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The Significance of Shake Down Loading
La signification du ""Shake Down’’ des charges

Die Bedeutung des "Shake Down'’ der Belastungen

JACQUES HEYMAN
Professor of Engineering
University of Cambridge

England, GB

The incremental collapse of frames, calculated according to accepted ideas
of simple plastic theory, has been illuminated recently by a new formulation
[1, Z]. Suppose that a unit load acting at section j of a frame produces an
elastic bending moment ”ij at section i of the frame; ”ij is computed in the
usual way on the assumption that the frame is initially stress free. Then the

actual load Wj acting at j will give rise to an elastic bending moment of value
M, = u..w, . (1)

If the value of the load wJ. is not fixed, but can take on any value within the

range

W?i“sw sw?ax " (2)

b
then the value of the elastic momentJ“& will also fluctuate. To determine its
max ;
largest value,ALi say, the value of Wj will be taken to be as large or as
small as possible according as the unit moment u.. is positive or negative,
+ - -+ - 1] P
denoted by +pij and _“ij’ where uij and "ij are themselves positive numbers.

Thus

max _ ax _ - .min
M = §<uijw? TR I (3)
and, similarly,
T N TR S 4
M g( IR SR (4)

Now the basic equation for determining the full plastic moments (M;)i of a
frame so that is just on the point of incremental collapse by the formation of

a mechanism with hinge rotations d:i is

s _ max ,+ _{ymin -
Foy,lo; | = ™4 w0y (5)
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The numbers ¢Z and ¢; are themselves positive, and the same sign convention for
the hinge rotations +¢; and-¢; has been used as that for the unit moments uij'
Each term in the sum on the left-hand side of equation (5) is essentially
positive, since it represents work dissipated at a rotating plastic hinge.

Thus, introducing equations (3) and (4) into (5),

s + ax - in + — ax + in -
§<Mp)i|¢i| = §{§(uijw? - uijw? Yo, - é{ﬁ(—uijw? + uijw? Yo, . (6)

It is convenient to introduce a corresponding static design (Mg)i’
calculated for the same mechanism ¢i, but with the loads Wj all having their

: . ax . : . ; .
fixed maximum values W? . This static design is thus given by

o + _max - _max,,,+ - _max + _max,.,-
M) lo. | = T{E(ut ™ - Tyt - Vol s ) e, . @
FOCY o ] = HEQL W —u WD ey = JECu w5+ W e, (D)
i i] ij
and it will be seen that this is almost identical with equation (6); the only
difference is that in (7) all bending moments are due to w?ax. Subtracting the

two equations,

s o _ o~ ax _ .min —es ax _ .min
§{<Mp)i M) Hogl = §[¢i{§uij(w? WY ¢i{§uij<w? Wi (8)

Three important conclusions may be drawn immediately from a study of equation

(8).

First, the whole of the right-hand side of equation (8) is positive or zero.

The range of loading (W.o© - Wi ") is essentially positive or zero, while the
+ - -+ 3 ] ..

products ¢ u and ¢ u are positive by definition. Thus the equation indicates
that the values of full plastic moment M; required to prewent incremental
collapse in a given mechanism ¢ will exceed (or at best equal) the corresponding
values M; for static collapse. In other words, a frame subjected to fluctuating
loads will always require more material than a frame subjected to steady peak

values of those loads.

Secondly, only the range of loading (w?ax = W?in) occurs in equation (8),
and not the absolute values of the loads. Now the equation is a measure of the
difference between the incremental collapse design M: and the static collapse
design M;; thus this difference in design cannot be affected by any dead load
(or any other load of fixed magnitude). That is, the dead loads will affect the
actual value of M;, but are not concerned in any increase to M; to guard against

incremental collapse.

Thirdly, it is only products ¢+u_ and ¢_u+ which appear in equation (8).

The difference between M; and Mg arises only from loads which produce unit
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negative elastic moments at sections where there are positive hinge rotations,
or which produce unit positive elastic moments at sections where there are

negative hinge rotations.

As a numerical example, the uniform fixed-ended beam of fig.l carries
loads Wl and WZ, where the values of the loads can vary randomly and

independently within the ranges

Wl Wz
S < 352
A4 5 c Dy, ! 1\
7 (9)
Z 2 0 < W, < 270 /
13 5 |4 F 2 '
i *1
Fig.1 If the loads wl and W2 have their
3 1 fixed maximum values, then the

x\\‘\\\‘:f___,__.______—,—-—‘% conventional methods of plastic

design lead to the static value

1 (a) " of full plastic moment:
< D o
M = 536 . (10)
C p
. Static collapse occurs by mechanism
(b) Fig.2

(b) of fig.2.

If, on the other hand, the loads are allowed to vary between the limits
(9), then a shakedown analysis must be made. Conventional elastic theory

leads to the following table of bending moments:

Table 1

Moment due to
max min

Section Wl = 352 w2 = 270 Jm JMO ONL

A 594 240 834 834 0
B -297 30 =267 30 =297
c =22 =320 =342 0 =342
D 198 480 678 678 0

The column labellede7in table 1 represents the static elastic solution when
both loads act together with their full values, and it may be noted that the

design given by equation (10) can be recovered from the fundamental equation
o pr—
To0) lo;] = sho, )

(where, indeed, the elastic momentsdmi can be replaced by any distribution of
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moments in equilibrium with the given external loading). Using the valuesJﬁi

from table 1, equation (11) applied to mechanism (a) of fig.2 gives

8M; (834) (3) + (-267)(-4) + (678)(1) ,

o
or M

531 ; (12)
P

a similar calculation for mechanism (b) gives the more critical M; = 536 of

equation (10).

The last two columns of table 1 give values of M"E* andcu?ln as the loads

vary between their limits (9). Using equation (5) with mechanism (a),

8M: = (834)(3) + (-297)(-4) + (678)(1) ,
or MIS) = 546 ; (13)

similarly, for mechanism (b),

6M; = (834)(1) + (-342)(-3) + (678)(2)
S o
or M =53% . )

Clearly equation (13), mechanism (a), is more critical; the design full plastic
moment must be increased from the value 536 of equation (10) for the static case

to the value 546 of equation (13) in order to prevent incremental collapse.

Now the formulation of equation (8) shows how this increase arises. Since
only products ¢+u_ or ¢+u— can enter into the calculations, the first step is
to examine the signs of the elastic bending moments and of the corresponding
hinge rotations. The two mechanisms of fig.2 have positive (hogging) hinge
rotations at the ends A and D of the beam, and negative (sagging) rotations at
the internal points B and C. From table 1 it is seen that the signs of the

elastic bending moments due to the load W, are precisely the same as those of

1
the hinge rotations at the four critical sections; the conclusion is that the
load Wl cannot contribute at all to any increase in the value of Mp’

(from M° to Ms).
P P

Similarly, the signs of the bending moments due to W2 are the same as the
signs of the hinge rotations for mechanism (b); thus mechanism (b) must give
the same design value for Mp whether the loads are static or fluctuating, and

this is confirmed by the identity of equations (10) and (14).

The only opposition in sign of bending moment and of hinge rotation occurs
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for section B with mechanism (a) and the load W,; in this simple example, it

2’
is this single contribution which increases the value of Mp from the 531 of

equation (12) to the 546 of equation (13).

This discussion indicates that equation (8) can be simplified for the
purpose of calculation of shakedown limits. The right-hand side may be written

§{¢;‘(J§u;j'ﬁj) + ¢;(§u;jﬁj)} = i{(«{i’JL; + o k) = §|¢iaue:| : (15)
where WJ represents the range of loading (wmax W?in), leading to a change of
elastic bending momenth denoted plus or mlnus according as the change is an
increase or a decrease from the datum. As before, only the products of a
positive change of momentd& with a negative hinge rotation ¢l, and vice versa,
are taken, and this is 1nd1cated by the final short notation |¢ Mal of (15).

Thus, finally, if the static collapse equation is written
Static: o .
ic Z(Mp)i|¢i| CTDRE M. (16)

where (MF)i represents any convenient set of bending moments in equilibrium
with the maximum values of the loads, then the incremental collapse equation

for the same mechanism but with fluctuating values of the loads may be written
*
I tal: . =
ncrementa Z(Mp)i|¢i[ Z(MF)id)i + ZU&i¢i| . (17)

The numerical example of fig.l may be reworked by means of a

rearrangement of table 1:

Table 2

Maximum positive and (a) (b)
negative change in

Section bending moment i S ‘\\‘~\,//’
Y = * *
M Mo o Mo |6 Mo

A 834 0 3 0 1 0
B 30 -297 =4 120
c 0 -342 -3 0
D 678 0 1 0 2 0
Static collapse: SMS = 4248 GMS = 3216
Incremental collapse: BMS = 4368 BMS = 3216
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As a second example, the collapse of the fixed-base portal frame will be
investigated, both under static and under fluctuating loads. Figure 3 shows
the frame, of uniform section, acted upon by loads V and H; the values of V

and H are supposed to vary randomly and independently within the ranges

[ (18)

0 <H<H .
o

Also shown in fig.3 are sketch elastic solutions for H =1 and V = 1, together

with the three possible modes of collapse.

*V

[ —aH = +
b /
\ % _
+

X

(a)

— |/ *

+\ + +

iy

(e)

(b)
+

Fig.3

Comparing the elastic solution for H = 1 with mode (a), it will be seen
that the signs of the bending moments at the hinge positions are the same in
all cases as the signs of the hinge rotations. The conclusion is that there
will be no 'U“r¢" terms arising from the side load H for mode (a), and that
therefore the terms in H will be identical for the static collapse and the

incremental collapse equation. On the other hand, the elastic solution for
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V = 1 indicates an opposition in sign for the hinges in the left-hand column

*
for mode (a), so that there will be an'ﬂL¢" contribution from the load V.

The final solution requires, of course, expressions for the elastic
bending moments in the frame; using these known values, it will be found that

collapse by mode (a) leads to the following equations

[ Static: Hh = ™ 1
o P
Mode (a)\ Ve f (19)
. o 3% _ s
Incremental: Hoh ks (22+h) = 4Mp :

Similarly, examination of the unit bending moment distributions in fig.3
shows at once that the side load H will make no extra contribution to mode (b)
of incremental collapse, and the vertical load V will make no extra contribution

to the incremental collapse equation for mode (c). The final equations are

vV L
. . 0 _ o
f Static: Hoh + — BMP , \‘
Mode (b) " (20)
\ 0 (92+4h) 6MS (
Incremental: Hoh + < b 0 ™ b
VOR o
[ Static: - = AMP " 1
Mode (c)\ Hoh 3h s v L . J 21
Incremental: 5 (2+6h'+ > = AMP .

Equations (19), (20) and (21) are plotted schematically in the interaction
diagram of fig.4 (this diagram is drawn for 2 = 2h, but the general features
of the diagram will be preserved for other ratios of 2/h). It will be noted

H h
_°
Mo

pa {4 STATIC COLLAPSE

INCREMENTAL

) COLLAPSE
. it
0 1 1 1 1 1 | 1 -
1 2 3 4 5 6 7 g V2
M
P
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that the "yield surface' for incremental collapse lies entirely within (as it

must) the corresponding yield surface for static collapse.

References

1. M. H. Ogle. Shakedown of steel frames. Ph.D. Thesis (Cambridge
University), 1964.

2. J. Heyman. Plastic design of frames: Vol.2, Applications. Cambridge,
1971.

Summary

A new formulation of the basic equation of incremental collapse shows
immediately which loads acting on a frame are of significance in shakedown
design, and which loads are not. A simple numerical example illustrates the
procedure, and an interaction diagram is given for the collapse of the fixed-

base portal frame.

A
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Ductility and Limit States
Ductilité et états limites

Duktilitdt und Grenzzustande

M. MARINCEK
Professor at the University of Ljubljana
Jougoslavia

INTRODUCTION The 1imit states of the load carrying members and structu-
res clearly can be treated with the help of the typical load-displacement
diagram, obtained experimentally, or with the elasto-plastic theory, which
enables the prediction of the real deformational behaviour. With this the-
ory any shape of the stress-strain diagram of the material and the influ-
ence of the residual stresses can be taken into account. So the instability
loads and/or the suitable defined inelastic deflection limit load can be
established. Various secondary and local effects like lateral instability,
local instability, ductile, brittle, and fatigue fracture have to be refe-
red to the primary global elasto-plastic behaviour. The reliability of dif
ferent approximate design methods may be estimated by correlating them to
the elasto-plastic behaviour. The dimensionless treatement ( which repre-
sents also the model law for experimental work ) and the appropriate clas-
sification make possible the wider use of the results of the elasto-plastic
theory.

In this article the inplanar treatement for the single loadingof sim-
ple linear structures with time independent inelastic material behaviour is
presented.

DUCTILITY FUNCTIONS OF THE CROSS-SECTION The nonlinear relationship be-
tween the internal force and corresponding specific deformation of the axe
of the bar can be expressed in the general case by

- My _ My __N
l-f;("'—E"I:_Klfx LPY_ EI), an:y E= EA K&

(1)
_ 2eyQy _ ¥
Pa K BTy 0 g5 Ke

where the ductility function of the cross-section K can depend on all in-
ternal forces, Ki =f ( MX,M ,Q ,Q ,N,T ). Dimensionless, for the case of
uniaxial bending with the no¥mal fgrce, there is

Ky = f (M, &) (2)
with = M : M® and § = N : N9, where M° and N° are typical internal for-
ces ( refered to the proportional limit, yield strength limit, or compres-
sion strength of material ). Using the Bernoulli hypothesis for the chosen
strains over the cross-section, M and N are obtained with the corresponding
integration for a given stress-strain diagram of material.
For the stress-strain diagram after Ramberg-Osgood £ = &(1+3") , with

E=€:€°,=05:0° where £ = G°: E and the yield strength &°, definedin
Fig.1l, the curves in Fig.2 with different parameters n represent four typ-
¢l dimencionless stress-strain behaviour. For n = 10 and the rectangular
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cross-section the ductility functions Ky are given in Fig.3, full lines fa
strain reversal with constant N, and the dashed ones for nonlinear elastic
material.

There is a simple relationship between the ductility functions of the
individual parts of the cross-section and those of the whole composite ong

TET
k&7='___ﬁi__ (3)

——

Kep

In this way calculated ductility functions for bending and compression of
a concrete filled tube are presented in I'ig.4, for an ideal elastic-ideal
plastic stress-strain diagram of steel and according to CEB for concrete.
The typical internal forces are here

W= 3 [62(0%- oY) + 62d’] N°= L [o3(D*-d?)+ 62d?]

s™M

DUCTILITY FUNCTIONS OF THE LOAD CARRYING MEMBERS The typical elasto -
plastic load-displacement diagram can be performed for example with

S

MMy
5=J——des (4)
| EI
One can replace the influence of KT with

E}]
K " Ely =Bl = (EI)gr

but the ductility factor K? has a clearer meaning, especially for compo-
sile cross-section.
Similar to the definition of K¢ , the ductility of the load carrying

member, or structure Kg , is the ratio between the elasto-plastic displa-
cement and the corresponding elastic one,

K5=515¢' (5)

Consequently, the relationship between the dimensionless load P=Pr: P0
and dimensionless displacement S=5:5°, where p° represents for example
the limit state according to the theory of elasticity, and 8° the corre-
sponding elastic displacement, is

o= P.Ks. (6)

HOME EXAIPLES For the simple beam with constant properties along the axe
there is the deflection under concentrated load, acting in any point,

5
_ 2 (m2y m
Ks = F,st KgdM, (7)

0
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for the uniformly distributed load on a beam

P
A - -
Ks = 2= — A\ MKpdM (8)
Pl | v
and on a cantilever -
2 'P—- —
Ks= —=z| MKyodM (9)
) pe Jg i )

with P = [ . Fig.5 shows the results for the rectangular cross-section
and three @ifferent stress-strain diagrams with strain hardening. _

For the examples in Fig.6 the dimensionless deflection limit load Bas
defined with 10% irreversible deflection and the plastic hinge load, both
related to the elastic 1limit loads, are presented in the table I. Thus
there is the possibility for higher allowable stresses in elastic design,
dependent on the cross-section and loading ( in this case for the material
with n = ®, without residual stresses ).

Table T —

| e ® —. D/t=20|D/%=c0 | IPB_100|IPB _340 IPB, 300
il nunm'l 1,43 1’ 31 ]_,23 ]_,]_7 1’21 1,14 1,08 EM

&_l_A 1,54 1,39 1,29 | 1,22 1,23 1,16 136 1§ B,

1,70 | 1,50 | 1,34 | 1,27 | 1,24 | 1,16 | 1,10 | B°*

The symmetric continuous beam, loaded as in Fig.7, has the ductility
function

—

Mq - — —,\ -
”y_‘qwﬁ + e -’i‘—m&j HZKYAM), (10)
Mo

K5= 6(3+2J\)

(3+404)(M,+ M) M2 A

with

Vo o
=J MK‘?d’:j: 3 élﬁ\zWMd_'_ﬁz)ﬁzJ'ﬂzK\fdM
0 4+“E—;‘L2 A 0

as the deformational condition. There is strong dependence on A, the ratio
of spans.

Fig.8 shows for A = 1 the influence of different stress-strain para -
meters n , compared with the plastic hinge theory, and Fig.9 the influencc
of the cross-section properties for X\ = O.

In Fig.1l0 the load carrying capacities are given for a beam-column,
made of the material with n = 10, as tre function of the slenderness A .The
dashed lines represent the influence of strain reversal at N = const and
growing Q. _

In Fig.ll the elasto-plastic load deflection diagram § - § for N =Q1
for different parameter n of material can be compared with those of the
second order elastic theory and the second order plastic hinge theory. Si-
milarly in Fig.13 for N = 0,25 and in Fig.14 for N = 0,525 are §Q - dcurves
for weak axial bending of DIE20, material with n = @, dashed curves for
the presence of residual stresses and nonhomogeneity, dimensionless given
in Fig.12. For higher A and higher W the difference between elastic limit
load, plastic hinge limit load, and elasto-plastic instability limit load,
with and without residual stresses, are substantional. _

For the case when Q = const, in Fig.1l5 and 16, the relationship N - 8§
is presented for the material with n = oand the rectangular cross-~section.
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in Fig.15 for @ = 0,5 there exists the elastic limit curve and the plastic
hinge curve, whereas in Fig.l6 the value Q = 1 alone represents already
the elastic 1limit state, but for all that there is a large additional nor-
mal force carrying capacity, particularly for lower slendernesses.

The dimensionless buckling curves for column with the composite cross-
section can be represented in the same diagram as for columns with the sin-
gle material. So in Fig.l7 the lower curve is the tangent modulus curve for
the plain concrete, CEB stress-strain diagram, and the upper curve is the
Buler curve for the ideal elastic - ideal plastic diagram of steel. Three
curves in between belong to columns with concrete filled tubes and encased
I-profile ( numhers describe the steel cross-section, steel yield strength
and concrete compression strength ). The slenderness of concrete filled steel
tube is

with c =

D iy (11)

0f course, the real columns have geometrical and structural imperfections.
Therefore, the corresponding instability limit loads with the help of the
beam-column elasto-plastic theory have to be determined. Fig.l8 gives the

Q - 8 curves with the instability limit states for different slender beam-—
columns with concrete filled tube cross-section, having ductility functions
in Fig.4.

FINAL REMARKS The consequent dimensionless treatement would have larger
effects in using the results of the elasto-plastic theory for better under-
standing of the ductile behaviour of structures and with this more ratio-
nal use of material.

The deterministic treatement of structures with the elasto-plastic
theory supports and supplies the probabilistic treatement because a signi-
ficant variation is possible only with representative parameters for sepa-
rated influences. On the contrary, the pure empirical statistical analysis
of the complex phenomena appearing in the ductile bahaviour of structures
is rather questionable, if not impossible.

The extension of the elasto-plastic theory on the preblems, taking
into account more complicated loading and structural geometry, the Bauschi-
nger effect, the influence of the temperature ( also fire ), and strsin
velocity, calls even more attention to the international collaboration in
finding the appropriate classification of the shapes for stress-straindia-
grams of the material, cross-sections, structural and geometrical imper-
fections.

AKNOWLEDGEMENT Some results are presented here from larger research pro-
ject, carried aut with the financial support by "Boris Kidri&" Foundation
of Ljubljana. The collaboration with my past and present assistent P.Fajfmr,
V.Marolt, J.Reflak and M.Vitek, and also numerous students, is very much
appreciated.

SUMMARY Presented results of the elasto-plastic theory, compared with the
corresponding elastic theory and plastic hinge theory, show on the one side,
that the possibility exists for better exploatation of material also for
statical determined structures when inelastic deflection limit state has

to be decisive, and on the other side, that one should be carefull with the
unlimited use of the plastic hinge theory for stability limit states.
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Theorems for a Simplified Second Order Limit Analysis of
Elastic-Plastic Frames

Méthode réduite de seconde ordre pour la détermination de la
charge limite des portiques élasto-plastiques

Hilfssatze fir eine vereinfachte Traglastberechnung zweiter Ordnung
elastisch-plastischer Rahmentragwerke

OTTO HALASZ
Prof.
Technical University
Budapest, Hungary

Introduction

The use of simple (or "firet order") limit analysis - assum-
ing rigid-plastic material - is restricted to a limited class
of frames as the computed failure load PFI ("first order failure

load") may give unsafe estimate in presence of axial forces.

Several attempts were made to include the effect of change
in geometrie and thus to establish a "second order" limit ana-
lysis (resulting in a "second order failure load PF)’ ranging

from the most simple Rankine-formula to different computer

methods [1], (2], [3], [4] ’ [5] .

Introducing simplifications this paper is to offer some
theorems, which can be used as techniques for preliminary limit
design of a class of simple frames, requiring generally an addi-
tional check by a more exact method. Because of lack of space
the prove of theorems couldn’t be reproduced and only reference
can be given either to works treating the problem more generally
[6] or to the authors previous reports [7], [8].

Attention is paid to the fact, that while the first order
failure load depends basically on the value of full-plastic mo=-
ment Mf of the cross sections only, the second order failure

load is influenced by the flexural rigidity "EI" of the con-
stituting members as well. Thus a preliminary design procedure
has to include criteria for the required value of both flexural
rigidity and full-plastic moment in case of a prescribed failure
load P

F.

}g. 2 Vorbericht
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Assumptions

The model of a frame in the elastic-plastic range is taken
as composed of perfectly elastic, initially straight members (of
number s) and plastic hinges supposed to develop at certain cross
sections only; their greatest possible number be m. The full-
plastic moment of the cross sections is assumed to be constant
independently of the axial force N acting in the corresponding
member. Concentrated loads are allowed to act at joints only, in-
creasing proportionally to a single load factor P (Fig.l.).

We restrict us to cases where in the equations expressing
requirements of equilibrium and continuity the shortening of mem-
bers due both to flexural deformation and direct axial compression
can be neglected (excluding thus triangulated frames).

This way the analysis of a perfectly elastic frame can be
carried out by solving two simultaneous matrix equations [1] of

the form
P.q = 8. & (1)

N="P.q +8 -2 (2)

where vector q and q
- depends on the distribution
of external loads only
o<, P ‘oc’ C’CJP (quantities o« in Pig.1.);
hulliF E {’f\\ S is the stiffness matrix
‘L2 3 +9 {its elements being func-
tions of the axial forces
in the members), and vector
O represents the '"free"
displacements of the joints.
Second equation expresses,
that vector N representing
the axial forces in the mem-
bers depends on external
Fig.1. loads and displacements of
joints as well.

Basic simplification will be introduced by omitting equation
(2) and replacing it by
N=P B (3)

i.e. assuming axial forces to increase proportionally to the
load factor. /3 can be taken from the solution of a first order
elastic analysis or rather of a rigid-plastic limit analysis.
This assumption allows the use of superposition as well and thus
bending moments M in an elestic-plastic frame can be expressed
M= Mg + M(X); the first term being bending moment of the per-
fectly elastic frame, the second term the moment originated be
hinge-rotations J¢ in the plastic hinges. Dividing the plastic
hinges into "active"™ (M = M,) and "inactive" (IMI < IMpl) groups
(of number ¢ and fn-irespecgively), the vector M representing
the bending moments at the cross sections of the active plastic
hinges can be written as

M=M +BX +AX

1 m
o+

D N

I
d

M ()

where i-vector Me represents the moments of an elastic frane,
i-vector X the rotations in active, m-i vector I, the rotations
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in the inactive plastic hinges; the elements bpq and apq of

i x m- and i1 x i matrix B and A give the moment ail cross-section
p of an elastic frame in presence of axiel forces N = P.8 origi-
nated by an angular discontinuity 3Cq = 1 in the cross section q.
Positiv direction of M and X is given in Pig.2. Sign-convention

is used to have (=0 and M > O in equation (4).

We shall refer to as "active loading
"+fﬁ:\~ process" if at increasing load no
local unloading in plastic hinges

takes place. In this case no in -
active plastic hinges exist and

~F X Mzge+é2§=gp (5)
Fig.2.

Stability considerations

Simplification introduced by equation (3) allows to formu-
late the condition of stability of the state of equilibrium
defined by equation (4) as follows:

/

4
Z (fEIy"z ax - Pjﬁs v’ dx) = 0 (6)
s 0 )

for any function y describing geometrically possible transverse
displacements of the points of the members having angular dis-
continuities C = 0O at the cross sections of active plastic hinges
only. To facilitate stability investigation, the state of equi-
librium defined by equation (4) (having i plastic hinges) should
be accompanied by an elastic subsystem "i" %Fig.B.), loaded by
axial forces N = P, A& only and
containing real hinges of
number i at the location of
plastic hinges. The lowest
critical load-factor causing
buckling of this subsystem is
denoted by Pcr,i and is re-

ferred to as "deteriorated

critical load" in the litera-

ture [1). The buckling-mode

of this subsystem at P = Pcr i
]

Bﬁ described by eigenfunction
¥i (containing angular dis-

continuities X; at the real
Pig. 3. hinges). -

Using above notations following statements can be done:
Theorem (I)

Supposed that at load factor P the elastic—plastic frame
contains i active plastic hinges:

It P<P the state of equilibrium is stable,

cr,i
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If Por,i< P< P gul (Pcr,i-l being the lowest critical

load of an elastic subsystem containing i-1 hinges only)
two cases has to be deslt with:

If'ééiézo the state of equilibrium is unstable,

If é;i has negative component the state of equilibrium
is stable.

uadratic programmi approach

Starting from the state defined by equations (4) and chang-
ing load factor to P + dP, the incremental forces and deforma-
tions can be described:

M= d(M, + BX) + A4 X+ 4 dX (7.2)

Additionally the nature of plastic hinges requiress
dM = O; dXx =0 end dX. dd = O, (7.b)

ag either incremental rotation or decrease of full-plastic moment
in the same hinge must be zero.

As pointed out elsewhere in the literature [9], [10] problems
of this kind can be solved by a quadratic programming approach,
as (7.a) and (?7.b) can be written in form of

Is

u > 0; X =0 and x.u=0 (8.b)
By introducing the scalar function

2() =8ax-3xAX
the solution of problem (8) can be defined as a non-negative
vector x = X, =0, in case of which the value of function z=2z(x,)
doesn’t exceed the values z(x, + dx) in its vicinity, provided
X4 + dx = 0, By virtue of known mathematical theorems [11l] a
solution always exist if x 4 x < 0 for x>0, x # O. As condi-
tion x A x = d2XA dX <0 for dX=0 is fullfilled in a stable
state of equilibrium; following statement can be done:

Theorem (II)
Starting from a stable state of eggilibrium at load factor
P, equilibrium will exist at P + as well, Thus failure
load (peak load) can be reached only in an unstable state
of equilibrium.

If dealing with active loading process only and supposing
that plastic hinges can develop in cross sections of number 4 only
with given direction of rotation (chosen to be positiv), the mo-
ments and hinge-rotations at a load factor can be determined by
transforming equation (5):

E_led-p-!e-ég_c (9-3)

and considering additionally that according to the nature of

plastic hinges:
Ep-h_ﬂ?_o; X =0 and (EP-B_II).D_C=O. (9.b)
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Problem (9) can be regarded as integrated form of (8), made
equivalent by assuming that local unloading in plastic hinges is
excluded. Problem (9) can be rewritten in form of (8) again and
investigating the properties of i xi matrix A (its components
being function of P), we can state: -

Theorem (IIT)

If P<P there exists one and only one solution.

er;i
Iheorem (IV)
It P ":P'<Pcr 1-1? the existence and number of solutions
. P

cr,i
depénd on the sign of the components of i-vector

R |
s = A (MP-MG)

_0 =
If all components of-&% are positive (2%:>0), two diffe-

rent solutions exist, one describing a stable, the
other an unstable state of equilibrium.

If all components of-Z% are non-negative, but at least
one of them equals zero (J%j = 0), a single solution
exists, describing an unstable state of equilibrium.

If not all components of«ﬁ% are non-negative, no solu-
tion exists.

—p e ¢
’?‘/j(ép 48}/‘,1-/ P = pc'/‘,r
L
(M 1)K >0

Fig.y, Flg. 5.
Theorem (V)
As special case let be P = Pcr i- The existence and number
’
of solutions depends on the sign of the scalar product

(Ep - Me) ‘:}_{i'

If (Mp - Me).ié}>0 one solution exists, describing a
stable state of equilibrium.
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If (Ep - Ee)j§i<:0 no solution exists.
it (Ep - X)) S-Zi=0 an infinite number of solution exists,
describing indifferent states of equilibrium.
Theorem (IV) and (V) can be illustreted by Fig.4. and Fig.>5.

Application I. Limit design of "stiff frames”

In a limit design problem the value of Prp be given and the
flexural rigidity EI of the members and full plastic moment M
of cross sections are to be determined. The design problem can
be solved on various ways as both EI and Mp contribute to the
value of the failure load. So additional restrictions can be
given.

We require additionally, that failure should take place if
the number of plastic hinges has reached the number . of plastic
hinges contained in a yield-mechanism (rigid-plastic collapse-
mechanism) ,thus ¢ = n . Frames designed this way will referred
to as "stiff frames", Supposing active loading process, theorems
(I) - (IV) can be applied.

The subsystem . corresponding to a yield-mechanism is un-

stable in presence of any forces and thus Pcr 5 = O can be taken

’ ~
and the corresponding buckling-mode (eigenfunction) yp coincides
with the displacements of a rigid-plastic yield-mechanism, having
angular discontinuities X, most esasily to determine. According
to theorem (I) the chosen yield-mechanism prescribes not only the
location, but possible rotational direction of plastic hinges as
well, as 3¢, =0 has to be taken. The additional requirement given

above states, that

O<Pp <P na

Pcr n1 being the deteriorated critical load of a subsystem pro-
-

duced by removing any of the hinges in the yield-mechanism. As
P can be written symbolically

c

cr,n=-1

- EI

Pcr,n—l = L2

Gy 1 being a constant, EI and L representing flexural-rigidity

and geometrical data, the criterion for flexural rigidity can be
given in the form 2

EI > L
n-1

= Pp (10)

The required values of full plastic moments M, should be de-
termined according to theorem (IV)
_ =1

X, = A7 (M, - M) >0 for P=Pp (11)
This later requirement cen be illustrated practically by Fig.6.,
as according to virtual-work considerations X, represents hinge-
rotations of the frame under the action of extermal loads and
full-plastic moments at the hinges of number n (axial forces
supposed to beé N = P,3). Thus this method is equivalent to that
referred to as Mlast hinge method" in the literature [1].
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X, &0
K. =0

]

X =0

Yo,

Fig.6.

If " >, more than one yield mechanism should be con-
sidered. To make appropriate choice, following theorem can be
used.

Iheorem (VI)
Supposing active loading process, at
P=Pp<Pip n-1
the moments will not exceed the value of full plastic
moment at any of the cross sections ™, if unequality (11)

is fullfilled for all groups of hinges of number m. cor-
responding to & possible yield-mechanism,

This theorem can be formulated as & minimum principle for
fallure loads Pp computed with respect the different possible
yield-mechanisms (Fig.7.) or as a maximum principle for a multi-
plier, if the ratio of full-plastic moments is previocusly pre-
scribed.

PMe. 7.
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Application II, Limit design of "flexible frames"

If requirement (10) results in an unrealistic flexural ri-
gildity, it bhas to be allowed to reach failure load in presence
of a lower number of plastic hinges, than that transforming the
structure into a yield-mechanism (i<n). Prames designed this
way will referred to as "flexible frames". A possible way of
limit design easy to carry out results from an additional re-
striction in form of '

ciEI
Pp = Pcr,i = LE d
2 (12)
El = = P
ci F

which can be regarded as criterion for the flexural rigidity
required.

Using theorem (V) the values of full-plastic moments in
cross section 1 can be determined as - supposing active loading
process - equllibrium can exist at P = Pcr n only if:

’

This condition can brought to a more convenient form by using
virtual work consideration, resulting in

o X,
where uj and-z& represent the displacements and hinge-rotations
due to the buckling-mode (eigenfunction §1) of the plastic sub-

system "i" at P = P, = P (Pig.8.). This inequality resembles
F oryd €

the virtual-work inequality used in a single-plastic limit ana-
lysis, but displacements and rotations of a rigid-plastic yield
mechanism should be replaced by those belonging to the bucklinge
mode described by eigenfunction ?i'

o, P 4

~—-6)

Fig,8.

Using this method an additional check must be carried out with
respect to the moments at cross sections being not represented
as possible locations of plastic hinges in the subsystem.
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Application III, Bifurcation of equilibrium

Attention is to be paid to the fact, that the assumption of
active loading process disregards the possibility of bifurcation
of equilibrium which can take place in stable state of equilibrium
a8 well [6], due to the "two-faced" nature of plastic hinges.

As illustrativ example a symmetric and symmetrically loaded
frame should be regarded with only two possible locations 1. and
2. for plastic hinges, assuming that at a load factor

Pep,2<FP<Por

(Pcr,l and Pcr,2 denoting the deteriorated critical load of a

subsystem containing one and two real hinges respectively) both
plastic hinges are active (Fig.9.).

Fl Fﬁid¢’ APitﬂp =
Fig.9.

The possible direction of rotation in plastic hinges is
given and taken to be positive. As the buckling-mode at P= P

of the subsystem containing two real hinges is antimetric,
according to theorem (II) X, } O and the equilibrium is stable.

Analysing incremental deformations by equation
at P H=Me+é‘?_c9
at P +4AP: dil = dM, + dA X+ A d

cr,2

dM<0, dX =0, dMd. dX =0

Supposing now, that at P +AP a symmetric state of equilibrium
with two active hinges exists,

dM = O and

a=a"t (aM, + apx) > 0,

according to theorem (IV) a second solution exists. Thus at P,
although having stable state of equilibrium two different

loading paths are possible: a symmetric one and another including
side~-sway as well.
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Apperdix
As illustration, the prove of theorem (IV) is given as
follows:

() IfP__ .<P<P and X; engular discontinuities of

cr,i Cryi=1
eigenfunction y; are all positive
X = A"l M =0, when M=>0 (14)

This can be proved by describing the displacements of the
structure originated by moments M acting at the hinges by
function y and rotat10na<X? and 1nvest1gat1ng the expression

» ~ N ) ~? 2
erfty- ey Pa G eaFe] 0 o
Q o s "
By o = (16)
J O o

Y
as y + cj y; are geometrically possible displacements of sub-

system "i-1" ©being stable at PEF e 4
’ -_—
regarding the virtual work equations

1° Transforming and

2

mx——Z(EIILj”dx PB, ﬁ, o),

M X, =- (EIJg””” dX—PﬁéJ,Lj G dx),

OC~ ~
we receive: -NX -2 — gD_C (17)
Multiplying by Jcij MJ>-0 and adding up similar expressions for
which together with equation (17) proves statement (14).
The solution of problem (9) can be written in the form

=1 -1
A= 470 - B) - AT, - M) =0, (19.a)
¥, -M>0 and (M) - M) X=0, (19.D)

As the second term in (19.a) according to (14) is non-negative,
X >0 is impossible if

-1
é (Ep - Ee) k 0,
and no solution exists.

If %

=
X, = A (_n_qp - M) >0, (20)
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one solution is given by (20). A second solution can be found
as well. With reference to those stated earlier in connection
with problem (8), a local minimum of the function

(%) = (U - BN - X4 (21)

in the subspace X >0 will define a solution. Chosing one compo-

nent of X to be AXﬁ = 0, and omitting all elements of Mp, !e

and A with indices j, we have an i - 1 - dimensional expression

2(X) = (M, -M)X-3XFX (22)

1X2
>

which has always a minimum (denoted by zj min) for X >0 as
~ J H
because of P‘:Pcr,i-l A is negative definite. The value zj,min

is therefore a minimum on the boundary-plane of subspace X =0
defined by X; = O. A series of such minimums can obtained by
chosing j = 1,2...1i. This among them having the lowest value be
denoted by z,, (at a location given by X)).

Considering equations (20), (21) and (22) the values of
function Z on the boundary of subspace X > O can be expressed

as
z = %‘56 é:ﬁb = % Z

T (23)

e

where r denotes the vector between point X = X and the point

P A is indefinite, the

on the boundary. As because of P <
cr,i =

boundary contains points, where
< % 4%,

and so

1

= =0 =-=Q

4z,

where vector T, connects points given by 5% and ﬁ%. Equation
(23) and (24) prove, that Z in 18 @ minimum on the boundary and

a local minimum in the subspace X > 0, thus defining a second
solution of problem (19), representing a stable state of equi-
librium, being Zpip OB the boundary of the subspace .zrz:o.w

A third solution is impossible, as supposing its existence-ﬁg
and using notations of problem (8)

Ezé-éi&o’ 2.6020’ BEO, B’lco:O
w=a-4%, X =20 uz0 u.X =0

would require - o o Ry
(;)_Co = 2.60) é (.)_(o = )_Co) > 0,
which is impossible according theorem (I), as the vector X, X

)
connecting two points on the boundary of subspace X =0
can't be composed of non-negative components only.
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Summary

The second order limit analysis - including the effect of
change in geometrie ~ of certain class of frames can be simpli-
fied by assuming (i) axial forces to increase proportionally to
a load factor (ii) disregarding local unloading in plastic
hinges and (1iii) taking full-plastic moments to be independent
of axial forces. Using these assumptions paper offers some
theorems to be used in preliminary 1limit design of frames.
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1. Material Behavior

1.1 Elasticity

Of the various mechanical properties that determine the
usefulness of a structural material, its elastic modulus is
undoubtedly the single most important one since it alone
determines wether the material is rigid enough to satisfy the
limitations on deformability that are imposed on any structure
by its function and that usually delimit its "serviceability."
Although the elastic modulus is also directly proportional to
the cohesive strength of the material! since, theoretically
at least, both can be related to the action of interatomic
or intermolecular forces, it has long been recognized that
materials that attain a significant portion of their
theoretical cohesive strength while strained elastically are
not usable as structural materials, because the unavoidable
inhomogeneities in their microstructure are bound to cause
premature "brittle" fractures that are not only the more
explosive the higher the level of elastic strain energy stored
in the volume element and suddenly released at fracture, but
also the less predictable or reproducible. Therefore, a
useful structural material, expected to deform elastically
within the limit of serviceability of the structure, must be
prevented from explosively failing elastically beyond this limit
by energy disipation mechanisms in its microstructure that
prevent the build-up of potentially destructive elastic strain
energy as soon as the forces acting on the structure exceed
its serviceability limit. The avoidance of brittle failure
by providing structural materials the deformational response
of which to forces beyond the limit of serviceability deviates
from elasticity not only sufficiently but also sufficiently
fast to achieve this aim under all loading and environmental
conditions which structures must, with an adequate level of
confidence, be expected to withstand, is one of the foremost
tasks of the material ,producing industry.
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1.2 Plasticity and Viscosity of Structural Materials.

Plasticity and viscosity are the phenomenoclogical
expressions of the two basic strain energy disipation
processes in the metallic microstructure: the weakly strain-
rate and temperature sensitive transgranular (plastic) slip
and the strongly strain-rate and temperature sensitive inter-
granular (quasi-viscous)flow. While in all metals both
mechanisms are simultaneously present as soon as the limit of
technologically elastic deformation is exceeded (the true
physical elastic limit is lower and depends essentially on
the limit of accuracy with which deviation from linear elastic
behavior can be observed), one or the other will predominate
as the loading and environmental conditions change, with low
temperatures or high strain-rates suppressing the viscous
response, while high temperatures and low strain-rates
amplify it. The post-elastic response of structural metals
at room and low temperatures is therefore reasonably well
represented by plastic flow with constant or strain-dependent
(hardening) yield-limit, while the operational stress level in
the structural members is governed by the elastic response,
although it is well-known that the full utilization of the
elasticity of the members depends on sufficient constrained
plastic deformation in the overstrained connections being
available to prevent localized elastic (brittle) failures
through overstrain.

In the non-metallic microstructures of ceramics and
concrete almost linear quasi-viscous flow characterizes the
binder already at very low stresses?, so that a real "elastic
1limit" does not exist, while a highly nonlinear viscosity
which is almost indistinguishable from "plasticity" is the
expression, at stress-levels closer to the unconfined com-
pressive (shear) strength, of processes of progressive
destruction of the microstructure. Thus, structural concrete
is a linear visco-elastic material at any stress above zero, so
that the limit of serviceability of concrete structures,

particularly at relatively high sustained compressive operational

stresses, cannot be identified with the complete absence, but
only with a specified limiting amount of irreversible

deformation, a limitation that is made possible by the asymptotic

increase of the apparent coefficient of viscosity of the con-
crete in the course of the hardening process that transforms the
initial visco-elastic into the fully hardened elastic compound .

Experiments® have shown that the range of linear visco-elasticity

does not extend beyond a stress level of 25 to 30 percent of

the compressive strength, which is the usual range of operational

stresses. Beyond this stress-intensity the viscous response of
the material becomes increasingly non-linear until, at about
80 percent of the compressive strength it is, on first loading,



A.M. FREUDENTHAL 31

indistinguishable from plastic response since the associated
destruction proceeds at constant stress. Thus, the linear
visco-elastic response of the concrete governs the range of
serviceability of the structure. As the viscous component
becomes increasingly non-linear in stress at stress levels
beyond this range,stress relaxation processes governing
prestress levels become increasingly rapid,with the result that
the higher the prestress, the more difficult to sustain it.

In heavily overreinforced beam sections the effect of the
highly non-linear viscous redistribution of stresses as well
as of moments produces the deceptive appearance of "plasticity"
of the concrete. However, this plasticity cannot, as in
metals, be depended upon to produce a reliable "overloading
capacity" that could be sustained under repeated loading or
that could lead to a "shakedown" condition under load
repetition, since the increasing local destruction of the
microstructure that is reflected in the increasing non-linearity
of the apparent viscosity of the concrete leads to rapld
large-scale destruction of the overstrained compressive zone
after a relatively small number of load-cycles. Only in
underreinforced beams does the plastic yielding of the metal
reinforcement at low concrete stresses produce conditions
resembling "plastic hinges"," however, at the usually
unacceptable price of large, concentrated cracks in the
concrete. The extension of rlgld plastic limit analysis to
redundant reinforced concrete is therefore not without

serious problems.

2. Design Criteria

The influence of plasticity and of viscosity on the
strength and deformation of structures and thus on their
analysis and design can hardly be adequately assessed or
even discussed without carefully considering the implications
of the dual design requirements of serviceability and failure
resistance as well as of the relations to these requirements,
of plasticity or near plasticity on the one hand (highly
non-linear viscosity) and of plasticity and quasi-linear
viscosity on the other. Unfortunately the Introductory
Report misses these critical implications almost completely
and presents, instead, a simplistic rigid-plastic limit
analysis of one—parametrlcally loaded steel structures as
well as a simplified version of linear-viscoelastic analysis
applicable to reinforced concrete structures,presumably as
representative illustrations of the "state of the art" in the
field of research and engineering practice encompassed by
Theme Ia. And this in spite of the fact that every single one
of the eight preceding International Congresses of IABSE has
devoted part of its attention to some aspect of this theme, and that
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in the Proceedings of these eight Congresses as well as in
the Memoir volumes published by the Association many of the
pioneering papers on the various aspects of the influence of
plasticity and viscosity on strength and deformation of
structures have been published.

2.1 Plastic Limit Design

i However, the reader of this Introductory Report which is
intended, presumably, to prepare the ground for the discussion
of this theme at the Ninth Congress would never suspect this
preoccupation over many years on the part of IABSE. Nor is
he made aware of the general perspective that has emerged
from this preoccupation and that reflects a balance between
the applied mechanics, the materials engineering, and the
structural design view-points relating to this theme, which
would seem to preclude juxtapositionslike that between the
pre-1940 "pessimistic" elastic theory and the post-1940
"optimistic" plastic theory®, as if anybody concerned with the
ultimate carrying capacity of structuresifrom Galileo and
Mariotte to the research workers in the nineteen forties,
had ever seriously considered the elastic theory as a
procedure for the determination of a "failure load" or
carrying capacity, or as if the purpose of the plastic theory
were to replace the elastic theory that "refers to a
physically unrealistic limit state" by a method "that is in
agreement with experimental results" and makes it possible to
"refer the safety of statically determinate and indeterminate
structures to the uniform base of a real limiting state
(failure mechanism)" (p. 9).

This exaggerated assessment of the relevance of the
theory of rigid-plastic limit design is obviously compatible
neither with the dual aspect of design for serviceability and
failure nor with those experimental results that contradict
even for structures of low redundancy the assumption of this
theory that the full plastic carrying capacity associated with
the fully developed failure mechanism can actually be
attained in spite of the fact that the large plastic hinge
rotations required for its development are frequently preceded
by local instability phenomenon that cause premature fallure
below the full plastic moment. In a basic paper Stlissi’? has
in fact demonstrated by an extremely simple experiment that the
real carrying capacity of a redundant structural beam of mild
steel lies somewhere above the limiting elastic but below the
fully plastic carrying capacity. The failure of redundant
metal structures to attain their full plastic carrylng capacity
has also been demonstrated in many other experlments and the
rules that have to be followed to ensure this carrylng capa01ty
can be successfully applied only to a very narrow range of
structural types.
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The orthodox adherents of plastic limit design also chose
to discount the practical relevance of the results of experiments
on structures loaded by movable or reversed loads or by repeated
loads or loads of variable intensity and/or configuration which
have conclusively shown'? that the limiting loads reached in
plastic shake-down processes are much closer to the elastic than
to the plastic limit loads, so that the range of applicability
of the simple plastic limit lcad analysis is, in fact, severely
restricted and becomes doubtful even in the case of multiple
floor frame structures of heights at which the wind stresses in
the principal members attain intensities comparable to the
load-stresses. The small differences between the results of
shake-down analysis and of elastic analysis makes it, in fact,
appear that under the many conditions under which shake-down
analysis would be necessary,elastic analysis with limiting
conditions derived from low-cycle fatigue tests is fully adequate.

2.2 Elastic-Plastic Analysis.

In their assessment of the rigid-plastic limit analysis for
metal structures as "more realistic than the elastic analysis"
(p. 9) the authors of the Introductory Report® subscribe to the
thesis that rigid-plastic analysis, being superior to the
elastic analysis, makes the latter superfluous and can therefore
completely replace it, independently of the nature of the
phenomena arising in the transition from the assessed rigid
(in reality elastic) into the fully plastic state. Most of
the relevant references of the Introductory Report subscribe
to this point of view, from which it follows that theoretical
and experimental investigations of this transition have been
and are, from an engineering point of view, unnecessary; their
results are, therefore, best relegated to oblivion being
irrelevant: they either support the assumptions of plastic
limit-analysis, in which case they are "self-evident", or
they contradict it, in which case they are unwelcome. The
list of references of the Introductory Report reflects this
point of view clearly, though perhaps not deliberatelY: after
the usual courtesy to Kazinczy (1914) and Kist (1917)'!, the
next reference to plastic analysis dates from 1951. The
period of the really pioneering experimental and analytical
engineering research relative to plasticity and structural
design between 1920 and 1940, in the course of which the basis of
the plastic limit analysis has been carefully established, and
many of the important results of which can be found in the
IASBE Congress Proceedings has, therefore, been deleted from
memory. As far as the reader of the Introductory Report is
concerned, the basic research on the subject of Theme Ia by
J. Fritsche'?, E. Melan'®, H. and F. Bleich!'", Cchwalla'®, Stussi’,
and others!® might have never been done, nor might this theme
have ever attracted the attention of a previous IABSE Congress.

ig. 3 Vorbericht
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This curious distortion of perspective, reinforced by the
statement that "until 1940 the only method taught and applied

was elastic theory" reflects the suprisingly widely held

belief that plastic limit design somehow originated in England

at about 1950. This belief may have arisen because at the

Fourth IABSE Congress (1952) the English group not only
completely dominated the proceedings on Theme I3 (Plastic Design),
but also consistently omitted to refer to any work done before
1950, except for an oblique reference to Meier-Leibnitz as

"having first introduced the concept of the plastic hinge,"
although in his classic survey of the experimental work in
structural plasticity®, Meier-Leibnitz rather than "introduce"

the concept of the plastic hinge has scrutinized the experimental
evidence and, on this basis, carefully discussed and specified
the conditions limiting the application of this concept in design.

2.3 Decision Rules.

The Introductory Report puts considerable emphasis on the
fact that problems of plastic limit analysis can be formulated
as problems in linear programming, so that computerized plastic
analysis and automatic minimum weight design on this basis can
be expected to replace most of the effort of the designer. It
should be remembered, however, that apart from the physical
limitations of the validity of such analysis, the question of
when or whether a minimum weight or minimum material cost
criterion provides a valid decision rule for structural design,
or whether such a rule leads to a unigue answer has never
been even formulated. In the. absence of a clear answer it
appears that a minimum weight or minimum material cost criterion
may not produce a minimum cost design, in view of the fact that
in structures the cost of labour (fabrication, erection) is
inversely rather than directly proportional to the weight of
the material.

2.4 Linear Visco-elastic Analysis of Concrete.

The Introductory Report recommends the theory of linear
visco-elasticity as a basis for the analysis of reinforced
concrete structures, referring to creep experiments that were
limited to low compressive stress levels for support of this
recommendation. While the application of linear-visco-elastic
analysis within the range of applied operational stresses can
thus be justified, the difficulty arises of selecting visco-
elastic models relevant for loads of long duration on the one
hand, and loads of relatively short duration and dynamic loads
on the other. Attempts to cover the whole time-range with a
single model are futile since differential models would involve
differential quotients of too high order to permit complete
specification of initial conditions for the solution of
problems, while the experimental determination of a memory
function for a Boltzman integral representation presents
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practically unsurmountable difficulties.!® Obviously, the

Kelvin model, suggested in the Introductory Report, is identical
with the elastic medium for loads of long duration and completely
useless for dynamic loads because of the unlimited increase

of its damping with frequency. It has been shown that Burgers
model!® with parameters derived from tests of long duration
containing a nonlinear "dashpot" that may become linear for

low stresses is the simplest representation of the long-term
mechanical response of concrete, to be used for analysis of

dead load stresses and deformations, as well as of other long-
term phenomena such as shrinkage and temperature stresses as
well as of the effect of creep and relaxation on prestress-
level and deformation of prestressed structures. For
operational stresses of short duration and dynamic effects the
Standard So0lid?°? with short-time parameters seems adequate.

It appears that students nowadays do not spend enough
time on exploring the literature in the field of their
intended research before starting their own work, as otherwise
the student referred to in the Introductory Report (p. 12)
could have found that problems of increase, with time, of
"second order" moments (moments in the deformed structure) due
to creep, particularly in flat, long span arches where this
increase tends to lead to instability?' ("creep-buckling"),
as well as of unexpectedly large relaxation of prestress due to
the non-linearity of the creep® have been analytically
treated quite some time ago. This knowledge might have induced
him to expand his research beyond the limits of previous
research efforts, considering, for instance, that it has been
shown that even within the stress-range within which the use of
linear visco-elastic theory is applicable, the fact of the
increase with time of the coefficients of viscosity of the model
due to time-hardening of the concrete, which requires the
replacement of these parameters by time functions, severely
curtails the usefulness of the correspondence principles,
since it leads to differential equations with variable coefficients
that have no correspondence in elastic theory and can usually
not be solved in closed form. These difficulties, which arise
from the discrepancy between the assumptions of linear visco-
elastic theory and the behavior of a real material like concrete,
must be carefully considered in the application of this theory
as a method of structural anaylsis.

2.5 Non-linear and Failure Analysis of Reinforced Concrete.

Problems of non-linear analysis of reinforced concrete,
as distinct from failure analysis, are of limited practical
significance and arise only when compressive stresses in
the concrete attain between one third and two thirds of the
unconfined compressive strength while the reinforcement remains
elastic. Such conditions, which are rarely considered in design,
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cause, where they occur, moderate redistribution of elastic
stresses and moments and can be repeatedly applied without
producing deterioration of the micro-structure followed by
destruction of the concrete or abnormal cracking in the
tension zone.

Failure of reinforced concrete sections subject to
transient, sustained or repeated bending moments is initiated
either when the compressive stress attains not less than 80 to
85 percent of the compressive strength under single load
application, or when the stress in the reinforcement attains
the yield limit or the fatigue strength associated with the
number of load cycles, or both. While a substantial "plastic"
redistribution of stresses and of bending moments may
accompany the gradual crushing of the concrete or the plastic
yielding of the reinforcement, the state attained is one of
incipient or progressive destruction; it is not comparable,
in its implications, to the "plastic resistance" of metals
which is accompanied by a capacity for substantial, irreversible,
but non-destructive deformation. This is the reason that the
early analysis of similar conditionsin reinforced plates was
not introduced as plastic design, but as failure or rupture
design and the traces of destruction as "rupture lines",
in accordance with the realistic assessment of this condition,
which is missing in the more recent attempts to apply plastic
limit analysis to reinforced concrete. The objections to these
attempts have been clearly summarized by G. Winter at the
Miami Symposium?? and repeated in the Introductory Report,with
implied dissatisfaction at the "reluctance of the engineers
to exploit the inelastic phenomena in beams". This
reluctance is, however, well founded, and can hardly be
compensated by the "advantages" of mathematical optimization
of the design in terms of "economic functions" of similarly
dubious engineering relevance as in the case of plastic design
of metal structures for minimum weight or minimum material cost.

The fact that design for failure?®utilizing lines of
rupture, can be successfully applied to the prediction of the
carrying capacity of plates does not imply that this procedure
represents a kinematic limit design as understood in the theory
of plasticity. Such plates are usually under-reinforced and
fail simultaneously within the span and along the (fixed or
continuous) supports by yielding of the reinforcement, with
heavy fissurization of the concrete; problems of moment-
redistribution and capacity of hinge, rotation do not arise.

Extension of this method to shells is difficult and
uncertain, particularly because of the effect of creep due to
the sustained compressive forces. The recommendation of the
Introductory Report to obtain the necessary information for
creep failure analysis of reinforced concrete shells from
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model tests using "a material that represents as closely as
possible the real material" is, in fact, a call for full-scale
testing since the rules of similitude preclude meaningful
structural model tests with reduced geometric dimensions but
unchanged material rigidity and creep response.

3. Design Procedures.

It appears from the Introductory Report that there is a
divergence in the approach to "limit-design" between those
concerned with steel structures and those concerned with
reinforced concrete structures. While the former seem to
consider limit-design for plastic collapse as the unique
design procedure, to be applied to the exclusion of any other
and in particular of elastic design, thus completely dis-
regarding the dual aspect of design for operation (serviceability)
and design against failure (reliability), the latter, becoming
increasingly conscious of the fact that between the stages of
the first appearance of fine cracks in the concrete and final
structural failure (usually by collapse due to a mixture of total
and partial destruction of the resistance of a relatively
small number of critical section) there are many intermediate
stages, seem to have developed the belief that engineering
design should, ideally, consist in matching of the structural
resistance at several intermediate stages with their "corresponding
loads" and associated probabilities of occurence?®. This latter
point of view as much over states the complexity of the design-
problem as the former under states it. In the Preliminary
Publication of the Eighth IASBE Congress an attempt was made
to present the principal aspects of the probabilistic approach
to safety?®, which provides the only rational way to a balanced
design procedure, and to discuss the effect of the deformational
response of the structural material on this procedure?®. 1In the
light of this discussion it can be concluded that the consid-
eration of "intermediate" stages between the limits of
serviceability and of failure, which would have to include
consideration of their respective statistical dispersions, com-
plicates the procedure unnecessarily, since only in the cases
of very costly structures subject to purely stochastic
destructive loads, such as sea-walls, break-waters and off-
shore platforms as well as, perhaps, tall buildings subject to
earthquakes does it become necessary to consider conditions of
partial damage, so that the cost of repair of structural
damage associated with such pre-failure (intermediate) conditions
which, in decision theory, are known as conditions of "success-
loss", may strongly affect the design decisions??. This is,
however, not the case in the design of the majority of engineering
structures for operational locads for which, therefore, the
recommendation of CEB to design for the two criteria of
serviceability and of failure seems fully adequate. It would be
desirable to use the same approach also in the design of metal
structures.
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Les grandes déformations plastiques et visqueuses des structures sous charge
dynamique

Grosse plastische und viskose Verformungen dynamisch belasteter Konstruktionen

1. INTRODUCTICH

The gsneral recort points out very clearly that under statical
conditione tne plecstic and viscous deformations and the effects of
geometry chenges influence significantly the ultimate behavior of
structures. The purpose of this report is to illustrate, that these
phenomena play even more important role in structures which are
subjected to impulsive or pressure (blast-type) lozding and undertake
lar-e deformations. At this specicl kind of lozding the meaximum
deflections and the load carrying capacity depend on the energy which
can be absoroved by the structure. In case of elasto-plsstic materizal
the plsstic energy dissipation capacity is usuelly dominant and
allowing moderately large plastic deformations the changes in geometry
also influence its magnitude in a considerably manner. In addition,
some materials (e.g. mild steel) are sensitive to strain-rate,
therefore, considering rapid lo:ding the viscous properties can have
also an important effect.

The exact analysis of this kind of problems even at very simple
structures results in fairly ccmplicatecd celculations, which cannot
be used widely in the practice (see e.g. [6,7]). In order to overcome
these difficulties among others a simple approximate metnod has been
elaborated for the estimation of the permanent deflections [4,5,8].
This method will form the besis of our forthcoming investigation.

2, TH& CONCEPT OF THE A~PROJIMATE MnTHOD

The stete of a rigid-plastic structure with density § is
cheracterized by the displacement, velocity and acceleration fields

* .
Ujy Uy and U .

At pressure lozding the externul pressure can be described in
the form Ti = p(t)Tg. Here T? is the function of coordinates x.

i
and defines the distribution of loading, while the load parameter
p(t) gives its magnitude in any instant of time. In our investigations

if 0<t <t p(t)=p,
if  t >t p(t)=0,




42 la— LARGE PLASTIC AND VISCOUS DEFORMATIONS OF DYNAMICALLY LOADED STRUCTURES

The initiazl conditions of motion cre: at =0, uy
At impulsive loeding p(%)=0, but an initial velocity field

Vi is prescribed: at =0, ui=O, ui=vi.

:ui:O.

During the dynamic response the displacements of the structure
change not only their magnitude but their distribution, as well
(travelling hinges etc.). Consequently, they can be expressed in
the general form ui(xi,t). The aim of our approximate method is

to replace the actual displacements by a stacionary kinemectically
adaissible diSpiacement field uy which can be expressed in a
product form ui=wo(t)u§(xi). Using this mode approximation the

determination of the mexzimum permecnent displacements is reduced
to the solution of a one-dezree-of-freedom system [8]. The
differential equation of motion of this equivalent system is

W, = K[p(t) - r(t)] (1)
j o} Cc
P u
where K = i % a (2)

A
%fui ug av

and r(t) is the rcsistance displeyed by the structure under
quasi-static conditions.This function can also be approximsted
in a produict-form

r(t) = Py rl(wo)re(&o) (3)

where Pe is the siwmple collapse load factor and Ty and r,

express the influence of changes in geometry and strain-rate
sensitivity, respectively. They all zre¢ related with the pre-
dicted displacement ficld ug s

In most structures Ty and r, can be expressed in the
simple form:

rq = 1 + zlwg 5 r, = 1 + zawﬁ . (4)

Here Zgy Zpy D and m are constants, Wozwo/H and H 1is a

characteristic dimension (thickness) of the structure. Then,
equation (1) can be transformed as bellow.

a/ Pressure loading:

2 2
d W A

aw_ |\ 12
TRNESALNE-

e 1 + z2,w_ [|1 + 2 = 5
a® - A° to aT 7 (>)
Where T = t/t, A= KI°/Hp,, I = p t,, 1 = Dy/p,
and ir 0<t<1, d =1,
if T>1 d = o.
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b/ Impulsive loadins:

2 2 m
d~w v aw
0 0 n ! 0
-——-—-+-—~1+zw[;L+z(————)_/=O (6}
dte )b 1 o] 5 Vo dat
Here z.j = vlgz2 and Yy = VO/H. The latter denotes the parameter

of the initial velocity field and can be determined from the impulse
I, wich represents the dynamic pressure.

The purpose of our investigation is to determine the maximum
value of % when the structure is in rest: i.e. at t:tf, WO=O,

and wozwgax. Then, the maximum permanent displacements can be

estimated:
u?axajlwgax ug
Using the present approximats method the investigation of
different problems is relatively simple. The quasi-static solutions
are available in the literature or can be gained by the suitable
assumption of the functions (4). The non-linear second order
differential equations (5) and” (6), respectively, are to be solved

numerically.

5. APPLICATIONS

In order to illustrate the application of the method and the
influence of geometry changes and viscous effects on the dynamic
response of structures some results of our investigutions will be
presented.

5.1 CIRCULAR FLATE

The simply supported circular rigid-viscoplastic plate with
outer radius r=R and fully plastic moment MO is subjected to

a uniformely distributed dynamic pressure represented by an impulse
per unit area(I}.The transverse deflections and the initial
velocities are assumed

T
wo(t)(j‘ - 'E)
T
voll - ﬁ)
Here VO=VO/H and from dynamical consideraticns V = 2 Iég,/%:j?H.
. : 2 <
The simple collapse loed factor is pc=6Mo/R and according to
equation (é) K=2/u.

The effect of membrane forces at large deflections will be
taken into account by choosing z1=1/5 and n=2 1in equation (5)

[1]. The influence of strainrats sensitivity in steel plates can
be also significant. In case of %inear viscosity the parameters of
equation (6) are zé:O,8(HVO/VrR.), m’=1. Here the viscous constant
A can be determined from e iﬁ%@eﬂts [5]. In case of non-linear
Viscosity Zg = l,lBCHVO/2DR%§ y where for steel m"=1/5 and
D=40,4 sect [EJ.

w

v

"
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Some results of our investigations are plotted in Fig.l.

v 2 T
0. " Haliszhy
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....... small deflection theory
rigid - plashic

== — rigid-viscoplastic (lineor)

- rigid -viscoplaslic /ﬂanl/neaf}
2
PAA
4 M.H
8’0 1230 {20

Fig.l. Circular plate under impulsive loading.

Here, for the sake of comparison, N.Jones’ more accurate solution
and the results of the simple bending theory are also illustrated
[6,7) . Fig.2. represents the maximum permanent deflesctions in
case when the structure is subjected to a pressure loading and the
viscous effects are not taken into consideration.

3.2 SHALLOV SPHIRICAL SHELL

Consider a rigid-plastic shallow spherical membrane shell
whith a hinged edge and subjected to an internasl dynamic pressure
uniformly distributed over the plane (Fig.}.). According to the
membrane solution the siample collapse load factor is pC=2NO/R,

N = GbH and assuming the trensverse deflections in the form

0
W = wo(t)[l - (%)d]

the consiant defined by equation (2) is K=3/2M . As the quasi-
-static solution of problem shows [9] taking into consideration

the influence of changes in seometry the paramsters in equation 5)
can be chosen as n=1,

2 . - . _
Zq = (R/EXL/R) and omitting the viscous effects Z5= 0.
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Fig.3., Spherical shell under pressure loading.
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To illustrate the results the maximum Bermanent deflections
in the function of 7 = po/pc and .13 = 1 R//ZHNO for the para-

meters R/H=25 and L/R=sina= 0,20 are given in Fig.3.
3.3 PORTAL FRAME

Consider an encastred rigid-plastic portal frame with
constant fully plastic moment M, subjected to constant vertical
loads V and to uniformely distributed horizontal dynamic pressure
p(t) (Fig.4.) . Assuming plastic hinges at the top and the bottom of
the columns the simple collapse load factor and the constant defi-
ned by equation (2) can be obtained pc=8M0/L2 and K=5/2/6- Here

Mo, is the mass per unit length.

In our former examples the changes in geometry were increasing
the resistance of the structure. At the present problem, however,
during the horizontal displacements the increzsing moments caused
by the vertical loads are decreasing the resistance of the frame.

Taking into account this effect the parameters of equation (5) can
be determined from simple stetical considerations: 21=4V/pCI)H/LAn=1

and omitting the viscous sefiects 22:0.

Using the parameters H/L=1/10 and V/PCL=5 the maximum ho-
rizontal displacements in the function of‘l4 = I2L24QOHMO are

illustreted in Fig.4. Here H denotes the constant heigth of ths
cross-sections.

_ R
lffaHM,

40 50

Fig.4. Portal frame under pressure loading.
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4, CONCLUSIONS

According to our investigutions the changes in geometry can
influsnce the maximum permsnent derlection oif structurcs
significantly. In particular this effect is very important when as
a conseguence of compressive forces the rcsistance of the structure
is of derceasing cheractsr. Then, the nezlection of +the second
order effects is at the salfety’s cost. The strain-rate sensitivity
even in steel structurcs does not have a great iuportance.

Whenever the load-deflection and deflection-rate relation of
the corresponding static problcem is known or can be described
approximately, the method prssented can be used for the rapid
calculation of the maximum pe¢rmanent deflections of any kind of
structures subjected to pressure or impulsive loading. The idea of
the method can be extended for the investiguztion oT other piecewise
linear or non-linear phenomena as e.g. strzin-hardening and elasto-
-plustic deformations.
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SUMMARY

An approximate method is presented for the prediction of the
maximum permanent deflections of structurces undertaking large
plastic and visco-plastic deformations under impulsive or pressure
loading. As illustrative examples a circular plate, a shallow
spherical shell and a portal frame are investigated. According
to the numerical results mainly the effect of changes in geometry

can influence the response of dynamically loaded structurcs
significantly.
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Introduction

In the last years, a rapid development of the theory of large deformations
can be observed. It is due to the need of obtaining a more powerful tool in inves
tigating the modern structural materials and their mechanical properties. How-
ever, the research work in this field is mostly concentrated on the elastic be-
haviour of rubberlike materials under certain specific conditions. A systematic
development of this direction is given in the books of Green and Zerma 1 and
Green and Adkins 2 . In the latter, we also find some indications which may lead
to further generalizations of the theory as far as materials with rheological
properties are concerned. It should be mentioned, however, that because of the
generality of considerations, lack of physical aspects and applications they only
point out clearly the difficulties encountered in formulating the problem.

In recent structural mechanics and the design of engineering structures, we
are oftne faced with the necessity of considering nonlinearities of different
kinds, even within the classical concepts of strain and stress states. However,
all of them cumulate, if large displacements and, especially, large deformations
of flat or spatial modern constructions have to be taken into account. Then the
problem is that of a double nonlinearity: physical and geometrical. A typical
example of such a problem in engineering are the deformation and stress states in
a pneumatic structure. Except some particular cases, the theory of pneumatic struc
tures must necessarily be based on that of nonlinear membranes. Furthermore, since
the materials used, such as, for example, plastics and textiles, are very extensi
ble, the constructions undergo large deformations,

Depending on the physical properties of the applied material and loading con
ditions, it is then necessary to take into account not only the instantaneous ef-
fects which occur at the instant of pressure application, but also time-dependent
phenomena. These are of rheological nature and may considerably influence the re-
sulting states of strain and stress.

3g. 4 Vorbericht
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Although the rheological aspects of the theory of nonlinear membranes are of
great practical importance in different fields of applications, the available in
formation to be found in literature is rather scarce. It is evident that one of
the reasons of such a situation is the lack of an appropriate theoretical approach
to interpreting experimental data for real materials in question. On the other
hand, it seems to be clear that without such data concerned particularly with
large deformations in multiaxial states of strain and stress, the rheological the
ory of nonlinear membranes may less be determined in an explicit way as could be
expected on the basis of its mathematical strictness.

Even if a physical nonlinear theory is founded on proper assumptions, the
problem of solving the resulting nonlinear integral or differential equations for
the considered concrete cases of practical significance still remains. It is evi
dent that solutions can be found only by applying approximate methods. If these
methods are appropriate and carefully chosen,we may, in some particular cases,
even expect to obtain analytical results, It would then be possible to have a
more general basis for discussions than in the case of a numerical solution.

The main difficulty in establishing a physical theory of large rheological
deformations, besides that mentioned above, lies in a proper choice of the form
of constitutive equations and physical variables which we want to expose as those
of outstanding importance, In the theory of nonlinear membranes it is preferable
to have stresses expressed through strains or strain rates. Therefore, all theo-
ries which are founded on strain superposing rather than stress are not very
suitable in application. This is due to the fact that usually the inversion of
a constitutive equation, if at all possible, leads to complicated expressions
for stresses, particularly in high nonlinear cases.

According to our opinion, the most convenient approach in founding a physical
theory for our purposes, especially concerned with nonlinear membranes of rota-
tional symmetry, is that based on energy considerations. Since a nonlinear rheo-
logical process is mainly associated with dissipation of mechanical energy, it
seems to be reasonable to introduce into investigation the form of dissipation
power,

On the other hand, in order to obtain a more clear physical significance of
constitutive relations, it is possible to make use of the known concepts of ther-
modynamical potentials of deformation states, Independently of the fact that ther
modynamical equalities find, in principle, application to stationary reversible
processes, they can also be utilized under certain conditions by analogy in in-
vestigating quasi-stationary irreversible ones, Thus, the stresses can be found
as derivatives of the corresponding energy forms which are functions of the strain
state invariants.

Expecially, use can be made of dissipative potentials (often introduced in
analogy to elastic potentials) when solving plastic and creep problems by apply-
ing variational theorems and methods,
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It is the main aim of our paper to give a comprehensive dis-
cussion of the problem of setting up a physical theory of nonli-
near viscoelastic materials which can be adapted directly to mem-
branes exhibiting large deformations . Because of specific featu-
res of the problem in the case of rotational symmetry , which we
want to study exclusively , characterized by symmetry of strain
and stress states , it is possible to base our considerations on
purely homogeneous deformation . Therefore , we do not intend to
go deeper into generalities than necessary for our purposes . We
shall touch these questions only which , according to our opinion,
are fundamental and can lead us directly to effective results .
In realizing this aim we bear in mind the possible apg}ications .

In our further investigation we shall assume that"materials
considered are isotropic , homogensous and incompressible .

1.Geometrical aspects of the theory

We consider geometry of deformation of a nonlinear membranse
the middle surface of which at time t = t- (neutral state) is de-
noted by S_ and represented by dotted 1in8s in Fig.1 . S_ is ge-

o nerated by the rev8lution
of a plane curve f through
a full angle about x,-axis
in its plane . The carve f
has no multiple points and
is smooth . All kinds of
gingularities are excludsd
from our considerations .

The membrane is of
very small thickness 2h
which is constant in th
neutral state .

So is given in a sys-
tem of~ cylindrical coordi-
nates x, (i=1,2,3) .

At t=t0 the membrane
is loaded by~ a uniform
pressure p = p(t) and at
an arbitrary instant ¥ ,in
consequence of ‘deformation
process , we obtain a dif-
ferent rotational membrane
with initial axis of symme-
try . Its middle surface
is now S and thickness 2h .

The latter varies with sur-
Fig.1 face coordinates and time .,
We assume for S a sys-
_ tem of cylindrical coordi-
nates Xy o Both the systems assumed satisfy the relations

x; = xi(fj,t) , X o= :?i(xj,t) , (1.1)

where j = 1,2,3 for every i .
On the other hand , we introduce a system of curvilinear co-
ordinates ; in which e&:Gx=1,2) coincide with'lines of main
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curvatures on S_ . 0, varies within the values % h0 on the direc-
tion of outward®normdl to S_ and @, = O defines S_°. This system
deforms in time together wi?h:mamb%ane and the sef of 6, related
to a fixed (at t _)point P_ remains attached to it as it mMoves to a
new position P 8t . This , We may write
x; = xi(Bj) , X; = ii(ej,t) , (.2)
where j = 1,2,3 for every i .
Poisplacement vector of P. to P is given as the difference of
corresponding radius vectors 8f thess positions from the origin O

u(e;,t) = B%(0;,-R%(0,) = R (8., BR (8. +6fa5(6,,t) -a5(ax)] , (1.3)

where the vectors R and'g are related to S_ and S , respective-
ly , and 8, and A 8re veclors normal to SO 8nd S . Thus , for a
point on the middle surface we find from (133)

u,(8x,t) = B, (8xst) - B, (8. (1.4)

- The line elements on S and SO , corresponding to the vectors
R, and R, are , regpectively ,

ds? = Aypn 46,385 G.5)

where Ayp and ayp are covariant base tensors of S and SO s Trespe-
ctively &

According to the existing symmetry we define the principal
extension ratios A; (i=1,2,3) in meridional , latitudinal and
normal directions | These coincide with the principal directions
of strain . Denoting by 91 and O, the arc lengths measured along
meridians from A tp P and AO to %o , respectively , we have

- - -1
2 - 4981 Py =Tz o, A3 =2=(12,) t.7)

where d, = d4/d6q ; the value of A (from the condition of incompress-
ibi1iP})being dependent on both the remaining ratios .
On the basis of Eq. (1.7) we may write Eqs.(1.5)and (.6) as

follows 2 2
oo -2 as) % 222 GeD)” (.0
2 N2 2, 22
dst = (ae') "+ x1(ﬁe ) ’ (1.9)

the.,
and thus define surface strain tensor

given by the difference of Eqs.(1.8) and (1.9)
2 ; 5\ &
2Y,,36,d6p = as?- as2 =(25-1)@e") "+ x2(23-1)@6?)" . G.11)
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The relative extension of the line element ds is then found to be

¥ = (ds-ds )/ds (1 +25)2- 1= 23,%deddeﬁ(ds°)“2 . d.12)

0 ?
g U
Let us consider now Strain rate tensor which plays an impor-
tant part in what follows . If the rheological process of defor-

mation is such that at t_ the line element ds  is given by Eqd.6)
and at t by Eq.(1.5), th8n at t+dt ite length®becomes equal to

ds + d(ds)=(1+¥) ds, + a(@s) , (1.13)

the rate of extension being dEds)/dt . Thus , the deformation ra-
te is obtained.as the ratio[d(ds)/dt]/ds

e = *3’(1+x)’1 , ¥ =ady/at . (1.14)

On the other hand , by differentiating Eq.(1.12) at fixed t we
find

U ° —2
FO+Y) = FupdOud8a@s) (1.15)
and from Eq.(1.14) follows that
. -2
= Yypdoydepli+¥)as] =~ (1.16)
the counterpart of Eq.(1.11) being
° s 2 s ¢ 2
36,885 = 3421 (@01) %+ x§ 3,2, @6°) . (1.17)

Since on the basis of Eq.(1.11) we have main strains at the
middle surface

¥10 =M -1, ¥y =(3 - 05, (1.18)
%éin strain rates are
¥i1 = Ay o ¥op =AM, x5 . (1.19
The nondimensional strain tensor components are obtaiﬁ¢by
means of transformation 1
ot/ = Yo (ot 240 2, (1.20)

which instead of Eq.(1.18) gives
_ _ ~2 _ _ _~2
86,4 =6, =27 -1 , e, =6e,=25-1 . (1.21)

Thus , the nondimensional strain rate tensor components are

oy = AN . ey = A0, (1.22)

The remaining components of the general strain tensor'Xij
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are found on the basis of genseral metric tensors for S and S de-
noted G,. and g.., , respectively .
Fo%aan arblgrary point of the membrane we may write , respect-

ively ,

0 ]

2
Cyp = Aup=203Bys » Gy3 =0 , G33 =27 (1.23)
where
2 = €22 =
Ry 23, Mgy = X205, A= 0(t4p) , Byy= Ky, (1.24)
Byo = -kpp 4 Bya=0 x#p) ,
and
€xp™ Pup 2050%xp » B3 =0, B33 =1 (1.25)
where 2

=1, 80 T X s Byn = 0 X#3) , b«n = 'k'!? ’ (1.26)

bpp = “Kpp 5 Dyp= O (X#AR) .

Here Bypa 43 byn are tensors associated with the second funda-
mental form of the surfaces S and S0 , respectively , and kdﬂ'and
kaz are corresponding curvatures ,

From Eq.(1.23) and Eq. (1.25)it follows that

Xol.} =0 , X33 = ;'(7\2" 1)= 15[(7’132)—1“ 1] ’ (.27

and its rate is . . 1 = i
¥33 =A== 50‘17‘2)?317‘2'7‘132) . (1.28)

Furthermore , from Eq.(1.20) we conclude that
€33 = ¢ ~ 1?(7'2"1) ’ 53 =A2 . (1.29)

We shall express now the components of strain tensor through
the components of displacement vector given q%:Eq.(ﬁ.B)(for 8,=0),
or Eq.(1.4). In order to do that we represent”displacemsnt vedtor
in the form i

_ i
x =148

=u gi ’ (1 '3°)

~r o

where g. and gi are covariant and contravariant vectors ¢f the ba-
se , reapectively ,

, ggd =gl . (1.31)

€185 < 843 £

=J
Taking into account the relation between base vectors
Gi =8y + Uy (1.32)
and , hence ,
Gi,j = gij L EiE’j * §_31}_si + E’i‘}-’,j ’ (1 ’33)

where
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K 3y
Upy = W48 5 Wlg = ey - Tiguy (1.34)

we find strain tensor .Xij by introducing Eq. (1.34) into Eq.(1.33)
Thus , we obtain

¥i5 = 3 (v j*ujli*ukli“k 3) s Wy = u,enlt (1.35)

wherase Christoffel'g_symbols I’ are calculated for S_ from the me-
tric tensors g;.,8%Jd of S_ . 0

By perforﬁing the in8icated in Eq.(1.35) operations on dis-
placement components and having in mind Eq. (1.20) we find physic-
al components of strain state (for S , gfo)

1 2
€1 = Ogiq # E(be1u1 + ki?uB) + %(be1u3 - k1?u1)2 , (1.36)
2
°2 = k23“3 * %(k23u3) ’ (.37
2
e3 = - 39wy » (1.38)

These are geometrical formulas expressing strain state components
through displacement components . As it is seen , the first equa-
tion depends on Egs.(1.37) and (1.38). By solving the latter with
respect to u, and u, , respectively , and introducing the results
into the former . wd thus obtain the condition of compatibility
of strain state .

From Eqs.(1.37) and (1.38) we find , respectively ,

uy = —RS(I + 41+262) y Uy = R?J-ZQB » 8340 , (1.39)

and the said condition gives
aQ(R?J§§;)+ %[az(Rgfggg)-RSR?—%ﬁ+11+2azﬂd+ %{bQ[RS(1+0202*1H+

=12
+V293} -e, =0 y 83 =-83, M= 8, - (1 .40)
Here , RO,Rg denote main curvature radii
o o o-1
k.3 =Ry .+ ky5=R; . (1.47)
The curvatures of Eq.(1.41) satisfy the equation

d,ZCrkzg) = k9 dp 1 r=x, , (1.42)

€9 = - d,2zr [1 —(d.zr)‘?]— 2 , (1.43)

where
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Substituting Eq. (1.43) into Eq. (1.42)and taking into account the
fact that k g is finite for r=0 and dqr =1 for r=0 , through in-
tegration wg obtain

1
k9 = r 11 - (@,r)?] z (1.44)

Analogous formulae are valid for the curvatures k 1 and
ﬁg@ at arbitrary instant t of the deforming membrane . Thué , We
e

- i 1
kyy = - age [1-(3g0)?] %, xpp = o7 -(a§9)2]5 » - (1.43)

where we put ¢ = X, and § = ®, . Thus , BEgs. (1.43)and (1.44) can
be considered as iditial conditions for Egs. (1.45)describingcon-
tinuous change of curvatures during deformation process

k@ =[R G , k6 =[RG)]7 (1.46)

where R.,R ar;ﬁradii of main curvatures at instant t .

Fiﬁalfy y it should@ be mentioned that the corresponding com-
ponents of strain rate statemay**Bund by differentiating Eq. (1.35)
or Eqs. (1.36)-(1.38) with respect to time .

2.5tatical aspects of the theory

According to the membrane theory,we neglect all moments and
shearing forces in our considerations of gquasi static equilibrium
of rheological process ., In what follows we refer all results to
the undeformed membrane .

The physical stress resultants per unit length are given

by the relation 1
o3 = n“ﬂ(aﬂﬁ/a“"‘)?_ s (2.1)

n
where n*/? satisfy the conditions of equilibrium
n*Pl.= 0 , n“ﬁbo%-i- P=0 , P=DPy =Dy o 2.2)
Here, p is the resultant pressure in the direction of the outward
normal to the middle surface and
n*A| = n%A,  + LAn%¥ + Ty . (2.3)

In our particular case we have only two stress resultant com-
ponents n and n and two non-vanishing components of the Chri-
stoffel tddsor ’ 864 Eq.(2.2) furnishes

n1}1 # Ib$n11+ Ié%an =0 (2.4)
or 2
do (rn1 )} = T nydyr ; (2.5)

if Eq.(2.1) is taken into account . On the other hand , the ssc-
ond of Eq.(2.2) gives

o) 2,0 _
koqnyq + k0N, = D (2.6)
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The intent of this discussion is to make three remarks calling attention to
some recent developments in inelasticity of concrete extending the exposition
of this subject in the Introductory Report to Theme Ia.

(1) In the Introductory Report it is stated that the theory of linear vis-
coelastic bodies with age-dependent properties can be applied to concrete struc-
tures, It would be, however, more accurate to say that no better theory is
available at present. The theory of viscoelasticity can accurately describe
the behavior of concrete under low stress only when its specific water content
and temperature are constant, which is a rare condition in actual structures.
Otherwise concrete is not viscoelastic but exhibits a more general behavior in
which the strains are functionals not only of the history of stress but also
of the histories of specific water content and temperature. As a consequence,
the stress problem is coupled with a diffusion problem. Taking this fact into
account, the number of unknown material parameters is immensely increased so
that their determination from the available creep and relaxation data alone
would hardly be possible. It is therefore necessary to turn attention to the
physical processes in the microstructure and try to determine the form of the
stress-strain relations on this basis. The main source of shrinkage, delayed
thermal dilatation and creep of concrete at working stress levels is presently
believed to be some kind of diffusion processes in the microstructure of cement
paste, involving hindered adsorbed water, interlayer hydrate water, calcium ions
and capillary water [3]. This approach has recently received a good deal of
attention and the latest advances can be found in references [1] and [2]. The
constitutive equation which follows from the above mechanism appears to be amen-
able to structural analysis with the help of electronic computers [1].

(2) Even if the behavior of concrete is assumed to obey the linear theory
of viscoelasticity of age-dependent bodies, the structural analysis is not
easily accomplished. Among the simplified stress-strain relations used in prac-
tical problems, the relatively best ones are those of the type used by Arutyunyan,
as quoted in the Introductory Report. These are able to reflect both the re-
versible and irreversible deformations and also the so-called aging. However,
for simplicity of analysis, the time shape of the creep curve in these rela-
tions is being assumed as a simple exponential, which implies only a single
retardation time. In reality, the shape of the creep curves observed is quite
different, which can be seen in the logarithmic time scale; the creep curves
continue to rise significantly over many decades of the time elapsed and have
thus a very broad retardation spectrum, with many exponential components.
Therefore it is important to carry out the structural analysis for the actual
unit creep curves. This can be done only numerically, e.g. by the methods de-
scribed in references [4] and [5].
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If the structure is large (i.e. requires too many nodes), this approach
runs into difficulties because the need of storing the complete history of the
stress state in the structure and evaluating from it the hereditary integrals
overtaxes the storage capacity of the computers presently available and requires
too much machine time. These requirements can be circumvented by characterizing
the entire stress history with a few suitably defined hidden state variables
of the material, as has been proposed in reference (el

(3) Alternatively, the stress-strain law can be also represented by a
spring-dashpot model. The Introductory Report refers to this approach in con-
junction with the applications of the finite element method by Zienkiewicz,
Watson and King. For an accurate representation of the shape of creep curves,
as discussed above, a relatively long chain of Kelvin elements or Maxwell ele-
ments is needed. In pursuing this approach, there are, however, two obstacles.
First the method of determining the model parameters from creep data has not
yet been clarified, for the case when aging is involved. The second obstacle
arises in numerical application. Namely, the usual numerical algorithms (of
Euler, Runge-Kutta or predictor-corrector type) become numerically unstable
when the time step is increased beyond the value of the shortest retardation
time. Because this time is for concrete quite short, analysis of the long-term
regponse would require an impractically high number of small time steps (about
10°), regardless of the fact that under steady conditions the solution must vary
very slowly after long times elapsed. This obstacle may be overcome and an
arbitrary increase of the time steps (without causing numerical instability)
can be made feasible by introducing a certain special set of hidden material
variables (see Eqs. 70 to 79 in Ref. (1]).

Acknowledgement. The developments which are herein briefly mentioned
have been achieved at Northwestern University mainly under National Science
Foundation Grant GK-26030.
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SUMMARY

The discussion presented calls attention to some recent developments which
include (1) the theory of creep of concrete based on diffusion processes in the
microstructure, (2) the numerical integration methods based on superposition of
unit creep curves and (3) those based on an equivalent rate-type formulation.
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