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Bending of Partially Loaded Simply Supported Cylindrical Shells

Flexion des voiles cylindriques simplement appuyes et partiellement charges

Biegung von teilweise belasteten, einfach gelagerten Zylinderschalen

S. L. LEE
Ph. D., Associate Professor of Civil Engineering, Northwestern University,

Evanston, Illinois, U.S.A.

Introduction

It can be shownx) that the equilibrium equations for the bending of cylindrical
shells may be written in the form

(i)

in which Tx and T^ are the normal forces per unit length of the transverse
section and the longitudinal section respectively; S and Mt the tangential
shearing force and the torsional moment per unit length of the sections respectively;

Mx and M the bending moments per unit length of the transverse
section and the longitudinal section respectively; Nx and N' the radial shearing
forces per unit length of the transverse section and the longitudinal section
respectively; £, r and p the longitudinal, the transverse and the radial load
components per unit area of the shell surface respectively. The positive directions

of the coordinate axes are shown in flg. 1 and those of the forces in
fig. 2. In (1), the symbol (°) denotes differentiation with respect to 99 and the

T'x + S° - £r 0

T; + S' -N,, - rr 0

Tv +N0V+N'X - pr 0

m;+ M't -iv=°
M'x + M° -Nxr 0

*) See for instance [1], p. 114. Numbers in brackets refer to the listing of references
at the end of the paper. t
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Symbol (') differentiation with respect to z which is related to x by the
relationship z x/r, r being the radius of the cylindrical shell. For example,

T'
dz r dx

S° es
dcp

w

"x^
d9

A Nf>

Mf
/%>

T*

Fig. 1.

Fig. 2.

Solving for Nv and Nxm (1 d, e) yields

Nv hM; + M't), Nx l(M'x + Mt°) (2)

and substituting (2) in (lb, c) leads to

T; + S'-hM; + M't)-Tr 0, Tv + l(M;° + 2Mt°' + M'J)-pr 0. (3)

The forces may be expressed in terms of the displacement components
u, v and w as follows:

T Et
r(l-/*«)

T

8

Et
"> r(l-^,2)

Et
2r(l+/t)

[u'+n(v° + w)],

{v° + w + liu'),

(v' + u°),
(4)

Mr
Et3

x 12r" (!-/*•) [w/'+^K°-OL
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Et3 (4)
M> =12^1^)^'-^'

in which E is the modulus of elasticity, t the thickness of the shell and /x

denotes Poisson's ratio. The positive directions of u, v and w are shown in
fig. 1. Since /x has only small effect on the stress distribution, particularly in
the case of reinforced concrete shells, it will be assumed as zero to simplify
the Solution; although its retention presents no fundamental diffieulty other
than longer and more cumbersome expressions. Thus setting /x 0 in (4)
leads to

1x- r
U > 1V1x - 12f2

W '

T9 =^V + ^), M9=-^(w°°-v°), (5)

ß T^ W

Substituting (5) in (la) and (3) and introducing

12 r
lead to

„ u°° v°' v Au" +~ + ir-X 0,

(l+ß)v°0+(i+ß)v"+^- + w°-ß(w000+w0")-Y 0, (7)

v° + w + ß (w°00° + 2w°°" +w"" -v°°° -2v°")- Z 0,

in which
ia*2 a»2 iy»2i

x wtt> Y m^ z E-t>- ^
Eliminating u and v in (7) leads to the eigth-order differential equation

p

+ (l + 2i8)^,,,,,,,,-ixoo, + Z0000, + 2Z00,,, + |F000 + |^0,,
p p p (9)

_Y00000-4:Y000,,-4:Y0,fff-l(l+ß)Z0000-l(2 + 3ß)Zoon
ß ß
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Since ß is very small compared to unity2), the elimination of this term
from the quantities in parentheses in (9) will not, for practical purposes, alter
the values of the coefficients. Thus (9) may be simplified into the form

w + 3w°°" + lw"" + 2w oooooo

+ w

ß
oooooooo

+ lwc ' + 6wc

+ 4tW oooooo// + 6w oooo//// + 4:W o oi i r itt + W'"""
1 12_ voo/ "V0000/_i_9 V'oo/// _ yooo _ yo// yooooo
ß ß ß

_4yooo„_4ro////_l Zoooo_| Z00n-\Z"" 0.
ß ß ß

In the following, a Solution of (10) in explicit form will be presented.

(10)

Cylindrical Shells Simply Supported along Transverse and Longitudinal Edges

For a cylindrical shell simply supported along the transverse and the
longitudinal edges (fig. 3), a Solution satisfying (10) and the boundary
conditions can be obtained by taking u, v, w, X, Y and Z in the forms of the
double trigonometric series3)

w 2 2 umn cos ^ z sin V 9 >

v 22*W sin Azcos 7799,

w 2 2 wmn sin A z sin 77 <p,

X ^J]XmnGosXzsmr](p,
Y 22 1^ sin Az cos 77 99,

Z 22^mnsin^sin V<P>

(11)

* * * * i i * i r~i

L-A

Fig. 3.

* \ \ \

?A *ft

Section A -A

2) The value of ß is usually less than 0.00001 in reinforced concrete shells.
3) The series (IIa, b, c, f) were used by Timoshenko [2] in a case with uniformly

distributed radial load extending over the entire shell. The Solution, however, was not
given in explicit form. See also [3], [4] and [5].
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in which
m-rrr nnA -y-, V=~ • (12)

In (12), Z is the length of the cylindrical shell and a denotes the central angle
subtended by the longitudinal edges (fig. 3).

Substituting (llc,d, e,f) in (10) leads to

Z H [(v + 3^2A2 + ^A4-2^6-7^4A2-67?2A4 + 778 + 4t?6A2

-6^ + 4^ +^™^
(^3 + |^A2 + ^ + 4773A2 + ^X^Tmn

~ \ß^ + ßV2X2 + ßX*)Zmn\ sinAzsin7?99 0,

+

from which
*"m,n ®mn ^~mn * °rnn *mn *~ ^mn ^mn ' V ¦*¦"/

K. --j^hs + 2A«)(i + ,»+2A»), (14)

and
P ^mn

^» A4(|-6r?^-^A2(7y?2_3)_^(27?2_1) + (r?2 + A2)4. (15)

Substituting (IIb, c,f) in (7c) yields

EZi^+ß^ +^l^ +^l^mn-lV+ßiv' + ^V^^n-Z^SmÄZSm^ 0,

from which

"mn ®mn ^mn * ^mn *mn ' Jmn ^mn (¦"¦"/

and dmn=s^Ag + + A*)*],

e™n=--^n(v2 + 2X2)[^ + (v2 + Vr], (17)

Imn -TT-1 r^^ +A^ß + ^+ H-1!-
!l?(4 + ??2 + 2A2)^"« LP J i

The introduction of (lla,b,d) in (7a) leads to

22[-(A2 + i^2)^m^-i^Avmn-Xmn]cosAzsin77 99 0,
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from which

and
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\w 9mnJ^mn~T~'*'mn-*mn~''/mn^Jmn

?2A2

v' + 2\»Umn ß
+ (t?2 + A2)2 + 2,

?mn LP
+ (r?2 + A2)2

(18)

(19)

ß(ri* + 2X*)(j + v* + 2\*)
^2 + A2)2^ + (^ + A2)2]-l}.
->mn LP J

T Et
Zj 2j V\amn V ®mn) -^mn "> \°mn V emn) *m

+ (0mn-Vfmn)Zmn]smXzsm7]cp,

Et& 27 2 2 [(* C + ^ Qmn) Xmn + (^ <W + V ^mn) Ymn

+ (^/mn + ^^mJ^mJ COS AZCOS 779,

Mx -^ß22A2K™Xm„ + 6m^
M(p -EtßXXy[(yamn- dmn) Xmn + (V bmn ~V) ^mn

+ (^cmn-/mJ^mJsinAzsin779,
Jf4 ^^22A[(^amri-rfmJXmn + (77Öw

+ (*? cmn - fmn) Zmn\ cos A Z COS 77 9

Substituting (21 d, e,f) in (2) leads to

-e )Y'mn ^mn) Mmn

#, - Etß2 2 (V2 + *2) [(*? «mn -O ^mn + (*? bmn ~ emn) Ym

N„

+ (Vcmn-fmn)Zmn}sinXzcOSV<P>

-^Z2H[(V2 + X2)*mn-Vdmn\Xn

(20)

Finally, substituting (18) in (IIa), (16) in (IIb) and (13) in (11c) respectively

leads to

u ZZ(9mnXmn + KnYmn + imnZmn)co^Xz^nV<P^
v 22 (dmnXmn + emn Ymn + fmn Zmn) sin A Z COS 77 99

w IiZ(amnXmn + bmnYmn + CmnZmn)^ri-Xz^nVcP'

The forces are obtained by the Substitution of (20) in (5) which yields

Et
Tx —ZZX(9mnXmn + KnYmn + imnZmn)sinXzSinr1<P>

(21)

(22)

+ [(772 + A2) bmn - 77 emn] Ymn + [(t72 + A2) cmn - 77 fmn] Zmn} cos A z sin 77 9.
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The radial reactions along the longitudinal edge and the transverse edge

are, respectively,

B, N9 + \M'i9 Rx Nx + \Mf. (23)

Substituting (21 f) and (22) in (23) yields

W t R
R<p ~2 2 (V2 + 2A2) l(V amn ~ dmn) Xmn + (lbmn~ emn) Ymn

(24)
+ hV" fmn) Zmn\ sin A Z COS 77 99

K --^22A{[(2772 + A2)amn-277rfmJXm,

+ [(2 T?2 + A2) bmn - 2 rj emn] Ymn + [(2 772 + A2) cmn - 2 77 fmJ ZmJ cos A z sin 77 99.

Thus the analysis of the bending of simply supported cylindrical shells
under particular loading condition is reduced to the determination of the
Fourier coefficients Xmn, Ymn and Zmn. It should be observed that while the
series for the displacement components given by (20) converge rapidly, the
speed of convergence decreases with successive differentiation. The validity
of this analysis is therefore limited to those loading conditions for which the
Fourier coefficients are such that the resulting series are convergent. Some of
these cases are treated in the following.

Partial Live Load

For uniformly distributed live load of intensity q extending over part of
the cylindrical shell roof shown in fig. 3,

£ t p 0 for 0 < cp < (p± and <p2<cp<oc.

t -^fsin(a — 2<p)

p — gcos2 (HI
for opx < Cp < cp2.

For this case

Y — 0

<Pi l/r

Ymn =^7j J (jftT)sinXzcosyvdzd?
K ° (25)

2r3q(l — cosm7r)
EtoclX A»'
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<Pa llr

Zmn oclJ J (^/>UinAzsin 7799^^99

n ° (25)
2r3g(l— cos 77177)

EtoclX n'
in which

A0 | [cos (a — 2 9?2) — cos (a — 2 99^]

(26)

A™
2_4

{*? [sin (a_ 2^2) sin V92-sin (a- 29i) sin ^<Pil

— 2 [cos (a — 2 cp2) cos rjcp2 — cos (a — 2 99J cos 77 99J},

for n 1,2,3,.

Bn —g—— {77 [cos (a — 2 <p2) cos 7]cp2 — cos (a — 2 9^) cos 77 99J

— 2 [sin (a — 2 993) sin rjcp2 — sin (a — 2 9^) sin 77 99J}

(cos rjcp1 — cos 77 cp2).

When rj n7r/oc 2 or a W7r/2, ^4n and I?n given by (26) are both indeterminate.

For a 7r/2,

^1 U?2-?i) + i(sin4<<P2-sin4:<Pi)>

Bi -i(992-9i) + i(sin4992-sin49i)- J (cos 2 9?! - cos 2 9?2)

and, for a 77,

A2 | (cos 4 9?x — cos 4 9^),
B2 —\ (cos 4 9?x — cos 4 (p2) — J (cos 2 cp1 — cos 2 993).

Substituting (25) in (20) yields the displacement components

U==Yt^l Ij Ij x(hmnÄn + imnBn)c°sXzsinr](p'
ra=l,3,5,. n=0,l,2,.

* =lkh, S 2j v-(emM^» + /m»5»)sinAzcosij99, (27)
ra=l,3,5,. n=0,l,2,.

W=ZWT^J Ij I] T(6mn^n + cmn-i5JsinAzsin779).

The forces ean be derived similarly by the Substitution of (25) in (21), (22)
and (24).

For the special case where 9^ 0 and cp2 <x, (26) becomes

A0 0,
2cosa/nI x „ ^ «An —^—— (I-coswtt), for n=l,2, 3,...

n 17] COS a IX.,
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It is of interest to note that, in this case, if r is allowed to approach infinity
and a zero while the product ocr l1 is kept constant, (27 c) takes the form

192g V1 V 1 mirx mry
71 1Jl w=l,3,5,. tt=l,3,5,.. mn -p- + y *

which is the well known Navier Solution4) for a simply supported rectangular
plate subjected to uniformly distributed load of intensity q with /x assumed
as zero. In the last expression, 99/a is replaced by yjlx, lx being the transverse
length of the plate and y the transverse distance from the origin.

Partial Hydrostatic Load

For the hydrostatic load shown in fig. 4, £ r 0 and

p -yr|sin/991-y+sin/|-9J| for 0«p«pl9

p 0 for 99x < 99 < a,

r- w&/er surface

T

^

Fig. 4.

in which y is the unit weight of the liquid. In this case,

X Y 0JX mn mn u

<Pi l/r

Zmn "^J I {^tPjsinXzsijlV(Pdzd(P (28)
0 0"

4r4y(l —cosm7r)^
EtoclX

4) See for instance [2], p. 117.



164

in which

S. L. Lee

^n -xrr{cos(^i~l)sin^(?9i~7? sinm-|jCOS7?9i + sin^ J

sin ((^-^(1-cos 779^).

When 77 W7r/a= 1 or 0L mr, Cn is indeterminate. For a 7i,

C-l cos99x(l — COS99-L) — J(l — cos2991).

Substituting (28) in (20) leads to

(29)

u E E
18r4y

imnCncosAzsin77(p,

7?iÄ Ij Ij v/mn^sinAzcOST?^,
' m=1,3,5,. n 1,2,3,.

(30)

w |S X X hrnnCnsinXz,lnrj <P

ra l,3,5,. n=l,2,3,

and the forces can be obtained similarly by substituting (28) in (21), (22)
and (24).

Wind Load

For the prescribed wind load5) shown in fig. 5, £ r 0 and

p kxp for 0 < cp < -,
a 3a
-<cp<-p k2p for 4-v— 4>

p hzp for -— < 99 < a.

k*P

*//>Ä/>

Fig. 5.

5) The wind load used in this example is that recommended by Sub-Committee
No. 31 of the Structural Division of the American Society of Civil Engineers [6]. The
wind load on the windward quarter of the shell may be either suction or pressure depend-

ing upon the ratio of the rise to the chord length of the cross section of the shell. Accord-
ingly Je may be either positive or negative.
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in which p is the intensity of the wind load and kl9 k2 and k3 are constants.
In this case,

X Y =0¦^mn -Lmn u>

ol Hr

Zmn =^7J J \^tPJsinXzBinV9dzd(P (31)
0 0

8r3p (1 — cos m 7t)

in which
EtalXrj

Dn k± sm2 — + k2 sm —- sm — + k3 sm sm —. (32)
o 2 4 8 8

The corresponding displacement components are

^="¥^I L h ^mnDnOOsXzsmrjcp,
m=l,3,5,. 7i=l,2,3,. '

16r3w v~^ v^i 1
V =~FT^7 L L TT/mn ^>n Sm A« COS 17 9?, (33)^ C a 6

m=l, 3T5,. n=l, 2T3,. A7i

W ~ET^l 2j 2j X-cmni>nsmAzsm77(p¦*-'«'««' 771=1,3,5,... 71=1,2,3,... V

and the forces can be obtained similarly by substituting (31) in (21), (22)
and (24).

Discussion

The Solutions6) for a cylindrical shell simply supported along the transverse
edges and subjected to line loads applied along the longitudinal edges are
well known. A discussion and comparison of the various Solutions were given
by Moe [7]. This problem corresponds to the Solution of the homogeneous part
of (10) with Xy Y and Z set equal to zero, i.e., the complimentary Solution.
For nonsymmetrical edge loading, the Solution contains eight integration
constants which, by resolving the edge loads into a symmetrical set and an
antisymmetrical set, may be reduced to two independent sets of four. For
instance, the radial displacement component is given in the form

w [Bx F1 (cp) + B2 F2 (cp) + Bs F3 (cp) + B, F, (cp)] sin A z

in which F1(cp), F2(cp), F3(cp) and ^4(99) are functions of cp and Bl9 B2, B3
and B± the four integration constants.

For a partially loaded cylindrical shell with various longitudinal edge
conditions and simply supported along the transverse edges, a Solution may be

6) See for instance [1], p. 119. Tables are given in this reference to aid Solution.
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obtained by the superposition of the particular Solution presented in this
paper, assuming that the loading is such that the series involved are conver-
gent, and the complimentary Solution just discussed. For example, to obtain
a Solution for the case where the longitudinal edges are free edges, the four
integration constants are determined by the boundary conditions

L-L(p]<p=0 L(^<p)2-l<p=0 0>

[^=o= [(^)aVo 0,

in which the subscript 1 denotes the particular Solution and 2 the
complimentary Solution. If the longitudinal edges are fixed, the boundary
conditions are

M<Z>=0 KU)2l<p=0 °>

Wh Uv)i + (v)2\<p=o 0>

For the longitudinal edges supported as shown in fig. 6, the boundary
conditions are

M^O (Mi]<p=0 °>

M<z>=o l(v)i + (0)2]v=o °>

M^O [(W)2]g,=0 0>

« /\P ^^^
Fig. 6. Fig. 7.

and, for the longitudinal edges supported as shown in fig. 7, the corresponding
boundary conditions are

Mv=o= [(«y^o °.

[^oo8| + J2vBin|] ^ [(3;)2cos| + {(i??,)1 + (^)2}sin| 0,

wcos - + vsm-| ^
I (to), cos

2 + {(«)i +(»),} sm
g

0,
<p=0

[^]^o [WJ*-o 0.
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It is assumed in these examples that the applied load is either symmetrical
or antisymmetrical with respect to the vertical radius of the shell. Nonsym-
metrical load, of course, can always be treated as the combination of a
symmetrical and an antisymmetrical load.

If the boundary conditions along the two longitudinal edges are not identical,

however, the eight integration constants must be determined
simultaneously.
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Summary

An explicit Solution for partially loaded cylindrical shells simply supported
along the transverse edges and the longitudinal edges is presented. The Solution
is obtained by the representation of the displacement components and the
load components in the forms of double trigonometric series. Therefore its
validity is limited to those loadings for which the series involved are con-
vergent. Some of these cases are treated in detail.

In order to simplify the expressions involved in the Solution, the value of
Poisson's ratio is assumed to be zero, although its retention presents no
fundamental diffieulty.

While no details are given, the Solution for partially loaded cylindrical
shells with various longitudinal edge conditions and simply supported along
the transverse edges is also discussed.

Resume

L'auteur expose une Solution explicite au probleme des voiles cylindriques
partiellement charges, simplement appuyes le long des bords longitudinaux et
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transversaux. Pour arriver ä la Solution, on exprime les composantes des

charges et des deplacements ä l'aide de series doubles trigonometriques. De ce

fait, la Solution n'est valable que si les charges correspondent ä des series

convergentes. Quelques-uns de ces cas sont traites en detail.
Pour simplifier les expressions intervenant dans la Solution, on a admis

un nombre de Poisson egal ä zero; cependant, il n'y a aueune difficulte de

principe ä en introduire la valeur reelle.
Sans entrer dans les details, l'auteur discute egalement le probleme des

voiles cylindriques partiellement charges, soumis ä des conditions diverses sur
les bords longitudinaux et simplement appuyes le long des bords transversaux.

Zusammenfassung

Es wird eine explizite Lösung für teilweise belastete, an allen Rändern
frei drehbar gelagerte Zylinderschalen angegeben. Man erhält die Lösung
durch Darstellung der Verschiebungs- und Belastungskomponenten mit Hilfe
von doppelten trigonometrischen Reihen. Dadurch wird allerdings ihre Gültigkeit

auf diejenigen Fälle beschränkt, für welche die angewendeten Reihen
konvergent sind. Einige dieser Fälle werden detailliert vorgeführt.

Um die Ausdrücke der Lösung zu vereinfachen, wurde die Poissonsche
Zahl gleich null angenommen, obwohl keine fundamentalen Schwierigkeiten
auftreten, wenn man sie beibehält.

Ohne auf Details einzutreten, wird auch die Lösung für teilweise belastete
Zylinderschalen mit verschiedenen Längsrandbedingungen und frei drehbar
gelagerten Querrändern diskutiert.
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