 9.77.

This shows fairly good agreement with the specified value of 8.5.

In the case of box-sections and cover plates, the critical strain is required
to be 4 times the yield strain ¢,. Taking the yield strain ¢,=1.2x10-3 for
A-7 type steel, 4 ¢, is introduced 1nto Eq. (7') and Eq. (9), and we obtain,

For a simply supported edge b/t = 25.
For a clamped edge b/t = 32,4~

It would seem that, in the specifications of AISC, some clamping effect is
taken into consideration in actual sections.

2. It has been shown, in this analysis, that the critical strain depends not
only upon the width-thickness ratio of the plate, but also upon the yield ratio
of the material.

It is deduced from this theory that the higher yield ratio of the material
corresponds to the smaller critical strain, and when steels which have extremely
high yield ratio would come into practise, this point should be examined carefully.

When the necessary value of the critical strain be specified by the term of
the duectility factor (the ratio of the critical strain to yield strain, for example
€n/€,=4), it will result that the higher the yield point of the material the
smaller the width-thickness ratio of the plate.
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Summary

The ultimate strength of buckled plates in the plastic range is analysed.
The role of strain-hardening is considered to be important for the evaluation
of the ultimate strength of the plates after inelastic buckling.

A simple mode of collapse of the plate is assumed in the analysis.

The results obtained in this paper were compared with experimental results
and with recommended formulas in current specifications.

Résumé

L’auteur étudie la résistance limite de plaques voilées dans le domaine
plastique. Il montre que, dans ce cas, 1’écrouissage joue un réle important
pour la détermination de la résistance limite dans le domaine post-critique.
Pour cette étude, on admet un mode de ruine simple. On compare les résultats
théoriques a des valeurs expérimentales et aux formules données dans les
réglementations existantes.

Zusammenfassung

Die Traglast von im plastischen Bereich ausgebeulten Platten wird unter-
sucht. Dabei zeigt sich, dal3 die Materialverfestigung einen groflen Einflul auf
die Bestimmung der Traglast im plastischen Bereich ausgebeulter Platten
ausiibt. Fiir die Bestimmung dieser Traglast wird ein einfacher Gelenkmecha-
nismus angenommen. Die so ermittelten Werte werden mit Versuchswerten
sowie mit den nach bestehenden Vorschriften empfohlenen Werten verglichen.
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