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Transformation of the Anisotropic Cylindrical Shell into the Isotropic
Cylindrical Shell

Transformation d’un voile cylindrique anisotrope en voile isotrope

Transformation einer anisotropen Zylinderschale in eine isotrope Zylinderschale

TAKESHI OKAMOTO
Tokyo

1. Introduction

When the dimensions of a cylindrical shell are such that it cannot resist
bending in the circumferential direction, a considerable practical advantage
can be obtained by increasing the shell’s flexural rigidity through the pro-
vision of reinforcing ribs in its circumferential direction. When a cylindrical
shell has ribs in the circumferential direction and/or longitudinal direction
which are spaced at equal and appropriate distances, an accurate elasticity
solution can be derived by regarding it as an anisotropic shell. An equation
for the relation between stress and displacement was given by W. FLtagE [1]
and DiscHINGER [2] established a solution for it. However, his solution is too
complicated to be adopted in practical numerical calculations.

The approximation which is presented in this paper has been deduced on
~ the basis of the following assumptions:

1. That Poisson’s ratio is zero.

2. That the eccentricity of the reinforcing ribs is negligible.

3. That in the equations of equilibrium for the forces in the circumferential
direction acting upon an infinitesimal element of the shell, @, (see Fig. 1),
the radial shear force may be neglected. [3], [4], [5].

The solution thus obtained can be expressed in extremely simple forms.
The characteristic values are, besides being a function for parameter Vtr/l,
a function for longitudinal tensile rigidity D, and circumferential flexural
rigidity K ,, and have no relation to longitudinal flexural rigidity K, and
circumferential tensile rigidity D, .
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From this approximation the theory of the transformation of an aniso-
tropic cylindrical shell to an isotropic cylindrical shell is derived. Considering
an isotropic cylindrical shell having the same characteristic values as an
anisotropic cylindrical shell (regarding the former as the equivalent isotropic
cylindrical shell of the latter) we can determine the relation between this pair
of shells in terms of dimensions, sectional force and displacement. As a conse-
quence, the required numerical values can be obtained simply by performing
computations for the equivalent isotropic cylindrical shell by making use of
the published numerical tables for isotropic cylindrical shells, instead of
resorting to the complicated and tedious calculations for the theoretical
solution of the anisotropic shell’s bending.

Fig. 1.

2. Symbols

The co-ordinates x and ¢ of the shell’s middle surface are taken as shown
in Fig. 1. The co-ordinate z is taken in the radial direction. The sectional forces
and displacement are as illustrated in Fig. 1. (Their positive directions are as
indicated in the illustration.)

Sectional rigidity (see Fig. 2):

Tensile rigidity D, = I—_F—Jﬁ E,, D, = sz;ﬁ F,.

Shear rigidity D,,=D,,= 17 E,,.

Flexural rigidity K, = Tﬂvg I,, K,= -I—E—z— I,.
- —v

Torsional rigidity K,,= 17 y S
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1 1
where F, =Z)—m—0~fbxdz, szgfbwdz’ E,=[dz=1t,

1 1
Sw=5;;fbxzdz, S¢=b—q,—(;fb“’Zdz’
1 1
I, =—fbxzzdz—ﬁ;ni= —— | b, (22 —72)dz,
bwo bxo

1
1, = E(p—;fbw(zz—ni)dz,

S S
Ne = _1,_‘722’ Ne = —F—?,
x @
v: Poisson’s ratio.
bxo
gz/ ﬁ
R
by

[ 1
_U NN S\\\\\I LJ_
L]

bp

Fig. 2.

The integral of the equations above must be carried out over the entire
section along width b_, or b,,,. An asterisk given to an integral mark indicates
that the integral has to be performed only for the shell and excluding the ribs.

D D K K
dw= :c’ d, = q” ka;= =, ko= ‘P’
D,, *~ Do K,, *" K,y
_ R o , _6f_ 1 of . 0f
M=nrp £ =g F=t~Row [ ~“op
_2 _ Kx(p _ t2 _VE £2 . _.IE_
Ty "‘Rzpw‘lsz’ K==\7) v ="%7

3. Basic Equations

The relations between strain and displacement of the neutral surface are

v 4w __u'+v’

u’
x =§’ €y R Yz o R (1)

€
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The relations between sectional forces and strain can be expressed in the
following manner if we assume that Poisson’s ratio is zero and neglect the
effect of the ribs’ eccentricity.

N:c =Dx€aca N(p :D(peq)’ Na:zp = %Dﬁzmyzm’ (2)
K, , K, .. Kiop .,
Mw=7{§w , M‘I’:_ng , Mx$=jﬁ2w 5 (3)

The equations of equilibrium of sectional forces on an infinitesimal element
of the shell are:

N, +N,, =0, (4a)

Qp+8Q: +N,=0, : (4c)
1 ) ,

Q¢=§(M¢+qu,), (4d)
1 , ]

Q.’x; =—E(M;c+M<p;v)' (49)

4. Approximation for the Bending Theory

If we neglect the effect of @, in Eq. (4b) as being small we can introduce
a stress function

N, =9, N,=9", N,,=—-@". (5)
From Egs. (4¢,d,e) we get
RN, + M, +2M; +M; =0 (6)
and from Eq. (1)
€, +e; +'y;;'q)—l%’=0. (7)

Introducing Egs. (3), (2) and (5) in Eqgs. (6) and (7), the following two
equations can be obtained:

¢ +2®..,/+® _D.Twwll:()’
d, d, R
3 (8)
kow ™ +2w"" +hk,w +qu’@' = 0.

By eliminating @ or w, we can deduce the following differential equations
respectively either relating to w or @

ﬁ’w""+2(i+k¢)w::.’;+(&+4+ @Lp)w',;',',
a, a, d, a, .
dtP N qu qu) ’
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ﬁ'fdi:‘“+2(i+kq,)d§::"; (k z 4y Ko )(p,m

d, d d d
! § 7 (9Db)
dy, * d, K,, B
As a solution for Eq. (9a) we assume:
w=HemmginA¢. (10)

Substituting Eq. (10) into Eq. (9a) we find the characteristic equation to be

m8—2—dﬁ( i+lc,,,)192)\2mﬁ+d (k +4+]c )ﬁ4)\4m4
k, \ d, k, \d, d, (1)
d 6 A6 1‘@ diE 8 8 d k2 D“”‘P 84 —
-qu,(k +dq))z9)\ kwdq’z‘})\ B, K., 98X = 0.

Since the value of m is fairly large, we can take an approximate value for
Eq. (11), in which the coefficients of m® and m® and the last term are the same
as those in the above equation (6).

d, 1
2~ eyl 4 %z~ g8a
{m 2(d +k¢)ﬁ )\} . kﬁ)\ 0. (12)
As the solution for Eq. (12) eight ‘““m’’s can be expressed by the equations

given below.

my = oy 1By, My = oy + 4By,
i (13)
ms = —m,, m, = —Mmsg,
6 2 8 4
1 1 1 1
where oc% = ]/~2- (dm+E;)7P%a /3% = ]/5 (dx'*'g)?/q%:
folles e g o)
= — 7T'__I" + — 77—_*_— ’
29% 2{ Xo X(2) V2Xo
T Vem 1 1
GV ) :
3 2 Xo  Xo V2 o H
y=nR%,

——1~(d +_)l/k n /Rt
Xo 9 x k(p V12'

If we formulate only the damping waves occurring from an edge of the
shell and omit those occurring from the other edge, then we can write:

w = [e~® (B, cosp, @+ Bysinp; @)

+e_a25(3300532(5+B4sin,82a7)] sinA ¢ (15)
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and similarly from Eq. (9b)
@ = [e—a@ (0, cospB; @+ C,ysin B, @)
+e~%2@ (03008 By @+ C,sin By @) sin A €. (16)

Substituting these into Eq. (8b) we obtain the relation between C; in
Eq. (16) and B, in Eq. (15)

gf[e“"‘l‘z (B} cos B, @+ Bisin B, @) + e~ (B4 cos B, @ + Bt sin f, &)]

2
2}\ [e—"‘l‘“ (B2%cos B, @+ B%sin B; @) +e‘"°‘2‘”(BZCOS,32w+B sin B, @)] (17)

+ lcx X [e=219 (B, cos B, @ + B,sin B, @) + e~2@ ( By cos By @ + B, sin B, )]
R3 )2
K

Because the above equation is always possible it follows that the following
equations must also be possible at the same time.

[e=1@ (0 cos B, @ + Cy8in B; @) + e~ (Cy 608 By 3 + Oy sin By @)] = 0,

zo

k A2 R3
st Bi-2%; B%+kxA4Bl—KWA201=O,
ko A2 R3
B} -2 B%+k, A B,— A2Cy, =0,
o > Ko™ 18)
k"’B4 2)‘ B%+k, A*B,; — £ ANC3=0 (
g4 gz st K, " G=0
k A , R3
v B—22; B§+kwA4B4—KW xC, = 0.

Solving Eq. (18) the relation between integral constants C; and B; can be
expressed by the following equations:

Oy = VW [{(—2_ d +21/]c . f f7k¢)2)?22+(k¢“3;:2*1/—k;) )Z}B%
{( a+ 1k, )’2"%}3%] = Heftep,

2k, 2 (19)
— 52 N Ty
o= " (5 i, i) - (o) 2,
2 _ Vd, ke
i(d P, k) e kol By =50 0y
where y = 27wy,
@ and w are now to be expressed as under:
w=K3dsinA§,
¢sinAé (20)

b = l/i“—”ﬁzlﬁsin)\&
ke
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in which *
¢ = e~ (B cos B; & + BYWsin B, @) + e« (B cos B, & + B sin B, @), @1)
P = e—a@ (D cos By @ + DY sin By &) + e~ (D—‘") cos B, @ + DYV sin B, &) .
L= 1 —
Bg:n) e K_—ﬁg Bg:n), D;") Kﬁz D(n) (22)
B —w By DFB BYY,  BY = BpVER By, BY =B,
2 2 1 4 4 3 (23)

D = 0 DpDF B DG, D = ay DP-VFB,DPY,  DP =D,
2 2 1 4 4 3

From Egs. (5), (3) and (4) we find that sectional forces and displacement

are: d
N, = V—ﬁx/;(msin)\f,
ko
d, 8 J i
N, =-— 70;(777) YsinA§,

qu) = —]/&(777) lﬁ(l)COS)\f,

Mw = -k “:(77)/)2¢SIIIA§
i (24)
M, =—Ic(pv—_:¢(2)sin)\§,
Moo= Vl ——=(my)$PcosA¢,
Y = VlzﬁR{k ¢@—(my)*¢P}sinA ¢,
_ tmy @ _ )2
@z 1/1201%{95 ky(my)?¢}cosAg.
D,,u = il ———yPcosA§,
°e AVd,k,
1
= — Rt 76} B ]
D,,v ﬁR{2]/k:¢ NS }51n)\§,
D,,w = K1—8(71‘1,1)—2<,{>sin)\f,
(25)
Dxtpgg = V——ﬁR ————¢WBsin
0
waﬁui = Vw PPsinA ¢,

=2 f go— L ¢<3>+V— R | sina¢.
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5. An Equivalent Isotropic Cylindrical Shell for an Anisotropic Cylindrical Shell

5.1. The relation in dimensions between these two shells:

An isotropic cylindrical shell which has the same characteristic values as
an anisotropic cylindrical shell can be taken as the equivalent isotropic shell
of the latter. When the central angles (angle subtended by the edges of the
shell), radii, thicknesses and longitudinal spans of an anisotropic cylindrical
shell and its equivalent isotropic shell are represented respectively by &, R, t, [;
o, Ry, ty, 1y, we can write, from Eq. (12) the characteristic equations of these

shells as
1 1 4 d,
m?—_{d, ++— 192)\2} 42138\ =0,
2 k, Icq,k
. (26)
(m— 93 )1-+ 2 94X = 0,
0
_ t2 _ t2 _’n7rR _nTrRo
where k_W’ k°_12R3’ A= 7 Ay = L

In order that these two shells have idéntical characteristic values we must

find that:
1 1 d, 982t H§AG
2t ko b ke

Since these equations have three variables of §/8;, A/A, and k/k, an aniso-
tropic cylindrical shell will have an unlimited number of its equivalent isotropic
shells. If one of these three variables is determined, the remaining two can
also be calculated. Ribs in the longitudinal direction have no practical effect
because they do not reinforce the shell in its flexural rigidity even though they
serve to increase the shell’s tensile strength. Therefore, we shall deal with the
case where the shell has ribs only in the circumferential direction which are
effective in increasing the shell’s flexural rigidity in the same direction.

For the sake of simplicity, we can assume that on an equivalent isotropic
shell #)=4¢ and E,= E. Now if we neglect 1/k, in comparison to 1 since k,
has a fairly large value, we find from Eq. (27) the following relation between
the dimensions of the two shells:

)192)\2 = 922, (27)

@ @

l

l=-2
V2

¢ (28a)

2,
Vi, ©
and employing this equation
y="V2y,, A=1V2) (28b)
5.2. The relation in sectional forces and displacement between the two
shells:

The sectional forces and displacement of an anisotropic cylindrical shell
with ribs in the circumferential direction are given by Eqgs. (24) and (25). To
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express them as the functions of ¢ alone we can write

M, = %c{)@)sin)\g,

M, =~%(wy)2¢sin>\§,

Mop= s ) 0cosne,

¢ = m’; ey $9— () 47} sing,

By = o U= 2 (g0} sinag,

% = = ) g eosa,

Ny == (ko d0 =2 (1§94 (r)* ) sin A,
Neo == isgi oy lbed 2749+ g0l cond,
Ne = ipmopltet? 2@V ) golsinag,
Ew = KI_—Q—t‘zz—qussinAg,

E—?—%: wgbmsm)\g

Bo = g o e d?= 2y 1) ()4

+5(my)td®—2 (my) D] sin A £.

225

(29)

The sectional forces and displacement of the equivalent isotropic shell can

be obtained by getting k,=1 in Eq. (29)

(M,) = %wsinu,

(Mxtp) = %”70 ¢PeosAf,

(M) = V__ (mye)>PsinAé,

(@) = V120 R, {9 — (790 ¢V} sinA g,
(Bp) = {$®—2(myo)?$P}sinA g,

V12190

(30)
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N, = sz 7 (802 g9+ (o)t sinag,
Weo) =i ; o B0 =24+ () g )sinA,

W) = e b (ﬂy0)2{¢<6>—2(wyo>2¢<4>+<wy0>4¢<2>}sinxs, (30)
Ew) = 1/120 R2 VIZOJRS (i

ow) _ RS 4
E(aqo) = l/12 O Dsin A £.

In the above equation the sectional forces and displacements in parentheses
are those of the isotropic shell.

When the value of ¢ in Eq. (30) representing the sectional forces and
displacement of the isotropic shell, and the relation in Eq. (28) are substituted
into Eq. (29) which expresses the sectional forces of the anisotropic shell, we
find that:

M, =2Vk,(M

zq,=27%<MW>,
M, = (),
R, =2 VE;{(I?(,,H(2+%)%‘;(Mm)}sin/\f,
N, =2V |- (2 ) F o) (1) on)
Noy = V|, )= (2 ) Mo (Bp) = (3-75) B (] conh, (3D
v, =VE{<Nx)—(2——,%)(N¢>+(3—E) X (ar,) + (—k¢)§i(zﬁf ) sina,
w =5“f(w),

_2(1_%+23))‘ ar, )}sinAg,

assuming that 0 ‘%% we may write 0 =2 (5).
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Eqgs. (31) express the relation between the sectional forces and displace-
ment of the anisotropic shell and those of the equivalent isotropic shell. In
these equations the mark A above the symbols of the sectional forces or the
displacement indicate that those are the maximum values either at both ends
of the shell or at the midspan.

6. The Relation in Sectional Forces between an Anisotropic Cylindrical Shell and
Its Equivalent Isotropic Cylindrical Shell, Both Subjected to Edge Loads

When both an anisotropic cylindrical shell and its corresponding equivalent
shell are subjected along the longitudinal edges to loads N Nyos R and M
the relation between the sectional forces of the two shells and also the dlS-
placements thereof can be expressed respectively, from Eq (31), by the
following equations.

— 4\ 22 . A3 o
Vol = 2V [ (2 0) (o= (1) 7 L,

'
4\ X2 . 4\ N
(3 ) 7 - (2= ) 7 L,

[th———vzk{ N pi- ( el (3 3 (.0
4

~—

Ve = Ve |- (240 ) &,

P
. A o
[M,]; = 2VE, (M),
Wl =),
ko[, . 4 Ry o 4 20\ B, , 4
Bl = P B0 1 et Mo =g (1= ) 12 (R

_2(1 i8+7§29) 0(M )}

in which i=N . N . qu and M 0> and (F); represents the sectional forces
and displacement working on the equivalent isotropic cylindrical shell and
[I']; represents those working on the anisotropic cylindrical shell, when either
cylindrical shell has been subjected to the edge loads .

These edge loads are denoted by:
X,=N, X,-N,, X;=R, X,=1,.

When a unit edge load acts separately upon the longitudinal edge of the
anisotropic shell and that of its corresponding equivalent shell we find from
Eq. (32) that the relation between the sectional forces of the two shells and
the displacement thereof can be expressed by Eq. (33).
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[F]z X1=N(p: Xz———‘N_q)x:l
4\ 22 . 7= 4\ A ,
Nl = | VR (g ) g0t | 2B (1 ), 0
/ 4\ A% oy S LA A "
[N(pw]z* - —L2k<p (‘3—_@ RO (Mxtp)l l?‘k(p 1 3 k(p RO (M.:mp)2
(o) 2o L
(RF = | 2VE (2= ) 3 O 2VE (2= 1) 7 O3
[M,]F = 0 0
k k
(] 2w 2 (w)g
ko . 28 80 ko 4 R,
E)s T{E ;”)1 -2 (1 k, kg) 2 {E S /\ga;‘o;\ P
28 80
0 _ _ o 0 %
E(szp)l} 2(1 kq) + kg)) tO (qu;)z}
k k
(617 20 202
[Fl; X;=R,=1 X,=M,=1
4\ A2 « A2 4
[NV, ]} —2Vk, I_E;)_O(M“)?’ 2Vk, E{(Q ]—C;)
4
o
k, 1
: 4 S— 4\ 22
N, 1 —V2k {(2—-)/\ —V2k (3—4)—" M, ¥
[ @ ] @ ktp}\z 0 @ k(p RO( <p)4
4 2 "
) Al
4\ A — 4\ A
[RF = | 2VF, {1+(2—7c;)ﬁ)<Mw>§k} 2VE, (21t} 32 0L
(M1 0 2Vk,
k k
[] 2 w)g 2w
k 4 20\ R k 28 80
* ~e — 7=} 00 e * _ a7 o4 T
E[v]; 3 {E (v)3 b (7 /\kq,) i 1 {E}(\v)‘1 2 (l i) k?p)
28 80
]| o
k k
[0z “2(0) 20

(33)
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In Eq. (33) mark * denotes either the sectional forces or displacement of
the shell at the edge.

When the anisotropic shell is subjected simultaneously to edge loads
X, X,, X3, X, the sectional forces working on it are expressed by the follow-
ing equations:

qu = [N(p]l X1+ [N(p]?. X2+ [N(p]3 X3+ [Nq;]4 X4:
N(p:z: = [N(pac]lxl + [N(pw]z Xz + [Nq)ac]SX3 + [Nq)x]thfl’
R(p = [Rtp]l X1+ [R(p]2 X2+[R(p]3 X3+ [R(p]4 X47
M, =[M,) Xi+[M,], Xo+[M,l; Xz+[M,], X,.

Similar expressions can be found for the sectional forces and displacement
other than those expressed by the above equations.

From these equations we also find for the edges of these two shells that:

NG =[N Xi+[N18 Xo+[N I X+ [N N X,
N:;a: = [N¢x]f<X1+[Ncpz]szz'l"[Nww]§<X3+[Nq7w]fX4,
Rf; = [Rq;]ik X1+ [Rq;].ik X2+ [Rq)]:;l1= X3+ [Rq;]f X4,
Mz = (M 1F Xy, (35)
w* =[w]f Xy+[wlf X,y+[wly Xg+wlf X,
v* =) X+l X+l Xg+[olF Xy,
o* =101 X,;+[01F X,+[60]Ff Xs+[0lF X,

(34)

When the boundary conditions of the anisotropic shell are given, the edge
loads X; can be determined by selecting four suitable equations from (35).
The employment of Eq. (34) then produces the sectional forces and dis-
placement.

For the cases where the anisotropic shell is subjected separately to each
of the edge loads N,=1, N,,=1, R,=1, M =1, obtain first the edge loads
X;, (1=1,2,3,4) by solving simultaneous Eq. (36) and then the sectional
forces and displacement by employing Eq. (34).

X, X, X, X, R. H. 8.

[N i [N 15 [NV, ]5 [N,

[Nooli'  INpolF  [WNVeuld [Velld

[By]f [By]S [B,)5 [By]if
0 0 0 [M )5

-
-

(36)

-
("

o~ o o
- o © o

"

oo o~
oo~ o

-

-

7. The Transformation of an Isotropic Cylindrical Shell to Another Isotropic
Cylindrical Shell

We shall consider the transformation of one isotropic cylindrical shell to
another isotropic cylindrical shell having the same characteristic values as the
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former. The radii, angles, spans and thicknesses of these two shells are denoted
respectively by R, &, 1, t; By, 0y, 1y, ty-
Then we find from Eq. (27) the relation

8 A ik,
El l/z 67
l A
= £
F=mre TR

by rewriting this equation we get

8, RVl ViR

3 Rjly ViR 58
and by expressing the value of the above equation as ¢ we find
19=61190, %’i:c%’, %:515_%. (39)
From Eq. (37) we find that:
Y =70 (40)
in which y = n_,ll?’j, Vo = nllzo&o.
0

The sectional forces and displacement of the isotropic shell can be obtained
by substituting, d,=k,=d,=k,=1 in Eqgs. (24) and (25). By using Egs. (39)
and (40) the following equations to express the relation between the sectional
forces and displacement of the first shell and those of the second are produced.

N =N, M, = (),

N, =(¥,), o =3 0o,

Nep=Weg)  Map= 3 7 M), ;
@ =, @) @ =@ ()
wo=cWw), u = (),

v =c(v), 9 —ca-%(e)

In this equations the sectional forces and displacements in parentheses are
those of the second shell. When & =3, we find that c=1 and R/R,=1]l,=t[t,.
That is, with respect to a pair of cylindrical shells which are similar in shape
but different in size, as for instance, is the case with an actual cylindrical shell
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and its model, the relation between their respective stresses and displace-
ments can be obtained by substituting ¢=1 in Eq. (41).

8. Accuracy

In the proposed approximation for the anisotropic cylindrical shell it has
been assumed that (1) Poisson’s ratio is zero and (2) the eccentricity of the
ribs is negligible. These assumptions will produce an element of error. With
respect to concrete cylindrical shells, however, the assumption that Poisson’s
ratio is zero is not considered to have any appreciable effect. Neither does the
negligence of the rib’s eccentricity seem to cause any perceptible error in
. practical application so long as this eccentricity does not become large in
proportion to the radius of the shell.

In this solution, in which an anisotropic cylindrical shell is transformed
into an equivalent isotropic cylindrical shell, we write 1 —1/k, =1, because the
circumferential flexural rigidity ratio k, is very large in comparison to 1. The
error due to this assumption will be approximately 1/k, in comparison to the
results obtained on the basis of the first two of the assumptions mentioned
above.

9. Examples for Calculation

Cylindrical shell with ribs: E=28 031 m, /=40.0 m,
t=0.10m, $=60°,

Dimensions of rib, as illustrated in Fig. 3.

Distance between ribs, 5 m.

aﬁo aﬁo
el | R e |
l § 5000 J L 5000 J

Crown (Section) Edge (Section)
Fig. 3.

e |

ar120

D, =D,,=01E K, =K,, = 000008333 E,

D, = 0.1659 E, K, = 0.013805 K,

cod, = 1.659, k, = 165.664.

For the thickness and [, the average of the values at the top and lower
end of the shell has been taken.

Dimensions of the equivalent cylindrical shell:

Ry= R, t,=0.6474395, [, = 56.3986.
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Table 1
Edge fSec-l Solu- Angle @
Load ional | ..
%8¢ | Forces | " 0 0.2 0.4 0.6 0.8 1.0
N A | 14.1605 | -1.2844 | -3.6957 | -1.7665 | 0.2598 | 1.0573
@ B | 14.0693 | —1.2762 | -3.6718 | -1.7543 | 0.2586 | 1.0505
N A | 1.0000 | 0.2165 | -0.5189 | —0.5418 | -0.1881 | 0.1335
¥ i 0 B | 1.0000 | 0.2163 | -0.5187 | -0.5414 | —-0.1878 | 0.1334
v A 0 2.2302 | 0.7857 | -0.5333 | -0.8434 | -0.4901
Nos | B 0 2.2235 | 0.7833 | -0.5316 | -0.8403 | -0.4883
4 0 _0.4963 | -1.2779 | -1.5008 | -1.0993 | -0.4652
M, B 0 _0.4960 | ~1.2772 | ~1.4994 | -1.0985 | —0.4648
A | 45957 | _9.223 | -12.682 | -2.720 4.379 5.439
Na B | 45741 | _9.166 | -12.605 | -2.701 4.353 5.428
N A 0 _2.2005 | -3.3288 | ~1.9771 | 0.0146 | 1.1865
_ o B 0 _2.1994 | -3.3271 | -1.9764 | 0.0147 | 1.1864
R =1
v 4 0 5.3917 | —0.7210 | -4.3526 | -3.7352 | -1.2691
Now | B 0 5.3753 | ~0.7188 | -4.3994 | -3.7338 | -1.2652
A 0 _5.4844 | -8.4341 | -7.5780 | -4.37290 | -1.1071
M, | B 0 _5.4842 | -8.4335 | -7.5773 | -4.3725 | -1.1071
v A | -5.5043 | —0.7812 | 0.5244 | 0.4537 | 0.0845 | -0.1540
z B | -5.4878 | -0.7789 | 0.5229 | 0.4523 @ 0.0841 | -0.1535
A 0 _0.08748| —0.05075| 0.10096| 0.05932 | -0.00311
_ N, B 0 _0.08763| —0.05090| 0.10116| 0.05940 | —0.00312
N _ =1
oz A4 | 1.00000 -0.26280| —0.23816| 0.01404] 0.13762| 0.11528
Noz | B | 1.00000| -0.26277| -0.23814| 0.01404 0.13758 | 0.11528
A 0 0.04616] 0.17997| 0.26208| 0.23047 | 0.12856
M, | B 0 0.04630, 0.18053| 0.26288| 0.23116 | 0.12894
N A | -2.6554 | 0.7041 | 0.6298 | -0.0436 | -0.3695 | —-0.3065
z B | -2.6429 | 0.7002 | 0.6263 | —0.0431 | -0.3662 | -0.3048
N 4 0 0.11058| 0.12937| 0.02327| —-0.08050 | —0.11280
- @ B 0 0.11062| 0.12938| 0.02331] —0.08154 | —0.11279
M =1
? . A 0 ~0.22900 0.13830| 0.26906| 0.15594 | -0.01075
oz | B 0 _0.22829| 0.13787] 0.26824| 0.15553 | —-0.01065
M A | 1.0000| 0.9762 | 0.8315 | 0.5420 | 02266 | 0.0023
o | B | 1.0000| 09762 | 08315 | 0.5430 | 0.2268 | 0.0023

* A: The values obtained by the approximation discussed in Section 4.
B: The values calculated by the transformation of an anisotropic shell to its equi-
valent isotropic shell,
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Table 1 shows the results of the calculations made for an anisotropic
cylindrical shell which has one of its edges subjected to loads N o» By N

@
M,=1. Of the figures given for each type of sectional force, those in line
with A are the values obtained by the approximation discussed in Section 4,
and those in line with B are the values obtained by the transformation of an
anisotropic shell to its equivalent isotropic shell described in Section 6. The
errors in both are less than 19,. W. ZErNA’s method [5] was employed for
the calculation of the equivalent isotropic shell transformed from an aniso-

tropic shell.
10. Conclusion

The approximation proposed has been deduced from the assumptions that
(1) Poisson’s ratio is zero, (2) the eccentricity of reinforcing ribs may be
neglected, (3) the radial shear force ¢, in the equation of equilibrium for an
infinitesimal element in the circumferential direction is negligible. The charac-
teristic equation, the characteristic values, and the sectional forces etc. have
been reduced to simple expressions. These considerations allow this approxi-
mation to be employed for practical calculations.

Denoting d,=d,=1, k,=k,=1 in the various equations in this method
will yield a solution for an isotropic cylindrical shell, which is in complete
agreement with the results obtained by W. ZErNA’s method [5]. The obser-
vation of the equations in the proposed method will clarify the relationship
between an anisotropic cylindrical shell and an isotropic cylindrical shell.

The characteristic values of an anisotropic shell are determined, according
to Eq. (14), by the longitudinal tensile rigidity ratio d, and circumferential
flexural rigidity ratio k,, but they do not refer to the longitudinal flexural
rigidity ratio k,. Therefore the provision of reinforcing ribs in the longitudinal
direction has no practical effect. It would be the same if the thickness of the
shell were increased by an amount equivalent to the volume of material in
the ribs being spread over the entire surface of the shell.

The addition to the shell’s flexural rigidity by means of circumferential
ribs will produce a considerable effect in practical use.

For any anisotropic cylindrical shell (with span I and thickness ¢) and
having reinforcing ribs, there will be innumerable equivalent isotropic cylin-
drical shells which have the same characteristic values as the anisotropic shell.
If an equivalent isotropic shell were to be provided with the same radius and
central angle as those of the corresponding anisotropic shell, its span [, and
thickness ¢, would be expressed by
_Vhy,

That is, the sectional forces will damp off from the edges of an anisotropic
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cylindrical shell with reinforcing ribs in the same way as from the edges of its
equivalent shell, whose span and thickness are expressed by the above equa-
tion. Between the sectional forces and displacements of these two shells there
is a certain fixed relationship as denoted by Eq. (31).

The numerical calculations for an anisotropic shell is a very simple pro-
cedure if the proposed method for the replacement of the anisotropic shell
by its equivalent isotropic shell is followed, because the readily available
numerical tables for isotropic shells can be used.
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Summary

An isotropic cylindrical shell is considered which has a central angle and
characteristic values both identical with those of an anisotropic cylindrical
shell having ribs in a transverse direction. This isotropic cylindrical shell is
called the equivalent isotropic cylindrical shell of the latter. The relations
between these two cylindrical shells are defined in terms of the dimensions,
sectional forces and displacements. Consequently the sectional forces and
displacements working on any anisotropic cylindrical shell can be found by
calculating the sectional forces and displacements of its equivalent isotropic
shell. With the use of the available numerical tables this is a much simpler
procedure than soIvinthhe equations of the anisotropic cylindrical shell.
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Résumé

L’auteur consideére un voile cylindrique isotrope dont les valeurs carac-
téristiques et I’angle au centre sont identiques & ceux d’un voile cylindrique
anisotrope, présentant des nervures transversales. Ce voile isotrope est appelé
voile cylindrique isotrope équivalent. Les relations entre ces deux voiles
cylindriques sont exprimées en fonction des dimensions, des efforts intérieurs
et des déformations. Les efforts intérieurs et les déformations d’un voile cylin-
drique anisotrope quelconque se trouveront donc en résolvant le probléeme
pour le voile isotrope équivalent; grace aux tables numériques existantes, ce
procédé est bien plus simple qu’une étude directe du voile cylindrique aniso-
trope.

Zusammenfassung

Betrachten wir eine isotrope Zylinderschale, deren Zentriwinkel und maf3-
gebende GroBen identisch denjenigen einer gegebenen anisotropen Zylinder-
schale mit querverlaufenden Rippen seien. Diese betrachtete Schale bezeich-
nen wir als entsprechende isotrope Zylinderschale. Die Beziehungen zwischen
diesen beiden Schalen werden wir in Funktion der Abmessungen, Schnitt-
krafte und Deformationen erhalten. So kann denn die Bestimmung der Schnitt-
krafte und Deformationen einer anisotropen Zylinderschale auf diejenige einer
isotropen, entsprechenden Schale zuriickgefiihrt werden, was dank den zur
Verfiigung stehenden Tabellen viel einfacher ist als die direkte Behandlung
der anisotropen Zylinderschale.
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