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Associate Professor Research Assistant
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INTRODUCTION

The girder-bracing structural Systems which consist of two or more parallel
main girders and lateral and/or sway bracings between them are commonly used in
steel girder bridges. The characteristics required of the bracing Systems are
to counteract lateral buckling of the girders and to give adequate bracing in
order to provide the required lateral support condition at the bracing points.

The load carrying capacity of braced beams and the bracing requirements
for the plastically designed beams are investigated extensively at Lehigh
University1^' 2'' 3' Elastic lateral buckling of beams with lateral restraint at
the intermediate supports are treated in Refs. *0-8) as the bifurcation problem
and in Refs. 9),10),11) including the initial imperfections. Diaphragm-braced
columns and beams are studied extensively at Cornell University12'' ' and
their studies are cited by Professor Finzi in his Introductory Report15'

In this paper the lateral buckling strength of two parallel girders with
bracing System between them is solved in bending and the bracing effects on the
buckling strength of main girders are discussed using stiffness parameters in the
bracings. The optimum relative stiffnesses of the bracings which provide füll
bracing to girders are determined in which füll bracing is defined to possess
effectiveness to innovable supports in lateral and torsional at the bracing points.
Lateral buckling strength of main girders is obtained in the inelastic ränge
with assumed distributions of residual stresses while the bracing remains in
elastic.

Tests are also conducted in this study. Total of eleven specimens are
tested under uniform bending and the results of critical moments, buckled con-
figurations, effective length, are compared with the theoretical ones.
Bracing forces are also measured during test.

THEORETICAL ANALYSIS

Theoretical elastic and inelastic lateral buckling Solutions are obtained
by considering the total energy in the System as shown in Fig. 1. Girders
with constant cross section are either simply supported or clamped at the both
ends.
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The total potential enerpy T in the
System is

T V + U + B (1)

in which V=the internal strain energy
stored in the main girders, U=the potential
energy of the external loads, and B=the
internal strain energy stored in the
bracing System. In the lateral bracing as
shown in Fig. 2 the strain energy B ¦'is
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in which Fa=E1oA10cos26/LD, F^E^I^fcos26/Lt>,
F^E-jjI-^n/Lb, Ao=cross sectional area of one
member, I\,F, I^n =moments of inertia of one
member about \ and r) axes, respectively. n-C
plane is in the vertical plane including the
member ends i and j.

Horizontal displacement ü^at the bracing
point is equated to the displacements u^ and (3^
about the shear center as,
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In the sway bracing as shown in Fig. 3 the
strain energy B is,

-H5

tvLU\f
B F Lilh 1 + 12F„Jßn-2 + ^Ffjis^ui'2 (i*; Fig. 2(b)mst, l
in which Fad=EbAbh2cos2a/Ld, Fms=EbIbf/Ls, FSs
=E|)Iior|/Ls, Ld =length of a strut, and Ls
=length of a diagonal member.

The critical moment Mcr can be obtained
by assuming the buckled configurations as
trigonometric series which satisfy the boundary
conditions at the both ends and solving the
characteristic equations of the coefficients
which extremize the total potential energy.

Fig. It shows the elastic and inelastic
lateral buckling strength curves for three
different residual stress patterns with the maximum compressive stress of orc
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=0. 3a- 17) ,16) The curves for H-200xi00><5.5x8mm beam represent the basic
strength curves when unbraced. The following numerical examples are carried
out for the same cross section having the residual stress pattern (l).

NUMERICAL EXAMPLES

The authors derived the relationships of the critical moment with the
slenderness ratio and the stiffness parameters 6 and Y in tne bracing System,
where 6 and y are defined as follows,

6 Ab/Ac, Yrr Ib5/Ic, Yn Ibn/Ic (5)
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in which AD= «area of one bracing member

Ac=Af+ §&„= area of a compression flange,
and web of girder, respectively. Ic
=moment of inertia of the compressive
area Ac, Ic~If=bt3/12.

Lateral Bracing : Fig. 5 shows the buckling
strength curves with lateral bracing along
the compression flange for four different
6 and y values. Bracing deformation is
considered in the vertical plane, that is,
Y=Yr, «and yn-effect on the buckling strength
is almost negligible compared to Yg-
effect. Distance between two parallel
girders in this case is Ds=50cm. In this
figure fully braced B-curve indicates the
buckling strength when beam B is fully
supported at the bracing points in order to
meet ^=(3-^=0 and fully braced A-curve is
for beam A. The fully braced B-curve is,
in this case, practically important for the
design purpose. Fig. 6 is another
presentation of Mcr-L/ry-6-y curves. In
this figure horizontal lines Mcr/M^=0.86,
0.76, O.69 and 0.52 represent the buckling
strength for the fully braced B-curve with
the specified L/rv values, respectively.
And y-values which will be read at the
intersections of the horizontal and curved
lines give the optimum relative stiffness
YOpt=0.07,0.13, 0.23 and 0.28, respectively
for the specified 6=0.01. Fig. 7 shows
the relationship between the buckling
strength and the braced point in the web

height. k=l, 0, and -1 mean the beam
braced at the tension flange,shear center
(=centroid in this case) and compression
flange, respectively. The bracing effect
against the buckling strength is almost the
same if the bracing points are in the
compression zone of the main girders due to
bending.
Sway Bracing : Fig. 8 shows the buckling
strength curves with sway bracing at the
span center. The curves are bounded by
the unbraced and füll bracing limits.
Since the sway bracing possesses the
effectiveness in rotation at the braced
section, angle of rotation (3^=0 is only
required to meet the füll bracing condition.
Effective length : Fig. 9 shows the rela-
tions between the unbraced length X L and
the effective length XeL which delivers the
same critical moment between the simply
supported pinned ends. The curves are for
füll bracing strength in three different

fUllttaol Stnu Pottanu

V3J
«? •Iwithout R«»»»uoi Slriiaii

OollnrnJ) VI
®RPoitimfJ

Pottatrnfj)

f—<](|W

=!,-£. 4*e<if0.3lti

•I •n
0.1-5,

bis

Fig. 1*

* "t2SZS{"C
1 NTopLoi«Bl

Fully Brocid fl

£•0.1. r-i 0
1-0.1. |"05
FüllylVocM B

1-002. r-o
(¦0.01. r-c

SMpl* >iappoa-l«<J

Fig. 5

Sbmhi SvKrorl-i Ena»

L/i,'136
L/VI"
L/l-*353

L/V«*2

r UaMfOil

tsa -1-fSZSK

o5 O» IQ0 Ol 0.2 01 0.4 OS 06 0 7

Fig. 6

V
11.01. r-ttosi

zxzs
fl-FP-

100 200 300

Fig. 7



302 IIb - LATERAL BUCKLING STRENGTH OF GIRDERS WITH BRACING SYSTEMS

*
p^r

"!=¦;

Seea smuüm i»

Fig. 8

i-oooi r-oooi
S-oooi J--0

i-00005 ("-0

20O SOO 4O0

-Bin u|

.3=|
1 -4. 1l« -Il

UV-*«.!

1
t/y

02 CS 04 09 Oi 07 OS o» too -o

Fig. 9

[D7N7X1
r.C-C S«c.lon

i.s
Uliral Brocing Haay cVocrvg

fT rC"**' Pi«h»¦»¦•¦»

QZ I ""oo"
5ll(tn.r t ¦¦ !<•>** 40-4

Fig. 10

5
t--' «»¦»

Off
E
23

~~?

L 3800-IOOO

Fig. 11

<H TaN

Theoretical solid lines for
L/ry=88 tO UU2 may be approximated with
sufficient accuracy by chain lines in each
case as,

0.7
0.5
0.5
0.3

(1)
(2)
(3)

xe -0.1t
X -0.3
r-l -0.5

+
+
+
+

TEST PROGR4W
0.1

for 0 S X < 0.5
for 0-SXS0.5
for 0-SXS1/3
for 1/3*X«0.5

Table 1

Test Specimens and Test Setup : Total of
eleven specimens are tested in bending under
clamped end conditions against lateral
buckling. Rolled beams of H-200xl00*5.5
xßmm section are used as main girders
throughout and steel round bars are as
bracing members. The detailed dimensions
of the test specimens are given in Fig. 10
and Table 1, and the test setup is shown
in Fig. 11 and Photo 1.
Load-Deformation Curves : A typical example
of load-deformation curves is shown in Fig.
12 where M versus u, v and 8 at span center
are plotted for Type Bll. From this figure
it is observed that u^ and 8^ remain unchanged
during test and the füll bracing condition
is, thus, ensured at the bracing point.

Dtr*n=!on at T

H-200 ¦ ««JOtrS.S «8

H-200 4 100 .5.5 «

0 • 90

L- 600"

tgzszsac

I J-1 Slrijt.t>]9D
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X

1 used for bi-tclt-ig »tabc

Test Results : All of the test results are
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Fig. 12
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Table 3

Specimens F

(kg)
F/Fvby

P

(kg)
P/Pf R...,,a

TIPE Bll
l
b

2

3

-806
-819
-8o

-ll»2

0.089
0.091
0.009
0.016

1
2

3

1-32
1-17

113

0.019
0.016
0.005

1 Pl

' 1

TTPE B12

1
U

2
3

-565
-598
-176
-7t

0.278
0. ?9~
o.oee
0.036

1
2
3

WO
296
138

0.O21
0.013
0.006

_ Mmax..
pfTS-*'TYPE B21

1
ti
2
3

-60li
-666
-62
-60

0.067
0.07*-
0.007
0.009

l
2
3

1.1*5

liUS
50

0.02O
0.020
0.002

plotted in Fig. 13 together with the
theoretical buckling curves of unbraced
and füll bracing beams. Test points for
the braced specimens Bll-Fl are all above
the fully braced B-curve.

A summary of test results is given
in Table 2. The bracing effect which is
defined by the strength ratio of each
braced specimen to the unbraced bcajii is
compared between theory and tests. Since
all of the specimens are buckled in the
inelastic ränge, the bracing effect may not
be expected as it would be in the elastic
ränge. Photo 2 illustrates several
examples of specimens after test showing
the buckled patterns of beams with füll
bracing.
Bracing Forces : Bracing forces such as
axial force Fa and bending moments Mr and
Mn are measured during test. Table 3

summarizes the measured bracing forces F's
and the resultant lateral forces P's which
are composed of F's at the ultimate load.
The maximum value of bracing force P is
obtained as 2% of the compressive flange
force Pf

C0NCLUDING REMARKS

Followings are the main subjects
which are discussed in this paper.
(l) Elastic and inelastic lateral buckling
strength of beams with lateral and/or sway

> _=> ¦»£

Photo 1

1
Photo 2(a)
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Photo 2(b) Photo 2(c)

bracings is determined theoretically including an arbitrary distributed residual
stresses.
(2) Optimum relative stiffnesses 6 and y in bracing members are defined and the
bracing effect of bracing Systems are discussed.
(3) Tests are conducted for eleven specimens with different bracing Systems and
bracing effects are compared with the theoretical results.
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SUMMARY

Elastic and inelastic lateral buckling strength of two parallel girders
with lateral and/or sway bracing Systems between them is determined theoretically
and the bracing effects on the buckling strength are discussed using stiffness
parameters in the bracing. The optimum relative stiffnesses of the bracing
which provide füll bracing at the bracing points are obtained. Tests are also
conducted in this study. Total of eleven specimens with different bracing
Systems are tested in bending, and the results of critical moments, buckled
configurations and effective length are compared with the theoretical ones.
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