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Distribution of Loads in Two Types of Railway Bridges

Repartition des charges sur deux types de ponts de chemin de fer

Lastverteilung in zwei Eisenbahnbrückentypen

Thein Wah, Southwest Research Institute, San Antonio, Texas

Notation

a spacing between centers of longitudinal beams, in feet.
a' distance between edge beam and nearest longitudinal diaphragm,

in feet.
b the total width of the bridge, in feet, measured from center to center

of edge girders.
g distance between rail centers, taken as 5 feet in numerical compu¬

tations.
£ spring constant.
I length of bridge, center to center of bearings.
s spacing of transverse members, in feet.

x,y rectangular coordinate axes.
E modulus of elasticity for a longitudinal member.
Ec modulus of elasticity for a transverse member.

/ moment of inertia of a longitudinal member.

Ic moment of inertia of a transverse member.
M bending moment.
Mrr+1 couple at the end r in beam extending from r to r+ 1.

N number of transverse members.
K V'4

y \±ei) ;
X c

3C 4, a dimensionless parameter.

£ x coordinate of position of a concentrated load.

Other Symbols are defined wherever necessary.
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Introduetion

The present study is an investigation of the longitudinal and lateral
distribution of loads in certain types of railway bridges in common use; the aims
of the investigation are to make a theoretical analysis and to furnish formulas
and tables summarizing the results.

The terms "longitudinal" and 'lateral" distribution arise basically out
of the kinds of problem encountered in the design of two types of railroad
bridges. These are the two general types investigated. In the first type the
problem of interest is the "longitudinal" (parallel to traffic) distribution of a
train of wheel loads and in the second type the problem is the "transverse"
(perpendicular to direction of traffic) distribution of a train of wheel loads.
The definition of "longitudinal" and "lateral" will be made clear in the course
of the next few paragraphs.

Type I. This type consists of a large number of transverse beams supported
on heavy longitudinal edge girders. It is necessary, for economical design of
this type, for a wheel load or wheel loads to be distributed among as many of
the transverse beams as possible. The problem is thus one of investigating the
propagation of the load or loads in the direction parallel to the traffic or the
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"longitudinal distribution". This distribution is achieved to a considerable
extent by the rails themselves. However, several other devices are employed
in order to achieve a more uniform distribution. An important and widely
used method is by means of longitudinal "diaphragms". As generally used,
these diaphragms consist of plates or short I beams, placed across two adjacent
transverse beams and attached to the webs of the latter by clip angles, the
diaphragms running the füll length of the bridge. Such diaphragms may be

placed on the same vertical line as the running rails, or anywhere eise over
the transverse section as the designer may think proper.

Other methods which to a greater or lesser extent assist in the longitudinal
distribution of the loads consist of ballasting the floor, placing of a steel floor
plate, or placing a concrete liner several inches in thickness on the bridge
floor. One or more of these devices may be used in any particular bridge.

This paper confines itself to investigating the distribution of loads in bridges
of the open-deck type, that is to say, those which do not carry either bailast
or concrete liner. However, in the light of experimental results, the theory may
be modified to take approximate account of these additional factors.

There are several variations of this basic type. In a single track bridge,
the diaphragms may be immediately underneath the rails as mentioned above,
or a single diaphragm may run along the longitudinal center line of the bridge.
Similar variations are also possible in a double track bridge. And further, as
has been noted above, the diaphragms may be placed anywhere over the
transverse section, depending on the judgment of the designer.

In order to keep these variations within limits, two types are investigated
as shown in figs. 1 and 2 and designated, respectively, types la and Ib.

Evidently the results of the analysis would depend entirely on the assumptions

made regarding the behaviour of the rails and the diaphragms as component

parts of the whole structure. In order to keep these assumptions and
therefore the limitations of the analysis in mind it is convenient to list them:

1. The bridge is assumed to be simply supported at the ends; all bridges
investigated are right bridges.

2. The transverse beams are assumed to be closely spaced and therefore
taken as approximating a continuous distribution. Without this simplification
the problem becomes intractable mathematically in a general form.

3. The rails and the longitudinal diaphragms are supposed to behave as

continuous beams. This is perhaps the most questionable of the assumptions.
It may be said that this assumption has the effect of overestimating the stiffness
of the longitudinal diaphragms, that is, they in effect achieve a better
longitudinal distribution than they may be expected to do in practice. This follows
from the nature of the diaphragms. Their behavior must depend upon the
action of the clip angles and the elasticity of the rivets that connect them to
the transverse beams. However, diaphragms are customarily treated as
continuous beams and this assumption gives the simplest mathematical picture
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of the action of the diaphragms. One may take a smaller stiffness to account
for the partial effectiveness of the connections.

4. The torsional stiffness of all members is considered negligible. This
assumption is amply justified for all practical purposes.

5. Concrete slabs and bailast are not taken into account. The introduction
of slabs changes the picture completely while the effect of ballast must neces-

sarily be determined by experimental methods. On the other hand, steel floor-
plates may be taken into account by combining their effect with that of the
transverse beams. This amounts to saying that while the torsional stiffness of
a concrete slab cannot be neglected, that of a steel plate may be, without
appreciable error.

With the above limitations, the exact Solution of the problem is not difficult.

However, the mathematical Solution yields results which are not
convenient for design purposes, and approximate Solutions have to be devised.

Furthermore, the exact Solution leads to very slowly converging infinite series

and numerical computation becomes quite laborious.
Type II. The second basic type of bridge investigated consists of a number

of equally spaced, identical longitudinal beams. Timber ties are placed across
the top of these beams. It is necessary, for the most efficient use of the
longitudinal beams, that the wheel loads be distributed as uniformly as possible
over the cross section of the bridge. In an ideal bridge, each of the longitudinal
beams will carry exactly 1/n of the total statical moment over any cross
section, where n is the number of beams. Such a bridge is, of course, impossible
in practice and the problem here is one of investigating the propagation of the
wheel loads in the direction transverse to the direction of traffic, that is, of
"lateral distribution". This distribution is achieved, to a considerable extent,
by the ties themselves. However, several other devices are employed in order
to achieve a more uniform distribution. A widely used method is by means of
transverse "diaphragms". Generally, these diaphragms consist of a plate or
short I beam placed across two adjacent longitudinal beams and attached to
the webs of the latter by clip angles. A series of these short diaphragms constitute

a transverse diaphragm extending the füll width of the bridge. Such

diaphragms may be placed anywhere along the length of the bridge, but are
usually widely spaced compared to the ties.

Other methods which to a greater or lesser degree assist in the lateral
distribution of the loads consist of ballasting the floor, placing of a steel floor
plate or placing of a concrete deck. One or more of these methods may be used

in any given bridge.
This paper, as mentioned above, confines itself primarily to investigating

bridges of the open-deck type. However, in the light of experimental results,
if these are available, the theory may be modified to take approximate account
of such facts as ballast and concrete deck.

The variations within this basic type consist in a change in the number
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of longitudinal beams or in the number of diaphragms, or both. However, in
order to reduce the number of variables as well as to simplify the general
problem both from the mathematical and design Standpoints it is convenient
to add the total stiffness of the diaphragms to that of the ties in all cases.

This is because even in bridges with transverse diaphragms the ties may safely
be assumed to constitute the members primarily effective in the lateral
distribution of loads, as may be seen by a comparison of the relative flexural rigidity
of diaphragms to ties in any existing bridge. The variations in this type of
bridge will consist, after the above simplification, merely in a change in the
number of longitudinal beams.

Three variations of type II are investigated, consisting of 4, 5 and 6
longitudinal beams. These are referred to, respectively, as type IIa, IIb and IIc.

The assumptions made in the analysis are as follows:
1. The bridge is assumed to be simply supported at the ends; all bridges

investigated are right bridges.
2. The ties are always sufficiently closely spaced to approximate a

continuous distribution. The flexural rigidity of the diaphragms is added to that
of the ties. The stiffness is thus the average for the actual spacing.

3. The diaphragms and ties are assumed to behave as continuous beams
and the ties are supposed to extend the füll width of the bridge. The first
assumption is justified in the case of the ties but probably not for the
diaphragms. The second assumption is justified in single track bridges of the
open deck type. In double-track bridges the assumption may not always be

strictly correct.
4. The torsional stiffness of all members is treated as negligible.
5. Concrete slabs and effect of ballast are not taken into account. If a

floor plate exists its flexural rigidity may be added to that of the ties.
6. All longitudinal girders are identical and equally spaced.
With the assumptions above the formal Solution is a simple one. Again the

exact Solution is not convenient for design purposes. By the use of tables and
charts, however, the Solution of specific problems may be simplified.

From the foregoing it is evident that this paper makes no attempt at a

comprehensive study of the subject. Because of the complexity of the general
problem it has been found necessary to ignore various phases.

Historieal Review

The problem of lateral and longitudinal distribution of loads in a railroad
bridge is a special and somewhat simple case of a more general problem. In
the general problem the structure consists of an arbitrary number of
longitudinal girders interconnected cross-wise by an arbitrary number of transverse
girders. On this network is placed a deck slab, usually of reinforced concrete.
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Rollings loads may move both laterally and longitudinally on the bridge. The
bridge may be continuous over several supports.

The difficulties in the "exact" analysis of such a structure are numerous.
Some of the difficulties are as follows:

The structure is actually a ribbed plate and no mathematical treatment of
the problem exists. The dosest approximations to the actual bridge are obtained
by treating it as an anisotropic plate or as a system of interconnected girders
in which the slab acts as the top flange of the girders. This second method
neglects the twisting resistanee of the place, while the first method assumes
a continuous distribution of the flexural rigidities of the girders.

If the bridge does not possess a deck plate, the greatest diffieulty arises in
the treatment of a finite number of cross girders. The employment of trigono-
metric series is not possible, and one has to have recourse to the various
methods of solving statically indeterminate structures. Whatever the method
employed, an exact Solution must find all the indeterminate quantities which
are at least equal to the total number of nodes. Since these may be, in any
given case, very large in number, the exact Solutions are necessarily laborious,
even if certain quantities involved in the computation are furnished in the
form of tables.

Charles Massonnet [2, 3] gives an excellent historieal summary of the
various investigations of the general problem. The first investigators in this
field include F. Engesser, A. Ostenfeld and others. The method of using the
"characteristic loads" of a network of girders has been used by Bleich and
Melan. For a numerical approach to the problem relaxation methods have
been used, but are very laborious except in the simplest cases.

All the exact methods lead to the construetion of influence surfaces for
moments, shears, etc. To compute the moments one has to compute the volume
under the influence surface.

The exact methods are of little practical utility. They serve, however, as

valuable guides to the error involved in approximate methods. Among the
most important of the approximate methods is the one attributed to Engesser,
in which the cross girders are treated as infinitely rigid. According to Massonnet
this method gives reasonably accurate results in certain instances. Leonhardt
has improved upon Engesser's method by taking into account the actual
flexural rigidity of the cross girder.

Charles Massonnet has recently treated the problem as an anisotropic
plate [2].

The above historieal review is given very briefly as the Solutions there do
not have a direct bearing upon the problems under investigation in the present
paper. They are however invaluable as guides in tackling the present research. In
the first place it is clear that diaphragms are treated in all cases as "cross girders''
with a definite flexural rigidity. This, while questionable as representing the
true action of these members, seems necessary in order to formulate a tract-
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able mathematical problem. Secondly the treatment of a small number of
transverse girders (or "diaphragms", the terms are used interchangeably)
leads to difficulties while a large number of such girders may be approximated
by a continuous distribution and therefore analyzed by the use of trigono-
metric series.

Fortunately, in the types of railroad bridges under study, the transverse
members are generally large in number, as indicated in the Introduction. The
exception to this rule arises only where a number of longitudinal girders are
connected by a very small (that is widely separated) number of transverse
diaphragms. But in such cases, the distribution is achieved primarily by the
ties, which should accordingly be classed as "diaphragms"; the effect of the
actual diaphragms may be approximately taken into account by adding their
flexural rigidity to that of the ties.

It is also clear from the above review that the closest theoretical approach
to a railroad bridge with a deck slab is that of the anisotropic plate. In the
longitudinal direction the component parts are the longitudinal girders
(assumed distributed uniformly over the width of the bridge) and the deck
slab while in the transverse direction they consist of the ties and the deck
slab. The picture in an actual bridge is, however, complicated by the fact
that the slab and the ties do not usually have the same boundaries. For this
reason, the effect of the slab is not taken into account in this paper, and open
deck bridges are exclusively considered in the analysis.

Longitudinal Distribution of Loads

Case la. Two Longitudinal Diaphragms

In the following analysis the rails are treated as the longitudinal
diaphragms. If actual diaphragms exist immediately underneath the rails, the
moments of inertia of such diaphragms may be added to that of the rails, it
being assumed that a diaphragm and the rail above it act as two separate
longitudinal beams.

Consider any transverse section of the bridge (flg. 3).
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Assume an arbitrary set of deflections y± (x), y2 (x), y3 (x) and y± (x) positive
downward, and positive (clockwise) rotation of all longitudinal members. The
transverse beams are supposed to be sufficiently closely spaced to approximate
a continuous distribution. If N is the number of transverse beams, Ec Ic the
flexural rigidity of each beam, then the following slope-deflection equations
may be written where the Jf's are the bending moments per unit length of
bridge:

t a \ a \

M2i ^Le 26>i + 4@2_6(y2-^)
tax a \

|"401 + 2(93-6 fr»"^!,
23 lg

Due to symmetry, yz y2, ©3 — @2.

Hence the equations become:

*.-^K2^AA].
c7^\291 + 4 02~6iy2~yi)],M„=NE'1

la'
NE I

23 lg 2

If V-^ix), V2{x) denote the downward shears produced on the girders (or
diaphragms) by the transverse beams, then:

a

(M12 + M21) (M2Z + M32) (M12 + M21)

Vx(x)

V2(x)

Eli d*yt
- dx*

EI, dx*

a a a
Hence:

NEde\an «*> To^-yi)"n i r
+ 6@2-12Za'2 I1 2 a'

+ 60.-12-^K (a)

+ External Load

Neglecting the torsional stiffnesses of the girders and diaphragms, it follows
that:

M12 M21 + M2S 0.

These result in the following:

4<91 + 202-6 (y2~;yi) 0,1 2 a

3Vi 3^2 ^ (2tf + a')^ „
* '

-41 ^ + 0! + -^-^ -@2 0.
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The unknown yr (x) and ©r (x) may be taken in the form:

£ nn
n-1 l

249

®r= 2^rsinJ
n=l l

r 1,2. (c)

(c) satisfy the boundary conditions of simple support.
The wheel loads W may be represented by the series:

W= XCnBm nrrx
n-l l

Substituting the series (c) into the equations (b) there results:

-gl,

(d)

4bnl + 2bn2-d \an2~
a

-T(^nl-an2)+bnl+ " b
a y

nl) 0?

0.w2

The above two equations when solved for the bnr yield:

_ 3(a'+g)

bn*

a' (2 a' + 3g)
3<7

(e)

(an2 ßTCi).n2 a'(2a' + 3g)

Substituting the series (c) into equations (a) and eliminating the bnr by means
of (e), there result the following equations, the external load in the second of
equations (a) being replaced by the series (d):

NEcIc6(anl-anz)EIX-

EI9

l*

l*

a„ i —

a^ o —

la'2 (2a' + 3g) '

NEcIc6(anl-an2)
*n2 la'2 (2a' + 3g)

+ C„

Denoting c -c—— by Al5 and
{2a' + 3g)EI1la/

6NECIC ^byA2.(2a' + 3g)EI2la'
These equations become: /w47r4 \H «ni|-74- + M-A1an2 0,

an2 \]l ^*2I ~*2anl ~
(f)

Eh'
Solving these equations simultaneously:

a„ i —
@nK

*'n2

^2{^ + ¥(A1 + A2)}'

^2{^ + -^(A1 + A2)}'
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Bending Moments

In general, only the bending moments in the transverse beams are required.
In such cases it is convenient to have expressions giving these moments
directly. Thus

M _ NECIC 6(y1-y8)
21 " la' (2a'+ 30)'

n-rrx
sin—=—,

-6NECIC f, C f 1 |

Za'(2aA3^)Li^72i^ + A1 + A2J

(A1 + A2)A2a-^ an-^-A.a^^^am-p.

In the case of concentrated loads TF placed at x £j,

2W n7r£

Substituting this in the above, the expression becomes

n-ni; UttX
77 00 sin —^— sm —^—

J/21 2(A1 + A2)A2a'A£
r><M»4 + (A1 + A2)4

^x £ v 1
• nrrt; mrx

— 2 A9 a —r > —; sm —=— sin —5—.2 TT4 Z-l »4 l l

(1)

n=l

Oase Ib. Four Longitudinal Diaphragms (Double Track Bridge)

In double track bridges, it is customary to use four diaphragms these being
placed directly underneath the rails. Such an arrangement is assumed here
and a symmetrical loading condition, which in general will yield the maximum
bending moment in the transverse beams is contemplated.

Referring to fig. 4 and proceeding as in the case of two longitudinal
diaphragms, the deflections yx, y2 and y3 may be expressed as follows:

" mrx „ rt
Vr 2 aWrsin-T~- r=l>2> 3>

»1=1 fr

where

a».i

<?n fA (3c + 2flf) 2V_2 _J*_

Z8

«l n8lr8 w«^/. (So + 2g) L, \(3c + 2g) 6 (c + gr) 6a'c+ 12a'g + 4a'*]\— + -ir\^—^-+x*[—iPT~ + —äi~ + ^ ]) +

[(3c + 6ör + 2a')(3c + 20)-9(c+9<)2]}

+ hVh±M[{3c + 2g)(3c + 6g + 2a')-9(c + g)*]'
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(3c + 2#) \3c + 2g 9(c + g) 6a'c + 12 a'g + 4a'21ln \n*TT* {3c + 2g) \3c + 2g 9(c + g) 6a'c +12a'g +4a'*1

u*tt* n47r4L (3c + 2^) f(3c-+ 2g) 6(c + gr) 6a'c+ 12a'ör + 4a'
£

+ + -]} +

+ |^[(3c + 2a)(3c + 6a + 2a')-9(c + a)2]}

+ A2(2Al4 + A2)[(3c + 2a)(3c + 6a + 2a/)-9(c + a)2]'

and y2 may be obtained from the relation

V2

in which

/A2 \ 2 Z4 A i

n=l

2 Z4 Ä A nnx-sm-

3NECIC
A2

3tfÜUc
^, j3(, + 2c) Se^ 2

Za,2^j3(g + 2c) 30+2,1 •

M 2a' g \ 2\ 2a' g
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Approximate Solutions for Longitudinal Distribution

The analyses presented above result in infinite series which are, in most
practical instances, very slowly converging. This slow convergence is due, in
the main, to the large relative stiffness of transverse beams to rail (or
longitudinal diaphragm). The method given above possesses the advantage of
being general and the same procedure may be employed for any number of



252 Thein Wah

longitudinal diaphragms, whether these consist of rails, or actual diaphragms
or both, the only limit being the increasing complexity of the algebra involved.

The particular cases discussed above are, however, susceptible of a much
simpler Solution by assuming that the edge girders are infinitely rigid and the
bridge is infinitely long. The longitudinal diaphragms may then be looked
upon as infinite beams on an elastic foundation made up of the transverse
beams. It may be shown by actual Solution of a bridge of practical proportions
that the above assumptions have a negligible effect upon the final result.

Assume, as noted above, that the supporting girders are infinitely rigid:
within certain limits, to be specified below, depending on the proportions of
the members, it is sufficient to assume that the bridge is infinitely long.

Hetenyi [1] gives the following equation for the deflection of an infinitely
long beam on an elastic foundation:

Py
y -—j-e~Yx(cosyx + sinyx).

Where P the concentrated load on the beam at x 0.

k the "spring constant", defined as the load required for unit
downward deflection for unit length of spring.

y (or)"-
EI Flexural rigidity of beam.

Hetenyi further notes that a beam of finite length may be treated as one
of infinite length without appreciably impairing the accuracy of the Solution,
provided that:

y

It is evident that the problems treated above can be solved if the values
of k for the various cases can be determined.

la. Single Track Bridge. Two Longitudinal Diaphragms

w / w=i Referring to fig. 5 and assuming the ends are
simply supported, the deflection at A due to

V unit loads at A and B is

a' A „ a ,a(2a' + 3g)

Fig. 5.
The flexural rigidity of the transverse beams

AT 1p J
per unit length of bridge is —~-^. Hence the deflection of the foundations due

to unit loads at A and B is given

W- S y ,2(2«A3g)by- h la
6NEJe
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whence k —
c c

la'2(2a' + 3g)'

Loads and Bending Moments in Transverse Beams

The load on the spring is the deflection times the spring constant. Hence
the load on the transverse beams per unit length of bridge, due to wheel
loads Pis: p' Pky

Py
or p ~—Le~yx(cosyx + sinyx),

Z

¦ /Je VU \2,N ECIC 1 IV. (b)
Wh6re y \TWl) \2TlHa'>(2a' + Zg)\ '

Equation (b) gives the concentrated loads p' on the transverse beams at a
distance x from the applied wheel loads P. If the beam spacing is s then the
total load on each beam may be obtained, approximately, as p' s. The exact
value would involve the integral of expression (b) and is not warranted. Thus

Py
p p s —~se~?x(cosyx + sinyx). (c)

Z

The maximum bending moment in the transverse beam due to the loads
P is given by:

M pa' =—J—-a'e-Yx(cosyx + sinyx). (d)
z

In order to facilitate preparation of tables the length l of the bridge may
be eliminated from the expression for y by the following approximation:

(N-Ds-l, or ^=i.I S

Approximately NJl= 1/s since N > 1.

The expression for y thus becomes:

7 [2 EI sa'2(2a' + 3a)J
#

Bending Moment due to a Train of Loads

In practice, the bending moment in a transverse beam is caused by a train
of loads and not due to a single load. Thus, it would be necessary to compute
the effect of each one of the train of loads by means of the expression (c).
However, the effect of a load on a beam decreases rapidly with the distance
due to the negative exponential in expression (c). This suggests that if some
'Standard" loading, which is flexible enough to take account of slight variations

in the actual loading, is assumed, then the designer's task will be greatly
lightened without unduly affecting the precision of the Solution.

The Standard loading here suggested consists of three equal axle loads
each of 2P, which will usually be the heaviest drivers, spaced a distance z
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apart. The maximum bending moment due to this Standard loading may be

obtained by a simple extension of the results of the previous section. The

maximum effect of this train on any beam will be when the load on the central
driver 2P is directly over the beam. The expression for the maximum load

on the beam becomes:

2P 2P np Axle
loads p Pys{% + e~Yz(cosyz + sinyz)} (e)

Standard Loading

Fig. 6.

or
where

and the expression for the maximum bending moment
in any transverse beam is:

M pa' Pa'ys{^ + e-Yz(cosyz + sinyz)}, (f)
M Pa'syßyz, (g)

ßyz {i + e-vz(cosyz + sinyz)}.

Values of ß may be obtained from table 4 given in the Appendix and
tables of y for any given value of IC\I s and a' are furnished in table 1 in the
Appendix, g, the gauge, is taken in all cases as 5 feet, this being closely the
distance center of rails generally employed in American and many other
railroads.

yy=J w=1

Case Ic. Double Track Bridge. Four Longitudinal Diaphragms

Referring to flg. 7 and assuming that the
condition at the supporting girders approximates one
of simple support, the deflection at A due to all
the unit loads shown is:

la'

a g c g 3

ß "^-Eclc

Fig. 7. 8^ §NEnL (4a'2+12a'g + 6a'c + 3a2 + 3ac)

The deflection at B due to the unit loads shown is

l
S]B

6NE.L (4:a'2+12a'2g + 9a'gc + 6a'2c + 9a'g2 + 3cg2 + 2g3)

Thus

kA

kB —

6NECIC
la'(4a'2+12a'g + 6a'c + 3g2 + 3gc)'

6NEeIe
l{4:a'z+12a'2g + 9a'gc + Qa'2c + 9a'g2 + 3cg2 + 2gä)'

(g)

In this case the loads delivered by the rails on the transverse beam will not
all be equal. The two exterior loads will be given by kA yA and the two interior
loads by kByB

where ^aVa 171^ e~7A x (cos yA * + sin yA x),

Vb

2k_
PyB
Z Kji

e-yBX (cos yBx + sin yB x),
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in which yA ~[±El) ' yB~\4EI) *

Denoting the exterior loads on a beam by pA and the interior loads by pB and
making the same approximation as for case la one has:

Va kAyAs lA e~y** (cosyAx + sinyAx),

Vb =^ByBs

2

PyBs
(h)

e-yßx (cos y^ x + sin yB x),

in which

7xi
74

y V g2 g g2

v / ^ v- j3 ^ i r^ Uei) l2/V/4^+12«^+9«J+9«:+8e \J •

JV/Z having been replaced by 1/s.

In the expressions for yA and yB if a is taken as 5 feet and c, the distance
center to center of inner rails, as 9 feet, yB is seen be a constant multiplied by
yA, the constant depending only on the value of a'. If one writes yß öcyA

a \

a3 1rta 2 „a2c a oac4-^-+ 12 — + 6—^- + 3— + 3-^-
gZ g2 gZ g g2

a'3 ^^a'2 ^a'c ^ a' 3c rt4—+12 —+ 9—+ 9—+ — + 2
g3 g2 g2 g g

(i)

Expressions (h) may therefore be written as follows omitting the subscript A
inyA:

Pys
Va

Vb

2

Pöcys

e~yx (cos y x + sin y x),

e~yx(cos a y x + sin öcyx).
(j)

The maximum bending moment in the transverse beam due to the axle load
of 2 P, thus becomes :

Psy _ _ _M =—-—{a'e~yx (cosyx +sinyx) + oc(a'+ g)e~~ayx (cosocyx + sinayx)}. (k)
z

Bending Moment due to a Train of Loads

The Standard loading suggested for a single track bridge will be used here
also. Consider the maximum effect of the three heaviest drivers, each of 2 P,
placed symmetrically over a cross beam, the axle spacing being z. The maximum

bending moment in the transverse beam for this loading is:

M Psy{a'[l + e-yz(eosyz + sinyz)] + a(a' + g)% + e-*yz(cosotyz + sinotyz)]}.
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This may be simplified by writing:
M Psy[a'ßYZ + x(a'+g)ß«yzl (1)

in which ßyz 1 + e-vz (cos y z + siny z),

ßäyz % + e-^y z (cosäy z + sinäy z).

The values of ß may be obtained from table 4 given in the Appendix.
Table 2 gives the values of y for values of IJIS and a' commonly met with,
and table 3 furnishes values of ä for corresponding values of a'. The numerical
values of g and c have been taken as 5 ft. and 9 ft. respectively in the
preparation of the tables.

It is found that for practical instances, the value of öl differs but little from
unity, so that equation (1) may be approximately represented by:

M Psy(2a'+g)ßyz. (m)

The Lateral Distribution of Loads

As stated in the Introduction it is assumed that the transverse
"diaphragms" — whether these consist of ties alone or ties and actual diaphragms
— have a continuous distribution. Furthermore the ties do not separate from
the girders under deflection. All the longitudinal girders are assumed to be
identical. Three cases are investigated: bridges with four, five and six
longitudinal girders.

Case IIa. Four Longitudinal Girders

Consider a transverse section of the bridge (fig. 8). The wheel loads W

cause external loads W1, W2, W3 and W\ to act on the longitudinal girders.
Assume an arbitrary set of deflections yx(x), y2(x), y3(x) and y±(x), positive
downward, from their positions under no load and positive (clockwise) rotations

of all longitudinal members. The unknowns are these deflections and
rotations, which may be taken as:

nirx^
Vr 2>nr Sm

^n=l
n-n-x

öwrsm-
»i=i

®r 2 bnr sin
%

r=l,2. (a)

Due to symmetry only beams 1 and 2 need be considered. Equations (a)
satisfy the boundary conditions of simple support.

Let the external loads on the beams be represented by

TFr fj Cnrsin^ r=l,2. (b)
n=l l

The transverse diaphragms being closely spaced, their flexural rigidity
7V TP T

per unit length of bridge is —j—- where Ec Ic is the flexural rigidity of each

diaphragm, N the total number of diaphragms and 1 the length of the bridge.
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Considering the portion of the diaphragm between any two longitudinal
members, the following slope-deflection equations may be written:

l a [_ a J

L a \ a j
Jf„ ^A^(2®3),

i/o
la
M23.

(c)

^-Simple Support
Ihm '•

yw>;?»)?))uw?»jn)h) jj un

-Rails

Longitudinal* Beams

Ties

X

"—Simple Support

Rails

Ml, M:

0,(x)
Te

Fig. 8.

Longitudinal"" Beams

If the torsional stiffness of the beams is neglected it follows that:

M12 M21 + M23 0,

or 4@1 + 2©2-6(^2 ^ 0,
a

2©1 + 6@2-6 (y»~yi) 0.

(d)



258 Thein Wah

Substituting the series (a) into equation (c) and solving for the bnr in terms
of the a„T one finds:vnr

_
6 (an2 anl)

Onn 9

5 a
(e)

3 (an2~anl)

Denoting the downward shears on the beams 1 and 2 at the diaphragms by
V1 and V2, one finds:

(M12 + M21)

V 2 ~ „ >

a
i.e.

EI%y± - NflIc U@i + 6@2 - 12
(^2 yi)1 + External Load on Beam 1,dx* la2 L a J

^7^2 _^_^r6@ +6@ 12i^Z^l +External Load on Beam 2.
(io;4 Za2 [ a J

Substituting the series (a) and (b) in the above one obtains the following
equations:

7*4774 6NECIC/ _ O^
Z4 anl~ 5la*EI(Clnl an2>+El>

7i4774
_ 6NEcICf _

Cn2

tions result:

Z4 nl 5la3El v nl n2/ EI

lEIn*a*
AT ci r H

Denoting c
4C

3 by A, a dimensionless parameter, the following equa-

Solving which

/ 6,\ 6, CTClZ4

«»i^4 + 5Aj--Aaw2 -T¥T,

°nl "" prn^4 / 4 12.\ '

Ä/-ji- (^4 + ^Aj

a„ o —
™ Tn47r4 / 12.\

The bending moments are given by:

M1(x) -Elaj^=Y \ 5/ 5 ^n7TX
1V ; rfo:2 La n/> 2 „2

71=1
/ d 12 A\
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6X\ ~ 6X

M2^ -EI-dS= Z «+{J+™) sm~r
w=l Z2

Let M1 (x) be the bending moment in beam 1 due to A 0.

Cnl U7TX
Then M1(x) YJ^in-i

n l~|2~

n l Z2

If the load W be a concentrated load at x £, then

Hence M1(x)~M1(x) Ja V f^?"^ sin^-. (f)
5 Ln*«*^+l2xj l

n 2W1 n-nt

n-irt n-nx
oo sm —y— smJf^s) 12, (W2-W1)^*in-r*in—T M^x)Whence "T^ TAH^£ ~«(n'+lf*)

+ ~^' (g)
n=1 ^2(n4 + -

A similar expression may be written for —2-~^-.

Case IIb. Five Longitudinal Beams

This case is schematically represented in fig. 9. A Solution similar in every
respect to that in case IIa yields the following expressions for the bending
moments:

„ /., 9A\ n-ni nirx

S^»E
»=i w2(7w4 + 204A +^-)

(w3- w2), v (l' S)sin -rsm—>aVa Aj /_ „.. 180A2\ '
«=i n2l7w4 + 204AH ^1

„ /_ 12A\ nw| mrx
m2-m2 (w.-w,) y(5+^r)sm-rsin-r-

1g or.-y.) y (11+^)sm—sm—
-2 ,4l ^(7# + 204A+^)

'

where the same notation as in case IIa has been used.

(h)
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V////////X//////.

—Simple Support

-Rails

- Ties

Longitudinal
1— Beams

'///n/7/
\_l_JSimple Support

\
Rai/

fysM2i M32 M,,, M43M23

rtw(x)

ez(*) (*)
Tie

Longitudinal
- Beams —

Fig. 9.

Case II c. Six Longitudinal Beams

The definition sketch for this is shown in fig. 10. The wheel loads W cause
external loads W1, W2, W3, W±, W5, W6 to act on the longitudinal girders.
Again proceeding as in Case IIa the following expressions are obtained for
the bending moments:

M1-M1 12

l TT2

72
_7T2

M2~M2 12

l TT2

12

(Wz-wjxY,
12A\ m*t-^-)Sln— '

(W3-W2)\Y,

(5+-^-Jsin-rsm-
>

£i n2(l9w* + 264A + i^)
n7r^ n7rx

sm—t— sm—=—

n=i^2(l9^4 + 264A + i^) '

_ /-,-, 6A\ nni WnX

{y (11+^)sin-rsin-A
»=1 Wa(l9W* + 264A+^*)

+ ^(^8-Wra)AÜ
("+£) sm —j— sm —^—

n=i Wa(l9ra4 + 264A + ^^)
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I ^-"Si/np/e Support
S///S/SSSSSS(/SSSSSSS*/SSSf**S'S*

+77777,

Simple
a a

Longitudinal
Beams

- Ties

-Rails

Support
3

Rails

32 M„. M34 ' 'it3

(*)
\f-03(x)

Longitudinal
Beams

Tie jl

Fig. 10.

r#7*

s
a \ a a

tVt wz w3 w2
b

AV;

e6(*)

Fig. 11.

Tables for Lateral Distribution

An examination of the equations for lateral distribution shows that they
may be put in the general form:

Mr(x)
l K1f1(x) + K2f2(x) + K3F(x)

where the / (x) denote sums of infinite series, F (x) denotes the statical moment
divided by Z at any point due to a unit wheel load and the K's are parameters
depending on the total width of the bridge. It is clear that the values of / (x)
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and K may be tabulated for various values of A and £ and different widths of
bridge. This has been done in reference [9]. The tables are not included here owing
to limitations of space. By the use of these tables it is possible to find the bending
moments in any beam of a four, five or six beam bridge. By using the
reciprocal theorem these tables may be further used for drawing the curve of
maximum moments in any beam, in these three types of bridges, due to a

train of loads.

Conclusions and General Remarks

It is realized that the analysis presented should logically be extended to
cover an arbitrary number of longitudinal diaphragms (Case I) and an
arbitrary number of longitudinal beams (Case II), in order to be sufficiently
comprehensive. For these cases, the simplest picture is given by the "gridwork".
But although such a Solution is mathematically feasible [9], the results are
not of sufficiently simple form to be attractive to the designer.

As a matter of fact it may be argued that even the use of the tables is too
laborious for the design office. Even simpler formulas can, of course, be derived
if experimental results are available from a fairly large sample of actual bridges
that have been tested, so that the formulas may be modified appropriately to
take account of field conditions (such as effect of ballast, floor plate, spacing
of ties, etc.). In the absence of adequate Information of this kind it is believed
that a greater simplicity at the expense of accuracy is not warranted.
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268 Thein Wah

Summary

The question of the distribution of train loads in the direction parallel to
traffic ("longitudinal" distribution) and in the direction perpendicular to
traffic ("lateral" distribution) arises in the design of certain types of railroad
bridges. The problems involved in this question are analyzed mathematically
for open-deck bridges and formulas derived for the longitudinal and lateral
distribution of loads. Approximate Solutions are also devised wherever feasible
in order to furnish simple formulas which may be of use in design. Some of the
formulas are translated into tables given in the Appendix.

Resume

Dans l'etude des projets de ponts de chemin de fer, peut se poser la question
de la repartition des charges mobiles en direction parallele au sens du trafic
(repartition longitudinale) et en direction perpendiculaire ä la precedente
(repartition transversale). Les problemes correlatifs ont ete etudies mathe-
matiquement et des formules ont ete etablies pour exprimer ces deux repar-
titions. L'auteur indique des Solutions d'approximation dans tous les cas oü
il a ete possible d'etablir des formules simples, susceptibles d'une utilisation
pratique dans l'etude des projets. Quelques-unes de ces formules ont fait
l'objet d'une tabulation qui est presentee en annexe.

Zusammenfassung

Beim Entwurf von Eisenbahnbrücken kann sich die Frage der Verteilung
der beweglichen Lasten in Richtung parallel zum Verkehr («Längsverteilung»)
und in Richtung senkrecht zum Verkehr («Querverteilung») stellen. Die diese

Frage einschließenden Probleme werden mathematisch untersucht, und es

werden Formeln für die Längs- und Querverteilung der Lasten abgeleitet.
Näherungslösungen werden angegeben, wo immer es möglich war, einfache
Formeln aufzustellen, die beim Projektieren von Nutzen sein können. Einige
dieser Formeln wurden in Tabellen umgewandelt und im Anhang veröffentlicht.
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