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Bending of Partially Loaded Simply Supported Cylindrical Shells
Flexion des voiles cylindriques simplement appuyés et partiellement chargés

Biegung von teilweise belasteten, einfach gelagerten Zylinderschalen

S. L. LEE

Ph. D., Associate Professor of Civil Engineering, Northwestern University,
Evanston, Illinois, U.S. A.

Introduction

It can be shown 1) that the equilibrium equations for the bending of cylindri-
cal shells may be written in the form

T, +8° —¢ér =0

T, +8 - N, —7r=20

T, + Ng + N, —pr=20 (1)
Mo+ My — N,r=0

M, + My - N,r=0

in which 7', and T, are the normal forces per unit length of the transverse
section and the longitudinal section respectively; § and M, the tangential
shearing force and the torsional moment per unit length of the sections respec-
tively; M, and M, the bending moments per unit length of the transverse
section and the longitudinal section respectively; N, and N, the radial shearing
forces per unit length of the transverse section and the longitudinal section
respectively; &, 7 and p the longitudinal;, the transverse and the radial load
components per unit area of the shell surface respectively. The positive direc-
tions of the coordinate axes are shown in fig. 1 and those of the forces in
fig. 2. In (1), the symbol (°) denotes differentiation with respect to ¢ and the

1) See for instance [1], p. 114. Numbers in brackets refer to the listing of references
at the end of the paper.
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symbol (') differentiation with respect to z which is related to x by the rela-
tionship z==/r, r being the radius of the cylindrical shell. For example,
_oT, _ 0T, g° o8

I oz | oz’ o’

Fig. 2.

Solving for N, and N, in (1d,e) yields
N,=rrpemp, N, = M4ap) @)
and substituting (2) in (1b, c) leads to
T8 (Mgt M) —rr =0, Tl (Mg*+2 M+ ML) —pr = 0. (3)

The forces may be expressed in terms of the displacement components
u, v and w as follows:

Bt , o
T =m[u +p (v°+w)],
Et o ,
T(p =m)—(v +w+[.l/'u/),
S Et , o (4)
Tares U
E

- 17 oo __ ,,0
w_127.2(1_‘u2)[w +”’(w ’U)],



Bending of Partially Loaded Simply Supported Cylindrical Shells 157

Ets [oXe] o] 144
Mo =Tgma_py@ —v +ue"),

B (4)
M, =——F " —(w'—7)
L1272 (14-p) ’

in which E is the modulus of elasticity, ¢ the thickness of the shell and
denotes Poisson’s ratio. The positive directions of u, v and w are shown in
fig. 1. Since p has only small effect on the stress distribution, particularly in
the case of reinforced concrete shells, it will be assumed as zero to simplify
the solution; although its retention presents no fundamental difficulty other
than longer and more cumbersome expressions. Thus setting u=0 in (4)
leads to

Et , B,
Tx=——u 5 Mx =Ww 5
Et , Et3, . ’
T(P IT(’D +w), ® —__W(w — ) ), (5)
Et ’ o _ £ or ’
S —57(2) +u ), ! ——W(w —"U).
Substituting (5) in (1a) and (3) and introducing
t2
p= 12 72 (6)
lead to
by w v o
w5+ 5 X =0,
(14+B)0°° + (F+B) 0"+ 5 +w° — (W™ +w”) = ¥ = 0, (7)
,UO+w+ﬁ(w0000+2w00/1+w1111_v000__—2voll)_Z —_ O’,
in which
r2 2 2
X—-Eg, Y—E—t’T, Z—E—tp. (8)

Eliminating % and v in (7) leads to the eigth-order differential equation

1
w0000+3w001/+_(1+2B)wllll+2w000000+7w000011+6wOOIIII

B

+wOOOOOOOO+4w00000011+(6+ﬁ)wOOOOIIII+(4+3/8)w0011llll

1 1 2
+(1+2 )wllllllll___XOO/+XOOOO/+2XOO/”+__YOOO+_Y0/I
B B Y+ (9)

_ YOOOOO__4YOOO/I __4YOIIII _%(l +'B) ZOOOO_%(2+3B) ZOOII

1
I rer o )
13(1+2B)Z =0
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Since B is very small compared to unity?), the elimination of this term
from the quantities in parentheses in (9) will not, for practical purposes, alter
the values of the coefficients. Thus (9) may be simplified into the form

1
wOOOO+3wOOII+_wIIII+2wOOOOOO+7w000011+6wQO/I11

B

+wOOOOOOOO+4w00000011+6w00001111+4wOOIIIIII+wIIIIIlII

1 1 2 1
____X’OO/_‘*_XOOOOI_‘{_2XOOI//_*__~ YOOO+_YOII_ YOOOOO ( O)

B B B

_4YOOOII_4YOIIII~}_ZOOOO ___2_ ZOOII_}ZIIII - O.
B B B

In the following, a solution of (10) in explicit form will be presented.

Cylindrical Shells Simply Supported along Transverse and Longitudinal Edges

For a cylindrical shell simply supported along the transverse and the
longitudinal edges (fig. 3), a solution satisfying (10) and the boundary con-
ditions can be obtained by taking u, v, w, X, ¥ and Z in the forms of the
double trigonometric series3)

U =D > U,, COSAzZsin ne,
v = 2> v,, sinAzcosng,
w = > Wy, sinAzsin e,
X=>>X,,cosAzsin no,
Y=3>Y,.sinAzcosnep,
Z = 3> Z,,sinAzsin e,

(11)

Section A-A

Fig. 3.

2) The value of B is usually less than 0.00001 in reinforced concrete shells.

3) The series (1la, b, ¢, f) were used by TiMOsSHENKO [2] in a case with uniformly
distributed radial load extending over the entire she]l. The solution, however, was not
given in explicit form. See also [3], [4] and [5].
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in which

A= 7 n=—- (12)

In (12), I is the length of the cylindrical shell and « denotes the central angle
subtended by the longitudinal edges (fig. 3).
Substituting (11¢,d,e,f) in (10) leads to

Z Z [(7]4_}_37)2)‘2_}_%A4_27)6_7774)\2_6,,72)\4_*_,,)84_47)6)\2
+61)4)\4+47;2)\6+)\8) wmn_(%n

+ (%n3+§n/\2+n5+4n3/\2+4m\4) Yo

2A+n4A+2n2A3)X”m

(;n +/87)2)\2+B/\4) mn] sinAzsinne = 0,
from which
2)\ \
=g (B+77 *“)
b = —C" (7 +27\2)(5+n 2), (14
and
1
L = 2 (5= 672) =72 N(T 2= 3) = @t =D+ (RN, (19)

Substituting (11b,¢,f) in (7¢) yields
221 +B(n* + 292X + A% ] wy,,, — [+ B(9* + 29 A%)] v, — Zyy SiDAZSIN Y@ = O,

from which

& le W“z’g] ’
0 = "Z:I;(”2+2’\2) [%+(n2+>\2)2] , (17)

and A =

Bn( +11 +2/\2){§1 O+ &Y [/; Kl Mz)] }

The introduction of (11a,b,d) in (7a) leads to
ZZ[—(Az'{'%nz)umn—%nAvmn—an]OOSAzSinn(p =0,

fmn
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from which
Upn = gmnan+hmn Ymn+@mn Zmn (18)
_ 1 72 A% [1 2, )2\2
and gmn——n2+2)\2{cmn [B—i-(v? +A2)2 + 25,
A1 ‘
kmn =l7—[_+ 24 A2 2], 19
. |8 (7 ) (19)

) K
Y = —
B2 +20%) (+ 72 +22%)

(,7,’2_|_)\2)2 [%+(772+A2)2] _ 1}.

Finally, substituting (18) in (11a), (16) in (11b) and (13) in (11¢) respec-
tively leads to

U =22 (Fmn Xomn + Ponn Yonm + tmn Zmn) COSAZSIN 9 @,
W= 33 (Cmn Xmn +Omn Youn + Crin L) SI Az 8D 7 .

The forces are obtained by the substitution of (20) in (5) which yields

Et . . .
T, = _TZ DA (G n Xonn P Youm + v Zinn) SIN A 28107 @

Bt
T(p = 7 Z Z [(amn -7 dmn) an + (bmn -7 emn) Ym”
+ (Conn — N frun) ZmnlSiNAZSIN Y @,

B
S = 2—:22 [(A dmn+7]gmn) ern'*_(A emn—'—nhm") Ymn

Mo+ i) Zin] cOSAZ COS 7 0, (21)
M, =—EtBY Y X (Cp Xmn+ Omn Yon + Cun Zmn) SIDAZSIN @, ‘
Mq: = _Etﬁzz 77'[(77 amn—dmn) an+ (7) bmn_emn) Ymn

+(T)Cmn—fmn) Zmn]SinAzSinn‘Pﬁ
Mt = Etﬁzzl\[(namn_dmn) an+(7] bmn_emn) Ymn

+(7)cmn'—fmn) Zmn]COS)\ZCOS’T)(p.

Substituting (21d,e,f) in (2) leads to

Bt |
N(p = _7—@22 (772+A2) [(namn_dmn) an"'("] bmn_emn) Ymn
+ (M Cun— Fmn) Zmn]SiNAZCOS N @,
(}Ztﬁ fmn) Zimn] S 087 (22)
Nav = _TZZ}‘{[(nz'}')\z)amn_ndmn]an

+[(92+2A%) by — M €] Yo + [(02+2A2) €s — 0 Frnn] Zimn} COSAZSIN Y .
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The radial reactions along the longitudinal edge and the transverse edge
are, respectively,

| - | .
Ry=No+-M{, R =N,+_M;. (23)

Substituting (21f) and (22) in (23) yields

Et
By = =B 55 (24 20) (1 = ) X+ (1Drun = ) Y
+(Z_]cmn—fmn) Zmn] Sin/\zcos”’??’: (24)
Rw = _—ﬁzz}‘{[(z 772+)‘2)amn_277dmn]an

r

Thus the analysis of the bending of simply supported cylindrical shells
under particular loading condition is reduced to the determination of the
Fourier coefficients X,,,,, Y., and Z,,, . It should be observed that while the
series for the displacement components given by (20) converge rapidly, the
speed of convergence decreases with successive differentiation. The validity
of this analysis is therefore limited to those loading conditions for which the
Fourier coefficients are such that the resulting series are convergent. Some of
these cases are treated in the following.

Partial Live Load

For uniformly distributed live load of intensity ¢ extending over part of
the cylindrical shell roof shown in fig. 3,

E=7=p=0 for O<p<ep, and @<p<a.
£§=0

q .
= =8In (e« —2
T 2 (oc (P) for P1<p<@,.

p= —qcosz(g—qo)

For this case

Qs Ur
2
Y., =-§—;fj‘(%;,7)sin)\zcosn<pdzdcp
?: 0 (25)

_ 27‘3q(1—cosmw)A
B EtalA "’
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4 @ Ur 9

r r . .

Zpm =a—lff(—E—zp)sm)\zsmnq>dqu)
¢ 0

(25)
_ 27'3q(1—cosm7-r)B
B EtalA "’
in which

A, = }[cos(x—2¢py)—cos(x—2¢,)],

1 . : . .
4, = 772_4{17[8111 (¢ — 2 @,) 8in 1 @y —sin (e — 2 ¢py) sin 7 4]

— 2[cos (o — 2 py) cOS 1) py — €OS (o — 2 py) COS 7 4 ]},
fi =1,2,3,...

: or n y Ly O, (26)

B, = 772_4{77 [c08 (o — 2 p,) COS 7 g — COS (o — 2 1) COS 7 4]

— 2[sin (x— 2 @) sin 7 gy — sin (x— 2 ¢,) sin 7 @, ]}
1

—;(00577%_0037)9’2)-
When y=nn/a=2 or a=nw/2, 4, and B, given by (26) are both indeter-
minate. For o =7/2,
A= 3(p—@)+i(sindgp,—sindg,),
B, = =} (pa— 1) + 4 (sin 4@, —sin 4 ;) — § (Os 2y — €08 2 py)
and, for o« =,

A, = 1(cosdqp,—cosdep,),
By, = —}(cos4p; —cosdp,) — 3 (cos2p; —cos2¢q,).

g
Substituting (25) in (20) yields the displacement components

3
_4rq Z Z 1(hmnAn+iman)cos)\zsinnqo,

Et“lm=1,3,5,. n=0,1,2 A
4r3q 1 .
(€mn Ap+ frn Brp)sinAzcos ne, (27)
Et“lm=1;5,. n=0,1,2 A
47r3q 1 . :
W= Z ) "-X(bmnAn+cmnBn)sm)\zsmn(p.

The forces can be derived similarly by the substitution of (25) in (21), (22)

and (24).
For the special case where ¢, =0 and ¢, =«, (26) becomes
AO = O P)
2cosa
A,n:- ‘7—7?;—4—(1—0087&’17), for n=1,2,3,...

neosa 1
= — il ) [ i
B, (772_4 +"7)( cosm )
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It is of interest to note that, in this case, if r is allowed to approach infinity
and « zero while the product «r=1, is kept constant, (27¢) takes the form

T OaSER

192¢q 1 . mwx . nmwY
Z pon nz)zsm sin )

m=1,3,5,...n=1,3,5,...mn(—— —5 ! Gt
12 i3

which is the well known Navier solution?) for a simply supported rectangular
plate subjected to uniformly distributed load of intensity ¢ with p assumed
as zero. In the last expression, ¢/« is replaced by y/l,, !, being the transverse
length of the plate and y the transverse distance from the origin.

Partval Hydrostatic Load

For the hydrostatic load shown in fig. 4, é=7=0 and

: o 5 o
p=—yr[81n(¢1—§)+81n(§_¢)] fOI‘ O<(p<(})1,

p=0 for ¢, <p<a,

weler surfoce

Fig. 4.

in which y is the unit weight of the liquid. In this case,

Xoon = Ymn =0,
4 @ UYr 2
r r . .
Zpn = =1 f (—Ep) sinAzsinnedzde (28)
0 0

_ 4r4y(1—~cosm7r)0
N EtalA n’

4) See for instance {2], p. 117.
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in which
1 o« . . o .o
C, = g coS\ @y —5 | Sin N @y —7 [sin{ @y —5) €087 py + sing
1 o (29)
— ;sm (9"1_5) (1—cosne,).
When n=n=n/a=1 or a=nm, C, is indeterminate. For o=,
C; = cos g, (1 —cosgp;) —1 (1 —cos?e,).
Substituting (28) in (20) leads to
8rty 1
= = A ,
Et“lm=1z3:5...n=1;3. A s CnSORARRI 1
8rt 1 .
=m1l Z )\f”m C,sinAzcosne, (30)
m=1,3,5,... n=1,2,3,..
4
= ;Z yl Z X Conn Cn SINAZ SIN 7
[0 4 .

m=1,3,5,... n=1,2,3,..

and the forces can be obtained similarly by substituting (28) in (21), (22)
and (24).

Wind Load

For the prescribed wind load ®) shown in fig. 5, { =7=0 and

p=1Fkyp for 0<<p<z,
o S
=kyp for 15P<>

p=rkyp for §f<q)<oc.

kP

Fig. 5.

5) The wind load used in this example is that recommended by Sub-Committee
No. 31 of the Structural Division of the American Society of Civil Engineers [6]. The
wind load on the windward quarter of the shell may be either suction or pressure depend-
ing upon the ratio of the rise to the chord length of the cross section of the shell. Accord-
ingly k& may be either positive or negative.
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in which p is the intensity of the wind load and k,, k, and k; are constants.
In this case,

X = Yo =0,
o lr 5
4r r X x
Zn :ﬁff(mp) sinAzsinnedzde (31)
0 0
. 87~3p(1—~cosm7r)D
- Etally "
in which
_ . G N . N o NT . Inm . nm
D, = k,;sin 3 + kysin g Sin— + kg sin g sin—e-. (32)

The corresponding displacement components are

167‘3p 1 . )
= Ftal Z Z -.‘HzmnDnCOSAzSIH‘I)(p,

m=1,3,5,...n=1,2,3,
1673p 1 :
v = 5 fn DpsinAzcos o, (33)
Et“lm=1,3z,5,...n=1,2,3,...’\77 e
1673p 1 . .
w = T Cpn Dy sinAzsin ne
Et“lm=1,3z,5,...n=1,2,3,...)“7 e

and the forces can be obtained similarly by substituting (31) in (21), (22)
and (24).

Discussion

The solutions ¢) for a cylindrical shell simply supported along the transverse
edges and subjected to line loads applied along the longitudinal edges are
well known. A discussion and comparison of the various solutions were given
by Mog [7]. This problem corresponds to the solution of the homogeneous part
of (10) with X, Y and Z set equal to zero, i.e., the complimentary solution.
For nonsymmetrical edge loading, the solution contains eight integration
constants which, by resolving the edge loads into a symmetrical set and an
antisymmetrical set, may be reduced to two independent sets of four. For
instance, the radial displacement component is given in the form

w = [By Fy (p)+ By Fy (p) + By F3 (p) + By Fy (p)]sinAz

in which F,(¢), Fy(p), F5(p) and F,(¢) are functions of ¢ and B;, B,, B;
and B, the four integration constants.

For a partially loaded cylindrical shell with various longitudinal edge con-
ditions and simply supported along the transverse edges, a solution may be

6) See for instance [1], p. 119. Tables are given in this reference to aid solution.
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obtained by the superposition of the particular solution presented in this
paper, assuming that the loading is such that the series involved are conver-
gent, and the complimentary solution just discussed. For example, to obtain
a solution for the case where the longitudinal edges are free edges, the four
integration constants are determined by the boundary conditions

[S]zp=0 = [(S)1+(S)2]q)=0 =0,
[Tq)]q7=0 = [(Tq))2](p=0 = 0>
[Rm]q;:o = [(R¢)1+(R<p)z]q)=0 = O’
[M(p)q)=0= [(M(p)2]tp=0 = 0’
in which the subscript 1 denotes the particular solution and 2 the compli-

mentary solution. If the longitudinal edges are fixed, the boundary con-
ditions are

[%] g0 = [(#)2]p—0 = 0,
[v]p=0 = [(©)1+ (®)2]p—o = 0,
[Wlp—o = [(W)elp—o =0,

[wo—”]¢=0 = [(w®—v);+ (w° —V)lp—0 = 0.

For the longitudinal edges supported as shown in fig. 6, the boundary con-
ditions are

[u](p=0 = [(u)2]¢=0 =0,

[V]go = [(0)1+ (¥)e]pp = O,

[Wlpmo = [(W)elp=o = 0,

[qu](p=0= [(M(p)2](p=0 =0

Fig. 6. Fig. 7.

and, for the longitudinal edges supported as shown in fig. 7, the corresponding
boundary conditions are

[U]p—o = [(#)2]p—0 = 0,

[Tw cos%c + R, sing] . = [(Tq,)2 cosg+ {(B,),+ (R,).} sin ]
=

04 . o [0 4
[w cos 5 +vsin —2—] o [(w)2 COS 5 -+ {(v)1+ (v),}sin 2] o =0,

[M¢]¢=0 = [(Mq;)z]q;:o = 0.
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It is assumed in these examples that the applied load is either symmetrical
or antisymmetrical with respect to the vertical radius of the shell. Nonsym-
metrical load, of course, can always be treated as the combination of a sym-
metrical and an antisymmetrical load.

If the boundary conditions along the two longitudinal edges are not iden-
tical, however, the eight integration constants must be determined simul-
taneously.
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Summary

An explicit solution for partially loaded cylindrical shells simply supported
along the transverse edges and the longitudinal edges is presented. The solution
is obtained by the representation of the displacement components and the
load components in the forms of double trigonometric series. Therefore its
validity is limited to those loadings for which the series involved are con-
vergent. Some of these cases are treated in detail.

In order to simplify the expressions involved in the solution, the value of
Poisson’s ratio is assumed to be zero, although its retention presents no
fundamental difficulty.

While no details are given, the solution for partially loaded cylindrical
shells with various longitudinal edge conditions and simply supported along
the transverse edges is also discussed.

Résumé

L’auteur expose une solution explicite au probléme des voiles cylindriques
partiellement chargés, simplement appuyés le long des bords longitudinaux et
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transversaux. Pour arriver & la solution, on exprime les composantes des
charges et des déplacements a I’aide de séries doubles trigonométriques. De ce
fait, la solution n’est valable que si les charges correspondent & des séries
convergentes. Quelques-uns de ces cas sont traités en détail.

Pour simplifier les expressions intervenant dans la solution, on a admis
un nombre de Poisson égal & zéro; cependant, il n’y a aucune difficulté de
principe a en introduire la valeur réelle.

Sans entrer dans les détails, I’auteur discute également le probleme des
voiles cylindriques partiellement chargés, soumis & des conditions diverses sur
les bords longitudinaux et simplement appuyés le long des bords transversaux.

Zusammenfassung

Es wird eine explizite Losung fiir teilweise belastete, an allen Randern
frei drehbar gelagerte Zylinderschalen angegeben. Man erhalt die Losung
durch Darstellung der Verschiebungs- und Belastungskomponenten mit Hilfe
von doppelten trigonometrischen Reihen. Dadurch wird allerdings ihre Giiltig-
keit auf diejenigen Fille beschrankt, fiir welche die angewendeten Reihen
konvergent sind. Einige dieser Fille werden detailliert vorgefiihrt.

Um die Ausdriicke der Losung zu vereinfachen, wurde die Poissonsche
Zahl gleich null angenommen, obwohl keine fundamentalen Schwierigkeiten
auftreten, wenn man sie beibehilt.

Ohne auf Details einzutreten, wird auch die Losung fiir teilweise belastete
Zylinderschalen mit verschiedenen Léngsrandbedingungen und frei drehbar
gelagerten Querrindern diskutiert.
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