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Analysis of Thin Doubly Curved Nearly Cylindrical Shells of Rotation
by the Method of Successive Corrections

Calcul analytique des wvoiles de révolution a double courbure par une méthode
d’approximations successives

Analytische Berechnung doppelt gekrivmmiter Zylinderrotationsschalen
durch eine Methode sukzessiver Korrekturen

Dr. Phil. GuNHARD ORAVAS, Venezuela

Introduction

In engineering practice rotationally symmetrical thin cylindrical shells
with a small positive or negative curvature of the generatrix find special
application in various industrial structures subjected to surface pressures.

In this paper a method of successive form correction procedure is used
for the analytical solution of such a shell. The basic ideas of this method are
not novel and a recent use of it was made in the analysis of doubly curved
plates [1]1).

Basic Assumptions

In the following the usual simplifying assumptions for thin isotropic shells
are made:

a) The thickness of the shell is very small in comparision with its other
dimensions.

b) A normal to the middle surface of the undeformed shell remains a normal
to the middle surface of the deformed shell.

¢) Shear deformations are negligible.
d) Displacements are small in comparision with the thickness of the shell.
e) Shell obeys Hooke’s law.

1) Numbers refer to Bibliography at the end of the paper.
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Bending of Rotational Shells

General Differential Equations of Equilibrium

The following equations in general curvilinear coordinates have been
given by other writers [2, 3, 4] (fig. 1).
The stress couple equation in radial plane is

d(irM dr
(—d'é:——fl—Tan—EM(;:O. (1)
Stress resultants in two orthogonal directions yield

d(rNg) dr ar .

——dg——d_g_N0+—R—§_Q£__0 (2)
and

d(rQ¢ ar or o

where

pr = normal pressure on a unit area of middle surface of the shell.

General Stress-Strain Relations

The following well known relations are [2, 3, 4]

N =C [eg +vegl, (4)
Ng=Cleg+vel, (5)
Me= D[rg+vrgl, (6)
My= D[rp+vrg], (7)
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Fig. 1. An element of the shell with stress resultants, stress couples and surfacé loading.
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where v = Poisson’s ratio,
1 dr w
€9 = ;‘—; E v +,E’
ldv w
€§ = ;‘E‘FE,

An additional assumption is made at this point

v 1dw
Ry "« df’
Retaining terms to the third power of “A’’ allows the following simplifications
__ 1 dr dw
T T er dE dE
and _ 1dfldw
T TadE|a dE]

Geometry of Doubly Curved Cylindrical Shells

The middle surface of the shell can be described by cylmdrlcal coordinates
Fig. 2) with the radius
(g 2) r(E) = () = atnf,

Fig. 2. Geometry of the middle surface.
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where -
f=7f() and u = dimensionless parameter.

The elemental arc length in general coordinates is

A% £\?
2 _ .2 24 92 2 2
ds a(1+R£) ad&:+r (1+R9) d6+d2.

When 4 < 1 the arc length becomes

B
ds? =a?d&2+r2d02+d (2,
where the quantities «, » and 1 are the first fundamental quantities of the
middle surface of the shell. For cylindrical coordinates the arc length becomes
ds? =d22+r?d0*+d [,
therefore « =1 and ¢ =z for this system.
The principal curvatures of the middle surface of the shell become in the

cylindrical coordinates dr?
11

Be = B fig (S
_1_ _ 1

By i (B

Method of Analysis

In order to carry through the iterative solution of this shell a well known
method in the solution of non-linear differential equations seems appro-
priate. This approach consists in expanding all dependent variables into power
series in terms of an appropriately small dimensionless parameter and after
substitution of these series into stress-strain relations and equilibrium equa-
tions a set of simultaneous equations results for each power of the parameter
[1, 5, 6]. Therefore after solving these equations in succession, starting with the
lowest powers of the parameter, a set of improving solutions is obtained.

In this case the parameter describes the fractional deviation of the middle
surface of the shell from that of the perfect circular cylinder and therefore
every higher parameter power solution corrects the fundamental circular
cylinder solution to the end of describing the elastic behaviour of the cylinder
with the deviatoric generator. Usually each successive solution indicates if the
series of solutions is of a converging nature. For parameters u = O (%) the
second power approximation is considered satisfactory for most cases.

Power Series Expansions of Dependent Variables

The following expansions are obtained for the geometry of the middle
surface of the shell by division and limiting the power series expansions to
the exclusion of terms containing parameter u to the third and higher powers.
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By the use of binomial theorem

[1+ (;:) ]%= [1+p2f2]h = 1+P~2L§' B

where
df
fz - %’
Further the following expressions can be derived by divisions:
1 1 2
— = f2 = ]. _#2 f; 5
o 2 J2"
I1+p 5
1 1 1 f 2
~ = = L2l
r a+pf a Rt s ’
dr
. _ 4z _ pls — “fg 2f](z
ra  ra o I2# a a? ’
(@+pf)(L+p25)
dr
i — dz? [ =uf
R dre1h 3 22’
T T e
1 1 1 _ 1 1 P_12
By~ rOardE T arph (Rt - e tFa M 8 2a
The strains can be expressed as follows:
d v dv® dv®
= Mg 2e®...= 1= 2fz 2
€ =€ tpe T +ue, [ ”dz+ iz TF 12 ]+
o [0+ O g ] = (®)
dv©® dov® dv® f2dv©®
= (0) kil w_lz Z% |
iz * [dz e ]_HL [dz e 2 dz]
Therefore
dv©® dv
dv® @ dv(°>
@ 29 w2V
- dz W 2 dz
1 2

- _l__ i_{. 2 f2 fz [(0)+ wD 4+ 2 w@. . -1 =
pol Dok Ul e wO+p p =

w(o) wD f f - w'® f f f 2
= — 4 L0 T24(0) e ARy ¢ VN DL 2 WYr ()]
+u[ p +—=w +a'v ]+p [ p +a2w (a3 5a w +

(9)
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Therefore

©
© — _ ’“L,

4 a

(1)
@ === +a—f2w¥°>+%v<°>,

€@ = _._w(_m_;_iw(l)_(i f* )u,(())_}_fzv(l) ifz ©)

a a? ad 2a

The changes of curvatures are as follows:

KZ — K(0)+,LK(1)+,L2K(2)' P

= (1 Zfz)%[(l ,(szz) (w<°>+pw<1>+pw<2>)]

d2 ’llJ(O) d2 w(l) d2 10(2) fz2 d2 w(O) dw(O) ]‘22 d2 ’LU(O)
= G e T s a5 |
Therefore
d2 w®
KZ(O) = - dzz ’
d2w(1)
il =~ dz2 "’ o
@ d2w® o d2w©® d w©®
U =T ge T g Yl
2 2 d
K = g ® + p gD+ p2rg®- - = [_#{;+#2%] E_z_[u,(O)+,Lw(1)+#2u,<2>] =
[l A Tff, du® | f, dut
= “[ETJ? e dz Tadz |
Then
kg® =0,
dw®
(1) — .._Q -
e a dz’

f, dw®  ff, dw®

a dz a? dz

(2 — —

kg

The equilibrium equations (1), (2) and (3) are:
Jlatpi) M)~ (a+up (1402 5) -ty = 0.

FlatuD NI - flatuINo+@+pf) (1462 5) (wh) @, = 0,

(10)

(11)
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a? ad

Slerun@v@rah) (14w ) |- whawr (G- ) vo-

—(a+p~f)(1+u2fz)#fzzN +(@+pf) (1+M2fz) = 0.

Substituting the following expansions

M,=MO+ MO+ 2 MO. ..

My = Mg +p Mg® +p2 My®- - -
Q,=QO0+pQV+u2QO. .. (a)
N,=NO4+uNO4u2NO..

Nyp=NgO+u N2 N .

into the equations above and equating the coefﬁments of successive powers of-
parameter u equal to zero yields

wuo: gg[aMz(")]—aQ;"):O, : (1a)
d © - ”
EE[aNz 1=0, (2a)
d (0) (0)
&E[an ]+N9 +ap§=0. (3&)

Pe %ljaMz(l)"_szz«»]—aQz(l)_sz(o)_szO(o): 0, ’ (lb)
d N d N © N.© (0)
%[a z ]+Eg[fz 2z ]'_’fz 0 +afzzQz =0, (2b)
2 [0 Q4 N+ [ Q0] —af NO+/p; = 0 (3b)
dz P @ dz | 2 22tV 2 14 .

. d d af?

pt o [aMPl-a QP+ —[f, MV -fQV—f, M~ =2 Q0 =0, (Lc)
dz dz z 2
d (2 kl) 1 0 d 1 '
%[G’Nz ]—szB +a’.fzz z()+ffzz z()+a—£[szz( )] = 07 (20)

e @@+ N+ Ly L Q) —af N O~ N0 = 0. (3¢0)
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Formulation and Solution of Differential Equations

First Approximation (u°=1):
Equation (1a) gives

d? d
_— (O) 0] =
dz2[aMz ] dz[a Q0] =0.
Substituting ——d‘i [a @©] from (3b)
d2
72 MO+ NP +ap; =0

or ' EUO N
iz T4~ Pr

Equation (6) gives the meridional moment

2 »;740)
MO = D[k®+vi®] = D [_ M]

d 22

and the parallel force from (5)

w®  doy©®
Ny = Cef®+ve 0] =C [— —a—+v P ] .
From ,
d d dv®  w©®
R o R
or dv®  w®

dz a

Assuming the axial strain to be very small

dv® w0

=V—.

dz a

Substituting this relationship in (5") gives
0) 0) (0)
_uf o W ] _ _gp¥

+vi—

N = ¢ [

Elimination of M@ and N4® from (12) yields

d4 w® e 12(1—2)
T T = = T
where
3(1—v?)

Bt = h2a?

(12)

(13)
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The solution of (13) is

. - N . = a?
WO = A el+9Bz 4 4 61-0B2 4 B e~+DBzt B e~1-Dfz i P

where 4, is the conjugate complex of 4,and i =} —1.
For the first approximation it was assumed that

NO©x~0
MO~ v M0,
Second Approximation (u):
Equation (1b) gives after substitution of —d—(a @,V] from (3b)

d2 M, N N f

d 22 a ———p; adz

[sz(°’]———~(sz ©).

Substituting

MO = D[dzwm f2 dw<°>]
W= —

dz2? T a dz

and

w®  f f : _ ., do®
N = 0[—7+a‘2w‘°’+”a%f“"°’dz+” iz +"’%’“"(°)]

into the above equation yields

d*w®
dzt

+44tu® = OO,

where
b4

I Y Py e

+——fsz0(0)dz-——ffzzQ dz} dd [dz(fz dz ) %M(O)]

1 /
©) 4L
+aDdz2 (7, M© +D bg-

The substitution

-4 2
d v _ 1 _
w2 (n )l [amazs L (o

dz a
_lff--Q ©dz
c )77

. . . 1
was made from (2b) in order to eliminate d—;:(z—) from N4W.

The solution of this equation is
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wD = 4, e+ Bz A‘l e~ 1+0Bz 4 B, e-0Bz B e—(1-Dfz _

1+¢ OW~1+0)Bz 5] 1+ B2 4 1 + v OW 1+9)B2 ] 5] g—1+) B2
- 13 B o 1f I [f 7]
;33 [ J‘ AW e~1-0Bz J 7] 1B 4 -)Bz g z] e—1—0Bz,

Stress couples and stress resultants are given by

P L
= -p[hy, dd”’"] ,
Qz(l) = % + — 7s (sz (0)) szz(O)_ale(O)’
N = -a 8L (10.9)ral N0

Third Approximation (u2):
From (1b) and (3b) the followmg relationship is obtained -

EME N 1 @
v oy L )+

32 (120).

Substitution of

Euw®  f du® | d2w® £\ dw©

2 — 72 - Iy -

M, D[ dz Va dz 2 d z? +fz(fzz a2) dz]

and
N0(2>_0[_Hufz+iu,(1)_
a a2

(AW FE o (A6 (2 de
(@ )@ Ve ) WUEEEY +”(7z7+fzzw‘ %

into the equation above with additional condition

@ 2) ' 3y
dv = v—u—J(——— [(fzz%-vé) w(l)—viaw(o)-l-v—fiv(l)—vz—f—{ffwo)di] +
a a a a

dz a

1 (s qo_tzgo]as— L o
i [ |Emo-tooo-eqo)az- LN

yields : dt w®
dzt

+4Buw® = @0
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with
O3 = —gl{[fzz +v—j—] w® +sz’v(1) p2i2 /1 f w‘o)dz}
v sza) <1>_@ 0| gz — N
e foo-1=q, o+
d d? w(()) ] dw®  f, dw®
dzz{fz d 22 [fzjzz_i_ ?] dz 'a dz }+

1— ] _
+D712 {( +vaf, )w(l)J.—fz v(l)——(é——a—]ﬁfzz) wm)—v%fw“’)dz}——

ey oy LT ey -y - e [

The solution of this differential equation is

w® = A, eW+0Bz 4 A, e~ 1+DBz 4 B, eA-0Bz B, e (1-DPz _
1+4 1 +z

mﬁu

O®@ ¢—1+0)B2 J 7] 1+ B2 4 [j'@(2)e(1+1)52dz]e ~+D)Bz _

U“@@) e 1-DBz 7] e1-DB2 ¢

-0Bz 7] e~(1-0Bz,

16/3

The stress couples and stress resultants are given by

2 975(2) (1) d? (0) d (0)
CACA P C Y Ll +(”z+ fzfzz) 7 }

a2 a dz P a2 dz

d2 w®@ f duw®  d2wo i dw®
@ — —ylz LRL
M D{ aE Ve de T ( 2t fzz) }
af?

d d
N2 = —_— ) o)) NO_"‘=2
e dz[a’Qz ] dZUQZ ]+a’fzz z 2 p§>

My® = D{ _

2 2 £
1 _ 1 S
N©® = _%Nza’“Lgffz‘N@“’dz* fféZ—Qza)dz__Efffz—ész)dz_
The complete solution can now be expressed by the power series
w = wO 4 w® + p2w,

The stress couples and stress resultants are given by power series (a).
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Summary

A method of successive corrections is applied to the solution of rotationally
symmetrical cylindrical shells with small double curvatures subjected to applied

z
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-

Fig. 3. The shell with the bell end.
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Fig. 4. The shell with surface corrugations.
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Fig. 5. The shells with positive and negative surface curvature.
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normal pressure. The axial loads are assumed to be of small order of magni-
tude and therefore have been neglected in this analysis.

The computations in the second and third approximations are time con-
suming and tedious. There are a number of simplifications which can relieve
the burden of computation work for the shell designer. Many shells have such
proportions that they can be analyzed as semi-infinite shells. Also terms with
coefficients of small order of magnitude can be neglected. If the shell is made
of material of negligibly small Poisson’s ratio, then the terms containing ““v’’
can be rejected in the analysis. Concrete for instance admits such a simpli-
fication.

The presented method can be used for cylindrical shells with flared ends.

n
The function f(z)=pae H” (1 + cos g) ] [%a < l] , can describe satisfactorily

the bell end of a pipe (Fig. 3). Corrugated pipes can be analyzed by taking
f(z)=pasinZZ, [%< 1], (Fig. 4). Shells with small positive and negative

curvature can also be solved approximately by the method of successive
corrections (Fig. 5). '

Résumé

L’auteur applique une méthode d’approximations successives a la réso-
lution des voiles de révolution admettant de petits rayons de courbure doubles,
sous l'influence des efforts normaux. Les efforts axiaux sont supposés faibles
et par suite négligés. Les calculs dans les deuxiéme et troisiéme approximations
sont pénibles et fastidieux. Il existe toutefois une série de simplifications qui
facilitent les opérations de calcul pour I’étude des projets. De nombreux voiles
admettent des proportions qui permettent le calcul sous forme de voiles semi-
infinis. De méme, il est possible de négliger des expressions comportant des
coefficients d’un faible ordre de grandeur. Lorsque le voile est constitué par
un matériau admettant un coefficient de Poisson faible et négligeable, les
expressions en v peuvent étre laissées de coté. Cette simplification est admis-
sible par exemple pour le béton.

La méthode décrite peut étre appliquée aux voiles cylindriques dont les
extrémités sont irréguliéres. L’extrémité en cloche d’un tube peut étre repré-
sentée par une fonction; il en est de méme des tubes ondulés. Les voiles de
faible courbure, positive ou négative, peuvent également étre calculés par
cette méthode d’approximations successives.

Zusammenfassung

In diesem Aufsatz wird eine Methode sukzessiver Korrekturen angewendet
auf die Losung rotationssymmetrischer Zylinderschalen mit kleinen, doppelten
Kriimmungsradien und unter Einflul von Normalkriften. Die Axialkrifte
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werden als klein vorausgesetzt und deshalb vernachlissigt. Die Berechnungen
in den 2. und 3. Approximationen sind zeitraubend und ermiidend. Es gibt
eine Reihe von Vereinfachungen, die die Rechnungsarbeiten fiir den Ent-
werfenden erleichtern. Viele Schalen haben Proportionen, die die Berechnung
als halb-infinite Schalen gestatten. Ebenso kénnen Ausdriicke mit Koeffizienten
von kleiner Groflenordnung vernachléssigt werden. Wenn die Schale aus
einem Material mit vernachldssigbar kleiner Poisson-Zahl besteht, konnen
die Ausdriicke mit v wegfallen. Fiir Beton ist diese Vereinfachung beispiels-
weise zuléssig.

Die beschriebene Methode kann fiir zylindrische Schalen mit unregel-
mifigen Enden verwendet werden. Das Glockenende eines Rohres kann durch
eine Funktion dargestellt werden, ebenso gewellte Rohre. Auch Schalen mit
kleiner positiver oder negativer Kriimmung konnen mit der Methode suk-
zessiver Approximationen berechnet werden.
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