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Simplified Calculus of the Stability of Multi-Story Frames

Calcul simplifie de la stabilite des cadres multiples

Vereinfachte Stabilitätsberechnung von Stockwerksrahmen

Leo Kirste, Vienna

For multi-story frames of symmetrical design, subjected to vertical loads,
there exist two different possible deformation patterns in crippling, as shown
by figures 1 and 2. It is obvious, that the latter is the more critical, as it gives
longer reduced crippling lengths; therefore it shall, alone, be treated here.
Referring to an older publication1) in which the principle of the Stiffness
Method was explained, the limit of stability is attained, when the resulting
stiffness, in any node, reduces to zero. With symmetrical design as well as

symmetrical loading conditions, the frame may be split into two halves,
exerting no horizontal reaction upon each other. The static System then
reduces to what is shown by fig. 3.

The ''transmitted stiffness", at one end of a vertical bay, is now given by

_ ^-99/3tan99 — k0-cp2l9
2 kJkQ + cp/St&ny

kx being the stiffness of the adjacent members at the other end, k0 SE Iß
the ''inherent stiffness" of the considered bay and 9= VPl2/EI. In order to
find the limit of stability, a first assumption has to be made for the load
factor. A numerical example will best show how this method works; figures
2 and 3 give all necessary design data and the design loads in the three stories.
Only the ratios of the stiffnesses are needed, so the factor li3E" may be omitted
and the following values are obtained:

Bay A B 3830: 470 8.15 BE 2630: 250 10.50

BG 3830:470 8.15 CF 2630:250=10.50
CD 1520:470 3.24 DG 1950:250= 7.80

Starting with an estimated load factor of "3", the "crippling angles" for
the three bays will be

x) Kirste: Momentenverteilungs- und Stabilitätsrechnung nach der Steifigkeits-
methode. österr. Ingenieur-Archiv, Vol. I, 1/2.
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<Pi [/ 2100-

4702

3830

93

2.15; <?2 J/21
35-4702

2100-3830
1.70;

3 12.8-4702
1.63

2100-1520

and the transmitted stiffnesses, beginning at the node "A" and using the
accompanying table for <p/3 tan cp and <p2/9>:

oo-(-0.469)-8.15-0.514
kA oo; kT

kc —

kD —

oo/8.15-0.469
-6.68-0.074-8.15-0.321

6.68/8.15-0.074
6.33-0.032-3.24-0.295

6.33/3.24-0.032

+ 10.50 +6.68;

+ 10.50 +6.33;

+ 7.80 +7.20.

The resulting value for the stiffness at "D" is strongly positive, indicating
that a load factor of "3" is still below the critical. By "trial and error" one
arrives at a critical load factor of 3.5, the crippling angles being multipled by
1/3.5/3, so that 9^ 2.32, <p2=1.84, 993= 1.76. Beginning again at "A", one
has now:
kA 00; k„ -8.150.719+10.50 +4.65;

kc —

kD —

-4.65-0.169-8.15-0.376
4.65/8.15-0.169

0.90-0.112- 3.240.344
0.90/3.24-0.112

+ 10.50 0.90;

+ 7.80~0

128t128t

7= 1950cm*

1 G

222t222 t

1 Vi2630 cm

210t 210 t

IA
2630cm

56t 56 t 020F

250cm500 cm

Fig. 1 Fig. 2 Fig. 3 Fig. 4



Simplified Calculus of the Stability of Multi-Story Frames 297

and beginning at "D":
«™ r -7.80-0.112-3.24-0.344 lA ^ ^ nn*D +7.80; *c 7.8o/3.24-0.112

+">.50 =+9.62;

kD ^ ^',0 ^—^-t^ +10.50 +5.85;

kA '—„ „„'i~ ^—k ~t~ h oo ^— + oo 0.

-9.620.169-8.150.376
9.62/8.15-0.H

5.85-0.719-8.15-0.598 _ _9.07
"5.85/8.15-0.719 + °° " Ö~

Knowing the crippling angle and the stiffnesses from both sides, the elastic
curve may be computed for each bay. With the notations of figs 4 the equations
for the equilibrium of moments in bay BC become:

Mx -MB + Py -EI-d2y\dx2\ MB + MC kB'ß + kc-y <p2EI/l2-f

and the Solution for the deflection y
sin 99 xjl (cp + 3 rB tan cp x/21)

y'' ~~
sin 9? (cp + 3 rBtan99/2)

This means a pure sine-curve, symmetrical to the X-axis. The slopes at B
and C are

ß flj <?2/sin<? //z 92/siny
P 7/

9> + 3rBtan<p/2' 7 7/
9> + 3rctan(p/2*

Taking p2 1.84 ^ 4.65/8.15 0.517 rc 9.62/8.15 1.18

gives ß 0.860//Z; y 0.542 f/l.
The positions of the summits of the sine-curve are determined by

dyjdx 0: t&ncpxjl —<p/3rB —1.075

Xljl - 0.822; xx - 209 cm
x2/Z + 2.320; x2 + 592 cm

Putting these values in the expression for yjf gives the deflections

y1 -0.20f and 2/2 +1-0'7/-

For the reason of continuity, the slope at any node, as computed from the
two adjacent bays, must be the same. Considering bay A B, one has

<p± 2.32; rB 5.85/8.15 0.718; ß 1.01//Z,

and bay CD:
<p3 1.76; rc 0.90/3.24 0.278; y 1.10//Z.

Equalising the corresponding expressions yields a relation between the
values of / in the three bays:

1.01/x 0.860/2; 0.542 f2 1.10/3; f^f^'h 1:1.157:0.578.

With these data, the elastic curves of the uprights can be drawn, the
absolute values of the ordinates remaining indeterminate, provided that they
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are "small"; the cross-members, having no axial load, deform into parabolas
of the third order.

Using the diagram fig. 5 which gives the critical value of cp as a function
of the relative stiffnesses r± and r2 of the cross-members, it is even possible
to find the limit of stability almost without any calculation, by Splitting the
multi-story frame into simple rectangular frames. The cutting of the cross-
members must be done in such a way that the sum of the moments of inertia
of the two parts equals the moment of inertia of the original cross-member,
and that the critical values of cp in all bays are in the proportion of the square
roots of the axial loads.

Taking the same numerical example as before, the stiffness 10.50 of the
cross-member BE should be split into 5.96 and 4.54, for the lower and the
upper frame, and the same stiffness of C F into 10.00 and 0.50. The relative
stiffnesses of the uprights will be now:

in the lowest frame rA oo, rB 5.96/8.15 0.73, for which the
diagramm gives a critical value of cp1 2.32;

in the middle frame rB 4.54/8.15 0.56, rc 10.00/8.15 1.22,

<p2 1-84;
in the top frame rc 0.50/3.24 0.16, rD 7.80/3.24 2.41,

993 1.76.
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Fig. 5. Simplified calculus of the stability of multi-story frames.
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<p ?79 <p/3tg<p 9 ?V» cp/3tg<p 9 cpt/9 cp/3 tg cp

2.54 + 0.7168 -1.2333 2.76 + 0.8464 -2.2928 2.98 + 0.9867 -6.0896
56 7282 - 1.2980 78 8587 -2.4501 3.00 + 1.0000 -7.0147
58 7396 -1.3669 2.80 8711 -2.6252 02 1.0134 -8.2379

2.60 7511 - 1.4406 82 8836 -2.8215 04 1.0268 -9.9392
62 7627 -1.5197 84 8962 - 3.0432 06 1.0404 - 12.4724
64 7744 -1.6048 86 9088 -3.2955 08 1.0540 -16.6428
66 7862 - 1.6965 88 9216 -3.5857 3.10 1.0678 -24.8272
68 7980 -1.7959 2.90 9344 -3.9230 12 1.0816 -48.1336

2.70 8100 -1.9038 92 9474 -4.3204 3.14 1.0955 — oo

72 8220 -2.0217 94 9604 -4.7985
74 8342 -2.1507 96 9735 -5.3734

Summary

Classical methods lead to an intricate determinant, which is not practicable

for numerical computation. In the case of symmetrical design and
loading, the "stiffness method" gives the critical value of axial compression
in the uprights, or their "reduced crippling length", by calculating the "transmitted

stiffnesses", proceeding from one node to the next: "Zero stiffness"
indicates that the limit of stability is attained.

Resume

Les methodes classiques conduisent a un determinant complexe, qui ne
se prete guere ä un calcul numerique. S'il y a symetrie, aussi bien au point
de vue de la construetion que du chargement, la ,,methode de la rigidite"
donne la valeur critique de la compression dans les montants ou bien leur
„longueur reduite de flambage", en calculant la ,,rigidite transmise", d'un
noeud au suivant: Une „rigidite nulle" indique que la limite de stabilite est
atteinte.

Zusammenfassung

Klassische Methoden führen auf eine komplizierte Determinante, die sich
nicht zur praktischen Auswertung eignet. Für den Fall symmetrischer
Belastung und Konstruktion gibt die ,,Steifigkeitsmethode" durch Ermittlung der
„weitergeleiteten Steifigkeiten", von einem Knoten zum nächsten fortschreitend,

die kritische Belastung der Ständer oder ihre „reduzierte Knicklänge":
Eine „Steifigkeit null" zeigt an, daß die Stabilitätsgrenze erreicht ist.
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