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Vil

Computing Intrinsic Values of Flexural Vibrations of Cable-Stayed Bridges
Calcul des valeurs propres des oscillations verticales des ponts a haubans

Berechnung der Eigenwerte vertikaler Schwingungen von Schragseilbricken

MEHMED S. CAUSEVIC
Assist. Professor of Civil Eng.
University of Banja Luka
Banja Luka, Yugoslavia

SUMMARY

Discrete mass systems (or mathematical models) are described rather than actual bridge cables. The
mathematical modelling of a cable represents the essential features of the cable’s behaviour and is at the
same time sufficiently simple to enable analysis of a complex assembly of such cables in a dynamic ana-
lysis of cable-stayed bridges.

RESUME

Les modeles mathématiques représentant le comportement dynamique de cables réels de ponts sont dé-
crits. La valeur de ces modéles mathématiques est importante car les masses discretes des éléments du
pont et des cables peuvent étre utilisées lors de |'analyse des caractéristiques dynamigues.

ZUSAMMENFASSUNG

Es werden die mathematischen Modelle dargestellt, die das dynamische Verhalten realer Kabel einer
Briicke beschreiben. Diese Modelle erlauben, fiir eine dynamische Analyse das Zusammenwirken der
Kabel mit der restlichen Brickenkonstruktion auf einfache Weise zu erfassen.



604 VIl — FLEXURAL VIBRATIONS OF CABLE-STAYED BRIDGES ‘

ONE NEW PROPOSAL FOR COMPUTING EIGENVALUES OF FLEXURAL VIBRATIONS OF
CABLE-STAYED BRIDGES
DISCRETE MASS SYSTEMS WHICH SUBSTITUTE THE CABLES OF THE BRIDGE

Taking into consideration that the second and all the other even oscillating
cable forms do not call out the change of force in cable, the first odd cable
form has predominent influence upon dynamic behaviour of the bridge. This is
so because the first odd cable form, on the occasion of oscillation, causes
the greatest change of static force in the cable. To this purpose such mathe-
matical models will be made which completely substitute the behaviour and the
characteristics of the cables oscillating by their first form. On this occa-
sion in the springs of mathematical models will be formed the same force which
was produced in the real cable on the occasion of its forced oscillations du-
ring the oscillation of the bridge, while masses of mathematical models osci-
1late by the same frequencies by which the real cables oscillate. The contri-
bution and significance of these mathematical models reflects in the fact that
the whole assembly consisting of discrete masses of the bridge structure and
the discrete masses of mathematical models (instead of cables) is analysed
togethar. Now it is possible to include the increased influence of the cable,
which has the natural frequency close to the frequency of the oscillating asse-
mbly, upon the dynamic behaviour of the bridge.

Diferential equation of motion for cables with one and fixed and the other_one
connected to the oscillating structure (fig.1) has the following form [1,2]

? [7 (x, ) 4 %i}({)-oinu,] =T 'Zu(x,f) + dT(f)-g”cx) )

where w is the weight per unit length of cable, T is static force in cable
before the beginning of oscillations, g is acceleration of graviti, dT is the
value for which the force in cable (due to its oscillations) has changed and
has the following form [1 ZJ S

dly= AOE 'CO.‘)o(, vty + -—-j’f(x ¢y cJ.x. (2)

(A is cross sectional area of cab]e E is moduTus of elasticity).

/ T+dT

— H+dH

~ x FIRST MODE

FI6.4 5 é“ FIG.2

The form of forced vibrations of the problem can be expressed by natural forms
of free_vibrations of the cable X and can be presented by the following equa-

tion [3] 7(,)(. {)— ZX (x) T('e') ; Xt—-— an 1?;1 1=1,2 )3 (3)
where T, is a genera11zed coord1nate which represents the d1sp1acements in the
middle 6f the cables span during its forced vibrations. The function T, will

be found by substitution of the eq. (3) into the eq. (1). In this case'the va-
lue of the function T, will be required and be the resultant solution of the
following differential equation:

: k. ‘ -
T+ i, == vty - 238 @
_ AE : 2 2 809k w
‘é——‘/\)—'cod%b 3 CUO o (4_)‘1 + —_wa2 (5)

where k is a horisontal stiffness of the cable conceived as a weightless wire.
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If the eq. (3) is substituted into the eq. (2)we shall obtain the value for whi-
ch the static force in the cable has changed: ¢
dT= AﬂE_ V(t)-cosee — ZW‘AEcoou, T(t) 6)
During” the oscillation v(bh0f one end of the mathematical model its discrete
mass is oscillating by the same frequency by which the real cable oscillates,
and in the spring K, the same force (eq.6)is produced as in the real cable (whi-
le the real cable il oscillating by its first form of oscillation). For the ma-

thematical model from fig.2 the following equations are related (#)
§+wfg—'f,l’ vit)cosw 5 @Z=KatkKa dT = vit)- K, cosa = K -yct) <g>

where M is mass and K, and K2 are spring stiffnesses of the mathematical modeﬁ.
In order to make the eq. (7)"and (9) identical to the eq. (4) and (6) the foll-
owing transformat1ons of coordinates will be introduced [3] :

T, () = £y - 234 the)
where E 1s the unknown constant of transformation. That is the method how the
e]ementl of mathematical model with single degree of freedom and constant of

transformation are obtained |3,4 =

K qAF- 4w AEdNx® [(11)] M= (K, TCZ’;O:,) (13)
T a*T 8awg

I "%K R (42) Ko= Mw — Ky (14)

The va]ues v, and 4. are produced for each r-th form of the bridge oscillation.
From the eq (T ) and (12) is obtained

- & JTcos 2 3ino 15
_ Ky Tcoose, _
T, 1,1 2ZWOR n Yn ¢15)

and’ the real va]ues of the cablgs displacement can be found from eq. (3). Let
now introduce the discrete mass system (mathematical model) substituting the
cable with both ends in oscillation (fig.3). The Tower end of the cable conne-
cted to the oscillating structure has vertical direction of oscillation v, whi-
le the upper end of the cable has horisontal direction of oscillation v, . Acc-
ording to the eq. (11) - (14) the mechanism may be esteblis hed, which represen—
ts two mathematical models from fig.2, whose elements can be presented by the
following expressions:

_AE _ 2wAEcosx 293ine . __ KptTeosw | (KizaT)Cof“"'
K= "3 Codx aT @ 4 E12_ 2wok ? Mz 8w g k" (16)
o BE Lo _ 2WAEco3sx 2code . __ Kiut€Tcose . aT -
Ky=% dinw T . . E14__ e M _ (K4 @Teoset)

" _ e . 1 8wagk yiny
Ko™ Miw° ~ Ky Kogg= Iy W~ Ko s 3

Let us pass to the possibility when both ends are oscillating at the same time.
In this case the principle of superposition can be applied to the previously
mentioned mechanism and the next mechanism (fig.3) as a system with two degrees
of freedom can be esteblished. Y is an angle under which the resultant discpla-
cement of mass M given by coordinate y is performed. This angle is obtained by
one of the following equations:

'\r—-qrctcm. ———';22 7 "r‘_qrctcm.( E«z (”)

The 1ink is madé Between the displacements'y,” and y, of the previously mentio-
ned mechanism and the displacement y of the é1scret mass of the required mathe-
matical model

Y (t) = $,(£)2imY + Yy (t)coaY (18)
Accordingly, the rest of the unknown elements of mathematical model, which comp-
Tetely substitutes the oscillations of the Cab]ﬁé:lfh both ends connected to

the oscillating structure, are :
‘%ﬁéﬁ Ko v,
AP e
re

K2=\/ Kzz)'*(Ku) , M= Y(M) (M

" ad
54:V(E42)2+(E11)1 Y arc fcm.( " 1)21) {KY Qog“/o
m i 3Ky -
: d ] o,/pb
H = ) (t) - 231N ty _ 2coox -
ng =k eV e R L P 19 FI6. 3

eq-(19) Y, (t)
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THE NUMERICAL EXAMPLE AND CONCLUSIONS

The natural modes and frequencies of bridges are the result of the following
matrix differential equation [MMJL} + [k]{x} — {o} (20)

By introduction the mathematical models instead of cables, the matrix of masses
and the matrix of stiffnesses in eq. (20) contain the elements of mathematical
models as well. The results of analysis reported herein are concerned with the
part of the structure in fig. 4 comprising the cable with both ends in oscilla-
tion (cable no.1), the cable with only one end in oscillation while the other
one is fixed (cable no.2) and the parts of the bridge structure to which the
reffering cables are connected (fig.5).
The stiffnesses of the springs K1 and Kb of the reffering discrete system will
be chosen to make possible the analysis of the most interesting case when the
discrete system in fig. 5 has the first natural frequency near to the natural
frequency .., of the cable no.1 and the second natural frequency near to
the natural frequency Wo,5.5 OF the cab]e no.2. "
KIi=M-w2 _, ; K5=M3 w2, (21)
Discrete masses M1 and M3 are the masses at the connection points of the cables
and the bridge structure. The numerical values of these discrete masses as well
as natural frequencies of the cables are referred to the new designed cable-sta-
yed bridge over the river Sava in Belgrade, which is now in stage of constructi-
on [5]. By the analysis of such a system (fig.6) the following is conculuded:
1.) The results obtained in case when the analysed structure oscillates with
frequency near to natural frequency of some of the cable in the system demons-
trate that this cable produces kinetic energy of a great value. This energy can
now be taken into account when natural modes and frequencies of the bridge stru-
cture are required.
2.) In the discrete system analysed here is easy to notice the great values of
the real natural amplitudes of oscillations of the cables (1-3) and (3-5) when
the analysed discrete system in its first and second form oscillates with fre-
gquencies which are near to the natural frequencies of the cables (1-3) and (3-5).
When the analysed discrete system oscillates in its third and fourth natural
form with frequencies different from the natural frequency of any cable in the
system, the real natural amplitudes of oscillation of cables became very small and
may be concerned as negligable.
3.) The designers of such kind of bridges can find out eigenvalues of flexural
vibrations using here presented method. Forced or natural frequencies of the
bridge should not approach the vicinity of natural frequencies of any of the
cables on the bridge. The natural frequency of the cable can be found using re-
ference [2].
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