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Theory of Prismatic Folded Plate Structures
Théorie des systémes de parois prismatiques

Theorie der prismatischen Faltwerke

Jou~n E. GoLpBERG, Ph. D., Professor of Structural Engineering, Purdue University,
Lafayette, Indiana, U.S.A., and

Howarp L. LevE, Ph. D., Engineer, Douglas Aircraft Company, Santa Monica, California,
U.S.A., formerly Graduate Student, Purdue University

Introduction

During recent years folded plate construction has found increasing appli-
cation for roofs of industrial buildings and hangars as well as for the sides
and bottoms of elevated bunkers. Such construction is particularly well-
suited to fairly long spans, possessing some of the attributes of thin shell
construction with, perhaps, the added advantage of somewhat simpler fabri-
cation or forming.

The folded plate structure is a prismoidal shell formed by a series of
adjoining thin plane slabs rigidly connected along their common edges, ane
usually closed off at its ends by integral diaphragms. This type of structurd
is generally of reinforced concrete and may be illustrated by fig. 1. More com-
plicated configurations are possible. The folded plate structure may have any
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Fig. 1. Folded Plate Structure.
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number of slabs meeting at the joints, and it may be non-prismatic. The
structure also may be continuous in the longitudinal direction over several
diaphragms or supports.

A theory of folded plate structures appears to have been developed first
by G. EHLERS [1], who used a membrane solution assuming negligible displace-
ments of the joints. This membrane approach considered the slabs as beams
supported at the end diaphragms and hence with a linear stress distribution
across their widths. Subsequently E. GRUBER [4], using a strip theory approach,
was able to take approximate account of joint translations and rotations.
A further refinement in the membrane theory, by H. CRAEMER [12] and E.
GRUBER [18] considered the actual stress distributions in the planes of the
slabs. The latter papers used Airy’s stress function to obtain the planar stress
distribution, instead of assuming an elementary beam theory. Recently,
A. WERFEL [19] indicated an approach which considers both elasticity and
plate action of the slabs and requires satisfying equilibrium and compatibility
equations at the joints. WERFEL’s approach essentially requires the solving of
8 n simultaneous equations, where n is the number of joints with unknown
forces and displacements.

J. E. GOoLDBERG has outlined the following formulation which considers the
simultaneous plate bending and membrane action of the several slabs and
yields a solution involving tabulated functions. The forces at the longitudinal
edges of each slab are expressed as fixed-edge forces corrected or modified by
the effect of displacement of the joints. These displacements are visualized as
being four in number at each point of the joint; two components of translation
and a rotation, all lying in the plane normal to the joint, and a translation in
the direction of the joint. It is assumed that the joint displacements can be
expanded into Fourier half-range series. At each longitudinal edge of a slab.
four distributed generalized forces will exist; namely, a force in the plane of
the slab and normal to its edge, a shear in the direction of the thickness, a
longitudinal shear, and an edge moment. Each of these distributed generalized
forces is linearly dependent upon the four components of displacement at both
edges of the slab, and may also be expanded into Fourier series. The relation
between the four generalized edge forces and the displacements is determined
a priori by a semi-inverse technique which is essentially typical for each com-
ponent. An arbitrary harmonic of one of the displacements is applied to one
edge of the slab and the resulting homogeneous boundary value problem is
solved for the displacements within the slab. These displacements define the
resulting forces in the interior of the slab and, in particular, they establish the
forces at each edge due to the element of displacement at one edge. These
edge-force | edge-displacement relations are used in writing the joint equilibrium
equations, as well as in evaluating the fixed edge forces of the loaded slabs.

The purpose of this paper is to present and illustrate the last-mentioned
classical theory for prismatic folded plate structures. This theory incorporates
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~ the usual assumptions of plate and elasticity theory plus the restrictions that
no displacements are permitted in the planes of the end diaphragms and no
resistance is offered normal to these planes.

It is necessary, in a classical approach, to use elasticity theory for displace-
ments in the plane of the slab, since in many structures, such as bunkers, the
slabs have small length to width ratios and the assumption of a linear stress
distribution across each slab may be considerably in error. However, the use
of Airy’s stress function for the solution of the elasticity problem is awkward
and in this paper a semi-inverse approach will be used as formulated by the
senior author.

Since, in general, the membrane forces acting upon a joint are not collinear,
plate shears are necessary to place the joint in equilibrium as can be seen in
fig. 2. It follows that both plate theory and two-dimensional elasticity theory
are required in the classical solution of a folded plate structure.

Joint i vy
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Fig. 2. Edge Forces Acting on a Joint.

In this paper, the joint forces are expressed in terms of the joint displace-
ments as in the slope deflection method, thus eliminating the use of differential
equations. It is then only necessary to solve 4% simultaneous algebraic equa-
tions, where n is the number of joints with unknown forces and displacements,
for each harmonic of the Fourier expansion. Only routine calculations and
tabulated functions are involved in the writing of these equations.

The derivation of the necessary formulas is presented in the sections
immediately following. In using the method, however, one need not be com-
pletely familiar with the details of the derivation. A numerical example is
included to illustrate the method.

Edge Displacement. Force Relations for Slabs

Before deriving the equations for the complete structure, we consider an
individual slab and we develop formulas for the internal forces resulting from
the various generalized edge displacements. These edge displacements are of
two types, namely, displacements normal to the slab and displacements in the
plane of the slab. The former involve plate theory while the latter involve
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two-dimensional elasticity theory. We first treat the displacements normal to
the slab. Symbols and sign convention are defined in Appendix A.
1. Displacements Normal to the Slab

The normal displacements may be expanded into the Fourier series:

mmx

(1)

mmx

w(x,y) =2 W,, (y)sin

If we now admit only the mth term, then the deflections w,,= W, (y) sin
must satisfy the homogeneous differential equation '

Aw, *w,  tw, )
ot T leap T agr T O (2)
For w,, to satisfy eq. (2), W,, (y) must be of the form

mmy
a

mmy

W, = A4,,, sinh

+A4,,, cosh

3m

+ A mwysinhmwy
a a

mmy mmy
c .

+ A4 osh

4m

The plate problem may now be resolved into the following two edge dis-
placement cases for a typical slab ¢ —j.

Case A. Rotations of Edges v and j. The boundary conditions for this case
are taken to be the following:

o*w,,
w,, = 0 and e 0 for x=0 and z=a, (3)
b
w, =0 fory=i§, (4)
8wm) : - . m7x (8w) 5. MTX
ZZm = 0. sin : m =0, sin——. 5
(3?/ y=v2 @ oY Jy=—v2 " @ %4

It can be seen that the expression for w,, satisfies boundary condition (3).
The discussion can now be simplified by separation into two particular
cases:

1. The symmetrical case in which (%) = — (%) .
oYy Jy=uvp2 Y Jy=—vs2
2. The anti-symmetrical case in which (8 wm) = (%) .
oY Jy=v2 Y Jy=—uvs2

In the symmetrical case W,, must be an even function of y, and hence
Alm =i A4m = 0.
In satisfying boundary conditions (4), we find that

m b

A 5

=—A4,,,«,tanh«,, where «, =

2m 3m m
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Hence we now have

w,, = A;, (m;ysinhm;y—amtanh «,, cosh m; y) sin m;x. (6)

For the symmetrical case, the rotations along the edges y= ig are taken

to be

0 () = — 6, () = B, sinm;x,

im

where the “primes’’ refer to the symmetrical case.
From boundary condition (5) it then follows that
ab,
m 7 («,,sech o, +sinh o))’

A

3m

Substituting this result into eq. (6), we obtain for the symmetrical case:

a g';mSinm;x mwnwny ., mmnwy mmy
w, = - sinh —a,, tanh «,, cosh . (7)
mm (a,secha, +sinha, )\ «a a a

For the anti-symmetrical case, W,, must be an odd function of y. Hence
A2m = A3m =0.
Boundary condition (4) requires that

Ay, =—A4,,x,cotha,.

Hence we now have

(8)

m T mm . m .. mTx
w,, =44, ( Y cosh y_ «,, coth o, sinh —y) sin .
a a a

For the anti-symmetrical case, the rotations along the edges y= _‘t—g— are

as follows:

= . mTX
07 (@) = O (2) = B sin—"—,

where the “double primes’’ refer to the anti-symmetrical case.

From boundary condition (5) we find 4,,,.

Substituting this value for 4,,, into eq. (8) we finally get for the anti-
symmetrical case '

0" sin?" :
a e a mmy mmy ‘ mmy
= — h — h )
Wm mm («,cscha, —cosha,,) ( a g o COth &, sinh a ) (9)

Since the amplitude of rotation at edge ¢ is §,, and at edge j, §,,, then
the symmetrical part is

g;m = %(gzm—“gym) (10)
and the anti-symmetrical part is
Ot = % Oon+ ). (11)
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Hence adding the symmetrical and anti-symmetrical parts for w,, and
using relations (10) and (11), we obtain for this case

Wy, = 381 () [gzm{)‘lm[slm(y)—ktmcm (y)]_)‘Zm[Olm( ) = Kem S (y ]} (12)
_ojm{Alm [Slm(y)“ktmcm (y)]+)‘2m[01m( ) m y ]}]
where
A = (o, 8€Ch o, +s8inh o, )71; A, = (o, csch e, —cosh o, )71
k,, = a,tanha,, ; k., = o, cotha,; 8 4. (2 = ——%T—sin Zn—;—-rﬁg
S, (y) =sinhmwy; C,.(y) =coshmﬂy;
a a
 mTY . MmTY. _mmy mmy
Slm (y) - a Slnh a ) Olm (y) - a cosh a .
Using eq. (12), we calculate the following expressions for the forces:
?w 2w,
Mam = =D (4] 12

- Dl Sim x) [Bzm{ Alm[Slm( (:u'l—ktm) Om (y)]+)‘2m[01m(y)+(l‘1_kcm) Sm (y)]}
m{ Alm[slm(y

(p’l_ktm) Cm (y)]+)‘2m [Olm (y)+(.u'1_kcm) Sm (y)]}] s
82w

Mz _D( 3.%‘2 3y2 ) (14)

= Dl Sim (.’12) [ im {Alm [Slm (y)_(:u'2+ktm) Om (y)]_}‘Zm [Olm (y)—(“‘2+kcm) Sm (y)]}
_e_jm {)\lm [Slm (y)_(f‘2+ktm) Om (y)]"l'AZm [Olm (y)_(/“"2+kcm) Sm (y)]}] ’

)+
)+

Bw, Bw,
Qum = ‘D( o ay@xﬁ) (15)

= D82m (x) {g'bm [ —)‘lm Sm (y) +A2m C’m (y)] + gjm [Alm Sm (y) +A2m0m (y)]}a

Pw, Bw,
Qom = _D< oz T 8x8y2) (16)
= Dc2m (x) {o-wn[_AlmCm (y)+A2m Sm (?/)] +5jm [)‘lmom (y) +}‘2mSm (y)]}:

32

Mya:m = _Mxym = _D(l _V)

ox y (17)
= chlm(x) [9-zm{—")\1m[01m( ) ( ) Sm (y)]+)\2m[81m (y)+(1_kcm) Om (y)]}
+gjm{ Alml:Olm( ) ( )Sm (y)]+)\2m [Slm(y)'i'(l—kcm) Om (y)]}]’

where
mm . ML, m2aw® . mmx,
81 () = — S Som () = g2 Sin— —;
mmw  mmux min?  mmwx
€1 () = ——cos ; Com (X) = cos !
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En3 Eh3
D=12(1—V2)’ D1=24(1+u)"
2 _ 2v
=150 S

Case B. Translations of Edges v and j. The boundary conditions for this
case are
2

. =0 and w-Oform~0andx=a (18)
ow b
2 m = 4+ — 1
5y 0 for y =+ 5 (19)
mmx _ ..m7nzx
(wm)y=b/2 Wiim sin a 5 (wm)y=—b/2 = Wjim SIND (20)

For simplification, the solution for w,, can again be separated into a sym-
metrical and anti-symmetrical part, which requires the use of only two arbi-
trary constants for each part. The two constants, as before, are determined
from boundary conditions (19) and (20). The symmetrical and anti-symmetri-
cal parts are then combined to give the complete solution for w,,.

Hence we get for this case, using the symbols in case I A,

w,, = (21)
- ?’_U}'im{ >‘3m [Slm (y) - (1 + kcm) Om (:’/)] + )‘4m [Olm (?/) - (1 + ktm) Sm (y)]}]:

Asm = (o, csch &, + cosh a,,)71; Ay = (¢, 86ch o, —sinh o, )75

. mTX
8, () = sin

From eq. (21), we get the following expressions for the forces:

M, = ~ (22)

D1 89 () [Wijm A3 m [S1m )+ (5= Kem) O (9)1=Ag i [Cr () + (115 (1)1}
+Wjim Agm [S1m @)+ (13— Kem) Con (9)]+ 240 [Crm () +( I“L3_ktm) Sm )11

M, - BNEEY

Dl Sam (.’13) [wijm {_ASm [Slm (y) (f"3+kcm) m (y)]+A4m [Olm (y)_(f‘3+ktm) Sm (y)]}
~Wiim{ Azm [S1m U)=(k3ten) O ()] + 200 [Crn (¥)— 3+ Kpn) S (¥)1}]5

Qym = D'SBm (x) {wijm [)\3m S (y A4m Om (y)]+w:nm [)\3m S ( )+A4m0m (y)]}’ (24)
me = D cSm (x) {wijm [ABm O ( A4m Sm (y)] nm [)‘3m Om (y)+/\4m Sm (y)]}’ (25)

Mywm = Dl ch (x) [@—Uijm {A3m [Olm (y) kcm m (y)]_Aflm [Slm (y)'—ktm Om (?/)]} (26)
+7’_Ujim {A3m [Clm (y) kcm m (y)]+A4m [Slm (y)_ktm Cm (?/)]}] ’

)—
)—

2
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where

mi3ms . mwx m3 3 M 1+v
Sgm (%) = S ; Cam (T) = cos 5 Ks =7

_V :
I1. Displacements in the Plane of the Slab:

The governing differential equations involving this type of displacements
may be obtained in the following manner:

Let us take
0, (@,9) = Uy (y)cos (27)
O (.9) = Vi (y) sin == (28)
Then we get the following expressions for the stresses:
K 8um+ ov,\  E _mrg av, gin M
Tom =7 2\ Gx oy ) T 102 a ™ dy a ’
E (ov, ow,\ E (dV, m=w . muwx
Tym = 1—V2( oy Y 3.’17) - l—vz( dy a va)sm a ’ (29)
_ G 3um+ v,y B dUm+ MT 5 oos MTE
Tam = P\ Ty T o) T 2(0+v) \ dy a ™ a

Substituting the above expressions for the stresses into the two equilibrium
equations:
00, = OT 00y, 0T

zym _ zym _
ox oy 0 and oy ox ’

we arrive at the following governing equations:

& {[D2—- 2 (E)Z]Um+|:1+vln—zD]Vm}oos-mwx=0, (30)

2(14v) (1=v)\ a l1—v a a
E l1+vmn 2 0 m T\« . MmTT
2(1+v){_ [l—v a D] Um+[1~VD _(7)]Vm}sm o -0 G
d a2
_ 2 %
where D —dy and D i

It can be readily verified that the values of U,, and V,, satisfying these
two differential equations are as follows:

U, = A4,,cosh m;ry—l-AZmSinh mﬂy—i—A?,m 7Y cosh 7Y
+A4,,, MY sinh mwy’

a a
mmy . .ommy mmy mmy

V,., = By, cosh o +B2msmh——a—+B3m p cosh o
+ B, "MTY sinh mwy,

a
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where the B;,,’s are related to the 4,,’s in the following manner:

3—v 3—v
2m-m‘43m> Bzm:‘Alm_m am>

B3m = A4m7 B4m = A‘Bm

Bi,.=4

1m

The two-dimensional elasticity problem may now be resolved into the follow-
ing two edge displacement cases:

Case A. Translations Normal to Edges ¢ and j. The boundary conditions for
this case are

b
w, =0 for y= t5 (32)
_ . mTx _ . mmTx
(vm)y=b/2 = VUyjm S a 5 (vm)y ——pj2 = Ujyp Sl (33)

The discussion can now be simplified by separation into two particular
cases:
1. The symmetrical case in which On)y—piz = — V) y——py2-
2. The anti-symmetrical case in which (v,,),_s2 = (V)y=—ps2-

In the symmetrical case V,, must be an odd function of y, and hence

B,,,=B,,,=0. It then follows that 4,,=A4,,,=0.
In satisfying boundary conditions (32), we find that

A, =-4

im im

and hence we now have

u, = A (mwysinhmwy—cxmtanhcxmcoshmwy)cosmﬂx, (34)
a a a a

m am

Cmrmy mmy 3—v\ .,  mnwy| . mwx
vm=A4m[ a cosh p —(amtanham+l—+~v)s1nh p ]sm P (35)

For the symmetrical case the displacements normal to the edges y = iﬁ

. 2
are taken to be

_ . mmx
'U;im (x) = —v;'im (x) = v;ﬁjm sm——a—, (36)

where the “primes’’ as before denote the symmetrical case.
~From boundary conditions (33) it then follows that

—_—

A _ Yiim

a4m

(cxm sech a,, — 1—;—: sinh cxm)

Substituting this result into egs. (34) and (35), we obtain for the symmetrical
case
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T, COS Y
iim T mar
Uy, = 3_3 ( Y sinh 7Y _ o, tanh o, cosh y) , (37)
(ocm secho, —7 i sinh am) a a a
—, . mnx
Vgim S1IL a FTmamr y mmy
v, = cosh
h 3—v . h a
(am secha,, —y=—sinh «,, (38)

3—v mmy
_(amtanham+l+v)snh . ]

In the anti-symmetrical case V,, must be an even function of y, and hence
B,,,= B;,,=0. It then follows that 4,,,=4,,,=
Satisfying boundary condition (32), we find that

A4,,=—-4

2m 3m

3
o, cothe, and Blm:—A3m(a coth « +1+v)

Hence we now have

Uy = Az (m:ycosh m;-ry —a,, coth «,, sinh m;-r y) cos m;rx, (39)

mmwy . mwy 3 mmy| . mwx
= . (40
m = Asm [ . sinh = ( coth o, + 1 +V) cosh p ] sin — (40)

For the anti-symmetrical case the displacements normal to the edges y = ig

are as follows:

mmoTx
(CU) = vnm (x) = vwm sin a (4'1)

n
jm

v

where the “double primes’’ as before denote the anti-symmetrical case. From
boundary condition (33) we find A4,,,. Substituting this value for 4;,, into
eqs. (39) and (40), we finally get for the anti-symmetrical case

D7 cosm”
ijm ma mar . mar
u,, = — 3_‘1‘ ( Y cosh —y—cxm coth «,, sinh y) ,(42)
(ocm csch e, + o cosh ocm) a a a
o sin 7%
im mmy . m
v, = — [ Y sinh 7Y
(oc cscha,, + cosh o ) t a

(43)

_(amcothcxm+13+ )c sh a?/]

Since the amplitude of displacement at edge ¢ is 7;;,,, and at edge §, ¥;;,,,
then the symmetrical part is

Vijm = % Bijm = Vjim) (44)

and the anti-symmetrical part is

Ei,jm % ( ijm + vnm) (45)
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Hence adding the symmetrical and anti-symmetrical parts for «,, and v,
and using relations (44) and (45), we get for this case using the symbols at the
ends of cases I A and IB.

U = %Cm (x) [Eijm {A5m [Slm (y) - ktm Om (?/)] _)\Gm [Olm (y) —'kcm Sm (y)]} (46)
- 5jim {A5m [Slm (y) - ktm Om (?/)] + )‘sm [Olm (y) - kcm Sm (y)]}] ’
vm = %Sm (9&') [@.jm {A5m [Clm (y)_(.u“'*'ktm) Sm (y)]—AGm [Slm (y)"(/“H'kcm) Cm (y)]}
ﬁjim {ASm [Clm (y)—(:u“-"ktm) Sm (y)]+)‘6m [Slm (y)_'(f""*'kcm) Om (?/)]}],

(47)

where

mmx 3—v
cm(x)=cos—a ; ,u=1+v;
Ay = (a,, secha,, —psinh o, )71 A¢m = (o, escha,, + pcosh e, )1,

The stresses at any point in the slab can now be determined by substituting
the expressions for u,, and v,, from eqs. (46) and (47) into relations (29). The
forces per unit length are then obtained by multiplying the stresses by the
thickness of the slab, giving the following results:

N = (48)

Dy 81 () [Bijm A5 [ 1)+ (ts= ) Con ()14 A0 [Com (0)+ (4= Fogm) S, ()]}
'H_inm{ /\5m [Sim () +(na=kyy) C (y)]'*'Asm [Cim )+ (ng—Kem) S (y)]}],

Nym = (49)

ym

D2‘81m (x) [Q—Jijm {)\5m [Slm (y)_(f/‘ﬁ"'ktm) Cm (y)]—)\ﬁm [Olm (y)_(lu’5+kcm) Sm (?/)]}
~Vjim Qs m [S1m ()= (s+ky,) Crp () ]+ 261 [Cr o (¥)— (15 Kom) S ()1},

Ny = A (50)

D,y () [@ljm {Asm [Crm (W)~ (pet+kp) S, ()] =26 [S1m ()= (e +Ken) Cr (¥)1}
—Vjim s [C 1 (W) — (67 Kn) S ()] H+ A6 [S1m ()= (16+kem) Con ()]}],

where

Eh 2v 2 _l—v

D, = 5 = ) = » — .
2 2(1+4+v) Ha 1+v Hs 1+v He 14+

Case B. Translations Tangential to Edges © and j. The boundary conditions
for this case are

b
v, =0 for y= t5 (51)
_ mmx _ mmx
(U )y =pj2 = Wi COS g () y ——bj2 = Ujpy, COS — (52)

For simplification the solutions for u,, and v,, can again be separated into a
symmetrical case and an anti-symmetrical case. The two constants for each
case are determined from boundary conditions (51) and (52).
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Combining the symmetrical and anti-symmetrical parts to give the com-
plete solutions, we get for this case using the symbols at the ends of Cases T A,
IB and ITA.

m (53)
%cm (23‘) [uzm { - ;\7m [Slm (y) + (F‘ - 'Iccm) Cm (y)] + ASm [Clm (y) + (/*‘L - ktm) Sm (y)]}
- ﬁjm{ )‘7m [Slm (y) + (PL - kcm) Cm (y)] +A8m [Olm (y) + (V’ - ktm) Sm (y)]}]’
U = %Sm (x) [ﬁim { _)\7m [Olm (?/) - kcm Sm (?/)] + Ai:’»m [Slm (y) - ktm Om (y)]}
- ajm{ A7m [Olm (y) - kcm Sm (y)] + )‘Sm [Slm (y) - ktm Om (y)]}]’

&

(54)
where

Aym = (o esc¢ha,, —pcoshe,) 1, Ag,, = (o, sSech o, + psinh o, )71,

From eqgs. (53) and (54), we get the following expressions for the forces:
N, = (55)

Dy 81 (®) [ A7 [S1m (0) + (2= Kem) O ()]~ [C1 W)+ (7—F) S ()1}
FUij Az [S1m (U)+ (7= Ken) Cr ()14 2850 [Cr  (9)+ (7= Kp) S ()1}
N = (56)
Dy 81 (®) [%iim { A7 [S1m () + (6 Kem) Con (W) ]+ A5 [Cr i (9)+ (16— Kn) S (¥)]1}
Ui { Ay [S1m W)+ (6= Kem) O ()] Ag 1 [Crm (¥)+ (6= Kim) S (9)1}],
Nyxm = ' (57)
Dy ¢y (@) [Bim A= A20m [Crm @)+ (15— Kom) S (1) 142 [S1m )+ (15 =) Cro ()1}
Ui { Arm [Crm (Y)+ (15— Kem) S (9)]+Ag 1 [S1m () + (5= ki) Con ()31,
3+v
1+v

where u, =

By superimposing the forces from the four cases given above upon those
which are obtained from the fixed edge condition, the total force at any point
in the slab may be obtained.

Derwation of Joint Force. Joint Displacement Equations

By evaluating the combined results of the last section for the forces at
Y= i—g—, we may obtain the expressions for the forces acting on the joint; if

we observe the change in sign convention stated in Appendix A. However,
instead of evaluating the quantities @, and M, at the joint, we evaluate the
effective normal shear force [20], V,, which is expressed as follows:

oM,z

V,=@,+ pyoar

It is understood that this effective shear has physical meaning only at the
edges of a slab, i.e., at a joint.
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If we again consider only the mth term of the Fourier series developments
for the forces and displacements, we may now, from the above operations,
write the joint force equations in the following form including the fixed edge
forces.

ErR m . mnx x A _ _
M i = Mpijm +m g P [C1 05+ Cy U5 — C3 Wy, + Oy Wiy
ER m? . mnmnx_ . - = _ _
+ 12(1—?) a? sin— — [C5 05 +Cg 050 — Cq Wy + Cg Wi, ]
Er m sip T
(14+v)? a
Er m mmx

Vijm = VFijm

Nijm = Npijm + [ = Co Vs + C100j5m — C11 Wim + C12 Ujpm),

Siim = Spijm + 02 a GOB-—— [ = Ci30s5m — CraVjim — C15 Uz + Crg U]
and

Ehn3 m . mwox ~ ~ _ _
M = Mpjsm~+ 12(1—%) a S [C1 05+ Cy 05+ C3W; 50, — Cy Wiji ],

Eh? mzs. marx
12(1—%) a1 g

Eh m . mnx

Viim = Vjim + [-Cs B_jm —Cg 0, — Cr Wi + Cg Wyjmls

J

Niim = Npjim + 057 @ sin [~ Co T+ CroVijm + C11 %, — Cr2 U],
Eh m mmx _ _ _ _
Sjim = Srjim + A1v7% @ cos [C13Djim + C1aVijm — C15Ujm + C16 Ui,
where
m m m m
Cy =_d“03*§ Cy =;O4*5 C, ="a—07 ; Cy =Eos*
and where
o [ cosha,, sinh «,,
== 77' A —_—
1 | («,, sech &, +sinh «,,)  («,, csch a,, — cosh a,,)
0. — [ cosh o, + sinh o,
2 7 77 |(«,secha, +sinha,) ' (a,csche, —cosha,,) |’
i cosh « sinh o
O sk — O — 2 ™m . m' _ 1 _ ,
3 > " | (e, csch o, + coshe,)  (a,,secho,, —sinha,) ( V)]

cosh o, sinh o,
+ :
| (¢pcsch o, + coshe,,) (e, sech,, —sinha,,)

sinh a,, cosh «,,
L(ocm csche,, +coshe,,) (a,secha, —sinha,,)

0% 3 sinh a,, + cosha,, ]
- . ,
8 | (o, c8¢h «,,, + coshe,,) ~ («,,secha,, —sinha,,) |
i cosh sinh
09 — T _ X + o 200y

. s
- (am sech a,, — _IT: sinh ocm) (ocm csch o, + W]—; cosh ocm)
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cosh o, sinh %,
(ocm sech a,, —3— e —“sinh « ) (oz csch o, —|— coshoc )
cosh « smh o
Cphh =Cp= = 3_m,, - 3sz .
( (% esch o, ROS \ ( e, sech a +-——sinh ocm\
_l + v ln/ \ {2 e 1 + v na/
+(1+ V)] ,
[ ' cosh « sinh %y i
Cip =Cy=—m 31n,, + ’
L (am cscha,, — 1 cosh ocm) (oc sech %X + smh o )
[ sinh «,, : cosh %, |
015 == @™ — 3_ + 3 )
L (ozm csch o, —3— - 2 cosha ) (ocm sech a,, + S = sinh « )
[ sinh «,, cosh %y i
016 == w 3_ +
s (am escho,, —7— g ” cosha ) (oc sech a,, + smh o )

The directions of the corresponding joint forces and joint displacements
of the two slabs meeting at a joint do not in general have a common orien-
tation. To facilitate the writing of the joint equilibrium equations it is con-
venient to refer to the same set of axes for both slabs at a joint. To accomplish
this purpose, we transform the displacements and forces in the (y,2) directions
at each edge to the (¢, n) directions. If we consider some joint 7, with preceding
joint, k, and following joint, j, then these transformations may be illustrated
by figs. 3 and 4.

From fig. 3, the joint displacement transformations are

?'-Uijm = T4 COS ?Sw 1m sin ‘)bzy ’ Wipm = Tsm COS ¢zh zm sin ¢zh >
v

ijm = — Tem sin (}Sw 'Lm cos qsw Uiam = — Nim sin (ﬁzh zm COS qszh

From fig. 4, the joint force transformations are

F niim = Vijm cos (ibij -N ijm S1N ﬁbij ’ F nihm = Vinm €08 by, — N i3 SIN By,

F Eijm = — VijmSin @y — Ny, COS s F Eihm = Vitn SN @3, — N 13,1, COS by,

It is clear that the above transformations which are used in span 7—#
also may be used in span ¢ —j at joint j.

At each joint of the folded plate structure it is only necessary to write
four equilibrium equations since compatibility is automatically satisfied.
Considering again some joint ¢, we may express the equations of equilibrium
as follows:

My, +M

ijm

Foijm+F

Feiim + Feipm =
Sijm  +8ipm =

-

ithm =

nikm =

-

o oo o
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Nin *lzm

Joint i Joint 1

Fig. 3. Transformation of Joint Displacements. Fig. 4. Transformation of Joint Forces.

In applying the above results, the transformed displacements are substi-
tuted into the joint force equations and the transformed forces are used in
the equilibrium equations as indicated above.

Boundary Equations

If we call the boundary edge or extreme edge, 7, and the succeeding joint,
j, then we have the following conditions for a free boundary:

M.

ijm

If the boundary is fixed, then

= F'r]ijm = Ffijm = Si]'m = 0.

0.

Oiim = Mijm = Eigm = Yijm =
If the boundary is pinned and free to slide longitudinally, then

Nijm
If the boundary is pinned and completely restrained from sliding, then

Niim = fi;’m = Ui, = 0 and M'L‘jm = 0.

For the case of an edge beam on the boundary, refer to Appendix C for
the pertinent boundary equations. '

Example: Three-Slab Folded Plate Structure with Fixed Boundaries

To demonstrate the use of the above equations, we solve the problem of
a three-slab folded plate structure with fixed longitudinal boundaries. The
cross-sectional properties of this structure and its loading are shown in fig. 5,
together with the orientation of the (¢,7) axes at each joint. The directions
of these latter axes are arbitrary, although it is desirable to have one of the
joint axes in the direction of one of the adjoining slabs. Hence from this
chosen orientation, we have

B1a =gy = —60°;  hyg = g, = 0° and gy = Py = +60°.
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Other essential properties of the structure are:
a =120, h =5" (for all slabs); and v =0.2.

Since edges 1 and 4 are completely restrained,

20’ 77.547" I
T i

Fig. 5. Cross Section for Example.

Considering the first harmonic of the loading, or m =1, we have, by defi-
mition; oy = tgy = 0.302300 and  ayy = 0.2617994,
where the subscripts designate the pertinent slab.

The amplitudes of the fixed edge forces for the first harmonic from Case I
in Appendix B are:

Mpio=—Mpy = +55.89793; and Vo = Vo = + 14.69943,

The fixed edge forces in the planes of the respective slabs (i.e., the membrane
forces) are zero.

Resolving the fixed edge shears into the (£, ») directions, we have from the
force transformation equations

Fopro=F, 4y =+17349715; and Fypy, = Fypy = +12.73008.

In writing the joint force-displacement equations, it is convenient to
change the scale of the displacements by transposing an arbitrary factor K
from outside the brackets as is done in slope deflection and moment distri-
bution analyses. This avoids extremely large stiffness coefficients and cor-
respondingly small displacements. In the present example, since the thick-
ness is the same for all slabs, the transposed factor is taken as:

. Ehnm
~ 24a(1—v2)"

Using the values of «,, and the slab properties, the quantities C; through
(¢ for each slab are obtained and are then multiplied by the portion in front
of the brackets which remains after factoring the K quantity inside.
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Transforming to the (¢, 7) directions by use of the transformations given
above, we obtain the following results for some typical joint forces including
the fixed edge forces:

M,, = —55.897930 + 2.353363 0, + 0.07650277 7, + 0.1325067 £,

My = +2.701191 8, — 0.2027033 7, + 1.314030 G5 + 0.2006795 7,

Note that, although the same symbols are used, the displacements in the
above equations are ‘‘relative’’ displacements, i.e., K times the true dis-
placements.

From the joint force relations, we write the four equilibrium equations at
Joint 2 and the four at Joint 3 with the following as a typical result:

My + My, = 0 = —55.897930 + 5.054554 8, — 0.1262005 7, + 0.1325067 &,
+1.314030 8, + 0.2006795 7, .

The eight equilibrium equations are solved for the amplitudes of the dis-
placements using the following technique: By means of the one group of four
equations, express the four displacements of Joint 3 in terms of the four
displacements of Joint 2. The use of these results reduces the remaining four
equations to a set involving only the four displacements of Joint 2, and these
are evaluated by simultaneous solution of the four equations. The displace-
ments of Joint 3 are then calculated by use of the first set of equations.

The extension of this technique leads to a step-wise procedure for handling
systems of more than two joints without requiring, at any stage, the simul-
taneous solution of more than four equations.

Using this approach, we obtain for m=1,

g, = +11.94895, g, = —2.98351,
7, = + 5.64869, fy = — 5.35246,
&, =+ 9.12456, £, = +8.96620,
Uy = + 1.48524, Uiy = — 1.49056.

Substituting the above displacements into the force equations, we get

M, = +71.071, M,; =— 1.809,
{nlz = +27.604:, ]_77743: _13.358,
Sy = +17.541, S,s = —18.785.
My =—M, =—26.137, M, =—M,, =+ 5.424,

Sm = —8,; = —28.812, S =—83, = —29.418.
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By the same approach, we obtain the following results for the third har-
monic, or m=3:

8, = +2.97037, 0, = —0.600974,
7o = +0.239408, 73 = —0.147485,
&, = +0.250406, & = +0.195773,
Uy = +0.075439, Uy = —0.067105

and for the joint forces

M, = +19.848, M, = —0.5685,

an =+ 5.321, Fn43 = +0.1641,

Fepp =+ 3.063, Fpgy = —1.3180,

S, = — 0.7429, S,;; = —0.8648,

My = My, =—8382, M, =— M, =+1.642,
Frooy=—F, p=—05T71, F g3=—F,; =—0.4646,
Fioy = — Fppy = +5.245, Figs = — Fgyy = —0.3956,
Sy =-8p =-2115, S =-8, =—2.463.

For the fifth harmonic, or m =5, we obtain the following results:

f, = +1.08334, f, = —0.138661,

7, = +0.0695769, 7i; = —0.0232892,
&, = +0.0565577, £, = +0.0259520,
Uy, = +0.0187552, Uy = —0.0110577

and the joint forces are

M,, = +8.924, M,; = —0.09978,

F, 15 = +2.020, F, 3= —0.1720,

Fiip = +2.168, Feyy = —0.1218,

S,, = —0.3201, S, = +0.08602.

My =My =—4.046, M, = — M, = +0.5039,
Foog=—F, p=-03462, F 4 =—F, ;,=—01687,
Feoy = — Feo3 = +2.946, Fygy = — Fegy = —0.1454,
Sy = -8 =—0.4555, S =—8; =-—05754.

It can be seen that the above results have converged sufficiently for most
practical purposes, but for greater accuracy more harmonics should be taken.
The above harmonics may now be combined, if it is remembered that each

of the above results is to be multiplied by sinir%rf, except # and S, which

are multiplied by cos m;x
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The forces at any point in the structure now may be obtained from the
above results in conjunction with the edge displacement-force relations and
fixed edge force expressions for interior points.

Since this particular example was used to demonstrate a general procedure
of solution for a folded plate structure, advantage was not taken of the sym-
metry of the cross-section of this structure. Because of this symmetry, this
example could have been resolved into a symmetrical part and an anti-sym-
metrical part with a resulting saving in labor.

It has been found by the authors that the effect of Poisson’s ratio is quite
significant, and the arbitrary use of v=0 generally is not justified. Examples
worked by the authors using v=0.2 and v=0 showed discrepancies as large
as 33 per cent for the joint forces, and differences beyond comparison for
certain interior slab forces.

General Procedure of Solution

In view of the Example (p. 73), we are now in a position to suggest a
general method for solving the basic folded plate structure:

1. Locate the (¢, ) coordinate axes at the boundaries and at each joint so
that at each location one of the axes is in the direction of one of the slabs.
(This reduces the amount of coupling between displacements.)

2. Starting with the first harmonic (m =1), calculate the fixed edge forces
(using the pertinent equations of Appendix B) and resolve these forces into
the joint coordinate directions defined in Step 1.

3. Calculate the quantities C; through C,, for each slab by using the
equations given in the text.

4. From the joint force equations, factor a common quantity from the out-
side of the brackets to the inside and combine this quantity with the unknown
displacements. (This combination we call the ‘“relative’’ displacement, as
indicated in the Example.)

5. Multiply each C; by the quantity remaining outside the brackets.

6. Transform the displacements and forces at each joint to the (£, n) direc-
tions by use of the transformation equations given in the text.

7. Using the joint force equations, write the boundary and joint equi-
librium equations.

8. Solve the simultaneous equations of Step 7 for the unknown relative
displacements. (It is preferable to solve these equations in blocks of four, as
indicated in the Example.)

9. Calculate the joint forces by substituting the values of the ‘‘relative’’
displacements into the joint force equations. (The forces at any interior point
may now be calculated by substituting the appropriate joint displacements
into the edge displacement-force relations and adding any forces arising from
the fixed edge condition.)
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10. Repeat the above steps for the second harmonic and any additional har-

monics until the desired degree of convergence is attained.

11. Combine the corresponding results from each harmonic to obtain the

final values for the desired displacements and internal forces.
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Appendix A. Notation and Sign Convention

The symbols which are not defined in the text are as follows:

a,b,h

E.G,v

D

x,y,z

u, v, w
Uy, Vg > Wej
91’
(M, M,);
(MxyDMyx);
(@, @Q,);
(N, Ny);

i Vijs

(Nmy’Nyx)3 _
V

y

O'owo'y?T:cy

longitudinal, transverse, and thickness dimensions of a slab,
respectively.

modulus of elasticity, shearing modulus of elasticity, and
Poisson’s ratio, respectively.

Eha . . 3 .
21— modulus of rigidity.

rectangular coordinate axes for slab.

displacements in the z, y, z directions, respectively, for any
point in the mid-plane of the slab.

u, v, w displacements along edge ¢ of slab ¢ —j.

rotational displacement about edge ¢ of the tangent to slab¢ —j.
internal slab forces per unit length in the coordinate direc-
tions, respectively, in pairs: bending moments, twisting
moments, plate shear forces, membrane forces, and membrane

shearing forces.
(For an illustration of these forces see figs. 7 and 8.)

Q,+ a]allxyx; effective normal shear force.
Nz Ny Nay :
= and = respectively.

number of the harmonic or number of half-waves in the
x-direction.

mab
2a ]
joint forces per unit length acting at joint ¢ in span ¢—7,
respectively, the joint bending moment and the joint forces
in the z, y, and z directions.

, coefficient parameter.

orthogonal displacements in the plane of the cross-section.
joint forces per unit length acting at joint ¢ in span ¢—j in
the ¢ and 7 directions, respectively.

angle of transformation from the (y,z) system to the (&, %)
system at joint ¢ for span ¢ —j.

thickness of edge beam.

depth of edge beam.

The mth term of the Fourier series developments for any of the forces and
displacements given above is denoted by the letter “m’’, in the subscript.

The amplitude or maximum value for a particular harmonic of any of the
above forces and displacements is designated by a ‘“‘bar’’ over the symbol.
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The fixed edge forces and the internal forces arising from the fixed edge
condition are designated by the letter “F’’ in the subscript.

The location of the coordinate axes for the individual slab is as shown in
fig. 6. The z-axis completes the right hand triad (z,y,z). Fig. 6 also shows that

Cc
2

the edges, y= +%, and y = —%; are designated and ‘g

Positive displacements of u, v, and w are taken in the positive x, y, and z
directions, respectively.

The positive directions for the internal slab forces are shown in figs. 7
and 8.

For convenience, we always consider the structure as running from left
to right longitudinally with the observer always facing toward the left end.
The origin of coordinates is located at the left end with the positive longitudinal
axis (z-axis) directed toward the observer. The y-axis for a particular slab is
oriented so that its positive direction is always toward the preceding joint.
The orientation of axes for a complete structure is shown in fig. 9. The slab
coordinate axes (z,y,z) also pertain to the joints which bound the slab.

Fig. 9 also shows that the joints preceding and following a particular slab

J

[

| B

LN{SY

)

— +M,

Fig. 7. Internal Forces due to Plate
Action.

Fig. 8. Internal Forces due to
Membrane Action.
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are designated ‘4’ and ““j’’, respectively in accordance with the edge designa-
tion for the individual slab given above.

A counter-clockwise rotation of the joint, as seen looking toward the left
end, and joint displacements in the positive coordinate directions, are taken
as positive.

A clockwise joint moment and joint forces acting in the positive coordinate
directions are taken as positive.

The joint sign convention differs from that for the individual slab only in

the sign of the forces acting at the joint edge corresponding to y= +% (or
edge ¢). The signs of the forces acting at the joint edge corresponding to y = —g

(or edge 7) and the signs of the displacements are the same for the two systems.
The (¢, 7,x) axes are orthogonal and form a left hand triad. The angle ¢
is taken as positive if measured clockwise from the positive ¢-direction to the
negative y-direction. (See figs. 3, 4.)
For the fixed edge forces, a positive load is considered as acting in the
positive coordinate directions of the slab.

O/rec//'aN
Observation

Fig. 9. Orientation of Axes for Folded Plate Structure.

Appendix B. Fixed Edge Forces

Joint forces arise due to two effects: (1) the rotations and translations of
the joints, and (2) the loading. The joint forces due to the joint displacements
have been fully developed and it is the purpose of this section to find the
joint forces due to various types of loading.

The Fixed Edge Forces are the forces due to loading which would exist
at the longitudinal edges of a slab if these edges were constrained against all
displacement. The total edge forces are obtained by superimposing upon the
fixed edge forces the additional forces due to the edge displacements. As in
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the other sections of this paper, the transverse edges (x=0,a) are assumed
to be completely restrained in the planes of the end diaphragms and to have
no restraints normal to those planes.

The fixed edge forces are given below for the important cases of uniform
normal load and uniform load in the y-direction. The fixed edge forces for the
general case of normal loading and for the general case of loading in the plane
of the slab also have been determined by the authors, but, for brevity are
not presented here.

The following procedure is suggested for determining the fixed edge forces
for any case. The loading is first expanded into a Fourier sine series, using a
single series if the load does not vary in the y-direction, otherwise using a
double sine series. Displacements are then assumed in a similar series form
and the coefficients are determined by substitution of the assumed series into
the appropriate differential equations. In general, these particular solutions
do not satisfy the geometrical boundary conditions and it is necessary to
superimpose solutions of the homogeneous differential equations to nullify
the untenable displacements associated with the particular solution.

Using the above approach, the fixed edge forces and associated internal
forces have been found for the following cases:

Case I. Uniform Load Normal to the Slab

If ¢ is the intensity of the uniform normal load, then the fixed edge forces
for the mth harmonic are (m=1,3,5...):

4qa? 2cosh a,, . mmTx
m37® | («,, cscha,, +coshe,,) a
8qa sinh o, . mnTx
Vme = VFsz = 2 9 SN .
m?m? (a,, csche,, + cosh o) a

The resulting internal forces for this case are

_4qa*(1-v) . mmx

M, 5, = o
mny . mmy 1+u_ mmy
- [—~a sinh —-=+ (l—v a,, coth ocm) cosh——= o
(e, e8Ch o), + cOsh o)) 1—v|’
4qa®(l—v) mmx
M, = s S
[m”ysinh m;y — (g—: + o, coth ocm) coshm—;r—g] 1
{ (e, c8Ch o, + cOsh a,,,) *1 —v}’
. L maY
8qa sinh a . mmx
Qyrm sin 5

 m2n? (a,cscha, +cosha,,) a
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]. l
) H

4qa mmx
Qarm = Tt g [(amesch o, +cosha,)
cos 7%
I _ N ____4qa2(1~v)
yaFm TyEm m3 3 (¢, c8ch o, + cosh )

- [@3_/ cosh 7Y _ «,, coth «,, sinh mwy] .
a a a

Case I1. Uniform Load in the Plane of the Slab Acting in the +y-Direction
If p is the intensity of the uniform load in the plane of the slab, then the

fixed edge forces for the mth harmonic are (m=1,3,5,...):
16hap sinh « . mmTx
Nein= Vo= oomds T2,
(ocm csch a,, +7——cosh ocm)
+v
4hap 4 cosh mmx
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The resulting internal forces for this case are
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Appendix C. Joint Force-Displacement Equations for an Edge Beam

Many folded plate structures utilize edge beams on their longitudinal
boundaries and it is the purpose of this section to present the joint equations
for the edge beam in forms similar to those for the slab.

The edge beam to be considered is of rectangular cross section and is
attached to the neighboring slab along the centerline of one of its faces with
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the opposite face free. The end x=0 and x=a, as with the slabs, are not per-
mitted to have displacements in the planes of the end diaphragms, but have
no restraint normal to these planes. In particular, the ends are simply sup-
ported with respect to bending and restrained from twisting, but with no
restraint against warping. The orientation of the («,y,z) axes follows the same
rule as for the slabs (see fig. 10), and therefore either edge “4’’ or edge ““j”’
may be the contacting edge. Hence we must give joint equations for these

two possibilities.

Direction of
Observation

Fig. 10. Orientation of Axes for Folded Plate Structure with Edge Beams.

An approach to this problem can be made by first giving displacements
to the contacting edge of the same type as those for the slab. These edge
displacements can then be related to the internal restraining forces by use of
elastic deformation theory. Writing the equilibrium equations for a differen-
tial element along the length of the beam will relate the internal restraining
forces to the edge forces. Hence the edge forces may be related to the edge
displacements through a set of differential equations. The required joint force-
joint displacement equations can now be obtained by taking consistent Fourier
series developments for the edge displacements and edge forces. This latter
step relates the joint forces to the joint displacements by a system of linear
algebraic equations similar to those for the slab. If we first consider edge “4”’
to be the contacting edge, then these last relations may be written as follows:
E#d m2n? mvrx{[ G(

t m2 2 ~

M =

wm 48k, a? My 167

E

2.2
m2am

F 7] 1

_2d—a2 wijm}, )

1) These equations are valid for d=t.
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If edge ““9’’ is the contacting edge, then
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Following the same transformation rule for the edge beam as for the slab,
the equilibrium equations for a joint formed by an edge beam and a slab are
of the same form as those for a joint formed by two slabs. Hence if we call
the edge beam joint 7, and the following joint k, with the free edge designated ¢,
we may write the following set of equilibrium equations for joint j:

M +My, =0,

F'qjkm +Fnjim =0
ngkm +F§jim = 0,
S; 0

ikm +Sjim =

)

Summary

This paper develops a procedure for analyzing folded plate structures which
considers both plate and membrane action. Equations are derived which
relate each joint force to a linear combination of the joint displacements. In
this manner compatibility is automatically satisfied at each joint, and it is
only necessary to write 4n equilibrium equations, where n is the number of
joints with unknown forces and displacements, for each harmonic of the
Fourier expansion.
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Joint forces due to common loading conditions are given as well as joint
equations for a rectangular edge beam.

The application of the theory is illustrated by the analysis of a three-slab
folded plate structure with fixed boundaries.

Résumé

Les auteurs exposent une méthode de calcul des systémes de parois pris-
matiques qui tient compte aussi bien de I’effet de plaque que de I'effet de mem-
brane. Ils établissent des équations qui rapportent chaque contrainte d’aréte
a une combinaison linéaire de déformations d’aréte. Les conditions de compa-
tibilité sont ainsi automatiquement satisfaites pour chaque aréte et il suffit
d’écrire 4 n conditions d’équilibre pour chaque terme du développement en
série de Fourier, n désignant le nombre des arétes impliquant des contraintes
et des déformations non connues. Les auteurs indiquent des valeurs de con-
traintes d’aréte résultant de charges courantes, ainsi que des équations d’aréte
pour une poutre de retombée rectangulaire.

L’application de la théorie est illustrée par le calcul d'un systéme pris-
matique & trois parois avec bords fixes.

Zusammenfassung

In dieser Abhandlung wird ein Verfahren zur Berechnung von Faltwerken
entwickelt, welches sowohl die Platten- wie die Membranwirkung beriicksich-
tigt. s werden Gleichungen abgeleitet, welche jede Kantenkraft auf eine
lineare Kombination der Kantenverschiebungen beziehen. Auf diese Weise
werden die Vertriglichkeitsbedingungen automatisch in jeder Kante erfiillt,
und es ist nur noch noétig, 4n Gleichgewichtsbedingungen fiir jedes Glied der
Fourierentwicklung anzuschreiben, wobei n die Zahl der Kanten mit unbe-
kannten Kraften und Verschiebungen bedeutet. Es werden sowohl Kanten-
krafte infolge gewsGhnlicher Belastungen als auch Kantengleichungen fiir einen
rechteckigen Randbalken angegeben.

Die Anwendung der Theorie wird durch die Berechnung eines Drei-Platten-
Faltwerkes mit festen Réandern illustriert.
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