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Simplified Method of Analysis for Elliptical Paraboloidal Shallow Shells

under the Action of Concentrated Loads

Methode simplifiee de calcul des voiles minces en forme de paraboloide elliptique,
soumis ä des charges concentrees

Vereinfachtes Berechnungsverfahren für elliptisch-paraboloidförmige, schwach¬

gekrümmte Schalen unter Einzellasten

HO KWANG-CHIEN CHEN FU
China

Many authors have studied the stress analysis of shallow shells under the
action of a concentrated load. In 1946, E. Reissner [1] obtained Solutions for
the case of shallow spherical shells, while V. Z. Jigantu [2], in 1956, obtained
the Solution for shallow parabolic shells of revolution. In 1949, V. Z. Vlasov
[3] gave the Solution for elliptical paraboloidal shallow shells in the form of
double trigonometrical series whose convergence has been proved to be rather
slow, thereby obscuring its practical value for engineering computations.
A. R. Rzhanitzyn [4] and H. C. Chawusov [5] attempted to obtain simplified
Solutions based on the membrane theory of shells, but for regions close to the
concentrated load, the more exact theory, with consideration of bending
moments and twisting moments of thin shells, is to be preferred for the analysis
in order to obtain good results. In this paper simplified formulas, with accom-
panying tables, will be presented, which will be found to be quite convenient
in application for the design of elliptical paraboloidal shallow shells under the
action of concentrated loads.

I. Fundamental Equations of the Analysis

As could have been observed, the action of a concentrated load on the
vertical displacement and internal stresses of the shell damp out rapidly as

the distance from the point of application of the load increases. It will thus
be more convenient to confine our study of the problem to the case where
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this distance is grater than Q/VK (K will be defined later) from the boundary.
As will be shown later, the effect of the latter will then be quite negligible
and we could, for simplicity, assume that the shell possesses a boundary which
is at an infinite distance from the load. As for the case where the concentrated
load is close to the boundary, we can easily make a correction by the method
ol images, as has been done in the case of flat plates [6].

b)Q)

AT

JU* ^
K <*

l M2

S|2

Fig. 1.

With the notations given in Fig. 11), the problem is reduced to the
determination of the stress function cp and the vertical displacement w of the shell
that satisfy the following differential equations:

DA2w-Akcp P8(0,0), A2cp + E8Akw 0, (1)

in which
d2 d2

A 1

dx2 dy2

d2
Ak k2Jx~2 + hl

dy2'

8 is the thickness of the shell, P is the concentrated load and 8 (0,0) is the Dirac
delta function. In order to avoid some divergent definite integrals that would
appear in the process of derivation, we make use of the relations

W 7 Il}
8* 9
dx* %

to transform the set of Eqs. (1) into the following:

DAaw-{k1T1 + kaTa) PS(0,0), A {T^TJ + EhAjtiv - 0,
d2Tr
dx2

82T2

(2)

(3)

As we have assumed for the present case that the boundary is at an infinite
distance from the load and as we know that all internal forces and all
displacements of the shell damp out as the distance from the load increases, then

x) As Qi and Q2 are not important, we omit them from the figure.
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the boundary conditions would be such that w, Tx, T2 as well as all their
derivatives of whatsoever order, could be regarded as zero at infinity.

If we make the following double Fourier cosine integral transformations:
00 OO 00 00

w(£,y)— J" J" w(x, y) cos (g x) cos (rj y) dx dy 4f J w cos (£ x) cos (r) y) dx dy,
-oo -oo 0 0

(4)
0000 0000 v/

^i 4f $ T±cos (£x) cos (rj y) dx dy, T2 4f j* T2 cos (g x) cos (rj y) dx dy.
ö o ö o

and note that
x> oo

J J P 8 (0, 0) cos (£ x) cos (rj y) dx dy P
— oo —00

we obtain, after substituting them in (3):

D(^2 + r}2)2w-(k1T1 + k2T2) P,

(e + v2)(T1 + T2) + E8(k2£2 + k1r]2)w 0, (5)

Solving w, T± and T2 simultaneously from Eqs. (5) and making the
corresponding inverse transformation, we readily obtain expressions for w, Tx and
T2 in the form of definite integrals which, by a further transformation of
coordinate represented by

£ p cos 9, rj p sin 9,

take the following form:
77/2 00

_ Pf f p vos (p x cos 9) cos (p y sin 9) dp d9

oJ oJ P^ + ^ihcoste + k^mze)*
tt/2 oo

^ _
12P f rpsin2ö(^2cos2ö + Ä:1sin2ö)cos(p^cosö)cos (pysin9)dpd9

^1 ~ ~~ £2^2 I I 19 ' ' '
0 0

P4 + 4r (*2cos2 ö + &isin2 #)2

7T/2 oo

_
12 P C C p cos2 9 (k2 cos2 9 +k-L sin2 9) cos (px cos 9) cos (py sin 9) dp d9
6 " J J p^ + ~(k2cos29 + k1sin29)2

Neglecting the effect of Poisson's ratio, we make use of the known relations

,- ^d2w ^^ ^d2w _ d2w
dx2' 2 dy2' 12 dxdy'

to obtain immediately
7T-/2 00

7i# __ ^ f f p3 cos2 0 cos (p # cos 0) cos (p ^ sin #) dp c£0

oJ oJ p4 +^ (fca 008*0 + ^ sin* 0)*
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tt/2 oo

51/ p3 sin2 0 cos (p x cos 0) cos (p ?/ sin 0) dp c

o o p* +1= (*a 008*0 + *! sin* 0)a
^2 -J * —^ ' ^ <"^, (10)12

p* +
7T/2 oo

P C C ps sin 0 cos 0 sin (p # cos 0) sin (p ?/ sin 0) dp d9

^i i p* + ^(k2cos29 + k1sin29)2

If we put S12 in the form:
TT/2 00

$12 f f / (ß> p) sin (p x cos 0) sin (p ?/ sin 0) dp d9
b ö

and make use of the relation

dTi_ gÄi2
or st2_ es,

dx dy dy dx
we obtain

tt/2 oo

_
12? f fp cos 0 sin 0 (k2 cos2 0 + Z^ sin2 0) sin (p # cos 0) sin (p ?/ sin 0) dp d9

82w7 J
p^ +Jl^oos^ + ^sin^)» (12J

In the case where kx k2 k, we further transform x, y into polar coordinates

r, co and if we take into account the fact that we have here an axis-symmetrical
case, then it is not difficult to obtain

tt/2 oo

w _^ J^. .^^ (13)
P f f P cos (p r cos 0) dp d0

oo P + 82
K

12Pk F f°p sin2 0 cos (pr cos 0) dp d0

0 0 P + S2

tt/2 oo

i —w'JT ——. tu»
12P&P [ p cos2 9 cos (p r cos 9) dp d9

o

tt/2 oo

0 0 r '
§2p4+^2

5//'„ _ - | |
ps cos2 9 cos (p r cos 9) dp d9

0 0
P4 + §2

^2

tt/2 oo

*« 5/ |^-—;;-—, (i7)
'
p3 sin2 0 cos (p r cos 0) dp d0

n4 1^ £2
0 0 P + §2 ^

^r«, 0, £r„ - 0. (18)

Thus we succeed in expressing the vertical displacement and internal stresses
of the shell under the action of a concentrated load in the form of definite
integrals and the Solution of the problem is thus reduced to the evaluation of
these definite integrals.
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II. Formulas of the Analysis

A. For the Case k1 — k2 — k

We take advantage of the mathematical formulas
OO

f cos(prcos0)d0 =|Jo(pr), [^rdP -*"» (I)
o 2 J p* +1

0

to obtain readily from Eq. (13) that
1/3 P

W==-E^kkei{¥)> (19)

(20)

4/l2—
in which r =y-^k2r.

From the relationships

^ d2w _. 1 dw

P \i ,-v *e»'(r)l
we obtain Jfp —- ker (r) zZ*-

Furthermore, it can be proved mathematically that
00

f2sin20cos(prcos0)d0 ^-^(pr), [Jl}pr^ dp - + ker'(r), (II)
0 2r J p +1 r

0

With these relationships we obtain from Eqs. (14) that

1/3PT1 ker' (r)~\T K3Pn ^r'(r)1
r 77 8 L^2 ^ J

(22)

From the known relations

wehave Tw -^{rTr).

Thus we obtain 2L —=r- \^ + kei (r) -\ Z-1
ttö \r£ r J

(23)

We find that Eqs. (18)—(23) are exactly the same as those given by E. Reissner
[1] for shallow spherical shells. That is to say, the same set of equations can
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be used for elliptical paraboloidal shallow shells of equal radii of curvature in
both directions as well as for shallow spherical shells.

As formulas (18)—(23) are quite simple, they will be suggested for design
work and tables have been prepared to facilitate the computation. Thus we
have

VÄ P P

r3P P
w inwk^> w

IT O LTT

in which f1 (r)—f5(f) can be found in Table 1.

B. For the Case kx 4= k2

It is somewhat difficult to perform the integrations of Eqs. (6)—(12)
directly, but for the point immediately beneath the concentrated load (i.e.
for the point o; 0, y 0), the integrations can be easily performed so that
we obtain

l/'s P l/s P
M(0-0) ~nmm- W) =Ji(0'0)=-^-
Mt(0,0) if2(0,0) 00, Jf12(0,0) £12(0,0) 0.

For any other point on the shell, the integrations can be performed in the
following manner.

Expand the denominator within the double integrations of (6)—(12) into
series:

1

_
1

p4+S (*2cos2 e+hsin2 ef (p4+K) + \S (*2cos2 o+Ksin2 ö)2-k]
6 lb J

(26)
1

[l_i + JL2^.jL3+...]?

1 9
~(k2cos29 + k1sin29)2-K

in which L

P* + K

s2

P* + K

and K is a constant so chosen as to ensure the condition of convergence of
the series i. e. we must make \L\ < 1.

Here we choose K ^(k\ + k\) so that whatever the ratio of kx\k2 may be,

the series will converge. When k± k2, we have L 0 so that the series (26) is
reduced to its first term only, and Eqs. (6)—(12) are reduced to (13)—(18).

Let 5 ^-, A h
1K v2
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then r
1 l n^L + L2_ .]? (27)

P4 + #(^2cos20 + Ä;1sin20)2 A(P +1)
S2

in which L 2^ ^ ^— \- -^ + 2sin20 + (A- l)sin40l.
Az + 1 p* + 1 [ 2 J

If we Substitute (27) in (6)—(12) and attempt to integrate first with respect
to 0, we shall meet the following two types of Integration:

tt/2
H2n= j* cos(p#cos0)cos(p2/sin0)sin2ri0d0, (28)

o

tt/2
D2n J sin(p^cos0)sin(p^sin0)cos0sin2n+10d0, (29)

o

in which # iK x, y iKy, n 0,l,2,....
These can be evaluated without difficulty if we differentiate a certain number
of times, with respect to x or y, the following mathematical identity:

tt/2 —j cos (p x cos 0) cos (p ^ sin 9)d9 ~ J0 (ß f), (HI)
o 2

in which f ]/üTr.

Thus we obtain

H^~ 2 L (pr)n
+ (pr)-i + +f Jo(P?*)J>

(?i 0,1, 2. altogether w+ 1 terms)

and ^ ^[^+1|p+^||?+-"+^%(p^ (31)

(^ 0,1,2... altogether n + 2 terms),

in which r2nn~l, s2nn~l are definite numerical coefficients2).

On integration upon p, we shall obtain the following two types of integra-
tion:

00

Is* J_ f P I^Ildp, (32)

(30)

o

fm J (/04+l)1+m pm
P' (33)

in which m, w 0,1, 2

2) For detailed accounts of these coefficients see reference [7],
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After a series of mathematical Operations upon (I) and (II), these can again
be integrated into the following:

I00 -kei(r)

iß
r \r

4^ =l\l + ker'(r)

I™ _lf_? U-i -I \ + l-I vi

/^ IT f"-2 2(n-l)/2(n-2) _
\

¥n f^"-1 (»-!)'• f \ r re_3° In-30)

+ (^^^-3o-/«-4o)] (n^4), (34)

-K'oo *e?- (»") >

-*M0 _ / T \Z

Kn0 l/2(n-l) _
\

j: - Jini j: J»"10 Jn-2ol lw Z)'

~w ^[\l—hr~)Knm-i~^iK'nm~i\ {m~l)-

Thus the vertical displacement and internal forces of the shell can be finally
expressed in the form of series composed of certain combinations of Thompson
functions such as those given in (34). For instance, we have

M - Pi(d K + d KA 2{X~l)ld K + d K" + d K*+d M
¦ iY\2{X-l)~\nld K + d *!£+...+d K*n+ln) I

1

A2+l la,0»A0« + a'l« f +• + a2n+ln j2n+l ]+ j'
(35)

in which dy are definite numerical coefficients3).
The convergence of the series is quite good and only a few terms are neces-

sary for the ordinary scope of application i.e., for 0.5^A^2. For example, if
we take the case A 2 (the closer is the value of A to 1, the better will be the
convergence) and compute the value of w(0,0) and T±(0,0), we obtain

3) For detailed accounts of these coefficients, see reference [7].
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1/3 p l
w (0,0) (1 + 0.025 + 0.0687 + 0.00605 + 0.0138

4E82Vk1k2Vl.25

l/3 P 1

+ 0.00081 + •••)= -== [(1 + 0.025) + (0.0687 + 0.00605)
±E82)/k1k2 1/1.25

l/S P 1114
+ (0.0138 + 0.00081)+ • • •] ^ --L—

4J0S2}/yfc1&2 1.H9

which deviate from the exact values given by formulas (25) by less than 0.5%
for w and by about 1.26% for Tx.

However, formulas like that given by (35) are still too complicated for
design work computations. As these formulas contain only one variable f and
one parametric constant A, empirical formulas could easily be derived from
them. Computations by means of these formulas show that all values damp
out insignificantly at r 6. After a series of computations based upon these
formulas for various values of r and A, it is found that the variations are quite
regulär and empirical formulas could be formulated. For ordinary design work
purposes, it is sufficient to know the values of the vertical displacement and
internal forces of the shell along the #-axis, the y-axis and the line equally
dividing the x- and ?/-axis before a design can be made. The empirical formulas

6 kisuggested for the design work will then be, with K — (k\ + kl) and A t- :

1. For OSr^d

a) Along the #-axis:

Ti =~^ffi(fh (36)

T2 --^{/2(r) + (A-l)|"(0.07-0.02A)sin(3-83~r)7r-0.008ll (37)

Ml £{/3(r) + 0X)4(A-l)Sin^^}, (38)

£{M^^h^^—]}.
^{/5(^ + (A-l)[^-sin(°^ + 0.04A-0.0l]}; (40)

M2

w
2i

M12= Sla 0. (41)
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b) Along the y-axis:

V3P
Ti =—^§-h(r), (42)

VHP
T2 -—^h(r), («)

TT 8

Ml ^{/1(r) + 0.02(A-l)[(A-l)sin(r+2°45)77 + A]}; (44)

M* ^{/3(r)+-^^[(10.4-3.6A)sin^^ + (1.2A-2.8)]}, (45)

W ^^{/.W + (A-l)[1^^^±y^ + 0.022A-0.013]},(46)

M12 S12 0. (47)

c) Along the line equally dividing the x- and ?/-axis:

T- =J^^ (48)

T2 =- ^ß4-lh(r) + (X-l) (0.036- 0.008 A) sin ^-=^1, (49)
2

^2 ^{/e (r) + (A -1) [0.035- 0.018 (A-l)]^=-^j, (51)

M12= ^f,(r), (52)

#12 ^/sW.
-P L /-, /i ^l"1 • (3.25-r)77 A—1"1^
^^{/5(r) + (A-l)^sm^ 55 + ~j}, (54)w —

2tt

2. i'V 4<f<:6

a) Along the #-axis:

Tl =~^f/l(")' (55)

T2 -¥-^-{/2(?) + (A-1) (0.005-0.003 f)}, (56)

«; j° {/5(r) + (A-l) [0.011 r -0.107]}. (57)
2 7T .D (/ K.



b) Along the y-a,xis:

?i

T2 - nPi(f)
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(58)

(59)

;={/5(r) + (A-l)(0.167-0.02f)}. (60)
2 TTd y n.

c) Along the line equally dividing the x- and ?/-axis:

^ =-W»^' (61)

VHP
T> =-2^f'W> (62)

w ^—/5(r). (63)

Äia =-L-^-/8(r), (64)
TT O

As far as the values of Mx, M2 and Jf12 are concerned, it is sufficient to
take a linear Variation within the interval 4 < f ^ 6 from the value at f 4 to
that of zero at f 6. S12 is equal to zero along the #-axis as well as along the
2/-axis.

It should be noted that the axes are so chosen that k^k2 and that the
scope of application is then 1 g A ^ 2.

The values of f6(r)— f8 (f) can be found for different values of f from Table 2.

They are defined by the following formulas:

/.<r)=^,
fi{f) ^l_lzzn, (66)

,_x
1 ker' (f) kei (f)

f8(r)=^ + -JZ> + -ZJ.

Formulas (24) and (36)—(64) are only applicable when the concentrated

load is at a distance greater than 6/7K from the boundary (i.e. when r 6).
For the case where the concentrated load is close to the corner or to the
boundary of the shell, then the method of images should serve as a correction
to these formulas and it will be applied in a similar manner to that used for
flat plates in reference [6].
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III. Some Further Applications of the Formulas

A. Circular Line Load Formulas for Elliptical Paraboloidal Shallow Shells with
Equal Radii of Curvature in Both Directions

As the circular line load can be regarded as a ring of concentrated loads,
we obtain from Eq. (19) that

qafa fT _ f^-.*/l2k2
w nE82k jimz0(viyi 82

]/a2 + r2 — 2ar cos co \doj, (66)

in which q is the intensity of the circular line load per unit length of the ring.
From the mathematical identity:

r^a: K0(Va2 + r2-2arcosw) I0(r)K0(a) + 2 2 In(r)Kn(a)cos(nco),
n=l

r^a: K0(Va2+ r2-2a r cos co) I0(a)K0(r) + 2 2 In (a) Kn (r) cos (n <o),
71=1

Eq. (66) can be integrated as:

r^a:

r^a:

r 0:

w

w

w(0,0)

I2qa
E82k
Vl2qa
E82k

E82k

[ber (f) kei (ä) + bei (r) ker (ä)],

[ber (ä) kei (r) + bei (a) ker (f)],

kei (ä),

in whichich a 1/-Ö2-&2

r^a:

r^a:

r 0:

k2a. Hence it follows that

Mr qa [kei (ä) ber" (f) + ker (a) bei" (r)],

Mw qa-[berr (f) kei (ä) + bei' (f) ker (ä)];
r

Mr qa [ber (a) kei" (f) + bei (a) ker" (r)],

M^ qa-[ber(a)kei' (r) + bei (ä) ker' (f)];

Mr(0,0)=M„(0,0)=^ker(ä).

*-*-+

(AI)

(67)

(68)

Fig. 2. Circular line loads. Fig. 3. Circular ring loads.
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As cp=\Trrdr, we therefore obtain from (22)

cp -j^j-[ln(f) + ker(r)]. (69)

Here we neglect the constant of Integration of cp as it does not affect the internal

stresses of the shell. For the case of circular line loads, we then have

9 _-2iL [\ReK(ViV^k2U2 + r2-2arcoso\
o

+ In(]/a2 + r2 — 2arcosto)\ dco.

From the mathematical formula
0 (a>r)

(70)

d 2 TT

-r-Tf In (Va2 + r2 —2ar cos co) dco]
dr o

2tt (V)
(a < r)

r
we obtain through Eqs. (22) and (23)

]/l2qar^a: Tr ^=— [ber' (r)ker (a) — bei' (r) kei (a)],

T„
Vl2qa

[ - ker (ä) ber" (f) + kei (ä) bei" (f)];
o

rp Vl2qa
r ^ a : I\

T

\ber (a) ker' (r) - bei (a) kei' (r) + - (71)

—~— — ber (a) ker" (f) + bei (ä)kei" (f)+^\;

r 0: Tr(0,0) T„(0,0) ^~^kei(ä).

B. Circular Ring Load Formulas for Elliptical Paraboloidal Shallow Shells
with Equal Radii of Curvature in Both Directions

These formulas may be readily obtained by integrating a from a to b as is
clear from Fig. 3. Thus we obtain

r^b: w =--^j^[kei(f)Br + ker(f)Bi],

Mr -^^[kei" (f)Br + ker" (f)B^,

M« -Jir- V*ei' <*> Br+ker' <r) Bii > (72)
yl2kr

Tr =~Jf [k*r' (r) Br - kei' (r) Bt +± (b* - ä*)]

Ta l[BtW(r)-Brker'{f) + ±{b*-ä*)\;
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af^r<b: w

M„

j {a [ker (r) ber' (a) — ker (r) bei' (a)]

M,=

E8k2[

+ b [bei (f) kei' (b) — ker' (b) ber (f)] — 1},

-j==—{ä[ber' (ä)ker" (r)-bei' (ä)kei" (?)]
\ 12 k

+ b [kei' (b) bei" (r) - ker' (b) ber" (r)]},

—=—ia [ber' (ä) ker' (f) — bei' (ä) kei' (rX\
]/l2kf

+ b [kei' (b) bei' (r) — ker' (b) ber' (¥)]},

Tr kr—
I — a [bei' (a) ker' (r) + ber' (a) kei' (r)]

+ b [kei' (b) ber' (r) + ker' (b) bei' (r)] + — (r2 — a2) >,

T i\ â [bei' (a) ker" (r) + ber' (a) kei" (r)]

- b [kei' (b) ber" + ker' (b) bei" (?)] - -^ (r2 + ä2)|;

(73)

r<a: w

M,

E8k2

]/\2k
qd

[ber (r)Kt + bei (r) Kr],

[ber" (f) Ki + bei" (f) Kr],

Ma -£=— [ber' (f) Kt + bei' (f) Kr],
\l2kr

Tv
kr [ber' (r) Kr — bei' (r) Kt~\,

Tu ^[bei'(r)Kt-ber'r(f)Kr\;
(74)

r 0: w(0,0) Ki,

Mr(0,0) Mw(0,0)
qS

2Vl2k Kr,

yr(0,0) Ta (0,0) =fj-Kt,

in which Bi —b ber' (b) + a ber' (a)

Kt —bher' (b) + äker' (ä)

^2 ™ ^' b=V^k*b

Br b bei' (b) — a bei' (a),

Kr b kei' (b) — ä kei' (ä),
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Summary

Simplified calculation formulas for determining the vertical displacement
and internal forces of elliptical paraboloidal shallow shells under the action
of a concentrated load are given in the paper. For the case of shallow shells
of unequäl radii of curvature, the formulas finally presented are of the empirical

type and, with the aid of tables, they are quite convenient for application
in design work. Formulas for circular line loads and circular ring loads are
also given in the paper for the case of equal radii of curvature in both directions

of the shallow shell.

Resume

Les auteurs presentent des formules simplifiees pour le calcul des deplacements

verticaux et des sollicitations des voiles minces en forme de paraboloide
elliptique, soumis ä une charge concentree. Lorsque les rayons de courbure sont
differents, les formules finalement donnees sont du type empirique et, ä l'aide
de tables, elles peuvent etre utilisees pour des etudes. Pour les voiles presentant
des memes rayons de courbure dans les deux directions, les auteurs donnent
egalement les formules relatives ä des charges appliquees le long d'une circon-
ference ou sur un anneau circulaire.
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Zusammenfassung

Es wird ein vereinfachtes Berechnungsverfahren für die Bestimmung der
vertikalen Verschiebungen und der inneren Kräfte von elliptisch-paraboloid-
förmigen, schwachgekrümmten Schalen unter einer Einzellast behandelt. Für
den Fall der schwachgekrümmten Schalen mit ungleichen Krümmungsradien
werden empirische Berechnungsformeln aufgestellt; sie können mit Hilfe der
Tabellen in der Baupraxis sehr einfach verwendet werden. Die Formeln für
eine kreisförmige Linienlast und für eine Ringbelastung werden nur für
Schalen mit gleichen Krümmungsradien in beiden Richtungen angegeben.
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