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Stresses in Non-Uniformly Supported Cylindrical Tanks

Contraintes dans les réservoirs cylindriques portés par des appuis de forme
trréguliére

Spannungen in zylinderformigen Behdltern bei ungleichformiger Abstitzung

Dr. Wirtiam A. NasH, Associate Professor of Engineering Mechanics,
University of Florida, Gainesville, Florida

Wasrr HisaB, Assistant in Research, Department of Engineering Mechanics,
University of Florida, Gainesville, Florida

Introduction

The design of vertical reinforced concrete liquid storage tanks occurs fre-
quently in structural practice. Usually these structures possess complete
rotational symmetry of both support and loading and the analysis of stress
and deformation is readily carried out by the classical small displacement
theory of thin elastic shells [1], [2]!). The corresponding equilibrium analysis
has been completed for several types of circular shells in which the wall thick-
ness is variable but still axi-symmetrical [3], [4], [5], [6]. Although such liquid
containers are usually considered to deform in an axi-symmetrically manner
uneven foundation settlement after the tank is in service can impart a state
of deformation that deviates considerably from one of rotational symmetry.
It is the purpose of this paper to examine the state of stress and deformation
in a vertical cylindrical tank due to a non-uniform foundation settlement.

Consider a vertical right-circular cylindrical shell supported on a flat
circular base slab. The upper extremity of the shell is subject to a vertical
dead load distributed uniformly around the circumference of the shell along
its middle surface and in addition the interior of the shell is filled with liquid.

1) Numbers in [ ] refer to the Bibliography at the end of the paper.
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The shell is prestressed by a wire winding that is applied to the external sur-
face in such a manner that the circumferential tensile stress arising from the
fluid pressure is everywhere annulled by a circumferential compressive stress
of equal magnitude arising from the prestressing effect of the winding. Only
the condition of the completely filled tank will be considered. If the base slab
is only partially supported, for example if a sector-shaped region of the foun-
dation beneath the slab has washed away, then axi-symmetrical deformation
of the shell is no longer possible. Instead there exists a condition of symmetry
of stress and deformation about a vertical plane through the diametral axis
bisecting this sector. If the rigidity of the base slab is considered to be negli-
gible then the equilibrium analysis of the tank reduces to the consideration of
a thin cylindrical shell loaded by a uniform distribution of axial compressive
forces at one extremity and by a non-uniform distribution of axial forces at
the other. The procedure outlined in this paper may be applied to any assumed
variation of the non-uniform foundation reaction that holds the dead load in
equilibrium. For illustrative purposes a plausible form of reaction suggested
by certain soil mechanics considerations is assumed and used throughout the
numerical example presented. '

The analysis of this paper is predicated upon the classical small defor-
mation theory of thin elastic shells as presented by Love [1]. This theory
assumes: ‘

1. The shell is composed of a material which is elastically homogeneous and
isotropic.

2. The material follows Hooke’s law.

3. The thickness of the shell at any point is small compared to either of the
principal radii of curvature at that point. '

4. The normals to the middle surface of the shell before deformation also are
normal to the middle surface after deformation.

Fundamental Equations

Let x, 0, and z denote the axial, circumferential, and radial coordinates
of a point in the middle surface of the shells with positive directions as shown
in fig. 1. The deformation is symmetrical about a vertical plane through the
diameter from §=0 to §=m. Also, let u, » and w denote the corresponding
components of displacement of a point in the middle surface of the shell. The
three simultaneous differential equations of equilibrium of an element of the
shell are (2):

Pu (I—p) Pu l+p Po

+ K _B dw_
0 x? 2R* 006? 2R 0x06 R ox

=0 (1a)
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where R denotes the mean radius of the shell, ¢ the shell thickness, and p
represents Poisson’s ratio. The solution to the problem consists of finding
functions %, v, and w that satisfy these three equilibrium equations together
with the boundary conditions pertaining to forces and displacements. Such a
u, v, w would constitute an “‘exact’’ solution to the problem within the limits
of linear small-deformation shell theory.

e
]

An alternate method of solution that will yield results of reasonable accu-
racy is to assume a set of functions representing u, v, and w, determine as
many as possible of the amplitude parameters in these functions from boun-
dary conditions, and then determine the remainder of the parameters by the
method of minimum potential energy of the structure. If infinite series are
assumed for each of the functions %, v, and w then, presumably, the results
obtained by this method would coincide with the “‘exact’’ solution. If only a
finite number of terms are used the minimum energy criteria will yield values
of the internal forces somewhat in excess of the “exact’’ values. The discre-
pancy between the two approaches decreases as more terms are used in the
series representing the displacements.

(1c)

Fig. 1

Analysis

It is assumed that the portion of the lower extrémity of the shell supported
by the foundation remains plane during deformation. The unsupported portion
undergoes some displacement in the axial direction and the amplitude of this
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deformation may be determined from minimum energy consideration. Further,
it is assumed that the radial displacement as well as its derivative with respect
to the axial coordinate vanishes at each end of the shell. The tangential dis-
placement is also assumed to be zero at both extremities.

The functions %, v, and w may be expanded into double-Fourier series in
the axial and circumferential directions. In this paper only finite numbers of
terms are taken to represent the elastic curve in the axial direction. Let the
following expressions be taken to represent the displacements of a point in
the middle surface of the cylinder:

w=(1+sin 7% (3 40+ iAncosnB)—k
2L n=1

. TX . 3mzx\ i T 3mwx
+ (sm 57, Fsin T) (3 Bo+n§13n003n9)+k (COS o, 08 2_17) (2a)
v = (l—cos 27T~x) i C,sinnf (2b)
L n=1 ‘
w= (1—008—2—2—32) %Do-{-ngll)ncosnﬁ] (2¢)

The constants 4,,, B,,, C,, D, and k must be determined so as to satisfy
boundary conditions on forces and displacements as well as minimum energy
of the structure. Let us begin the determination of these constants by assuming
that the axial component of displacement, u, is zero in the supported region
of the lower end of the shell (x=0), and varies as shown by the dotted line in

Fig. 2

fig. 2 in the unsupported region. The amplitude of » is denoted by 2¢ and to
impart a reasonable form of variation to it is assumed the following relations
hold:

For 0<O<(m—0;): u=0 (3a)
o

For (m—0) <0<z u=e[1+cos(————0)] (3b)
0, 6,

where § is the angular coordinate with origin at the opposite extremity of a
diameter bisecting the unsupported portion of the shell. The angle 6, denotes
the half-angle corresponding to the unsupported circumference. The function
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u as defined by eqs. 3 may be expanded in a Fourier series which will contain
only cosine terms because of the location of the axis of symmetry. Such a
series may be written in the form ‘

(U)o = 2 4o+ i A, cosn (4)
n=1

where the 4, are identical with those appearing in eq. 2a. The Fourier coeffi-
cients are readily found to be (7)

4,= 24 (5)
2@
A,= 2e (—1)*sinnb, (»é;: n) - 771 (5b)
. 2n (0—1+n) 2(—0:—1?,) '

Fig. 3

An element cut from a stressed circular cylindrical shell is subject to the
forces and moments (per unit length of the middle surface of the shell) shown
in fig. 3 and 4 respectively. These various forces and moments may be ex-
pressed in terms of the displacement components u, v, and w in the following
form (8):
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T
“ozéTlETt,ﬂ [ég_{_%%] (6¢c)
M, = —D [22;:+% (%+2—202—”)] (6d)
My = —D [1712 (%+22712")+,u 22715] (6e)
Myg= D= 5 350 + 77] (65)
where D= 12(1:]13“ 2)

The assumed uniform distribution of normal force N, (dead load) along

a generator at the upper end of the shell, x = L, will next be utilized to deter-

mine the constant k in eq. 2a. With the assumed %, », and w substituted in
eq. 6a, N is given by

Et T T

T (=) [— 2L

T T 3 3mx
+(2LGOS2L+2LCOS 2L)( B+ZB cosn@)

( T . mx 3T . 377:1:)
+ k| — sin + sin +

( Ay + ZA cosn@)

2 L 2L 2L 2L

4+ K <l—cos sz) (—%Do"' i nC, cosnf— i Dncosnﬁ)] (7)
v Wy | n=1

At the upper extremity, x = L, this reducesvto

: Et 27k

N, 8

Noeor =~y L (8)
If the resultant axial force (dead load) at the upper end is denoted by P then

- we have 2mR(N,), = —P 9)

Substituting N, from eq. 8 in eq. 9 and solving'for k we obtain
| PL(1—p?) |
T 4mERi (10)

Let us now examine the forces acting at the lower end of the cylinder.
From eq. 7 we have
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N A p— T
To evaluate the B, it will be necessary to assume the form of variation of the
contact pressure exerted by the supporting earth on the lower extremity of
the cylinder. Analogous to the contact pressure distribution existing under
the loaded portion of the boundary of a semi-infinite plane loaded by a normal
force distributed over a region in which the deflection is constant (9), we
assume2)

(Nz)zmo = ot Z B cosnﬁ)] (11)

For 0<f<(m—0,)
0 \4

(N 3)z—o = Oy (77— ) +0, (12a)

1

For (m—0))<bO<m
(Na:)x=0 =0 (12b)

- __~(r-8) 8=0 (x-8) 4
Fig. 5

This pressure distribution is illustrated in fig. 5 where the shell has been
developed onto a plane for simplicity in depicting the variation of contact
pressure. The constants C; and C, are determined from the equations

S F, =0 (13a)
and DXMyp=0 (13b)

where CD is the dlameter illustrated in fig. 2. Applying these conditions to

eqs. 12 we find
P

Y JEsr R (14a)
P 1
= 3Rty (1-5%) o 0

2) The use of additional terms involving the second, sixth and higher powers of the
angular coordinate would undoubtedly improve the accuracy of the final result. The
constants accompanying each of these additional terms would be determined by the
method of minimum potential energy, to be discussed later.
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where

1 1 \
K = |5~ Grmgye] |00 =440 (=002 01 [0, = 6 )] cot (0}

The (N,),—, represented by eqs. 12 may be expanded in a Fourier series of the
form

— P 1 5 2 2 (7"_01)4 s _
WNedeo = 3R —0)51({ (m=buf+ T 2 [_“n_ sinn (z—0)+
- _A )2 _
+ i(l%zﬁl—)- cosn (m—0,)— 1—2—(%914)— sinn (7—6;) — % cosn (m—6,) +
24 . P 1
+n—5s1nn(w—61)] cosn0}+2R(w_01) (1—51{) (15)

Equating coefficients of corresponding terms in eqs. 11 and 15 we find the
following expressions for the B,,:

4, LA-w)[ P . P 1
Bo= =4t "Hin |10-BK T 2R(m—0) (1 5K (16a)
_ A, PLO-p) [0 £(n—0,)
B”_—T+2E't7r2RK(n—01)5[ S (m=6)+ —= 5= cosn (m-6;) -
12 (r—6,)% . 24 (m— 24 . :
R AR tuasl cosn(ﬂ—31)+;§smn(77“91)] (16b)

To this point, for a given set of geometric and elastic constants of the shell
together with specified values of the load and the angle 0, characterizing the
unsupported region, the parameters k, 4,, and B, have been determined,
the 4, and B, still being functions of the unknown deflection parameter e.
It remains to determine the €, and D, so as to minimize the total potential
energy.

The principle of conservation of energy applied to the loaded tank states
that the potential energy of the system must remain constant. But this energy
consists of two parts, namely, the internal strain energy of the shell (U) and
also the potential energy of the external loads (V). If U and V are each ex-
pressed in terms of displacement components, then the sum of U and V when
differentiated partially with respect to any displacement component vanishes.
This is the principle of minimum potential energy (10).

The strain energy U in a thin cylindrical shell may be considered to consist
of membrane energy due to stretching of the middle surface, energy of shear,
and bending energy. The membrane energy is given by (11)

L 27w

U, = mff[Ruz—i—(vg w)?+2 Ruu, (vg—w)]dedd (17a)
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where the subscripts x, 6 denote partial differentiation. The shear energy is (11)

U, 4(?11 ff(—u,,w) dado (17b)

The bending energy is given by (11)

L 27w

D 1

Uy = 535 | | |Fouket e ong )+ 2pt,, ong+ ) +
0 0

2
+2(1—p) (wxg-k%vz—?% ug)] dxdb (17¢)
Consequently the internal strain energy of the cylinder
U=U,+U,+U,

may be expressed as a function of the 4,,, B,,, C,, and D, .
The potential energy of the external forces, V, may be written in the form

2Pe0, ‘(17d)

. f(Nm_ ,pRAO = P4,

In writing the final form of the energy it is convenient to introduce a
number of auxiliary parameters which are functions of the geometry of the
shell and its elastic constants. These constants K, are defined as follows:

K o=sEaes Keamism 0 Ke=Z

K, =191“£—§i’f Ky = nl K25=4;2(37;L—4L)
k R? 8 Rm (18)

By == Kyp = o K, = 2m3

K = 20T Ko=smam  Kn= 105

K, = 3w L Km:@ K3o=ﬁ

2 L3
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32Rum 37 L 8
Ko =—15 Kn =37 K = 105 &
256ku R 4 p7d Lz .
Ky = ‘—1—(;;*“‘ Ky = ’2 K, = 1 R? (18)
_ 266uRw _ B
En =03 Ke = 12R(1+p)

The strain energies may then be written in the forms:
Un = K, [Ka A+ 5 4,0+ Ko+ Ky (b B+ 3 B =Ko do—
n= n=
—Kg(340By+ % A, B,)+K;By+Kg( % n?C 2+ Do+ % D2-22nC,D,)+
n=1 n=1 n=1 n=1

+K9{_%A0D0+ ZA (non_Dn)}—KloDo_
n=1

~En{~}ByDy+ 3 B, (nC, =D )}] | (19a)
U, = Ky, [Km( $n A, + Ky ( 508, Koy (3024, B,) -
n=1 n=1 n=
_Ky (élnAnon) Ky ( Z nB,C.) + Ky i ] (19b)

[+2)

U, = Ky [ 03D+ 3 D9+ Koo (Dot + 3 (n+1)2D,3

n:

Ky {— ; n?—1) D, 2}] + Koy [K23( Z n?D,?)

Koy Ky (n§1n2pn2) + Ky ( ;1073) + K5 ( §1n2 A,2)

Koq( 3 n2B,2) =Ky ( 3 1D, 0,) + Ko ( X, 72 4, D)
n=1 n=1 n=1

— Koo ( 2 02B, D)+ K3 ( X nA,C)+K; (2 nB,0,)—
n=1 n=1

n=1
~ Ky 3 0% 4,5, (190

It is evident that eqs. 5 and 16 determine 4, and B, as functions of the
amplitude parameter e. Consequently, the total potential energy (U + V) may
be expressed as a function of C,, D,, and e and then to satisfy the condition
of minimum potential energy we have

2U+V)_, AU+ _ o(U+7)

00 D, se =0 (20)
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The procedure is evident: The total potential energy (U + V) is minimized
and the resulting equations give C,, and D, as functions of e. These values are
substituted into the equation for (U + V) so as to yield an equation which is
a function of € only. The total potential energy is then minimized with respect
to this variable and thus a numerical value of € is determined. Knowing e the
A,, B,, C,, and D, are immediately known. It would be possible to present
an explicit algebraic expression for e but it would be extremely cumbersome
and consequently it is recommended that the solution of any problem be
carried no farther than egs. 19 before substituting numerical values. The
application of this technique to be solution of an actual problem is illustrated
in the following section.

Numerical Example

Let us consider a vertical cylindrical tank having the following dimensions:

R = 754 inches
L = 264 inches
t = 8 inches

In addition, the elastic constants are taken to be A =3,900,000 1b/in.2 and
pn=0.2. The cylinder is subject to a resultant vertical force of 1,520,000 lb
applied uniformly around the circumference at its upper extremity. Further,
there is an 80 foot length of arc that is unsupported at the lower extremity
of the cylinder. This corresponds to a value of §, =36°28" in fig. 2.

The first step in the solution is to obtain numerical values of the K; defined
by eqs. 18. However it is most convenient to delay the substitution of the K,
until later rather than expressing the total strain energy in terms of them
immediately.

The total potential energy (U + V) must now be minimized with respect
to each of the coefficients C,, and D,,. In the case of the C; and D, for example
this is accomplished by taking the partial derivatives of (U + V) with respect
to O, and D, . This leads to the following two equations:

2(KyKg+ Kyg Ky7+ Kpy Kyy) Oy — (2K, Kg+ Ky, Kyy) Dy
= (K1 Ko+ K15 K 15~ Ko K3p) Ay + (K1 Ky + Ko K1~ Ky K31) By (21a)

~ (2K, Kg+ Ky Kyy) O+ 2 (K Kg+ Kyg K1y + Ky Ko3) Dy
=(—K; K9+ Ky Kog) A1 +(— K, Ky + Ky Kyg) By (21b)

Similarly other pairs of simultaneous algebraic equations must be formed,
the number depending upon the accuracy of solution desired and the number
deemed necessary to represent the foundation reaction satisfactorily. It is to
be noted that one of the advantages of the technique presented in the paper
is that in the n-th pair of equations only the coefficients C,, and D,, occur,
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hence it is only necessary at each step to solve a pair of equations containing
two unknowns. Eqs. 21 are solved for the C; and D, in terms of the 4; and
B, using the numerical values of the K, already tabulated. The solution is
found to be

C, = (93026 4, +261.9 B,)/162,384

\ = —0.171630 € — 0.0000000461797 : (22a)

D, = (38,328 4, — 62,266.8 B,)/178,601
= —0.0381540 ¢ + 0.00000998232 (22D)

After analogous solutions for all of the desired C, and D, as functions of e
have been determined they, together with the 4, and B, may be substituted
in the equation for (U+ V) thus giving (U+ V) as a function of the single
variable €. In accordance with eq. 20 the total potential energy is now mini-
mized with respect to e, this process leading to a single linear equation in e
and from this equation the numerical value of ¢ may be determined. In the
problem the result of solving this equation is

€ = —0.0002533 in. ’ (23)

Knowing e, the numerical values of the 4, and B, may now be determined
from eqs. 5 and 16 respectively. The first few values were found to be

A, = 0.000103204
B, = 0.00103004
A, = 0.0000758337
B, = —0.00000967410

Use of eqs. 22 yields numerical values of the (; and D,. They are

C; = 0.0000434277
D, = 0.0000196467

In a similar manner additional coefficients through n =6 were calculated
and thus a reasonable estimate of the deflection surface given by eqgs. 2 was
obtained. Knowing %, », and w the internal forces and moments are readily
found from eqs. 6. In this manner these quantities may be evaluated at any
point having coordinates z, 6.
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Summary

An equilibrium analysis is presented for the problem of a vertical cylin-
drical tank subject to an axial loading distributed uniformly around the circum-
ference of the shell at its upper extremity and supported non-uniformly by
the foundation at its lower extremity. Infinite series expressions, compatible
with boundary conditions, are assumed for the three orthogonal displacement
components and the principle of minimum potential energy is employed to
determine the various coefficients of the series. From these displacements the
normal and shearing stresses in the shell may be determined to any desired
degree of accuracy by the usual stress-displacement relations for thin shells.

Résumé

L’auteur étudie les conditions d’équilibre d’un réservoir cylindrique verti-
cal soumis & sa partie supérieure a une charge axiale répartie uniformément
sur la périphérie, mais dont le fond est porté d 'une maniére irréguliére, par suite
de la position et de la forme des fondations. En tenant compte des conditions
aux limites, il obtient des expressions comportant des sériesinfinies pour les trois
composantes orthogonales de la déformation, en employant la méthode de
I’énergie potentielle minimum pour la détermination des différents coefficients
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de ces séries. A partir de ces déformations, il est possible de déterminer avec
une précision arbitraire les contraintes normales et de cisaillement de la paroi
mince, en faisant intervenir les relations habituelles contraintes-déformations

relatives aux parois minces.

Zusammenfassung

Es werden die Gleichgewichtsbedingungen in einem senkrecht stehenden
zylindrischen Behilter untersucht, welcher im obern Teil nnter einer lings
des Umfanges gleichférmigen, axialen Belastung steht, der am Boden aber
wegen der Lage und Form der Fundamente ungleichmiBig unterstiitzt ist.
Unter Beriicksichtigung der Randbedingungen ergeben sich Ausdriicke mit
unendlichen Reihen fiir die 3 orthogonalen Verschiebungskomponenten, wobei
zur Bestimmung der verschiedenen Reihenkoeffizienten die Methode der klein-
sten potentiellen Energie angewendet wird. Aus diesen Verschiebungen lassen
sich die Normal- und Schubspannungen der Schale unter Verwendung der
iblichen Spannungs-Formé#nderungsbeziehungen diinner Schalen mit belie-
biger Genauigkeit ermitteln.
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