Zeitschrift: IABSE congress report = Rapport du congres AIPC = IVBH

Kongressbericht
Band: 8 (1968)
Rubrik: |. Safety

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 26.11.2025

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

I
Sécurité
Sicherheit
Safety

Etude critique des critéres de sécurité et de leurs
fondements conceptuels.

Kritische Betrachtung der Sicherheitskriterien und
ihrer grundsétzlichen Auffassungen.

Critical Appraisal of Safety Criteria and Their
Basic Concepts.

Bg. Schiussbericht



Leere Seite
Blank page
Page vide



DISCUSSION PREPAREE / VORBEREITETE DISKUSSION / PREPARED DISCUSSION

Model Analysis for Structural Safety and Optimization
Analyse sur modéles de la sécurité et de I'optimisation des structures

Modelluntersuchung der Bausicherheit und -optimierung

GUIDO OBERTI
Prof.
Italy
1.~ Forewoxd,.
a) In a short note presented at the Rio de Janeiro

Congress of the IABSE in 1964 I stated that the possibility
of analyzing on models, even -.: failure,of large structures,
particularly plain or reinforced concrete strucrures, has
long been proved by me in a great number of cases,

In fact, a model study under elagtic conditions

furnishes the values of the prototype stresses under
working load, which is important for several reasons.,
Firstly, the results obtained, unaffected by the assumptions
and limitations which impair the classical methods of
calculation, can profitably be compared with those supplied
by these methods, Secondly, it is not hard to solve cn
models unusual three-dimensional problems, contrary to what
is the case with the conventional analytical procedures
both because of extreme complexity (only partly reduced by
the finite element method) and difficult mathematical
schematization of accurate boundary conditions.

Extension beyond the elastic range is still always
invaluable to the structural engineer as it may enable him
to locate possible weak points in the design and thus assist in
securing greater safety and optimization,

Models may be classified in elastic (tested within the
elastic range only), structural (carried to failure) and
geomechanical (when the foundation influences the structural
performance),

Precent trends, bascd on experience at ISMES, are:

- 1increasing emphasis on structural mocdels;
- constant improvement of model materials to better suit
the aims pursued;
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- growdng interest in thermal stress investigaticn,
especlally for concrete dams and reinforced
(prestressed or not) concrete vessels of nuclear
reactors;

- dynamic testing on large shake tables and marked
concern for earthquake effects,

b) Theme I has been treated by the general reporters
prof. A. M. Freudenthal and prof., J.Courbon,

In a first thecretical and critical paper regarding
topic la, prof. Freudenthal deals with the evaluation cf
overall structural safety based on probabilistic criteria
related to the operating loads, which seems fit for
statically determinate structures only. In a second paper
concerning topic 1b and also of a theoretical probabilistic
nature, the same author discusses the possibility of
predicting ultimate safety based on the physical properties
of the materials and their influence & failure. None of
the papers mentions structural model analysis.

Prof. Ccurbon’s paper treats with tcpic 1lc of Theme I.
It concludes by mentioning, all too briefly, the great
services rendered by model studies in the design of dams,
thin shells and shields of nuclear reactors,

I, therefore, believe it of use toc cutline, the |
present-day possibilities of model analysis in evaluating
the safety degree of large statically indeterminate
structures.,

é) Mcdel investigation primarily concerms statically
highly indeterminate structures and may be regarded as:

I) a modern method of stress analysis;
1) a tool for failure load evaluation.
In any case, it is possible to consider or predict the

statistical dispersion of the operating loads and of the

structural resistance of the prototype material,

In case II), when several models are tested, it is
possible to evaluate the ultimate carrying capacity R of
the structure for each type of load S, sc that the model
functions as a tool for determining the overall safety
factor y .

This factor may vary for each type of structure,
depending on the probabilistic possibility assumed for the
operating loads and the structural resistance, associated
with a definite risk of failure,

Thus,for concrete dams, the loads are practically known
(excepting those for earthquake-resistantsi design), and the
uncertainties abcut the concrete resistance are quite small,
The highly redundant type of these structures generally
reduces the importance of the concrete strength dispersion,
The safety factor in this case, therefore, serves rather as
a ccefficient of security against the insecurity of the
analytical results, especially in relation to the real
properties of the rock foundation,
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Actual pcssibilities of model analysis,

Elastic medels are based on linear elasticity
(Hocke’s law) and, hence, a superpcsition of effects is
allowed. They alsc permit to proportionately modify the
lcadings so as to obtain the most suitable testing
conditions. In particular, it is possible to operate
at strains that are amplified with respect to thcse
required by similitude (which demands that the strains
in the prototype and in the model be the same).

Elastic models, widely used in ”"stress=-analysis”,
may be divided in two groups.

The first group concerns plane elastic structures,and
for them the deformeter, photoelastic and Moiré methods
are predominant,

Deformeters are based on the well-known reciprocal
theorems (Maxwell, Betti, Miller-Breslau). Photoelasticity
is a first-rate research method, most used in structural
engineering laboratories. The Moiré method is primarily
used in flat slab investigations.

However, it should be observed that the importance
of these methcds has lately decreased due to the use of
computers in solving problems relating to plane elastic
structures.

The secondgroup deals with three-dimensional models,
In statical tests the loading equipment is usually made
up of calibrated weights or hydraulic jacks, the pistons
of which react against an external rigid frame; the loads
are applied to the model through wooden cork-soled pads.
Strain gages, ordinaxily applied to the surface of the
model, are used for measuring the direction and magnitude
of the principal strains,

Young’s modulus and Poisscn’s ratio of the model
material are determined as usual, the former by tensile
and flexural tests and the latter by torsional tests, The
material may quite differ from that of the prototype,
provided it obeys Hooke’s law and its Poisson’s ratio is
similar to that of the structure. The model then functions as
a "stress computer”,and its results may be ccompared with
the theoretical ones.

For elastic mcdels, ISMES has recently succeeded in
using epoxy resins mixed with variocus aggregates.They permit
obtaining a wide range of elastic moduli in accordance with
the requirements of each case, and stress-strain
relationships that are similar even when the stresses are
high.

Structural models are best made of the same material
as the prototype. This is generally possible for steel or
prestressed concrete structures when suitable scale
(1:4-1:20) nodels are used, But for very large structures,
such as concrete dams, we are forced, also for econcmic
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reasons, to adopt greatly reduced scales (1:30-1:100) and
hence to use mcdel materials whose mechanical
characteristics are reduced compared with those of
concrete in accordance with similitude requirements,

For structural models, I have long since used special
materials simulating the mechanical properties of concrete,
by introducing the technique of "wet mcdels” (with a
waterproof coating) practically free of internal stresses.

The tests 2re then divided intc two successive stages,
In the firststage,called “normal lcad tests”, the
deformations are investigated for values close to
similitude conditicns (that is, € = €’) under loads
corresponding to those of the structure in operationto),

The second stage concerns ultimate load tests and the
transition to them is gradual. The ratio c¢f the highest
actually supported load to that of the design lcad is
generally assumed as overall “factor of safety”.

This ratio can easily be referred to all the operating
locads equally or differently increased following a
probabilistic coefficient applied tc each independent load.
In the case of statically high irdeterminate structures it
differs frcm the classical ratio of ultimate “o working
stress, and its meaning is greater since it takes into
account the bi- and triaxial strength of the material under
stresses in different directions and the plastic.adjustment,

One can by expedients increase on the model sclely the
loads which in the prototype may rise through extraordinary
action. Such are wind load for skyscrapers and water
pressure for dams. The horizontal loads alone may undergo
increases of consequence for the stability of these
structures. In setting up a model study it is, therefore,
cf basic impcrtance that the factcr of safety shall be
evaluated as simultanecusly affected by:

- loads having a fixed value (dead load);

- loads which may increase with respect tc their ordinary
value (wind effect);

- actions the cccurrence of which is cnly probable
(earthquake).

In practice, when the so-called "weight” cf each of
the above phenomena has becn established, one can cbtain

(°) It is advisable to secure, through repeated loading
cycles, non-elastic displacements (settlement of the
foundation, adjustment and opening of joints,
localized plasticity) which are likely to occur since
the first loading in order toc obtain an elastic and
unlfcrm model performance fit for repeated measurements
.2 <cntrels, Thic re-mits obtairing the stresses,
d.splacenents and structural behavior of the prototype

unde> workirng conditions.,
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the factor of safety by experimentally increasing all the
loads up to the failure of the model, considering the
"weight” corresponding to each type of load

Therefore, not only cne but a number cf faogtcrs cf
safety can be secured, each of which corresponds to a
given set of phenomena the influence of which is to be
analyzed,

Geomechanical models investigate structures
on foundations whose equilibrium conditions
may arfect the sarety of the structures, as is the case of
dams, large bridges and power or highway tunnels,

The stability of block foundations has lately beer
simulated and studied on gecmechanical models the
characteristics of which had conveniently been schematized
on the basis of geognostic tests.,

It may also be pointed cut that in-situ and laboratory
investigations c¢f the geocmechanical features of the rcck
and soil mass are increasingly used and reccmmended as an
aid tc model studies,

The models, therefore, must faithfully simulate the
rock and soill conditions and its mechanical prcperties,
The tests are usually carried to failure.

These investigatiocns are tc be considered as basic
when extensive discontinuities (faults, cavities) or a
pronounced anisotrcpy (stratificaticns and diaclases) are
present in the rock mass, especially when sliding cr
least-resistance planes may develcp c¢r, more generally,
when large low-strength block formations are involved.

In these models, cohesion and angle of fricticn must
also be faithfully reproduced. The difficulty encocuntered
in establishing the true values of the angles cf friction
makes it in the modeling conservative tc assume reduced
values which are still within the approximation allcwed by
field tests.

The prctotype and model strains have to be the same
and, therefcre, the scale ratic must be reduced, The model
materials then shall have high densities and low mech8nical
properties (i.e.,very low moduli of elasticity, yield-point
and ultimate loads) in order to comply with similitude.

Assessment of (strictural) safety at the design stage,

The adcption of model techniques is firstly of
considerable importance at the design stage of structures,
especially if these are statically highly indeterminate.

Structural safety can then be evaluated by mcdern
probabilistic criteria as suggested in the Freudenthal
report when:

- the expected statistical dispersion of the loads, i.e.
of the external or operating forces S, is taken into
consideration by determining the dimensicns of the
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prototype on the basis of a force Y 4«8 (where Y,
the load safety factor, is > 1) and adopting equivalent
working forces in the model;

- the statistical dispersion of the strength o, of the
prototype material is taken into account by “assuming an
ultimate load, or a yield point, equal to op/ yp (with

, the rupture safety factor, > 1) and comparing the
highest internal stresses furnished by the model at that
value,

The model then becomes a very efficient tool for a
"structural analysis”.

As typical examples I shall mention:

- the statical and dynamic investigations carried cut on
an elastic model of the Polcevera viaduct, of the
%aracai?o bridge type, designed by prcf. R. Mcrandi

fig. 1);

- the far more elaborate analysis, made particularly on a
structural model carried to failure, of the new San
Francisco Cathedral designed by prof. P.L.Nervi(figs.2,3);

- the study cf the safety degree cf the Kurobe IV Dam and
its foundation (figs. 4, 5, 6).

Fig. 1 Polcevera viaduct, Italy. Elastic inodel:
Scale 1:50
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Fig. 2 San Francisco Cathedral, U.S.A.

Scale 1:15.

view of model.

General

Fig. 3 San Francisco Cathedral.

Structural model under failure tests,
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Pig.4 EKurobe IY Dam, Japan.
General Layout of geomechanical model.
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FPig.5 Kurobe IV Dam. Displacements recorded at
a horizontal section (el. 1320 m).
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Fig.6 EKurobe IV Dal. Structural model at failure,
showing the opening of joints.
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4.- Evaluation of the safety dearee of an already existing
structure.

Mcdels may be of great assistance not only whenl '
structures are being designed but also when the stability
and safety degree cf ercreted works are being checked. This
is particularly t =~ when verifying large structures which
have undergor- Statical conditions unpredicted or
unprec it -ole at the design stage.

Here, toc, I shall briefly illustrate some examples in
which testing cn mcdels has yielded highly significant and
conclusive results, with particular regard to the safety
degree of the structure,

After a few years of operation, extensive subhorizontal
microcracks were found at the upstream face cf a large
arch-gravity dam completed in 1958, The influence of these
cracks on the structural performance and safety of the dam
at full reservoir has been investigated on a large structural
model in which the number and pattern of the microcracks
had faithfully been reproduced (figs. 7, 8).

Interesting tests were also conducted on a 1:4 scale
model tc verify the compression safety degree of the main
columns of the Cathedral in Milan (fig. 9). The two materials
(Candcglio and Serizzc marbles), of highly different moduli
of elasticity, = and the geometry of the individual blocks
were identical with those of the prototype (fig. 10). The
pattern of the stresses in the masonry dome carrying the
main spire of the Cathedral has then been analyzed on a
large elastic model (fig, 11).

The effect of the horizontally stratified bedrock
anisotropy on the stability of a recently constructed dam
was investigated by means of gecmechanical models, The
various expedients devised tc raise the safety degree of the
dam-foundation unit were also examined (fig. 12).

Finally, the model tests carried out for the
double-curvature arch Vajont Dam should be mentioned. As is
known, this dam has brilliantly withstood the extraordinary
sliding of Mount Toc into the partly filled reservoir and is
ncw sustaining the enormous asymmetric mass of slide ‘
material (fig.13)., After the disaster, model studies were
conducted to determine the safety degree of this imposing
structure under the present excepticnal live load (fig. 14).
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Pig, 7 Flumendosa Dam, Italy. Microcracks on upstream
face of model.

-# §

Fig. 8 Flumendosa Dam. Downstream view of model
under test.
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Fig. 10 Milan Cathedral.Cross-sections
of columns,

/] F ..;’.f‘:f‘ 2

Fig. 9 Milan Cathedral., Model of column
under test., Scale 1:4.

13
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Fig. 12 Meguinenza Dam, Spain. Plane model on
geomechanical foundation.
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Fig., 13 Vajont Dam. Asymmetric slide material
acting on upstream face.

Pig. 14 Vajont Dam. Model under
asymmetric load test.
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S~ Conclusions,

It is believed that the above brief outline has
clearly shown the contribution given, and which can be
given, by testing on models when evaluating the safety
degree of a structure at its design stage and after
censtruction,

When it is assumed, in accordance with modern trends,
that a rational determination cf safety involves the
adoption cf an acceptable risk of failure, a design
procedure for uniform safety, and hence optimization, can
be based on structural model investigation.

Finally, the arduous problem of structural reliability
of statically indeterminate structures, related to the
failure mechanisms depending on the consecutive loads
mentioned also by prof. Freudenthal at the end of his
paper, can satisfactorily be sclved through a judicious
adopticn of the present model test technique.

SUMMARY

After a short introduction the paper outlines the
actual possibilities of evaluating the safety degree of
a structure by testing elastic, structural and geomechanical
models.

The evaluation may concern: 1)structural safety at the
design stage; 2) safety degree of an existent structure and
cf one operating under extraordinary conditions.

The importance of model investigation particularly for
the optimization of statically highly indeterminate
structures is then emphasized,

RESUME

Aprés quelgques mots d’intrecduction le rapport socusligne
les possibilités actuelles données par les differents types
de mcdeéles(elastiques, structureaux,gécmechaniques)pour
l17analyvse de la sécurité dea grandes structures.

Un considére aprés:1) l’examen du coefficient de
securité dans la phase du projet de l’ouvrage; 2)1’evaluatior
du dégré de securité d’un ouvrage dejd achevé ocu soumis 3
des actions exceptionelles.

Le rapport termine en souslignant les possibilités des
modéles surtout pour 17étude et l’optimization des structures
hautement hyperstatiques.

ZUSAMMENFASSUNG

Nach einer kurzen Einleitung werden die wirklichen
Moglichkeiten einer Untersuchung des Sicherheitskoeffizienten
eines Bauwerkes an elastischen, strukturellen und
gecmechanischen Modellen beschrieben,

Der untersuchte Sicherheitskceffizient kann sich auf den
Entwqrf,\ein bestehendes oder ein unter ausserordentlichen
Verhaltnissen befindliches Werk beziehen.

Die Wichtigkeit der Modelluntersuchungen fur die
Optimisierung statisch hochunbestimmter Werke wird nachdem
besonders unterstrigchen,
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Etude critique des critéres de sécurité et de leurs fondements conceptuels

Kritische Betrachtung der Sicherheitskriterien und ihrer grundsdtzlichen Auffassungen

A. HRENNIKOFF, Sc.D.
Research Professor of Civil Engineering
University of British Columbia
Vancouver, Canada

The subject of structural safety is primarily a matter of common sense
and not of mathematics. This does not mean that mathematics should be ex-
cluded when safety standards are being established,but it means that its
role must be subservient. The conclusions of a most erudite mathematical
derivation are only as valid as the underlying assumptions. With this
thought in view the writer intends to examine closely some of the propos-
itions forming the basis of the author's mathematical development.

The author associates safety of structures with the concept of prob-
ability of failure and he outlines the method of derivation of the necess-
ary relations based on this principle. He is careful however to point out
that his formulae are not suitable for practical use for the reason of
absence of the pertiment statistical data characterising the random variation
of the relevant factors.

Furthermore he freely admits the presence of causes of failure unrelated
to random factors and even holds mistakes in design of details as the usual
cause of failure. In the light of these admissions one cannot see the virtue
of the formulae associating failures solely with the random factors, seldom
if ever responsible for the actual failure, and leaving out of consideration,
of necessity, the really significant non-random causes.

The author's reference to the alleged use of the failure oriented prob-
abilistic concept of factor of safety in the design of aeroplanes poses an
interesting question as to the relevancy of this concept in the design of
bridges and buildings. Once a person steps into an aeroplane the risk of
failure and death, however remote, is tacitly accepted, and so it is not
illogical to associate the design of the aeroplane structure with a probab-
ility of failure. The situation is however different in case of buildings and
bridges. With his probabilistic approach the author in effect proposes an
intentional reduction of safety,however small compared to the one implied in
the conventional design. Neither the society in general nor the engineering
profession in particular would accept this idea. The present practice is,
and hopefully will always remain,that the building should be designed as safe
as humanly possible. This does not insure an absolute safety, because
life is full of hazards. Factors responsible for these hazards are mostly of
a non-random nature and unpredictable, although some of them, such as tornadoes

\. Bg. Schlussbericht
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and earthquakes, excessively severe for a given region, are akin to the
phenomena normally incorporated in design. It is no more ratiomal to
provide for these overviolent actions than for the acts of war, riots,
collision with aircraft, gas and chemical explosions and other factors
always left out of consideratiom.

The kind of reliability required for the design of structures seems
to be provided adequately by the commonly used factor of safety covering the
uncertainties and faults of all types, i.e. of design, construction, loads,
materials and operation. This factor expresses the best collective judgment
of engineering profession, and its value is subject to revision with im-
provement of all aspects of engimeering practice.

The concept of failure as an integral part of the probabilistic theory,
and several aspects of it, as used by the author, warrant close examination.
A natural question is how to analyze a particular structure for failure.

The theory of ultimate or limit design gives in some cases an answer to this
question. But this theory is highly controversial (50)) and the acceptance
of its answer means the endorsement of the theory. In other words, an expert
on probability, and normally not an expert on structural theory, makes a
decision for the designer, that of the two conflicting theories the elastic
and the plastic, he must accept the latter.

Limit design procedure, right or wrong, is available only for low
flexural frames. What should one do for the multitude of structures of other
kinds? Wait until such Solutions by ultimate theory become available, even
if one has no confidence that they may be forthcoming?

No distinction is made in the author's theory between the actual physical
failure and the functional failure, i.e. an excessively large deformation.
This implies that in the author's view it does not matter whether people
get killed in the collapse of a probabilistically designed structure or are
merely inconvenienced by a large deformation,-a proposition, which is not
likely to meet a ready acceptance.

A reader would find difficulty in folldwing the author's argument that
failure of a single member signifies failure of the whole structure irres-
pective of whether the latter is statically determinate or indeterminate.

A major impression which one gathers from the discussion of the probab-
ilistic theory of failure is apparent lack of appreciation by its supporters
of a bewildering multiplicity of causes affecting vitally the reliability of
a structure. The writer wishes to illustrate this point by two examples.

Comparative stress analyses were made by the writer and his colleague (51)

of a reinforced concrete barrel roof by two different methods: firstly,

the theory of finite element, a new and highly effective tool of structural
analysis, and secondly,by the equations of elasticity given in the Manual of
Engineering Practice 31 of the American Society of Civil Engineers. Some
significant stresses determined by the two methods differed greatly. How
then should the choice between different discordant but still admissible
methods be made by a probabilistic designer? By the way of explanation it
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may be pointed out, that in the present design practice, once the dis-
agreement of the existing methods is recognized, concensus is reached in

a course of time leading to the acceptance of one method in preference

to the other. In the meantime the factor of safety covers the uncertainty.

The situation in the example considered is however much more complicated
than mere disagreement of the two sets of numerical results. Both methods
of analysis were based on constant moment of inertia (i.e. an uncracked
section), constant values of the modulus of elasticity and Poisson's ratio
and the absence of creep and shrinkage. These assumptions are obviously
not true. The designer would allow for these unknowable factors by judgment
based on experience. Design is an art as well as a science, and is more
than a mere substitution of numerical values into complicated probability
formulae.

The other example is borrowed from the writer's discussion of a recent
paper on probabilistic theory by the same author (52) .

"A collapse of an important bridge in the course of erection several
years ago (accompanied by loss of life) was found to have been caused by the
wrong design of a detail of the erection structure, accentuated by the con-
tributing factors, including an unfortunate and destructive combination of
the yielding of steel and crushing of plywood (a phenomenon neither described
nor even recognized before), an inadequacy of prescribed allowable stress in
the significant area, and two elementary blunders in calculation. Such
nondescript errors would baffle any classification, yet they are real and not
infrequent, although they are usually less drastic and seldom lead to
failure",

In conclusion the writer recapitulates the reasons for his unqualified
rejection of the probabilistic theory of safety of structures involving
human occupancy.

1. The concept of the probability oriented factor of safety is inacceptable
in principle.

2. The factors which usually cause failure are not of a random type.

3. The data for evaluation of parameters characterizing the random type
factors are mostly unavailable.

4, The failure causing factors are so numerous and varied that they defy any
classification and codification.

5. The value of the intensity of a given load pattern causing failure of a
given structure is usually unknowable by a method of structural analysis
and is questionable when such analysis is available.

6. Distinction between physical and functional failures and between determinate

and redundant structures results in further difficulties for a probab-
ilistic designer.
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7. The usual concept of the factor of safety of the conventional elastic
design is the best one available.

(50).A. Hrennikoff. Plastic and Elastic Designs Compared. Preliminary
Publication. Seventh Congress, Rio de Janeiro, 1964. International
Association for Bridge and Structural Engineering.

(51).A. Hrennikoff and S. Tezcan. Analysis of Cylindrical Shells by the
Finite Element Method. International Association on Shell Structures.
Symposium. Leningrad, U.S.S.R. 1966.

(52)A. Hrennikoff. Discussion. Analysis of Structural Safety by
A. Freudenthal, J. Garrelts and M. Shinozuka. Journal of the
Structural Division of A.S.C.E.

SUMMARY

The writer rejects the probabilistic method of design of
structures involving human occupancy, because (1) it is in-
acceptable in principle, (2) leaves out of consideration the
really significant non-random causes of failure, (3) is based
only on a few random factors whose characteristic parameters
incidentally are mostly unavailable and (4) for most struc-
tures, the condition of failure may not be identified by any
existing method of analysis.

RESUME

L'auteur rejette la méthode de projection de construc-
tions qui se base sur la probabilité et tient compte de
l'occupation humaine.

1l Le principe méme de la méthode est inadmissible

2 Elle néglige les causes de ruine non-accidentelles
vraiment importantes

3 Elle se base uniquement sur quelques facteurs aléatoires
dont les paramétres caractéristiques sont le plus souvent
inutiles

4 Pour la plupart des constructions, les conditions de ruine
ne peuvent étre déterminées par aucune méthode de calcul
existante
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ZUSAMMENFASSUNG

Der Autor verwirft die wahrscheinlichkeitstheoretische
Entwurfsmethode flir Geb&dude, die von Menschen bewohnt werden,
well sie

erstens im Prinzip unannehmbar ist,

zweltens die tatsdchlich wichtigen, nicht zufédlligen Bruch-
ursachen auslésst,

drittens auf wenigen zufédlligen Grossen gegriindet ist, deren
charakteristischen Parameter ibrigens meist unbrauchbar sind,

und schliesslich viertens, weil fir die meisten Bauwerke die
Bruchlast mit keiner bestehenden analytischen Methode be-
stimmt werden kann.
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Critical Appraisal of Safety Criteria and their Basic Concepts
Etude critique des criteres de sécurité et de leurs fondements conceptuels

Kritische Betrachtung der Sicherheitskriterien und ihrer grundsatzlichen Auffassungen

FERNANDOQO VASCO COSTA
Prof.
Technical University, Lisbon

In his brilliant survey of the present status of structural safety problems
Professor Freudenthal makes clear that engineers are not designing structures
close enough to the "state of art" 1limit, that the rational approach to the
problem of safety has to be a probabilistic one, and that absolute safety is no

more than a convenient fiction.

The key to a rational approach to structural safety is in his own words the
concept of an "acceptable risk of failure". But most engineers, because they be-
lieve they can or they have to design absolutely safe structures, are reluctant

to accept such a concept.

The difference between the attitude of accepting or not accepting a risk of
failure, be it a small one, is not an academic question, because structures will
be designed quite differently depending on whether one does or doss not recognigze
the impracticability of building absolutely safe structures. The conseguences of

these two opposite attitudes seem worthwhile emphasizing.

If the existence of risks is to be recognized, accepted and taken into con-
sideratinn in the desinn of engineering structures, instead of trying to have
uniform safety in all elements of a structure - which is an ideal recommended by
several authors - one has to reduce the strength of the elements of which the
failure will have less costly conseguences, with a view to reinforcing those ele-
ments of which the failure wnuld have costlier consequences. Such criteria will

enable the desicn to be improved without increase in cost.

If the existence of risks is to be taken into consideration, one has to

adjust the strenqth of the whole structure to the consequences of possible failures.
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This implies building a dam, if located upstream of a town, stronger than one

located downstream, even if both dams could otherwise be built perfectly alike.

If the existence of risks is recognized and accepted, the structure should
be designed so as to reduce as much as possible the consequences of accidents.
There will even be instances where it may be convenient to increase the probabi-
lity of failure of & structure so as to reduce its cost, the savings being used
to minimize the consequences of a possible failure. This will be the case with
dykes against floods and sea invasions, where transverse dykes are built using
the money that could otherwise be used to increase the height and reinforce the
main dyke. The function of the transverse dykes is the reduction of the area
flooded in case of failure of the main dyke rather than direct protection against

sea invasion.

If the existence of risks is to be recognized and taken into consideration,
structures will have to be designed so as to fail in the less inconvenient way.
In some cases this will imply the use of devices similar in function to fuses,
for instance when a lighter and lower dam is built on a secondary valley as a

protection to a big earth or rock-fill dam on the main valley.

In spite of Professor Freudenthal's well presented arguments against redun-
dant elements, the presence of such elements can, in some particular cases, con-
tribute to increase the safety of the structure. Not only can the failure of re-
dundant elements give warning to halt operation and avoid serious consequences of
accidents, but in some other cases the presence of redundant elements will avoid

complete collaepse, that would, otherwise, have catastrophic conseguences.

Some structures are intended to absorb energy rather than to hold forces.The
amount of energy consumed in the destruction of redundant elements can, at least
in some cases, be sufficient to save the structure. This is apparently the main
reason why ships are always moored with a larcge number of redundant cables, ins-

tead of with a few strong cables.
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SUMMARY

The need to design structures accepting the existence of risks and taking
into account the possible consequences of accidents may, or may not, be reco-

gnized. The practical implications of one or the other attitude are quite dif-

ferent.

If the existence of risks is recognized, the adoption of an uniform safety
factor for all the elements of a structure, and the adoption of the same safety
factor for structures suybmitted to the same loads but whose failure can have
different consequences, should be discontinued.

It is also pointed out how redundant elements can contribute to increase the

overall safety of a structure.

RESUME

Reconnaitre ou ne pas recomnaitre 1'impossibilité de sécurité absolue quand
on projécte une structure peut avoir des cons&quences pratigues tré&s différentes.

Si cette impossibilité est reconnue, on doit choisir le coefficient de sécu~-
rité de chague élément d'une structure, et de chaque structure en elle-meéme, d'apres
les conséquences des possibles accidents.

L'influence des éléments superabondants sur la sécurité d'une structure hy-

perstatique est aussi discutée.

ZUSAMMENFASSUNG

Sehr verschiedene praktische Folgerungen beruhen auf dem Erken-
nen bzw. Nichterkennen der Moglichkeit, Tragwerke mit Ausschluss al-
ler Risiken zu entwerfen.

Wenn das Bestehen von Risiken erkannt wird, muss der Sicher-
heitskoeffizient filr jedes Element des Tragwerkes sowie das Trag-
werk an sich nach dem Umfang der Folgen eventueller Unfdlle gewidhlt
werden, anstatt der iiblichen Wahl von genormten Sicherheitskoeffi-
zienten.

Der Einfluss der Verwendung zusidtzlicher konstruktiver Elemente
zur Erhohung der Sicherheit von statisch unbestimmten Tragwerkssyste-
men wird ebenfalls beleuchtet.
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Some Safety Problems
Quelques questions de la sécurité

Einige Fragen zur Sicherheit

E. MISTETH
Budapest
l,/ Designations
R Internal breaking forces and moments
S Internal forces provoked by load
=R-§S The Basler reserve

Y

& m Probability variables
f(é), ’7(t) Stohastic processes
a= E(f) Expectation value

s=D(E) Deviation
v= —3— Relative deviation, variation coefficient
,a,.tE[( E-G)':] Central moment of the r°’ order
f‘=—’;13- Asymmetry
c=-’;—“£——3 Excess
h-—"sif- Asymmetry of the fifth order
-ﬂ- Risk
t Time
T Iifetime of the construction
9 Interest factor
Cross sectional quantity corresponding to the
w nature of internal forces and moments
é Stress corresponding to the nature of internal

forces and moments
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_ Functional relation of independent probability
= G(ff' fm"\fn) variables

Independent variable of the standardised distribu-

i tion function
C(k) Cost of rebuilding /the bearing element/
Annual maintenance cost of the construction /the
L(k) bearing element/
] Sum of the damage caused by the ruin of the
construction /the bearing element/, profil lost
included

2./ Raising of the problem, liethods applied so far in calculating
of dimensions

In dimensioning engineering structures for stability it is most
essential to determine safety. The first question to be raised is
wether an objective standard of safety can be found and what is the
most economical magnitude thereof, Thus the general question of di-
mensioning is this: In what dimensions should be designed the bearing
structure of an engineering construction at a time t = O, if the
construction is being designed for a lifetime t = T, with rebuilding
cost of the bearing structure being C, and the annual maintenance
cost of the bearing structure being L, sum of damages incurred by
the ruin of the bearing structure, profit lost included, being Q.

The classical dimensioning specifications present safety in
terms of the magnitude of allowable stress. Allowable stress is an
empirical value: it is a quotient of breaking strength and safety.
Present time specifications are threefold.

Into the first group come those specifications in which' safety
manifests itself in the measure of allowable stresses and the
grouping of loadings. These specifications show, e.g. these grou-
pings as to the combinations of loading forces: operational loading
forces, extraordinary loads, catastrophal loads and influences. To
each of the three groupings pertains a different allowable stress,

The second group comprises those specifications in which safe-
ty is divided in the grouping of loading forces, the dimensioning
stresses and the cross section. These specifications proceed from
the ruin of the construction and take every uncertainty, with a
divided safety sector, at its proper place into consideration; to
a greater relative deviation pertains a higher safety sector, to
a smaller one a lower factor. The theoretical basis of these spe-
cifications was elucidated by Basler [3].

Specifications that come into the third group calculate safety
on the basis of probability theory, with consideration given to
loading forces and their deviation, rupture stress and its devia-
gion. These specificatlons calculate with an undivided safety

actor.

Safety factor is determined by a probability of rupture assu-
med in advance, and probability distribution. The assumption of
the probability of rupture /10 3, 10~ %, etc./ is a result of sub-
jective evaluation, though it is much more perceptible than
saying, that, e.g., a twofold safety is required. The function
of the selected distribution is also based on individual judgement,
The difference between, e.g., the Weibull and lognormal distribu-
tion in the rate of the safety factor can be 10-100 per cent Eﬂ.
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By means of this procedure are calculated airplanes and solved
the dimensioning problems connected with space travel. Theoretical
considerations were set forth by Freudenthal [4] [5].

All of the three procedures, though at different places and in
various ways, give the rate of safety on the basis of individual
deliberation. This rate, the expression of safety, will be further
on considered to include failures of an accidental character only.

Safety only provides an objective rate of measurenent, as it
will be demonstrated further below, together with economical con-
siderations,

3./ A new procedure for dimensioning

The known basic relation for the calculation of dimensions,
based on probability theory is, if the time parameter is also con-
sidered:

; i > > {
hnz_.n_}m {[R(t)—S(é)]=0} =1"T W

Expression 1./ says so much in words that, during the lifeti-~
me of the construction, the Basler reserve j Y/t/ = R4t/-S/t/
must be greater by a probability given in advance /1 --E-[ than

2€eIr0.

The basic relation is not unequivocal without the time variab-
le t /fig.1l,/

R : |
(Q E[f(é)}:O
RE)-R(E)+E()
e \
Yo
R° Rit)
. Rit00
~ N\ o
-m—yatf’\ (k) E[”?(t_)_J=0 -
. Sl | S)=S(ten(t)
1 1 T i' L] L | | L 1
0 0 2 3 4 S 6 T0 8 8% {00 yews
Fig. 1

4,/ Lifetime of the engineering structure

Safety of engineering structures can be related only to a cer-
tain lifetime, If T =00, the ruin of the structure is considered a
certain event. The lifetime of engineering structures, therefore,
has to be determined in advance. In respect of lifetime permanent
and temporary structures can be dealt with.,

For permanent structures lifetime has to be stated in T = 10
years, if it is a vehicle, in T = 100 years if it is an earthwork.
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For temporary structures, when an earthwork is concerned, T = 10
years, for structures of locomotion it may be that T = 1. Largely
speaking, for permanent structures it is reasonable to count with
T = 50 years, for temporary ones with T = 5, From expression 1./
it is perceivable that if T is small, the difference, R/t/-S/t/,is
greater than it is for a long T time. This holds particularl% if
R/t/ and S/t/ are stohastic processes with a notable trend /fig.l/.

5./ loading forces, loading movements

Loading forces which are constant within time /dead load, earth
pressure/, constitute a stohastic multitude, loading forces and mo-
vements which vary within time /useful load, water pressure, snow
or wind pressure, variation of temperature, creeping, etv./ consti-
tute a stohastic process. The periodical /e.g.annual/ maxima of
these latter stohastic processes only form stohastic multitudes,
With the processing of technical data it is reasonable to calculate
four probability characteristics: the expectation value /a/, devi=-
ation /s/, asymmetry /f/ and excess /c/. The processing of the data
must be performed on the basis of some textbook of mathematical sta-
tistics 1 . In order to provide that the relative deviation of
excess itself should not exceed 1B per cent, the number of elements
of the multitude has to be selected ~500 at the least. For the de-
termination of the probability characteristics of the useful load
it must be proceeded, with consideration given also to future deve-
lopment, from the loading spectre. Forces of a meteorological c¢ha-
racter must be processed from statistical data.

6./ Rupture stress, geometrical dimensions

Rupture stress within a t time, which constitutes a stohastic
process with a trend, has to be determined in principle through
precessing a stohastic multitude of rupture tests of the material
taken at different times., In want of data it is supposed, in first
approximation, that at the end of lifetime rupture stress can be
taken as equal to the longtime stress limit and its probability
characteristics are the following:

é712(7)‘ ?o (e.q. d=115) }
SG(T) = SGO V? ) fG(T)=f5°; OG(T)= c% ...2./

Geometrical dimensions always display a normal distribution,
Because of the corrosion effect the geometrival dimensions have to
be diminished at the end of the lifetime by a value 4 , which may
be, in absence of statistical data, 1 to 5 per cent of the dimen-
sion, Deviation of corrosion is taken equal to deviation of dimen-

sion:  _ —
M(T)=po— A

sMM)=s4 Y2, F(T)=1%=0; c*(T)=c%=0 ces3e/
7./ Probability characteristics of the function distribution

Probability characteristics of internal forces which cause
rupture and internal forces which are the result of loading can-
not be determined in a direct way, it is therefore necessary to
determine from the probability characteristics of the components
the probability characteristics of a quantity characterised by a
functional relation, Exact formulation of the problem is this:
the independent probability variables fy, p,....., £, are given,
the probabllity characteristics of thése, a;, 8;, f;, c;
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/i=1, 2, ..., n/ are also independent, and v; £ 0,5; what are the
amounts of the probability characteristics of the functional value
, characterised by the functional relatlonnq-G .f fz,

If the functionm is expanded in a Taylor series and also men-
bers of the third order are considered, the probability characte-
ristics of a rational whole function can be determined according
to the rule

07=E(n)-(3(a,,ag,....., a, )+ —;—'; G st+.....

s,z? ==Dﬂ(f?) =Z [G,' s;]li Z G-G--F- s,-3+.....

o =i [Z G3f s+ 2 ZG" G (c+2)s! +);s s ]\

Cn? “—‘[Z Gh(c +3) 4"’6: (G, GJ S, J) +
+23 66 (hi~f,) s +ez (zc A )

I=1 J 1 I#J

In expression 4./ eege <
< _Generally if v =
Gij=

/ 12, =0,15, it suffices to
/ afl afJ _]fn ‘{* calculate with the first,

i J < in the case of excess,
with the first two members. If 0,15 £ v, = 0,35, all of the members
written here must be counted W1th. 7

If O 35<:v S0 s© it 18 necessary to calculate accordingly further
members which are not written here, If the derivatives of function
G are not limited derivatives but the function can be expanded to
a Taylor series at the places ay, a,, sesy 8,, also members or an
order hidher than the third may be required [].

£ [/ <o, iland [c,(/f? 0,2, the resultant distribution may be consi-
dered norm

8./ Internal forces that cause rupture

They depend in general on rupture stress and cross section
quantity and constitute a stohastical series
-0050/

R(t)=06g(t).- W(t)
R()=H[BR(1), BR (), A2t), .y £710)] .

In expression 5./ internal forces causing rupture can generally
be established as a product of rupture stress and cross section
quantity. Expression 6./ refers to cases in which the bearing
structure is not made of a homogenous material and the type of be-
aring is such as cannot be separated from the geometrical dimensi-

ons of the cross section /e.g. excentrical internal forces within
a r.~c, bearer/,

Probability characteristics of internal forces causing a rup-
ture, if calculation has to be made on grounds of expression 5./,
are



32 la — SOME SAFETY PROBLEMS

E[R()] =Ba(t). W(t)
[R)]2= [V [ T+ [ v

3
fRee) =f‘°'(e)[vl:-%§-
2
e*ce) ’D/i_?'n'l‘ [ [+ 31[vEe)] '+ 8 [ ]% 8 [v¥(e) VY]] j-—s
If the internal forces producing a rupture are to be calcula-

ted by expression 6./, probability characteristics must be deter-
mined with the use of formula 4./.

9./ Determination of the cross section guantity

If probability characteristics of the Basler reserve Y/t/ are
to be determined from expression 1./, then, on the basis of expres-
sion 4./

a’(e) = Y(¢) =R(t)-S(¢)
sY(¢) = V[s“(t)]2+[_-s’(e)]2

y :___L___ R 2 3 s s 3 .8,
Pl =y {Profm] i [#e]’] 8./

c’e) = m4{[ck(e)+3][sp(tﬂ‘+ [cs(b)+3][$s(t)]‘*+
+6[s%e)- s10)]* -3

From expression 8,/ it is to be seen that the dimensioning
will be correct if

R(t) ZS(t)+m sy(t)} W
m =m(f ck)

The value of m depends on the selected distribution and the
risk given in advance. Before proposing a type of distribution
for the determination of the value of m, a simple relation can be
given for the cross section quantity at a time t = 0, if internal
forces that provoke rupture are such as according to expression

5./

Wy=a Wy + S 4+ myvSaI% f-Imv i m T4
D Gr(T) 4-m2{[VG(T)]2+ [vWal? ..010./

In expression 10./ the surplus cross section quantity, being
a result of corrosion, AW, , depends on the value m = m/f,c,k/,
S/T/ is the expectation value of the sum of internal forces pro-
voked by loadings, at the end of the service time, Gy /T/ is the
expectation value of the rupture stress of the structural ele-
ment in question, v/T/ are the final values of the variation fac-
tors of the variable quantities.

If internal forces provoking rupture can be calculated by
expression 6./, for the determination of the dimensions expres-
sion 5./ must be satisfied by way of the trial and error method,

coe?e/

where
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10./ The selected type of distribution

The problem is what kind of a distribution function should be
selected for the stohastical process Y/t/ at a time t = T at the
end of lifetime or any time t. From among the internal forces cau-
sed by loading meteorological forces and movements /internal for-
ces caused by wind, snow, modifications of temperature/ can best
be described theoretically with the use of the Weibull distribu-
tion [7]. A great part of useful loads and internal forces provo-
ked by dead load do not follow the Weibull distribution pattern,
The distribution of cross section dimensions is normal. The type
of distribution drawn upon the rupture stress can be treated as
though from among a homogenous multitude of bearers a discretional
one were selected and given to rupture. This problem is, in its
essential conception, an urn-model to which one of the Pearson
distributions will best apply. Since in the resultant distributi-
on it is the rupture stress that generally has the greatest part
and meteorological forces generally play but a slight part, for
a resultant distribution the four parameter Pearson distribution,
Pearson IV, can be recommended.

me—darcfg X= y —R L X Goo 1./
?CJ[M*Trd)*Jﬁ Btk ge g T

The Pearson IV, distribution which is interpreted between
- oofx {+ oo i3 not suitable because effective distribution is no
clear urn model and, because distribution is dimensioned only for
x>0, If the four probability characteristics of distribution,
a¥/t/, s¥/%/, £7/%/, c’/t/ are given, B, o, d and § can be determi-
ned. The value of 4 can be determined from the condition that the
integral of expression 11./ between - ccand +ee is [1].
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From expression 12./ numerous conditions present themselves for
the distribution characteristics which are not dealt with in this
paper. The values of ?, for whole number values of « and Vv are
shown in figur 2,

11./ Optimam risk

The value of m = m/f,c,k/ has furthermore to be determined in
expression 10./ in order that the cross section quantity could be
determnined. The determination from expression 11l./ is unequivocal
if the value of k is given., For the determination of k two condi-
tions can be offered.

The first condition is that the total cost of the installation
should be a minimum. Supposing the interest factor to be q, the
cost of rebuilding of the installation, C/k/, must be written off,
during a service time T, and it is assumed that the installation
will be ruined after a time t{T and the part of the construction
not yet written off at that time will be capitalised to the date
of the ruin. Then the total cost will be

T ¢t
’%f%)*%{fmfﬂ -f;;_—‘j‘—h&j cei13./

A minimum cost can occur where the first derivative by k of
expression 13./ is zero.

The costs of the bearing structure increase in a linear way
with the cross section quantity, C/k/ = A+BW ., This linearity
will hold if the cross section quantity represents an area or if
the ratio of cross section modulus to radius of inertia is cons-
tant, If expression 10./ is expanded to a series, it will hold,
with a good approximation, that W, = W!+wm.

f fy ¢ and s are constant, for the thinkable values of k,
m= A+ k,log ko, A deeper reason for linearity is to be found in
the fact that distribution functions generally are exponential
/For a normal distribution e.g. between 2<log k<6, it is true
with a 3 per cent accuracy that m = 1,22+0,6 log k/. Substitu-
ting the above expressions into eachother, C/k/=/A+BW’+B.Kow/+
+BAw log k that is

Coky = Co (1+b, 109k ) o ltts/

Expression 1l4./ reflects a stohastic relation which can be
verified for a series of numerical examples with a difference less
than 2 per cent, doing regressional calculations, The minimum that
results from expressions 13,/ and 14./ is

d+bilogE T 4 T- 4t
k(0= Mode = | 505 (1+ —;T;_-";—)] sul5ef

The maximum for expression 15./ produces itself at a time t=0,
On an average, if the cost of the bearing structure of a building
based on a % per cent risk, is C,

K max = %G [—g— +2] eel6./

It is apparent from expression 16./ that the more damage will
be caused by the installation when it is ruined, the less will be
the risk permiEFed.to be taken., E.g. if T = 1 and Q = 0, k. ~ 50,

[ ' .
If T = 50 and T = 100, kmax = 5000. Here the risk that is taken,
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varying within a range of 2 per cent and 0,02 per cent, correspond
to the percentage wastes in non damaging industrial production,
which is 1-2 per cent [8].

Another conditionTis that the annual quotient to write off for
the installation is %;—égflé C/k/ and the total of annual mainte-

nance, L/k/ is the minimum of what is referred to as entire cost,
The concept of entire cost was defined by a Congress held on "Pers-
pective of the user and reliability of the system" in the United
States in 1962. It is assumed that maintenance costs take the sum

of b
L(k)=L,,(1+—,0—g3;-) veel7./

Expression 17./ is not proved, it merely appears to be logical
upon the analogy of expression 1l4./ [9]. The minimum of all anual
costs is secured by the expression

y Lobs(g'-1) ceol18./
k=10" Cobs §7(q-1)

being satisfied. Expression 17.,/, if T~ 50 and q-l °T85 where p,
in percentage, is the interest rate, will be

o g
ez 10" o

From the two expressions /15./ and 18./ that one must be sa-
tisfied which gives a larger value for k. From the comparison of
expressions 1l4./ and 19./ results that when the condition

L 019'/

Labz
b P“E—‘
%_—g ZﬁL/Ugfs ED ’p _2 ...20./

is satified, that is, if the ratio of the damage incurred and

the rebuilding costs is greater than the right side of expressi-
on 20./, the value of k must be determined on the basis of expres—
sion 15./ and /or 16./, if it is smaller, expressions 18,/ and/

or 19./ will give the value of k,

It should be noted that in the vicinity of the optimum value
for extremely small differences will result in expression 13./,
therefore the value of k must be determined with a rounding up
and on a rather large scale.

12./ Other probabilities that may be considered

Beside what has been said above it is also essential, how
many uniform structural elements are going to be built in, If n
number of bearing elements are to be fabricated and a risk of
% has to be taken for each of them, for one piece a risk of
ﬂ1<i.must only be taken. The solution of the problem is

-t =(0) () (=) 21/
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Eypression 21./ disp}ays a binomial distribution.

k= 12Vi-L v ee22ef
and/or k = 1K -
- (1 -1
If k)50, then, with a ggod 5p%roximation
k'= nk I 4

Thus, if it is required that no one of the n pieces should
get ruined with a prgbability of - , every piece must be fabrica-
ted with a risk of 3 being taken.

13,/ Conclusions

1./ The following answer can be given to the problem raised: The
correct dimensions are given in expressions 9./ or 10./, the value
of m =m /f, ¢, k/ can be determined through the Pearson IV, dis-
tribution according to expression 11./, the most economical measu-
re of risk taken against failure, 1/k, is given by expressions 16/
or 19./. As to the measure of the assumed risk it must furthermore
be considered, how many uniform elements in question are going to
be fabricated.

The suggested method of calculation does not contain any subjecti-
ve factors, all dimensions and safety can - on the basis of mathe-
matical statistics - be determined solely upon economical conside-
rations.

2./ Safety, consequently, is a mutual and unequivocal function of
the probabllities for the installation that during its scheduled
service time all circumstances provoking ruin can occur simul-
taneously in the most possibly unfavourable arrangement [3].

The lower this probability /the risk taken/ is, the greater is the
safety. We suggest the acceptance, as a measuring value, of logk

the logarythm of the reciprocal value of the risk taken. This
expression has proved suitable in information theory [10], as a
quantity proportional to the measuring number of the information
quantity. For a great safety a large amount of information is
required about the given bearer. Investment expenditures increase
with safety, maintenance costs decrease with it,

3,/ For our bearing structures the principle of equal safety is
in appropriate., The more damage is caused by the structure with
its ruin, with so much more safety must it be designed. Secondary
bearers, the ruin of which causes no damage, must be designed
with a lesser safety. Installation with a short designed service
time can be of smaller divisions, because within a shorter period
the rupture strength of the load-bearing building material shows
a lesser decrease and the probability for the occurrence of the
loads, particularly meteorological ones, is lower within a shor-
ter period.Consequently, if it is to proceed from the safety of
the primary system of bearers of definite installations, the
primary system of bearers of temporary installations can be fab-
ricated with a lesser safety and so can the secondary bearers of
the definite installations, Still lesser safety is required for
secondary bearers of temporary installations.

4,/ General rules for dimensioning are provided by deterministic
interrelations in technical mechanics. By reason of a deviation
of parameters in the functional interrelations the economical di-
mensions have to be determined with the aid of stohastic interre-
lations based on probability theory.
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5./ A processing of statistical data is required. The described me-
thod, however, can be applied even without processing the data, in
that case it has to be proceeded from loading given in the rules
and from nominal geometrical and strength measures. For deviations
there is to be taken, in the absence of data, one half of the tole-
rance., Tolerance, then, is based on statistical experience,

6./ Author considers the application of this procedure absolutely
necessary: in setting up rules for dimensioning, stability calcu-
lations for elements of serial production and structures of high

cost.

7./ Rules in operation at present are over-dimensioned even today.
The degree of over-dimensionedness is, with various rules, in terms
of costs 8-12 per cent for primary bearers at definite installati-
ons, Over-dimensionedness for secondary bearers and for temporary
installations is 11-17 per cent. This can best be helped if calcu-
lations will be made, instead of the minimum values as specified
in the rules, with their expectation values. If this proportion is
considered, there will result economical dimensions /E.g. the
expectable value of the yield point of St., 37 is, on the basis of
statistical data, 11]ﬂwEBOO kp per square cm, whereas the rule
specifies 2400 kp per square cm,
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Summary.

From all factors influencing the dimensions /loading, geomet-
rical dimensions, crushing stress, etc./ the value and the proba-
bility variables of the load capacity reserve, Y/t/, can be de-
termined. By means of the Pearson IV. distribution the geometrical
dimensions can be determined for a risk arbitrarily undertaken,The
undertaken risk can be determined through only economical conside-
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rations. The greater the damage caused, the lesser risk should be
undertaken., If the damages are not significant, dimensions are
influenced by the annual maintenance costs, /L/. For a safety
rate the logarithm of the reciprocal value of risk /log k/ is
suggested,

RESUME

La valeur de la réserve de limite admissible de la charge,
Y/t/, et ses variables de probabilité peuvent &tre déterminés i
l'aide de tous les facteurs gqui sont & méme d'influencer les di-
mensions - tels la charge, les dimensions géométriques, tensions
de rupture, etc. Par moyen de la distribution Pearson IV. les
dimensions géométriques peuvent s'établir pour un risque arbi-
trairement entrepris. Or, le risque entrepris peut étre déter-
miné moyennant des seules considérations économiques. Plus le
dégdt est grand, moins de risque doit &tre entrepris. Si le dé-
gét n'est pas important, les dimensions seront influencées par
les frais annuels d'entretien. Proposition est faite d'employer,
pour mesure de sécurité, le logarithme de la valeur réciproque
de la risque entreprise (log k).

ZUSAMMENFASSUNG

Aus sdmtlichen, die Abmessungen beeinflussenden Faktoren -
wie Belastung, geometrische Abmessungen, Bruchspannungen usw. -
konnen der Wert Y/t/ der Belastungsfdhigkeitsreserve und seine
Wahrscheinlichkeitsverdnderlichen berechnet werden. Mit Hilfe
der Verteilung Pearson IV. konnen die geometrischen Abmessungen
zu einem beliebig unternommenen Risiko bestimmt werden. Das un-
ternommene Risiko kann wieder auf Grund allein wirtschaftlicher
Betrachtungen festgelegt werden. Je grosser der Schaden, ein
um so niedrigeres Risiko darf unternommen werden. Bei nicht be-
deutendem Schaden beeinflussen die jdhrlichen Wartungskosten,
/L/, die Abmessungen. Als Sicherheitsmass wird der Logarithmus
des Kehrwertes des unternommenen Risikos vorgeschlagen (log k).



Safety of Structures as a Problem of Time
Sécurité des constructions en fonction du temps

Sicherheit der Bauten als ein Zeitproblem

C. EIMER
Poland

First attempts of probabilistic approach to safety of struct-
ures were made as early as 1936 (W.Wierzbicki /1/y M.Prot /2/) . The
probabilistic philosophy has been discussed, for a long time, and
gained its devotees and its 8§keptics, the problem being looked upon
mainly from the point of view of a direct applicability to design
and calculation. By the present writer s opinion, too little empha-
sis has ever been laid on the explanation of actual phenomena and
interrelations that, in fact, has been dimmed by traditional methods,
and this is the fundamental purpose of every theory. Once we realize
we operate quantities affected with random scatter, we are induced,
necessarily and at the same time, to the notion of safety and to
probabilistic considerations, irrespective of whether we intend to
establish a pure probabilistic theory of safety or to explain prec-
isely the meaning of conventional coefficients of safety. Similar
development can be noticed in those branches of technical activity
where problems of reliability are of importance.

The present contribution aims at explaining the role of time
in safety which, from the mathematical point of view, means making
a step from random variables to random stochastic processes. So
far, the basic end of the theory consisted in finding the probabil-
ity of the strength criteripm to be fulfilled, i.e. of the inequal-
ity P<R, where, loosely, P is the load and R the strength ( carrying
capacity) « Since every structure is to be reliable during a limited
period of time ( called, in what follows, life time or period of ex-
ploitation), P denotes the maximum load that can occur in the course
of this period and R is assumed to be independent of time and of
previous history of loading. The former assumption presents serious
difficulties as, in general, statistics containing long periods of
time, within a more or less homogeneous population of struccures,
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are not available. The second assumption is only a crude approx-
imation, e.g. it disregards phenomena comnnected with rheologic
strength or fatligue. An attempt to avoid the first of the above
assumpions is given by A.M.Freudenthal /3/. The author considers

a sequence of load applications, the probability distribution of

P in a single application being known. However, it is not always
easy or even possible to say what is a single load application as
the loading is a continuous process. Basides, in order to "locate"
the process in time the intervals between those applications must

be assumed. Thus, in general, the whole of the problem is to be
discussed in the language of stochastic processes, the approximation
with different discrete models being of course possible and valuable
in view of effective calculations.

l. Measures of safety in time

A fundamental merit of the probabilistic approach to safety
is the introduction of a unique and universal probabilistic meas-
ure of safety. We shall descuss here some basic notions following
the very clear exposition of the subject in /3/. The generalization
depends on passing from the discrete model to a continuous time
process.

On the assumption that the carrying capacity R is independent
of time ( which will hold in this point) we define the probability
of safety or the reliability,L, as the probability that the time
to failure tgs 1.e. the effective life time of a structure exceeds
the period of exploitation t =T, T < tR' This is equivalent to the
condition Pmax{ R 1f Pmax denotes the maximum load during Tj; hence
we have

L(t) =Pr (t ¢ tg) = Pr (Pmax<'R), t =" (1.1)
The probability of failure within that period equals
F(t) =1-L(t) = Pr (t > tg) . (1.2)

The a priori probability demsity of failure at the instant t is

£ (¢) = B | (1.3)
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The failure rate, accordingly to /3/, is the probability that a
structure that has survived t will fail in a time unit at t,

h(t) = %-((3 = - & 1o 1(). (1.4)

Obviously, the above formulae correspond to (2.1)% (2.7) in /3/.
Here, tR is a random variable and denotes the time to first sur-
passing the value R by the load.

The load P, being a continuous time process which we denote
by g(t), the results of measurements can, depending on the type
of measuring devices, be obtained in threefold form: (1) as a con-
tinuous graph (self-recording 1nstruments) s Fig.l, (2) as periodic
readings at time intervals §t (points denoted by small circles)
(3) as maximum values at fixed time intervals At, usually related
to cyclicity of load accurrence, e.g. in 24 hours, a year, etc.
(devices recording maximum values denoted by little crosses).

N A

L{ - 1\
|
I
|
L

o ——— — — y——

e — — — ———

5

|
|

Fig.1l

By taking the ratios of the number of points( marked with 1it-
tle circles) in the consecutive intervals Ag 1.e. in consecutive
horizontal bands to their total amount for a sufficiently long ti-
me interval t we obtalin the frequency distribution and for t-> oo the
probability density of load at a given instant, jy(g), as shown on
the left hand side of Fig.l. When the recording is continuous one
can take arbitrary time intervals & t. On "matching" this probabil-
ity density to that of R we arrive at the probability of faillure at
a single load application (pF in /3/).

By considering the time interval At in which we are interest-
ed and a sufficiently long interval n At, and on establishing a con-—
stant value of g, we find the number m of intervals At in which
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the latter has not been surpassed. The ratio m/n provides an ap-
proximate measure (exact for n -> a2 ) of the probability of not
surpassing g in At. This probability is a function of the load,
P = p(g) that can be found empirically by repeating the procedure
for subsequent values of g. At the same time, it represents the
distribution function of maximum load in At, since non-surpas-—
sing of g is equivalent to non-exceeding it by the maximum load.
The probability density ot (g) of maximum load in At can be obtain-
ed as the derivative dp(g)/dg or else directly from the graph,
from the occurrences of "maximum" points in the consecutive in-
tervals Ag (a procedure similar to the one already used for'W(g)) R
If At were equal to the period of exploitation, the function
p(g) would represent directly the distribution required. For pract-
ical purpose, however, it is important to arrive at some conclus-
ions as to the distribution of maximum load in the period of ex-—
ploitation T from the distribution of max g during an interval At
that is, as a rule, shorter or, directly, from the demnsity func-
tion w(g), which implies two possible procedures, discussed in
what follows.
In the first of them we find the probability of not exceeding
g in n intervals At during the time T = n At,

J (@)= p"(8)s (1.5)

valid under the restriction of independence of those events. Here,
@(g) represents the distribution of the maximum load. The probab-
ility density of this load is obtained by taking the derivative of
1.5 ,
n-1 :
g (8) =np "(g) (&)~ (1.6)

The above formula can also be obtained directly on taking into ac-
count that npn”1 represents the probability of not surpassing g in
n - 1 intervals At, whereas 51(g) dg is the probability of the max-
imum load amounting to g in the remaining one interval At.

On establishing the load max g at a sufficiently high level
so that higher values of g will occur but rarely, e.g. once in
several months or even years , the interval At can be so far red-
uced that - without encroaching on the assumption of independent
loads in consecutive intervals - very high values of p (near to 1)
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are attained. The distribution (1.5) now tends to the Poisson
distribution

$(g) =exp [- v(g)T], (1.7)

with ,J(g) denoting here the average number of events when g is
surpassed per unit time (V= l/to, where to is the average time
interval between such events), this number being dependent on the
fixed value of g. The function y’(g) is found experimentally, e.ge.
by computing to for consecutive g (on a graph of the type of Fig.l).

The second procedure we mentioned above does not require de-
termining of the function y (g) or p(g) and is based on Fisher-
~-Tippett asymptotic extremal distribution representing the dis-
tribution of the highest ( or lowest) value in a test, where the
number of particular test readings increases infinitely. Thus, it
is a matter of finding the limiting disturbation, for n > oo of the
largest of n randomly chosen ordinates of points marked by little
circles in Fig.l, at a fixed value of &t (so as to satisfy the
requirement of independent loads). It is this form to which the
distribution of max g tends for t > , since a test of infinite
number of test readings tends to become strictly representative.
For finite n we obtain here Egs. (1.5 and 1.6); albeit, p(8)
and JU (g) have to be repkaced by ﬂ}(g) and (g), respectively
(cf. Fig.l), i.e. by the probabilities of g at a given moment (in
the experiment under consideration).

On introducing the new variables

z = n[} - iﬁ(gﬂ,

-u=1n2=1nn + 1n Tx);(g)dg,

9
we obtain
0(8) dg = Bli gy - n 127 g
g(g) dg =n I Hdg=n(1-7 Ydg —3x
-u
=n e"zgyaz%ag dz = - e 2 dz = ¢ ° (—e—u) du,

whence the variable u is seens to possess the asymptotic density
distribution
w(u) =exp (-u- e ). (1.8)

The variable u is seen to be related linearly to g if zp(g) is ex-
ronential. Consequently, q(g) can be obtained directly from Eq.
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(1.8). It is proved in mathematical statistics that the asymptotic
extremal distribution of Eq. (1.8) holds for normal distribution
of ﬁ’(g), too. Obviously, this is but an approximate calculation,
since the centre of the distribution is shifted proportionally to
ln n, at finite n = /8t (to be calculated from the records),
whereas the form of the distribution (1.8) itself is exact only
for n > o0 and does not depend on n.

Further calculations depend on the particular form of the
distribution Y (g) and, for different theoretical assumptionms,
are developed in the theory of extreme value distributions (cf.
for instance /4/). Once we have found the extremal probability
density @ (g) [from (1.6) or the derivative of (1.7) or else
(1.8)] we insert it into the integral

L = JS(Y(g)-ly(R) dg dR, (1.9)
PLR
q)(R) being the probability density distrubation for the strength
R, where the integral is taken over the part of the plane ( g,R)
determined by the inequality g {R. Since q(g) is a function of

time, so is L = L(t) and our problem is solved.

2, Concept of damage and outline of a general theory

Precedent considerations were based on the assumption that
R 1s constant which is but a crude approximation. We know that
it depends, for instance, on the number of repeating load cycles
in fatigue tests or on the time of loading if rheologic phenome-
na are involved. In order to describe this behavior the notion
of "cumulative damage" i1s introduced in the theory of fatique
of materials and similar notions are also known from the general
theory of reliability.

Let us generalize this notion and assume that the actual
state of a structure (or a material) at a given instant (from
the view~point of its carrying capacity) is defined by a unique
positive number, § , 0. 8¢ 1, called damage, where zero damage
(d = 0) describes a perfect state and 6 = 1 a complete failure.
In general, d increases in the course of time, particularly, in
the course of the loading precess, which means that the ruin sets
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in progressively and results in the "death" of the structure
when § atteains 1. For a simple example (not to be directly ex-
tended) , 6 can represent the reduction of the cross- section
of an axially loaded rod because of an expanding crack. Thus,
our strength condition P< R is to be replaced by a more general

one
d < 1. (2.1)

Now, the problem consists in the prediction of the time t
at which the damage becomes 1 or, in a probabilistic approach
(6 being a random variable), in the determination of the prob-
ability
L(t) = pr(d<1) (2.2)

for a given period of exploitation t = T,

For the classical case J remains 0 as long as P { R,
R being the carrying capacity. On surpassing R for the first
time ¢ suddenly increases to 1 and the structure fails ( Fig.2) .
It is seen that ¢ 1is defined to be a Heaviside function

é (t) = H(t - tR)’

tR denoting the time to first
surpassing R by P = g(t). The
probability (2.2) reduces to
(1.1) and exactly the theory in
point 1 provides the solution,

In general, the hypothesis
that the physical state of a str-
ucture can be determined by a
unique parameter, d , is a con-
- siderable simplification of
[4 actual conditions, albeit it

Fig.2 results in a far reaching gene-

ralization of the former theories of safety. In fact, d can
depend on the whole previous history of loading and, therefore,
is a functional defined on the class of all possible functioms
P = g(t) . Depending on what phenomena are to be included (e.ge
fatigue, rheology, etc.) and for the sake of effective calculation
further restricting hypotheses have to be introduced. First of all,
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we shall assume that dé is cumulative so that we only examine

the increments d 4 (t) which simply integrate in time. If, for the
time being, we abstract from rheologic phenomena, we are able to
make the assumption that dad depends only: (1) on the instantaneous
internal state described by §d , (2) on the external state des-
cribed by P = g(t), (3) on the change of the external state given
by dP = d g(t), (4) directly on time. Taking the increments in a
time unit, i.e. replacing them by velocities ( denoted with dots)

we obtain

C.S = f(d’ g, &, t)' (2'3)

The direct dependence on time reflects corrosion-like phenomena
affecting é and will be neglected in further consideration. If
we assume that damage is irreversible, the function f will be non-
negative with respect to alliarguments. If g approaches the lim-

it strength R the velocity d rapidly increases; if, furthermore,
R depends on § and is independent of %, we have f=> oo for g->R()
Further simplifying assumptions may state that d does not depend
on the sign of dg ( internal friction-like phenomena at fatigue) -
resulting in f symmetric respectively to &, and that it is prop-
ortional to & which gives the form

d =£(d, g)lgl (2.4)

or, equivalently

ad==£(d, p)| apl

Formulae of similar form, where instead of dP appears dn (n - num-
ber of cycles ), can be found in the theory of fatigue (cf., for
instance, /5/); however, those do not include any hypothesis as to
the mechanism of failure and hold only withgin the above theory,
for symmetric oscillations).

The simplest possible assumption for (2.4) is

£ (4, g) =/ = const (2.5)

within the admissible region ( Fig.3, shaded area) and f->eo for
g>R({) , that is the actual smomth passage of the surface f(d,g)
is replaced by a singularity. If, in particular, (3 = O, we have
the classical case, with the additional assumption that initial

damage is possible and makes R lower (we are moving along vertica!
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lines in Fig.3). On integrating (2.4) for (2.5) we get ¢ =‘321Ag|

frr————— —— ===
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/fz?od
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Fig.3

i.e. § is proportional to the sum of amplitudes of all load cyc-—
les, irrespective of the mean value ( in Fig.5, below, the sum of

segments O + IZ + 23 + ... ). In the case of simple ( symmetric)
oscillations it is proportional to the number of cycles, n,

§ =4npg,

where B is the maximum load at one cycle. The path of loading is
composed of straight segments with constant slope {dé/dg|=f, inde-
pendent of the forms of "waves" in time, and on intersection of

the curve R(4) it jumps horizontally till & = 1 (Fig.3). This as-
sumption is equivalent to the well-known Miner "s hypothesis din

the theory of fatigue of materials about a constant damage in a
single oscillation with given amplitude. If, in particular, the
curve R (8) coincides with the bounding straight segments, R = const
and & = 1 respectively, the equation of Wohler s curve will result
directly from the above formula for d = 1,

which is the equation of a hyperbola. More generally, if the
equation of Wohler s curve 8y = W(N) is available, we obtain the
curve R(ﬁ) solving for R the equation

ne v ()
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However, it must be pointed out that this curve might eventually
not fit other non- zero <values of the mean force, the assump-
tion ( 2.5) being too simple.

The equation of the curve g = R(é) can also be argued theoret-
ically, for instance, in the following way. Imagine a body composed
of grains with variable strength properties and a process of dam=—
age that consists 1n consecutive failing of weaker grains. The vol-
ume proportion of elements at different levels of local strength,

r, can be represented by an integral or differential probability
distrubution ( Fig.4 ) . Define the damage J as the part of the area
(normalised to 1) under the curve ¢ (r) or else as an ordinate of
the curve § (r) . The shaded part of the area, 1-d , represents
the actual carrying capacity (due to stromnger grains) . The equation
sought for is

R(d)=(1 - §)P(S)

where @(5) is the abscissa of the centre of gravity of the shaded

area.
The analysis of safety can be performed similarly to what has

been said in point 1 (Fig.5). For a stationary process of loading

the damage & can be regarded, approximately, as proportiona} to
time and assimilated to a straight line & = Jd,t, where J,=B3|Ag]
is the average damage during a time unit ( obtained from the load
curve by averaging over a sufficiently long time period). The
strength curve is expressed in new units

g =R (éot) (2‘6)

and failure appears at first intersection of this curve with P =
= g(t) , the problem being reduced to the ome of a material with
decreassing strength,
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If strength properties ( represented by (2.6)) are not aftec—
ted with scatter; we can use, for instance, the same reasoning as
for the formula ( 1.5) . Assume, we have got records for a fixed
period At and determined for this period the probability des-—
tribution p(g) (similarly as for (1.5)). Since the strength chan-
ges in time, we obtain

3 = »(Ry) p(Ry) p(Ry).-. (2.7)

where, according to( 2.6), Ry, refers to the k- th sector At
(cf. Fig.l). Taking logarithms of both sides

In & = %‘ In p(Ry)

and taking for 1n p(Rk) its average value in the respective
sector 1.

1n p(Rk) = Z% 5 In p|R(t)] dt

i
we have

and, finally,

(2.8)
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This is an explicit function of parameters describing the func-~
tion R(t). Of course, this is but an approximate calculation,
those parameters and, what more, the curve R(t)by itself being
rendom ( cf. Fig.5 ) .

So far, the analysis was based on the assumptions (2.4)
and (2.5) which is only a first step towards a theory including
time - dependent phenomena. One of serious difficulties to be
surmounted is connected with specifying the functions (2.3), (2.4) .
In general, if VWohler - type curves for different non-zero mean
stresses were available, we could come at a result on comparing
them with respective solutions of the differential equation (2.4)
for sinusoidal forms of load curves and for d = 1, n = §, wt = n,

a,b - constants,

O~

40 = £f(d, b + a sinwt) | awsoswt]| .
d

+

39. Schiussbericht
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Further generalizations could take into account rheologic phenom-
ena and the formulae of the type ( 2.3) would be replaced by func-
tionals, e.g. in an integral or an operational form. The simplified
assumptions would, possibly, tetain formulae of the type (2.3) ,
introducing, however, some characteristic values of the load from
the precedent history( e.g. the next local or the absolute maximum
and minimum values of g). The analysis, however, would be much more
complex and is beyond the scope of this article.

In the present contribution we did not consider conventional
measures of safety (e.g. coefficients of safety), as the methods
of derivation of such measures have been discussed many times (cf.,
for instance, /3/, /5/) and a "pure" theory of safety can (and
ought to) de without them.
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SUMMARY

The contribution is concerned with the problem of safety of
structures on the basis of the theory of cumulative damage. The
actual state of a structure (from the point of view of its carry-
ing capacity) is described with a parameter, variable in time,
depending on the previous course of loads. The latter is regarded
as a stochastic process and a probabilistic measure of safety is
derived.

RESUME

L'auteur a examiné le probleme de la sécurité de construc-
tions du point de vue de la théorie du dommage cumulé. L'état
actuel d'une construction est caractérisé par un paramétre unique
(le dommage) variable avec le temps, dépendant des charges pré-
alables. Celui-ci est considéré comme un processus stochastique
et une mesure probabiliste de la sécurité est dérivée.

ZUSAMMENFASSUNG

Im vorliegenden Beitrag wird die Frage der Sicherheit einer
Konstruktion auf Grund der Theorie der Anhdufung der Besch&di-
gungen behandelt. Der Zustand der Konstruktion vom Standpunkt
seiner Tragfédhigkeit wird durch einen Parameter beschrieben, der
die Besch&ddigung charakterisiert und von dem vorigen Verlauf der
Belastung abhéngig ist. Der obenerwdhnte Verlauf wird als ein zu-
fdlliger Prozess aufgefasst und ein wahrscheinliches Mass der
Sicherheit wird abgeleitet.



Zur Schatzung der Bruchwahrscheinlichkeiten der Tragwerke
Estimation of the Probability of Failure of Structures

L'estimation de la probabilité de rupture des structures

MANFRED KOCH
Dr.-Ing., Leipzig

1. Einleitung

Seit langerer Zeit laufen Bemithungen, die Sicherheitsunter—
suchungen der Tragwerke aussagefahiger zu machen. Hierzu bieten
sich die Methoden der Wahrscheinlichkeitsrechnung und mathemati-
schen Statistik an [1]. Protz zahlreicher Untersuchungen auf die-
sem Gebiet, die im Endergebnis auf eine Bestimmung der Bruch- bzw.
Uberlebenswahrscheinlichkeit der Tragwerke an Stelle der klassi-
schen Sicherheitsberechnung hinzielen, haben diese modernen Metho-
den bisher noch keine oder nur sehr zdgernde praktische Anwendung
gefunden.

Der Grund dafir dirfte in den noch recht erheblichen Schwie-
rigkeiten bei der Anwendung dieser Methoden liegen und in den da-
durch bedingten bedeutenden Umstellungen fiir den Konstrukteur.

Solchen weitgreifenden Umstellungen werden erfahrungsgemil
berechtigte und unberechtigte Widerstinde entgegengestellt, und
es ergibt sich daraus die Aufgabe, Methoden und Moglichkeiten der
Bestimmung von Bruch-~ bzw, Uberlebenswahrscheinlichkeiten zu fin-
den, die dem Konstrukteur fiir die Anwendung zumutbar, Ubersicht-
lich und in ihren Auswirkungen durchschaubar sind.

Diese Arbeit befalt sich daher mit einer Moglichkeit, die
Bruchwahrscheinlichkeit eines Tragwerkes mit moglichst einfachen
Mitteln zu bestimmen. Die akzeptablen Bruchwahrscheinlichkeiten
eines Tragwerkes sind relativ gering, so daB es genugt diese in
der GroBenordnung richtig zu schitzen. Eine groBere Genauigkeit
ist schon wegen der Schwierigkeit in der Prdzisierung der Aus-
gangswerte kaum zu erhalten und filr praktische Belange sicher
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auch von weniger Interesse,

Demgegenuber bleiben die weiteren Probleme, die hiermit im
Zusammenhang stehen und die z. B. FREUDENTHAL [1] ausfihrlich be-
handelt hat, unberihrt.

2. Grundsatzlicher Losungsweg und Schwierigkeiten

Bezeichnet y die Tragfdhigkeit und x die Belastung, so ist
die bisherige Sicherheitskonzeption durch das Verhaltnis

'\7:%)1 (1)

definiert. Ohne auf die Vor- oder Nachteile der einen oder ande-
ren Darstellungsweise einzugehen, kénnte auch

zZ=3y-%x>0 (2)

als ein solches Kriterium betrachtet werden.

Werden, was ihrem tatsdchlichen Charakter besser entspricht,
die Tragfihigkeit als ZufallsgroBe Y und die Belastung als Zu-
fallsgroBe X betrachtet, so ist z selbst eine ZufallsgroBe Z.

Die Gl. (2) stellt hierbei fir alle Zustidnde z = y - X S 0 den
Bruchbereich und fiir z = y -= x > O den Uberlebehsbereich dar. Ge-
lingt es, die Wahrscheinlichkeitsverteilung fur die Zufallsgrole Z
zu formulieren und iiber —eo<z £ O bzw. 0<z< +o0 2zu integrie-
ren, so ist die Bruch- bzw, Uberlebenswahrscheinlichkeit bestimmt
und das Problem geldst.

Ist die Wahrscheinlichkeitsverteilung der Tragfihigkeit G(y)
und der Belastung F(x) bekannt, so wird die Wahrscheinlichkeits-—
verteilung der neuen Zufallsvariablen Z durch Faltung [2] gefunden

#(2) = [[ a2z - 1) ac(). (3)

X~y<Z

Diesem formal einfachen Lésungsweg stellen sich praktische Schwie-
rigkeiten entgegen, die vor allem folgende Grinde haben:

a) Die mathematischen Modelle fiir die Wahrscheinlichkeitsver-
teilungen der Tragfihigkeit Y und der Belastung X sind haufig



b)

d)
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nichtsymmetrische und oft ein- oder zweiseitig begrenzte Ver—
teilungsfunktionen.

Die Belastung auf ein Tragwerk besteht in der Regel aus einer
Summe von Zufallsvariablen

=) X )

iy |

und die Bruchbedingung lautet daher

k
Z=y-—-z xiéo (5)

i=1

Die Belastung auf ein Tragwerk wird im allgemeinen wiederholt,
d. h. haufig eingetragen, so daB nicht die Ausgangsverteilung
der Belastung F(x), sondern die Extremwertverteilungen En(x(n))
fir n Belastungen mafBgebend sind, wobei n auch durch die Zeit t©
ausgedrickt sein kann.

Durch die wiederholte Belastung auf das Tragwerk wird ober-
halb einer Anzahl n, von Belastungen eine Minderung der Trag-
fahigkeit des Tragwerkes auftreten. Daher wird G(y) von der
Zeit t abhidngig und geht in den stochastischen ProzeB G(y,t)

iber.

Hierzu ist folgendes zu bemerken:

zu a) Eine geschlossene Ldsung des Faltungsintegrals (3) gelingt

auBler flir Normalverteilungen bisher nur fur Sonderfalle,
die Jjedoch fir das Bemessungsproblem wenig Bedeutung haben.
Auch Potenzreihenentwicklungen fiihrten bisher nicht zum Er-
fOlgo

zu b) Die Beriicksichtigung der k Zufallsvariablen Xi der Belastung

Z\u

fiihrt zu einer Mehrfachfaltung entsprechend Gl. (3), wo-
durch das mathematische Problem noch wesentlich komplizier-—
ter wird.

c) Die Notwendigkeit, bei wiederholten Belastungen statt einer
Ausgangsverteilung F(x) eine Extremwertverteilung Fn(x(n))
zu verwenden, ist leicht einzusehen, wenn die auftretenden

Belastungen x; nach Ranggrdien x(n) geordnet werden, so dald
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X(1)< ..-(X(i)< ...<X_b<n)

wobel die x(i) der Ausgangsverteilung F(x) entsprechen und

xt(n> die im Zeitraum t aufgetretene grolte Belastung xcn) bedeu-
tet. Unter der Voraussetzung, daB die Tragfihigkeit zeitlich kon-
stant ist, kann nur die groBte Belastung zum Bruch fiihren und es
ist die Extremwertverteilung des groBten Wertes xt(n) maBgebend,
Diese Extremwertverteilung ist abhingig von der Ausgangsvertei-
lung und der Anzahl n der Belastungen [3, 4] .

Wirken mehrere zufdllige BelastungsgroBen Xi, so ist nur
die mafB3gebende Extremwertverteilung mit den librigen Ausgangsver—
teilungen zu falten, da sonst vorausgesetzt wirde, daB mehrere
Extremwerte gleichzeitig auftreten.

Mit der Annahme, daB der gesamte Belastungsablauf als dis-
kreter stationdrer Prozel aufgefaBt werden kann, 1dB8t sich die
Richtigkeit und die Notwendigkeit der Verwendung von Extremwert-
verteilungen in der hier aufgefiihrten Art mit Hilfe der Ubergangs-
wahrscheinlichkeiten beweisen,

3. Die vier Falle der Zuverlidssigkeitsuntersuchung

Die Bestimmung einer Ubérlebenswahrscheinlichkeit unterschei-
det sich von der Sicherheitsuntersuchung und wird als Zuverlas-—
sigkeitsuntersuchung bezeichnet.

Aus dem unter 2. Genannten ergeben sich vier Fdlle der Zuy-
verlidssigkeitsuntersuchung:

1. Statischer Fall

Die Tragfdhigkeit G(y) ist zeitlich unbeeinfluBt; fir die
einmalige Belastung ist die Ausgangsverteilung F(x) maB-
gebend.

2+ Quasi-statischer Fall

Die Tragfahigkeit G(y) ist zeitlich unbeeinfluBt; fir die
n-malige Belastung ist die Extremwertvertellung En(xcn))
malBgebend.

3¢ Betriebsfestigkeitsfall

Die Tragfshigkeit G(y) ist zeitlich beeinfluBt und geht
Uber in G(y,t); fir die Tragwerksschidigung ist das ge-
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samte Belastungskollektiv eines stochastischen Belastungs-
vorganges und fir die Brucheinleitung die Extremwertver—
teilung F_(x‘®)) nasgebend.

4o Zeit- oder Dauerfestigkeitsfall

Hierunter wird ein Belastungsvorgang mit konstanter Mit-
telspannung, Spannungsamplitude und Frequenz verstanden.
Dieser Fall kann unter bestimmten Voraussetzungen auf den
statischen Fall zurilickgefiihrt werden.

In der angegebenen Form
+e0

Hy(u) = fF(u-y) aG(y)

— 00

gilt Gl. (3) fir den statischen Fall. Fir den quasi-statischen Fall

erhilt sie die Form
+ oo

Hy(w) = Jf R (u-y) d6(y) 3 @)

und fir den Betriebsfestigkeitsfall

+ o

5@ = [ 5,6 4G, (3 1)

- <0

Daraus folgt, daB der statische, der quasi-statische und unter ge-
wissen Voraussetzungen auch der Zeit- bzw. Dauerfestigkeitsfall,
ausgehend von Gl. (3) und Gl. (3 a) losbar sind. Dagegen kann der
Betriebsfestigkeitsfall wegen seines Charakters eines stochasti-
schen Prozesses mit diesen Mitteln nicht geldst werden, weshalb

er hier zunidchst nicht weiter behandelt wird.

4, Losung mit Hilfe der Edgeworth-Reihe

Zur ngherungsweisen Bestimmung der Bruchwahrscheinlichkeit
bietet sich eine Reihenentwicklung aus der Wahrscheinlichkeits~—
rechnung an, die unter dem Namen Edgeworth-Reihe bekannt ist. In
der Form flir die Wahrscheinlichkeitsdichte wird sie auch als
Gram—-Charlier—Reihe bezeichnet.



56 la — ZUR SCHATZUNG DER BRUCHWAHRSCHEINLICHKEITEN

Wahrscheinlichkeitsverteilungen
X

F(x) = f £(t)at (6)
-o0
konnen auch durch die Gesamtheit ihrer Momente
+ o
m = f FELGAX 3 Kk = 1,2,3 evee (7
-0

vollstéandig beschrieben werden.

Aus Gl. (7) lassen sich die Momente haufig nur schwer
berechnen. Wendet man auf Gl. (6) eine Fourier-Stieltjes-
Transformation an, so erhdlt man die sogenannte charakteri-
stische Funktion der Verteilungsfunktion F(x):

+ oo

0 (t) = f I (x)ax (8)

Die k-te Ableitung der charakteristischen Funktion nach t er-
gibt den Ausdruck

+ oo

o W) - f 15 r(x)et ™ ax (9)

- 00

woraus durch Nullsetzen von t und nach Division durch ik das
k-te Moment der Verteilungsfunktion (6) folgt:

(k
m, = _Q#l . (10)

i

Die charakteristische Funktion hat u. a. folgende und fur die
Losung unseres Problemes wichtige Eigenschaft:

Die charakteristische Funktion einer Differenz von Zu-
fallsvariablen X1 - X2 - X3 - ... erhdlt man aus der Beziehung

o (t) =91(t)'Q2(t)'g3(t) “uE 3 11)
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wobei Qi(t) die charakteristischen runktionen der Zutalls-
variablen X. und Qiﬁt) die konjugiert komplexe Form von
Qi(t) bedeuten.

AuBerdem ist

logp (t) = logp (t) + 1ogP,(t) + ese (12)
e @4 P

Aus der logarithmischen Form der charakteristischen Funktion
log @ (t) kOnnen analog zu den liomenten m, GréBen x, herge-
leitet werden, die als Semiinvarianten oder Kumulenten in der
Wahrscheinlichkeitsrechnung bekannt sind. Diese haben die glin-
stige Eigenschaft, daB die k-te Semiinvariante der Verteilungs-
funktion einer Summe oder Differenz von Zufallsvariablen als
Summe oder Differenz der k-ten Semiinvarianten der Verteilungs-
funktionen der einzelnen Zufallsvariablen gebildet werden kann,
ds B

A = Ayq + (= Xip + eee o (13)

Die Edgeworth-Reihe beruht auf dem Grundgedanken, die anzu-
néhernde Verteilungsfunktion H(z) durch eine Summe von Glie-
dern darzustellen, die aus geeignet zu bestimmenden Vorzahlen
sowle der Normalverteilung

d(z) =

Z i il
~ (2l
fe 2" 0 du (14)

I]
d V2ﬂ
. i ) : . .
und ihren Ableitungen @ (z) bestehen. Die Reihenentwicklung
lautet:

o )
H(z) = V(z) = 5 ay @v(z) . (15)
V=0

Damit diese Reihe die anzunihernde Verteilungsfunktion moglichst
gut approximiert, werden die Koeffizienten ay so bestimmt, daB
das Integral iliber die Abstandsquadrate der wahren Verteillungs-
funktion H(z) von der Niéherung V(z) ein kiinimum wird.

Un bei der Bestimmung der Bruchwahrscheinlichkeit die ta-
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bellierten Werte der Normalverteilung verwenden zu konnen,
muB3 z normiert werden. '

Wegen der Bruchbedingung z = y — x<0 ist bis z = O
zu integrieren - d. h. eigentlich V(0O) 2zu berechnen,
Die normierte Bruchbedingung lautet aber

r=-O—EE—, (16)

wobeil H = lly all VR Mxp = ¢oe- und

g = de2 + dx’]2 + dxge + «.s ist. AuBerdem miis-

sen alle ay durch dv dividiert werden. Gl. (15) erhdlt
daher die endgultige Form

= ) 1 x " ,
=y S8 @-§ ®-=3F@ on
v=0 !
1 Xy (IV)
+ Z: L () = o0e W

In der angegebenen Form enthdlt die Edgeworth-~Reihe im ersten
Glied die Faltung der betelligten Verteilungsfunktionen als
Normalverteilungen. Die weilteren Glieder sind Korrekturen, die
auf Grund der hoheren Semiinvarianten erfolgen. Diese Korrek-
turen werden wegen der Konvergenz der Edgeworth-Reihe von
Glied zu Glied kleiner und es ist zu Ubersehen, wann die Ge-
nauigkeit der erreichten'Annéherung ausreicht. Hier ist zu
bemerken, daB wegen der besseren Konvergenz bei der prakti-
schen Anwendung der Edgeworth-Reihe die Korrekturglieder um-—
geordnet wurden, also eine etwas andere Form, als hier ange-
geben verwendet wurde [4] .

Die durchgefiilhrten Berechnungen ergaben, deB im allgemei-
nen bereits das erste Glied der Edgeworth-Reihe das Ergebnis in
der richtigen GrdBenordnung angibt. Es sind also nur bel genaue-
ren Untersuchungen die Kofrekturglieder zu beriticksichtigen. Da
in Zuverlissigkeitsanalysen sehr geringe Bruchwahrscheinlichkei-
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ten zu erwarten sind, wird in der Regel die Berechnung des ersten
Gliedes der Edgeworth-Reihe geniigen.

5e SchluBBbemerkungen

Als Ergebnis durchgefiihrter Untersuchungen konnte folgen-
des festgestellt werden:

1.

Die Schitzungen ergaben, daB im allgemeinen bereits das
erste Glied der Edgeworth-Reihe das Ergebnis in der rich-
tigen GroBenordnung angibt. Es sind also nur bei genaue-
ren Untersuchungen die Korrekturglieder zu beriicksichti-
gen. Da in Zuverlassigkeitsanalysen sehr geringe Bruch-
wahrscheinlichkeiten zu erwarten sind, wird in der Regel

-die Berechnung des ersten Gliedes der Edgeworth-Reihe

genigen,was einer einfach durchzufiihrenden Faltung von
Normalverteilungen entspricht.

Die Bruchwahrscheinlichkeiten ausgefihrter Tragwerke
schwanken je nach getroffener Voraussetzungen in weiten
Grenzen und liegen zwischen P = 10—7 bis 10_2; die rich-
tige Verwendung der Extremwertverteilung ist flir das Er-
gebnis von grofer Bedeutung.
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ZUSAMMENFASSUNG

Die Schéatzung der Bruchwchrscheinlichkeiten gelingt relativ
einfach unter Anwendung der Edgeworth-Reihe. Dabei ist es erfor-
derlich, bei mehrfach eingetragenen Belastungen die entsprechen-
den Extremwertverteilungen zu verwenden. Soll die Bruchwahrschein-
lichkeit nur in der GréBenordnung richtig geschitzt werden, so
sind dazu nur die ersten beiden lMomente der beteiligten Vertei-
lungsfunktionen erforderlich. Damit reduziert sich das Problem auf
eine Faltung von Normalverteilungen, die einfach durchzufiihren ist.

SUMMARY

The estimation of the probability of fracture succeeds compa-
ratively easy by the application of the Edgeworth-progression.
Thereby it is necessary to use the corresponding extreme value
distributions, if multiple stresses are inscribed. If the proba-
bility of failure is to estimate right only in the order of magni-
tude, there are necessary only the first two moments of the con-
cerned distribution functions. With that the problem is decreased
to the folding of normal distributions, which is easily to carry out.

RESUME

Le calcul des probabilités de rupture réussit d'une fagon
relativement simple, si l'on emploie la progression d'aprés
Edgeworth., Ce faisant, il est nécessaire d'utiliser, & une
distribution multiple des charges, les répartitions de valeurs
extrémes correspondantes. Lorsque la probabilité de rupture
ne doit &tre exactement &valuée gn'en ordre degrandeur, les
deux premiers moments des fonctions de répartition engagées
sont seulement nécessaires. Ainsi, le probléme est réduit
d une convolution des répartitions normales qui est facile
& effectuer.
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By the methods of rational mechanics and the calculus of probability, we
can now process the probability distributions for loads and material strengths
relating to a proposed structure and calculate the 'probability of failure' to
any desired number of decimal places, regardless of how scanty the data is or
how poorly the curves fit the data. Clearly, the meaning of this calculated
probability needs to be studied critically before it can be used with confidence
in the design process. In particular, we must find ways to assess whether or
not the data is really sufficient to warrant the probability statements used in
the design.

The nature of probability has been studied extensively [1, 2]. 1In relation
to the structural design problem the notion is fairly well defined; in most
studies of the structural safety problem, 'probability' is usually taken in the
sense of "probability-1" defined at length by CARNAP [2] (loosely called 'sub-
jective probability'), or it is left as an undefined notion; "probability=-2"
('objective probability') cannot properly be assigned any meaning in this con-
text.

One way to 3ﬁp10y probability(-1) in problems of structural safety is to
adopt the viewpoint that it is merely a subjective measure of 'degree of
belief,' or 'strength of belief'. The relation of data to the probability of
failure is then very simple; data may rationally be assimilated into the input
probabilities by Bayesian methods [3]. The question of what constitutes a
sufficient amount of data to make a particular statement about the probability
of failure, does not arise. Therefore, this paper is not relevant to 'Bayesian

design,’
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Alternatively, we may consider the probabilities associated with loads and
strengths to be inherently unknown, auxiliary quantities. Objective statements
about the probability of failure can then be made in the usual terms of statis-
tical inference, and the subjective element in the justification of the design
is greatly reduced. The viewpoint in the following, then, is that probability
is not an absolute notion; rather, it has meaning only in relation to a specified
body of evidence which, in this context, means: Actual results of load measure-
ments, materials tests, model tests, prototype tests, etc., called the data. The
advantage of this approach (when it is feasible) over the Bayesian approach is
that it leads to propositions about the probability of failure that can be sub-
jected to scientific inquiry.

Under normal conditions of practical design the data is, unfortunately,
insufficient to make objective statements about the probability of failure of
a proposed structure; for example, future loads must be guessed from measurements
taken in the past. Nevertheless, it is instructive to study the rational inferences
about the probability of failure that are possible under certain idealized condi-
tions as models of reality, permitting us to estimate the amount of data required
under less ideal conditiohs. In the following we will derive such a relationship
(equation 12) between the necessary amount of data and various constants related
to the design value of the probability of failure.

Consider a structure drawn at random from an infinite population of like
structures and submitted to a single scalar load S drawn at random from an
infinite population of loads. Let R denote the resistance of the structure,
defined in such a way that failure is the event R < S. Resistance R and load S
are assumed to be intrinsically positive, independent, continuous stochastic
variables with unknown probability densities pR(R) and pS(S); information about
these functions is assumed obtainable by random sampling. The data D is there-
fore a set of n_ resistance values and n_ load values:

R S

D= {Ri, i=1,..., nps sJ., i=1l,..., nS]. ¢H)

The probability of failure is

pp ~pg (®) pg(S)dsar; @)
R<S

since Pr and pg are unknown, pp cannot be determined. The problem is instead

to compute a suitable estimator C_ called the calculated probability of failure.

F
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R
L LR Resistance
\——V_J
Fig. 1 np

To make inferences about the probability of failure Pp> it is necessary to
derive suitable statistics of the stochastic variable CF.

The simplest way to obtain such an estimator is to draw from the data
D a sample W of n QSnR, sns) pairs (R,S) of resistance and load values, at
random and without replacement, see Fig. 1. Then, W is a random sample of
the parent population{(R,S)}, and the elements of W are stochastically inde-
pendent. Let ng denote the number of outcomes of the failure event R < S

"successes" in n

in the sample W. Evidently, N is the total number of
independent Bernoulli trials with probability Pp of "success'". Therefore,
n, is distributed according to the binomial distribution

b(1,n,p,) = mpg (1-pp)™ 3)

with mean npp and variance on(l-pF). It follows that the estimator fF=nF/n is

similarly distributed with mean m = Pp> variance 02 = (l—pF)/n, and coefficient

P
of variation v = ¢/m = 1[JE;;7?T:;;5. The relative failzre frequency fF is
therefore an unbiased estimator of Ppe It is discrete valued (fF € {0, 1/n,
2/n, ..., 1}), so that in order to get sufficient resolution it is required that
nF be large in comparison with unity. Assuming that ng is greater than 9 and
neglecting Pp in comparison with unity, it can be shown [4] that fF is
approximately normally distributed with mean Py and coefficient of variation
1/ /AP

In this context, the most appropriate way to indicate the precision of
an estimate of pF is by means of confidence intervals [4]. First, a confidence
coefficient « 1is selected. Taking the distribution to be normal with mean C

F
and coefficient of variation 1/\/nCF gives the following approximate confidence
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limits for pF computed from the calculated probability of failure:
- -1 + -1
L = CF(l-N (oz)/\/nCF), L'~ CF(1+N (@)/ nCF); &)

N-l( ) denotes the inverse function of the normal probability integral. 1In
a long sequence of repetitions the confidence interval between L  and L+ will
contain the probability of failure Pp nearly a fraction ¢ of tge time, .
To illustrate, assume that the data D consists of ng = 107 and n, = 10
random samples of load and resistance, respectively. The largest random
sample W of independent elements that can be drawn contains n = 104 (R,S)-
pairs. Assume that n, = nCF = 16 is the number of failure events in such a
sample. If a confidence coefficient @ = 90 per cent is considered suitable,
we get from a table of the normal probability integral that N-l(0.9) = 1.645.
Equations (4) then give L = (1-0.41)0F and L+ = (1+0.41)CF. The following

continued inequality may be written down:
0590 B2r) € po € (LaAL) Bl 5)
-29) (10%) < P -41) (70705 (

it may be asserted that this inequality is satisfied with probability 0.9.

In other words, chances are nine out of ten that the value of Pp lies between
0.00094 and 0.00226. Independent random pairing of load and resistance values
is clearly a very inefficient way of processing the data, in the present case
using only 104 out of a possible maximum of neng = lO9 combinations of load

and strength.
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Fig. 2 illustrates a sample consisting of a total of npng pairs obtained
by independent random sampling. Fig. 3 shows all the (R,S)- pairs that can
be formed from the data. The ordering of the pairs in this figure suggests a
stochastic dependence which, according to the sign of the correlation between
sample elements, may either increase or decrease the variance of the estimated
probability of failure in comparison with independent random sampling using the
same sample size. Nevertheless, the relative failure frequency, CF’ in the
sample is an unbiased estimator of the probability of failure,

m(Cy) = Pps )

since every sample element was obtained by random sampling. To compute the
variance, consider a sub-sample Ui (Fig. 3) consisting of n pairs formed by
one of the load values, Si’ paired with all the resistance values Rl’ eesy, R
A conditional probability of failure at this load level, p;, may be associatzg
with the sub-sample:

55

P =S pR(R)dR- (7)
0

As before, the elements of the sub-sample constitute a sequence of np indepen-
dent random Bernoulli trials. The number of failure events, n,, at load level
Si is therefore binomially distributed with mean neps and variance ani(l-pi).
However, it is also observed that the ng sub-samples constitute a sequence of
independent random samples, for the np resistance values may be considered to
be drawn a priori, thereby dividing the load range into ne + 1 intervals
establishing for each interval an associated probability that a load value
will fall in the interval. As the loads are drawn independently and at random,

the outcomes ni(i = Ly e ey nS) are stochastically independent. Accordingly,

the estimator
n

1
CF=Z l.nn n, (8)

S
i=1 RS

has the mean value

1
m(CF) ¥ = Zani (9)

. Ba. Schlussbericht
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and the variance

n
S
crz(CF) = —1—-3- S np, (1-3). (10)
(anS) i=1

Neglecting P in comparison with unity for all i =1, ..., n_, eliminating

S
m(CF) from equations (7) and (9), and inserting the result into equation (10)

gives for the estimator CF the coefficient of variation

v(Ccp) = o (Cp)/m(Cy) =~ 1 ’anSpF (11)

Thus, as a good approximation, the coefficient of variation of CF has the
same value as if all npng sample pairs had been obtained by independent random
sampling. We may therefore use equations (4) with n = anS to determine the
confidence limits for the probability of failure. To illustrate, let ng = np = 100,
yielding 104 (R,S)-pairs, and assume that 16 of these pairs represent failures.
This data yields the same confidence interval as found above, equation (5). The
calculated probability of failure, CF = nF/anS according to Fig. 3, is believed
to utilize the data in the most efficient way possible.

The amount of data required for a specified confidence coefficient Q, a
target "design" probability of failure PF’ and a specified maximum width BPF
of the confidence interval (symmetric about PF) is easily computed from equation

(4) to be
nong > (28 T (@)/B)/®, (12)

For example, assume that we seek to design the structure so that the

probability of failure "with 90 per cent confidence" (¢ = 0.9) is a number
between 10_3 and 10-4. We select the target probability of failure

-4
P_ = 5.5 % 10 ~ and choose B = 9/5.5 in order that the confidence limits

F
(1 + B)PF coincide with the specified limits pF = 10 3 and Py = 10 4

Equation (12) gives the result that the product anS must be greater than 7,500.

For example, n must be greater than 150 is nS equals 50. Alternatively, if

R -
we demand that the probability of failure equals 10 & + 5%, with 95% confidence,
the required amount of data is increased to npng > 1.5 x 109 = (50,000) (30,000).
While the specific case studied here is greatly idealized, it serves to
give an idea of the amount of data required in probabilistic design, unless one

is content with giving merely a subjective meaning to the term 'probability of
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failure'. The value of n.n. according to equation 12 may be taken as a rough
lower bound for the data required to make an objective statement about the
probability of failure in the form of a confidence interval. The amount of
data that, as a practical possibility, can be collected does not seem out of
proportion to the amount required in probabilistic design, assuming that

reasonable standards of precision are prescribed.
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Summary

Statistical considerations must be used to supplement purely
probabilistic considerations in structural reliability studies if concepts
such as the probability of failure are to have more than a mere subjective
meaning. In this contribution, the amount of data required to make
confidence interval statements about the probability of failure is

estimated by the methods of mathematical statistics.

Résumé

Nous voulons ajouter des considérations statistiques aux
considérations probabilistiques des études de sécurité dans le
domaine de la construction, afin d'élever ces derniéres au-dessus
du niveau purement subjectif. Dans cette étude, nous proposons,
3 1l'aide des méthodes de statistiques mathématiques, d'évaluer
la quantité requise de données pour établir les intervalles

de confiance autour de la probabilité de ruine.



68 la — CALCULATED FAILURE PROBABILITIES

Zusammenfassung

Ueber rein wahrscheinlichkeitstheoretische Ueberlegungen
hinausgeliende statistische Betrachtungen sind fiir die Studien
der Sicherheitskriterien im Hochbau erforderlich, falls Begrif-
fe wie "Bruchwahrscheinlichkeit" usw. mehr als mit bloss sub-
jektiver Bedeutung belegt sein sollen. In der vorliegenden Ar-
beit wird aufgrund eines speziellen Modells eine Abschétzung
flir den Bedarf an Datenmaterial vorgenommen, um Konfidenzgren-
zen fur die berechnete Bruchwahrscheinlichkeit angeben zu

konnen.
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1. Introduction

Within the context of Theme I of the 8th congress,
this paper establishes a method of struccural safety
analysis for the lateral vibration of aerodynamically
stable suspension bridges under stormy winds.

The recent use of the so-called gust response
factor in the dynamic analysis of structures subjected
to gusty winds indicates an achievement of a higher level
of sophistication in the structural safety analysis
compared with the use of conventlonal safety factor,
since the introduction of the gust response factor is
based on the recognition that the wind velocity and hence
the structural response have to be treated realistically
as random processes.

The present paper demonstrates that a further effort
will make it possible to estimate, in approximation, the
probability of survival or failure of the suspension
bridge (in the lateral mode of vibration) which is a more
direct measure of safety in accordance with the proba-
bilistic concept of structural safety! ® .

Since the type of failure considered in this paper
is either buckling or yielding of a chord member of the
stiffening truss due to its lateral bending under the wind
pressurec %this defines a critical bending moment at each
cross-section), the linear equations of motion can be
employed in the response analysis. Such failure modes are
also assumed implicitly or explicitly in the previous
papers** dealing with the same problem.

(*) Numerals indicate references at the end.
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2. Structural Analysis

In the present paper, as in References 2 and 3, the
wind velocity Uit)at the height 2z above ground i{s the
sum of the mean wind velocity (4(t) and the fluctuating
part Ua(t,x) .

The pressure due to the wind velocity'LA@)is, as
usual, assumed to consist of two parts: the pressure due
to the mean wind velocity

P@t) = LscA Ut )
and the pressure due to the fluctuating part

bt,x) = AUr(H) wact, x)

where f is the density of air, ¢ and ¢ the static and
the dynamic drag coefficient and A the exposed area of
the structure considered.

It is usually observed from wind velocity records
that uz(t,yis nonstationary with a larger variance at a
larger mean wind velocity. In the present study, however,
it is assumed that U:;(t,x) is stationary with a (constant)
variance equal _to that associated with the maximum mean
wind velocity (Jy. TFurthermore, (i(t)in Eq.(2) is replaced

(2)

by for simplicity. Hence, the following stationarized
and conservative expression is used for p(t,x). ,
pit,x) = ¢ e A U, uslt, x). (3)

Since the variation of P(t)in time is much slow
compared with the fundamental period of lateral vibration
of the system of the cables and truss, the response Yr(t, 1)
and Ye(t,x) to P(t) is obtained performing a quasi-static
analysis, while the mean square value of Y.*(f,x) and the
bending moment M’(tx) of the truss to pP(f, x) is evaluated
on the basis of the standard equations of motion:

EIY" + 4§y - %) = B (t) (4)

“HY" - k)G, - %)= R@ )
my .);'r* + M7 7.7.* + EI 7T* v + ﬁ(x)()’r,‘]c.) =P7(t)1) (6)

e )'C’ + Mc }c‘ - H 76‘ " - %(1) ()"r*‘ 7C*)=/bc (t,x) (7)
with
bix)y=mr¢ /40 (8)

where the primes and the dots indicate differentiation
with respect to x and t respectively, #(x) is the hanger
length, E] the bending rigidity of the truss in the hori-
zontal direction, H the sum of the horizontal forces in
the cables, m the mass per unit length, 4 the linear
viscous damping with subscripts 7 and C indicating that
the quantities with T are associated with the truss and
those with C are with the cables. The lateral bending
moment of the truss can be obtained from its lateral
displacement in the usual fashion.
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The finite sine transform technique or the sine series
expansion_of Y and Ye can be used to solve Eqs.(4) and
(5) for Yr and % . To evaluate the mean square response
of M2 , the frequency response functions H, (w,x, x,) of
> *(t,x) and Hre(w,x, z) Of J¥(t,x) due to an input

e** §(x-x,) gpplied at x = X, on the truss are first
obtained by emplozing the finite sine transform technique.
After some manipulation, one can show_that the sine
transforms Hrr(J) = Hrr(w, j, %) and  Hre(j) = Hre (@, ], x0)
(with respect to x over x = O~ 2 ) of Hrr( W, x, X,)

and H, (w, x,x,) satisfy the following equations.

oo

2 Fr Gy = 2 HeG) ey = sin T, hdd
(n:f} 2,..- )
—Z ﬁ'r'r(j) C"j M Zf ﬁTc (./) €rj =0, (10)
J=1 J= (?’Z=I, 2, )
where
A"y
dy = (~wimy + iwpr + EIZZ) Sy o+ Gy (11)
e [j-71]
C'lj ="£L rz-aﬁr { S(j-fi),n + _b.— Slj—rl,'n } (12)
enj=(—w=fmc + 1w MU "'H—n%‘z')é\u_j*'c"j (13)

where { 1is the span length, di;j the Kronecker delta,
and #-> the coefficients of cosine series expansion of
R(X)

O=

bix) = f— > Ay cos r; x| (14)

Y=o

Egs.(9) and (10) represent two sets of infinite
number of equations for Hr;(n) and Hr(n). By taking only
first N terms each ofArr(n) and Hrem) (n,j = 1,2,...,
N, and r =1,2,...,2N ), One can obtain a set of zN
equations for ZN unknowns Hrr(n) and Hyc (n) (n =1,
2,.++4,N ). Solving these and applying the inverse sine
transformation, the frequency response function Hr(w, x, X, )

can be written as
N

. R
Hrr(w) X, Xo) = gz; X g (w, x) Sm—f'xa (15)
where N ,
% = 3 o smdly
R(w, x) = e ? (16)

In the Eq.(16) aj;_! is the j - & member of the inverse
matrix of a symmetric 2N x 2N matrix



72 la — SAFETY ANALYSIS OF SUSPENSION BRIDGES

D i -C
C with D =[d;;] ,C=[cj] and E =[ey].
. ! E

B
n

The frequency response functions Her (W, X, X0)  of
¥ (t, x) and Hece (w, x,x,) of ¥*(t, x) due to an input
eiwt £(x-x,) on the cable can also be obtained in a
similar fashion.

HC'{(C‘U: Xy Xo) = iz_;pl (w, x) SM%Z, (Ill/)

where
. i T
Balw, x) = .Z e S (18)

The functions Heel(w,x; Xs) and Hye(w, X, x,) are not
needed in the following analysis.

vMaking use of Xg(w,x) and 8% (w, Xx) , one can show
that the mean square spectral density function of M. (¢, x)

is
N N

S(wx) =2, 0 [ 6" (w, xy i (w,x) S7e (@)

T=mt S=t
+ 2Re {ar (w,x) B (w) Sy (w)}

—_u

F R (W, x) B (w, %) SEE (w) ] (19)

in which Re 2 and 2 respectively indicate real part and
complex conjugate of 2

XY LN
Srs (w) = J J thp:(w) 5‘.”1%1! Sim-—zllz dx, dx, (20)

with X and Y standing either for T or C and

XY
Sp. p, (w) being the cross-spectral density of Px(t, x1)
and Py(t xl) 2 * . ¥
The variances O and Ox of Mr(t,X) anda My (, X)
are then obtained as

\6-"”2’ =5 S(w,X)dUJ, O’MZ =J sz(w;Z) da) (21)
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In the following discussion, however, the second and
third terms within the square brackets of Eq.(1y) are
neglected because of their small contributions (as also
done in Refs.2 and 3), and S,), is approximated by

5?'7’;' (w) = EXP(__ 'kw_ II’ - ’) é(w) (22)

2T,

where the exponential term is the square root of the
coherence, 2m(Jz /(#f w) the scale of turbulence at the
wave length 27z J:/w, and &(w) is the mean square
spectral density of p-(t, x) and is given by?

. 4’_“:)
P(w) =4 (P ar T, P K g” il (23)
w 1%
[”(fg,,)}

in which K is the surface drag coefficient, Uss , The
mean wind velocity at the reference height of 33 ft above
ground, is related to (J; by

L—/J = L—/! (-2_3)“ (24)

with & being a constant.

5. Safety Analysis

In previous papers""’5 , one of the present authors
developed a method of estimating upper and lower bounds
of the probability that a Gaussian random process =z (t)
will not be confined in a domain defined by - a(t)<z(t)< act)
in a specified time interval, where a(t) (zo) is a
deterministic function of time.

Consider the standard design procedure for wind
loads where the stiffening truss is designed so that it
can withstand, with a safety factor m , the bending
moment M4(x) produced by a specified (uniform) design
wind pressure #$2 . This implies that the critical
bending moment at cross-section x is nM«(X). Suppose
that the suspension bridge is subjected to a storm with
mean wind velocity J(t) or mean wind pressure ?(t)
producing the bending moment M(t,x) . Then, a(t,x) =M*(x)
~-M(t x) = mMi(x) - M(t,x) is the maximum value of the
bending moment M*(t, x) that the fluctuating part of wind
pressure p(t,x) can produce without fallure. Since the
variances of M¥(t,x) and M*(t. x) are evaluated in the
preceding section, the method developed in References 4
and 5 can be applied to estimate upper and lower bounds
of the probability of failure by or the probzbility that

73
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M*(t,x) will not be confined in the domain defined by
- alt,x)<€M*(t, x) £« alt,x).

Evidently, for a storm with a different mean value
velocity function Uz(t) , a different value of % is
obtained. In fact, (J,(t) itself is usually a random
function of time containing a number of random parameters,
say U, and T ; (,(t) =U,(t; Uz, T.). For example, the
following forms of (; (t, U, 7.) are mathematically expedient
an%lat the same time agree with observations reasonably
well.

Ue (t5 Uay, T ) = Us- e-(t/T) —soctcoo  (25)

and _ _
OXt; 0., T ) =0 (1-1t1/T) -Tét<T

=0 otherwise

(26)

where 7, is a measure of the duration of a storm in Eq.
(1) while it is the duration in Eq.(2). Eq.(1) is used
in Reference 3.
The probability of failure #_ is then computed for

a storm with a particular set of U and 7. ; % =
#(Us, T») . Therefore, the probability of failure A"
due to a single application of a tatistical storm with
(J; &and 7. being random is the expected value of
P(J;, T,) With respect to (J; and 7,

b <[t (O, T) 5O, T) dTi 4 (27)

where (U, T,) is the joint density function of (s and
7. . Hence, one can obtain the upper and lower bounds
of #* from those of b (T, T-) using Eq.(27).

4, Numerical Example

As an example, a suspension bridge of the same
dimension as the Forth Bridge is considered with EI
1.842 x 10" 1b=ft? ,A(x)= 309 - 1200(x/8)( 1- X/¢) f%t,
meg = 2.52 x 10> 1b/ft,m- g = 8.38 x 10° 1b/ft, £ =
3300 ft, H = 4.934 x 10" 1b (Egs.(4) - (8)), and such
values of the linear viscous damping coefficients  «-
and M¢ (Eqgs.(6) and (7)) that the logarithmic damping
decrements of the first mode of independent lateral
vibration of the truss and of the cables are both equal
to 0.05. In Egs.(15) - (19), N = 5 and in Egs.(22) - (24),
£ =7, & = 2000 ft, K = 0.01, « = 0.2 and 2 = 200
ft (height of the truss above ground as in Refs.2 and 3).

With these parameter values, the variances of M*(tx)
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and M*(t,x) can now be evaluated numerically (IBM 7090

is used) following the method described in SectionZ2.
Because of the same assumption on the structure and the
wind, the variance of M*(t,x) computed here is found to be
close to those in Refs.2 and 3. Once these variances

are computed, the bounding technique in Refs. 4 and 5
can be applied for the probability of failure # ((:) with
the time dependent barrier a(t,x) . Since in the present
study, Eq.(26) is assumed for simplicity, a(t,x) becomes

a.(t,x)=&(x)(zlch){nUf-U,’(f-%)} (28)
where %}(x) is the bending moment of the truss at point x
due to # = 1 1b/ft and % = 1/8.9 1b/ft (this value 8.9
is taken from Ref.3 and it is the ratio between the
corresponding values of ¢A for the truss and the cables)
and U« 1is the design wind velocity which is taken as
110 mph in this study. -

If the maximum mean wind velocity U: is assumed to
have the second asymptotic distribution of largest values*
under a further assumption that U; 2 110 mph has a return
period of 3450 years3? , then the demnsity function (U; is
given by

T _ _Z_.. L_J -7-1 Cf -7
JOo =gl 5e) el 1)) @
where ¥ is assumed to be 9.0 and (e = 110 [- Ln (1- 3:50)}’/'

mph.

_ An additional assumption is made at this point that
U and T, are proportional (or the intensity of storm
and its duration are proportional) which appears to
reflect the reality at least in approximation. In fact,
a value Uy /T = 5 £ft/sec® observed from some Japanese
records®* is used here. Because of this assumption, Egq.
(27) becomes a single integration hence considerably
reducing the computational work:

b= [ P(U) (G dG, (30)

It is evident from Eq.(26) that £ (U:) = 1 when Us 2Vn Us.
A further assumption ¢; = Cer (See Eqs.(1) and (2)) is
made here so that the following analysis becomes
independent of the value of fc Ay,

The upper and lower bounds of P* are computed as a
function of the safety factor m (Fig.1). To be precise,
the probability of failure #,(U;) and therefore #! vary
along x . However, the variation is negligible because
the quantities E(x) /0 (x) and £(x) /ey (x) on which the
variation depends, are almost constant according to the
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numerical

computation.
In spite

of the rather

wide differences
. between the
1\ upper and lower

10 bounds, the
‘\\\ result shown

function of safety factor n

upper bound in Fig-’l is
quite useful
in many respects.
10 For example,
% 5 using Fig.1
\ one can examine
lower bound the effect of
B \\\‘5‘\~ increasing the
10 safety factor
\ n . In fact,
Fig. 1 indi-
cates that the
10 probability of
0.5 1.0 1.5 2.0 2.5 failure decreases
by one order
of magnitude
from the order
Fig. 1 Probability of Failure Py 85 & of 10 to that
of 102 by in-
creasing n
from 1.0 to 2.0.
This implies
the increase
of the mean life by one order of magnitude from the order
of 100 years to that of 1000 years, if it is assumed
that significant storms occur on the average once a year.
It is pointed out that from the view point of structural
reliability analysis, the probability of failure esti-
mated even only within the order of magnitude is a
significant information.

5. Conclusion and Acknowledgement

A method of safety analysis by which the probability
of failure of a suspension bridge due to lateral wind
pressure caused by a (statistical) storm can be evaluated,
is presented with a numerical example. The numerical
example indicated that the probability can at least be
estimated within the order of magnitude. This seems
significant and satisfactory enough in view of the various
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assumptions one has to make as to structural response
properties as well as statistical characteristics of
the wind.

This study identified the information that is needed
to make such an analysis more reliable. Other than those
already identified elsewhere (for example, Refs. 2 and 3),
the following quantities have to be known with e
reasonable accuracy; the cross-spectral density Sy,
(Eq.(20)) and more importantly, the mean wind velocity

J:(t) as a function of time t (Egs.(25) and (26)) and
its statistical nature, and the frequency of occurrence
of significant storms.

The authors are grateful to Professor A.M. Freudenthal,
Technical Director of the Institute for the Study of
Fatigue and Reliability, Columbia University for his
support of the study.
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SUMMARY

This study presents a method of safety analysis of
aerodynamically stable suspension bridges subjected to
lateral wind pressure. The pressure is treated as a
random process in space as well as in time. A numerical
example is given under certain assumptions of statistical
characteristics of the wind velocity. Importance of such
a study lies not only in the development of a method of
probabilistic safety analysis but also in the fact that
it indicates what further information, statistical or
otherwise, is needed to make the safety prediction more
reliable.

RESUME

Cette étude présente une méthode d'analyse de sécurite
pour ponts suspendus aérodynamiquement stables soumis & une
pression de vent latérale. La pression est supposée arbitraire
dans 1l'espace et dans le temps. Un exemple numerique a été
calculé 3 partir de certaines hypothéses des ocaractéristiques
statistiques de la vitesse du vent. L'étude ne développe pas
seulement une méthode d'analyse de sécurité probabiliste, elle
indique avant tout quelles informations supplémentaires, sta-
tistiques ou autres, sont requises pour rendre les estimations
de sécurité plus precises.

ZUSAMMENFASSUNG

Dieser Beitrag zeigt ein Verfahren fir die Sicherheits-
betrachtung aerodynamisch stabiler Hangebricken, die seitli-
chem Winddruck ausgesetzt sind. Der Druck wird als zufédlliges
Ereignis in Raum und Zeit behandelt. Ein numerisches Beispiel
fir bestimmte Annahmen der statistischen Charakteristiken der
Windgeschwindigkeit wird angegeben. Die Wichtigkeit solcher
Untersuchungen liegt nicht allein in der Entwicklung der wahr-
scheinlichen Sicherheit, sondern auch darin, dall erkennt wird,
welche statistischen oder sonstigen Auskiinfte kiinftig fiir die
Sicherheitsvoraussage zuverliassig sein werden.
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Abstract - The collapse load of a truss is investigated taking into
consideration the way the bars actually behave, namely the effects
of the strain hardening and the buckling respectively for the bars
under tension and for those under compression.

During the buckling process the diagram which represents load
versus axial deflection, on account of yelding of mid section,due to
the bending, takes the form of a hiperbola branch (fig.1l) [1] [2] [31
At this stage, the bar, whose characteristic is a negative strain har-
dening - softening - becomes unsteble. If, however, it is within a hy-
perstatic system, its buckling does not necessarily cause the collapse
of the structure. Especially for multi-hyperstatic trusses, the collapse
load may be found to be higher by far than the load generating the
buckling condition of the first bar.

The problem has been put up with the restrictions as described
in the following: The bars are pin hinged bars; the stress-strain
relationship, as indipendent from the temperature and time,follows
Prandtl's model [4] ; the deflections are assumed to be infinitesi-
mal, that is finite but small, just that the geometry of the system
and thereby the internal condition of the stresses are not affected
at all: both localized and global bifurcation phenomena are ruled
out. Cf this structure are discussed the stability conditions in the
clessical meaning,that is for infinitesimal perturbances.

This problem has already been dealt with by other authors [5] 5
[6] [7] . From the stability postulate of Drucker's [8][9] the suf-
ficient conditions for stability and uniqueness of the solution ha-
ve been deduced. In the discussion which follows only the first aspect
of the question has been examined closely: By an original procedure,
the necessary and sufficient stability conditions have been formula-
ted.

The problem has been traced back to analysing the development
to which is subjected the structural yield locus,ehich varies with
the varying loads, under the action of incremental plastic deforma-
tions. Upon the external load reaching its critical value, to the
increment of the plastic deformations corresponds a contraction in_
to the yield locus which make it impossible to balance the original

Ta 1



80 la — THE LOAD COLLAPSE FOR ELASTIC PLASTIC TRUSSES

load. From the discussion is possible to elaborate a graph which ena-
bles making a stability verification immediately, which can be made,
hoverer, for pratical purposes, in the only case of two variables.

In the general case the problem is transferred into algebraic
form: The parameter which indirectly furnishes the answer of the yield
locus to an increase in the plastic deformations is determined by the
energy irreversibly stored into the system: the elastic constrained
energy and the energy dissipated through the plastic phenomena. If,to
an increment whatever in the plastic deformation, the corresponding
variation in the stored energy is still positive then the equilibrium
is stable; if of no value or negative then at least in one case the
equilibrium is neutral or unstasble. The gquestion is restricted to re-
searching the sign of a quadratic form, associated with the matrix of
rigidities, function of the plastic deformations and constrained thus
by the signs of the latter.

These conditions can be brought to some other form as function
of such parameters as are typical of the stability problems, that is
the work done by the disturbing forces or the total energy of the sy-
stem. It is demonstrable that if the variation occurring in the sto-
red energy is either negative or zero the variation of the total ener_
gy of the resulting work done by the disturbing forces will likewise
be either negative or zero. So we again come to a formulation which,
though less praticable because of the further difficulty encontered
in assessing the free elastic energy, connects directly to a principle
which is as a rule normal within the elastic range or Drucker's postu-
late.

The problem is susceptible of generalizations.At this time tte
preference has been given to focussing the attention on the concepts
rather than going deep into a more complex program.

The behaviour of the bars - The assumption is made that the bars,eithe
in tension or compression, follow Prandtl's model f4] , indifferently.
In fig.1l is shown the curve relative to the rélationship existing
between axial force S, elongation or shrinkage d for any bar in general
The bar behaves elastically according to Hooke's law up to stress Se;
Past this point,plastic deformations teke place, such that the linear
trend of the line is changed. Upon relieving the load the representati
ve point of the stress condition moves along the line parallel to O-A,
& Segment O-C indicates the plastic de-

g F‘_‘B formation €,at B,which at the time the
load 18 relieved remains unaltered;seg
Se A ment C-D represents the elastic defor-

mation §,. If the bar is isolated for
S=0,6=§;1if it is within a hyperstatic
o_cl b system,for S=0,§=§+ Se,where d, indica-
d tes the elastic deformation constrai-
ned whithin the system and recoverably
only through cutting the bar.
Area OABD represents the total
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work performed by the external forces which is necessary to achieve
pattern B. In particular OABC is the graphical representation of as
much amount of energy as is absorbed by the system and is dissipated
through the plastic phenomena;the area CBD is the elastic energy which
can be returned only if the bar it is isolated or part of an isosta-
tic system.

Unlike the currently adopted convention on the signs for the axial
forces S, a different one is being introduced here. The starting axial
force S is assumed to be positive in all cases; increments are either
positive or negative whether or not they are in accord with the starting
force.

1 , - For assigned plastic deformation
ctl T S (fig. 2), SS"are meant to be indicati-

' ve of the llmltlng values within whose
range the axial force can oscillate per_

ﬁg forming elastically.Therefore the yield
K locus shall be as established by the re_
v lation: _
d§ (1)~ 5=5 B,
— - where S, generically,indicates the §* 8~

liniting values according to whether
is correspondingly a traction or compres_

‘kn sion. If the verification yelds a dise-
=, quality, the bar under test is in the
_:S : elastic range, whereas the equality pro_

Fig.?2 ves it is in the plastic range.

Where the bar is in the plastic ran
ge, i.e.if 5 = S the stress-strain relationship is linear, when the
increments are 1nf1n1tes1mal° Curve S(§ ) is substituted whlth its tan
gential line at S, Then by differentiating (1) in relation to § or s

(2) dS‘—%? a$ = wd§ = %% a§ = Tad = as
a limitation to the incremental relationship S-§ is obtained. Owing tc
a 4 increment in the plastic deformation the bar, initially stressed
under S, is now capable of taking a stress 1ncrement at the limit, d4S :

Therefore d S determines the dislocation of the 1e1d locus (fig. 2)
In the eq (2§rw_represents the dif

c:‘ ) ferential rigidity, VW the plastic diffe-
- rential rigidity (fig.3): the following
<> d dée is the correlation of the above rigidi_
' ties to the elastic rigidity We:

w ‘l!

$ restricted in sign by the relationship
|
N
: = condition:

w— -
dé * s the requt 1s ®that where W= 0 s Wis 1li-
H——————{N\ } | » Kxewise>0.The plastic deformation dad is
#ign 48 = sign S,which, for the position
of on the forces signs, is reduced to
A48 (3) a
The interva

N

Ll Y|

%.o
within which rigidi-

Ba. Schlussbericht
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ty % is included is so defined:
- L W £ We

By combining eq. (2) with limitations:
as > 0 ds

ad =0 ds = wed$ (W = We)
the stress-strain incremental relationship is thus obtained. The eq.
(2) covers the (4) and in a more general sense may be intended as re-
lating to a cycle. At first, the incrementzl force dS verifies the
equality with the bar being in the plastic range, subsequently is su-
bjected to a reversal and thus verifies the disequality.

ds = ¥al (-0 < W & We)

The behaviour of the system - As a reference, let it be taken a gene_
ral type of reticular pin-hinged, made up by n bars, times r hypersta_
tic truss and let it be subjected to a lcading pattern F: for an Fo
load let Co be the corresponding in equilibrium and compatible pattern,
typified by k number of bars (K 2 r) in plastic range, & ....&k being
the corresponding elogations.

Let the displacements of the system be assumed as being infini-
tesiual, or finite, but such that they cannot affect the originary geo_
metry of the system and, hence, indirectly, the stressed condition.
This supposes that the strain condition which corresponds to Co can be
regarded as borne by the plastic deformations § , intended as distor-
sions, and by loads Fo, as applied to the elastic structure.

This as a reference Sei indicates the stress exercised by load Fo
into bar "i"; Sij the stress transmitted to bar”i” through distorsion

S} = 1 at “j. Then the resulting stress in bar i is:
(5) Si = Sei + =2 sSij& (i = 1....n)
Eq.(5) is substituted in (1) by transferring to the right hand side
the term relative to the distorsions:
(6) sei< Si + 5 sij &j =
on the assumptign that: " .
_ Si = Si 42Sij O3
The Si,different, whethér tractive or compres.ive, are a generaliza-
tion of the Si referred in (1) and define, within the space of the pla-
stic defcrmations, the yield locus for pattern Co. If stresses Sei ve_
rify the inequality,the point representative of the stress condition
falls inside yield locus. On the contraryyif for some of the bars the
equality has been verified the representative point falls onto the edge
of the yield locus and the structure is in the plastic range.

A variation is assigned to pattern Co by attributing to the bars
in the plastic range a d increwent to the initial plastic deforma-
tions.on the assumption that the bars in the elastic range will stay
such. The resulting C'o pattern is described as “perturbed“pattern. By
differentiating (6) for the d& increments assigned and consistent
with (3) we obtain the stress increments which C'o can absorb:

(7) dSey = W4dS i +Z.< sj4aj = as;

]

i
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Eq.(7) is a generalization of eq.(2). The dislocation of the initial
yield locus §,oonsequegt to the assigned plastic deformations ddj is
just supplied by the dS. If the representative point of a new stress
condition comes to fall iaside of or into the edge of the yield locus,
the equilibrium between the stresses and the strength of the bars is
verified for pattern C! ; if outside, that is if for a certain number

o : =

T bars: gy gse; > 484

the equilibrium is impossible: the plastic deforwations continue their
pursuance to a new pattern CJ which may still verify eq. (7).

Stability of the system - A graphica] method for the verification of
the stability, in which the above indicated concepts ore expounded,is
illustrated the problem being dealt with is limited to the case invol-
ving two placicized bars only. It will not be difficult but rather easy
to extend, conceptually at least, the representation to the more gene-
ralized case.

As a reference let us consider a Cartesian system having as many
axes as are the plasticized bars. Let us mark on the axes plastic de-
formations d& : The origin of the axes thus gefines the pattern Co.As
is conventional for the signs on plastic deformations (3),all C§ pat-
terns are comprehended within the quadrant of the positive dé. Chosing
this as reference frame,we now draw as many straight lines d§i= 0 as
are the bars in the plastic range: the enveloping line defines the boun-
dary of the plasticity field for that part which influences the stabi-
1ity of the system; on the perpendiculars are marked the stresses Sej
and the corresponding increments dSej. Therefore point Co sets also the
initial stress condition in which Sej; = Sj.

Fixed the perturbed pattern C'o, the sides of the yield locus tran-
slate: according to d§i20 it will correspondingly expand or contract:
the new yield locus, so obtained, is defined "perturbed". The equili-
brium in this stage is assuredly verified if the transposition to Cj
is considered as effected by forcing a set of supplemental restraints,
non efficient in C,. Point 8§ moreover establishes the elastic stres-
ses dSej, relative to the reactions dF of the additional restraints con-
stituting the,so called,perturbing forces.

The supplemental restraints are then removed and, hence, 4F—+0:
WVhere dSej +0 the elastic stress condition C} has a tendency to resu-
ming the initial position C,. If Co is found to fell inside the area
of the perturbad yield locus, that is, if:

0 = dgi
eq.(7) is verified: the pattern settles in C'o and the system behaves
elastically again. If, on the contrary, for some of the bars eq. (8)
is verified, that is_

O>d§i
Co comes to fall outside the perturbed field and there are no possibi-
lities for an equilibrium. These bars keep being subjected to the pla-
stic phenomenon with the field paralleley evolving in pursuance of a
new pattern Cg which comprehend Co. More forces are supposed to be in_
terfering ot this stage such that a point-by-point equilibrium is as-
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sured.

For example, in the case illustrated in figura 4, what C'o might
be, the resulting system is in any case that of equilibrium. Being tha
at all times dS7>0,dS» >0, eq.(7) is verified, even where dSe—>0:The
perturbed yield locus shall alwais com-
prehend the originating pattern CO' In
this case the equilibrium of pattern Co
is stable.

A diametrally dpposed case, is that
shown in figura 5. "hatever Cj the resul
is alwais d5;< 0 dSg< 0. Hence by eli-
minating the perturbing forces eq.(8) is
verified: within the two bars the pla-
stic deformations increase. However,wha-
tever the Cg pattern which one can come
to,during the unloading stage, the situa
tion repeats itself again: the plastic
deformatihons have a tendency to become
infinitely great. Parallelely the edge
- - of the yield locus, originally S moves
to S - d4S: for dé—'ao S - aS—»0: the plasticity field for at least one
its sides shrinks gradually up to becoming null. At C, the equilibrium
is therefore unstable.

Figures (6) and (7) report some in-
termediate situations. The first shows a
se of stable equilibrium, the second one
a case of instability.

In fig. 8 is then illustrated a si-
tuation of neutral equilibrium. “hatever
Cy the system is apt to assuming an equi.
librium pattern Cg coincident or not
whith the former. rrom this viewpoint
the system is apparently stable. Cn the
other hand, though, all_patterns C'p fal.
Fig.5 ling on straight line d57 = dSp = O are

also corresponded by dSeq = dSep= 0.All
these patterns and, to the limit, the in
finity one, are then attainable without the aid of a perturbing set-
up for forcing the system, ond hence without any energy dissipation.
Along this directrix the system is see-
mingly worn out, unfit to counteract the
modification of the original pattern Cg,.
The situation as illustrated in fig.7
is ungtable although still presenting
an indifference directrix.

Fven if hardly usable, owing to the
unpratical possibility of exténding it
tc an n dimension system, this graphi-
cal representation helps to clarify the
problem and affords a comparison whith

i
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the analogus elastic problem.

In the elastic range, if the equi_
librium is stable, C'g*C, once elimina-
ted the perturbation. In the elastic-pla-
stic range we find that €'y, apart from
not returning in C, at all, may further-
ly move away from it and reach C",,which
alike C'g, is very close to C,. It fol_
lows that lacks the clear differentia_
tion between a stable and a neutral equi_
librium, as is found in the elastic ran_
ge. The distinguishing point that dif_
ferentiates the latter from the former
lies only in the fact that.,for transla-
ting the system from one pattern to ana_
ther along the indifference directrix,
there is no need of any external work.

Fig.7

The system energy - The stability conditions are algebraically expres_
sed as functions of the energy. As an introduction some hint is the_
refore made about the energy stored in the system and its variations.
In an intermediate stage of the loading process 0-F,, the work
done by forces F in equilibrium with the
pa internal stresses S, under the action
Ceo of a d increment in the dispacements as-
sociated with an increment in the bar
deformazion d 1is: _
(9) 4L =Zqu=§Sid&i =Z(Sei -%Sij (SJ)

0
deii+d6?-i+d£ i) =2Sej aSe; +2(Z Sij
§j+51) a8y =ZSej d ej+Zse; af 4
i the assumption having been made that in
this stage too, K bars are plastici-
zed.

The total work L, spent by the
external forces for the developtment
of pattern 005131

(10) L =de-q_= 22Se; Sej+ 2(s51 gj)gié_[sidgi: Eg + Ey + Ep

The right hand side indicating the energy absorbed by the structure.

In detail the first term, Fg, signifies the free elastic energy, in other
words that quantity of energy which totally returns to the external
forces at the unloading stage. The second term, Ey, the elastic ener
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gy constrained within the system by the plastic deformations which can
be released to the outside only by making cuts in such a way that the
structure becomes isostatic. The third term, Fp, the irreversible ener_
gy absorbed by the sysitem, used to produce those alterations in the in-
ternal structure of the material which give origin to the plastic di-
slocations.

For translating the system from pattern Cop to C,' the work, dzL,
of the second order, done by the perturbing forces, taking into account
the linearity o{ the stressisﬁfain relation hip,.is _ _ -

(11) dpL = 5-2 dFdm = a=iE dieidéei + ?%(%sijdsj + wiasi) ds 4

=ansei s ¢y + z_K‘_dSei 481 = dpEq+d o Ev+dpEp = dpFa+ dp E

d2E being the global constrained energy of the system both elastic and
plastic.

The constrained energy doE is expressed by a homogeneous quadra-
tic polynomial whose varkables, howewver, are conditioned, in sign, by
eq (3). For that part relative to the hiperquadrant 0O this polynomisal
coincides with the quadrantic form, associated to the matrix of fhe ri_
gidities (7) and may result positive, null or negative: the last cir-
cumstance being possible in the sole case that, at least one bar be cla.
racterized by softening. The E3j and Ey polinomials are instead always
positive.

Generalizing the notion of the total energy of the system 10 by
adding, in addition to the positional energy of the external agencies,
and the free elastic energy, also the constrained energy, eq.(ll),after
transferring to the right hand side the external work, defines the va-
riation prime, dEt, of the total energy, stationary for the Cpequili-
brium pattern. Variation second doEt is furnished instead by the right
hand side of eq.(11).

Stability conditions - Let us suppose that the quadratic form dzﬁ; de-
vised for pattern Co, is always positive for all the d& consistent
with (3), but not simultaneonaly nought, that is:_ _

(12) aE = 2.d5; 46 =2(ZSij d35 + Wi aSi) a§ 1>0

In particu arp let for C§ De:
ds; E—gl (dgE)JCE,), 0
Eq (7) verified at the beginning in respect to the interference of the
perturbing forces still rests verified for dSei—+0: thpough the unloa-
ding stage the system behaves in an elastic way. In the space of the
d& the pattern settles in Cp.
Its aupposed,dinstead, that for C}

dsS; =[-d—3_i (d2E_)]C|>%O

In this case, although as a whole eq. (12) is verified, same of
the addenda result as being negative. Whith the eliminzation of the
perturbing forces for some of the bars eq.(8) is verified. For such

bars the plastic phenomenon then progresses spontaneously a@nd the
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system moves away passing from C', to C",. The second principle of the
thermodynamics, as formulated by Lewis, Lll] affirms that any sponta-
neaus phenomenon is corresponded by a decrease in the system energy
which is transformed into the work of the balancing forces, that 1is ar,
in the present case. Thus, if with d>E. we designate the energy corre-
sponding to travel Co-C'y,, and dgFC: that relative to Co-C'0-C"o, the
result will always yield:

(13) doEu > ALy

But, for the supposition made in eq. (12), the verification of this re-
lationship can only be ascertained where C"o within the space of the

& - comes to falling around C', and, hence Cy. The pattern C%, defi-
nes a relative extreme (minimum) of function dgf, conditioned by eq (3)

and therefore:

ds; =["?— dE]_E?_O
Hence at C§, also for dSei—~0, eq (7) is verified. So eq (12) represents

a condition sufficient for Co being a pattern of stable equilibriun.
As a substitute of (12) let us assume:
(12" dE = 0

In particular then let,for C'o,be doE = O: In the other case we come
to fall again within the preceding situation.
Allowing for eq.(12') the risult will alvays yielad:

d5q = [%31_ ( doF )JJ:‘O
Thus C'qg is a2 pattern of equilibrium with no interference of pertur_
bing forces and as such are all those other patterns which fall into
directrix Co-C'o which is justly typified by d2§=0. The system moves
along this direction with no external work being done. Then the follo-
wing is particularly to be verified:
d 'Si >0 for d_6i =0
a3y =0 for 453 > 0
Pattern Co, which is corresponded by (12'), is then a pattern of neu-
tral equilibrium.
For (12) let us assume as substitute:
(12") 4> E 2 0
In_particular is assumed as the assigned pattern C) that for which
d2E<O. In_this_.ease for some of the bars:
dsi:%'?—i (d2E)JC:O
The perturbing forces eliminated, the plastic phenomenom then progress:
the energy relative to a successive pattern Cy is related to the ener-
gy at C4 by eq.(13). In C3, and so for the successive patterns, is thus
repeated the like situation as is found in C). The plastic phenomenon
keeps continuing indefinitely with the mystem never reaching a pattern
of equilibrium with load Fo. Therefore if the pattern Co is associa-
ted to eq.(12") the equilibrium is unstable.
Thé considerations on the eq.(12'), (12") follows that eq.(12) re_

presents also a condition necessary for the stability of the system.
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Drucker's second stability postulate LBJ L9] , @s applied in the
"small", fully confirms this result. In order that the system is sta-
ble the closed cycle work accomplished by the perturbing forces,applied
at first and removed afterward, is to be positive. As this cycle termi-
nates_this work is found again under the form of stored energy: thus
if d2F >0 the equilibrium is stable. On the contrary, if dpE<O the re-
sult is that the cycle cannot be closed, that is the equilibrium is not
verifiable without the introduction of an equilibrating system dF:then
the equilibrium is unstable.

From the above it can be easy to deduce that, where the bars behav
in an ideally plastic way (W=C), unjer the collapse load the equilibriu
is neutral. True, in general doE 20 (doEp = 0), particularly it nulli-
fies for that d& set which is corrisponded by the collapse uechanism.,
If the bars are instead strain hardened (W>0), d>E >0 as dpEp>0: In
this case the equilibrium 48 stable.

The stability according to Drucher's postulate - The first postulate

of Drucher's gtates that a system is stable, in the "small",if the work
accomplished by whatever forces dF yields always a positive result. If
these forces are supposed as acting in a proportional way,the work ac_
complished by forces 4F is coincident with the energy stored by the sy-
stem, (11),that is the total energy variation. In the following is the
demonstration that this principle and the one expounded in the prece-
ding paragraph match perfectly at least as far as concerns the speci-
fic case under consideration. It is demonstrated particulary that if
d2E >0 or d,F=0, parallely,always does exist at least one perturbing
pattern 4F for which d2Et >0 or dpEt = O.

Let us assume that d2E >0 and as dF a system of forces proportio_
nate to load Fo acting in Co, characterized, thus, by a proporzionali-
ty factor dA, infinitesimal. Since the system results being unstable
for a given number of bars dSj< 0. In order that C'p be an equilibrium
pattern, eq.(7) must be verified and the result dSej <O must thus be
yielded. Since, for convention, stresses Sejy are positive, factor g,
must be negative, or:

dASey = - dSey
The perturbing rattern 4F must then result opposite to that Fo. In
these conditions, at all times, eq.(7) is verified, even if plastic
deformations are absent, in which case dSej O. Among the C§{ solutions
which verify eq.(7) there exists at least one, C4 which verifies also
eq.(4) in its generalized form, or:

(14) - ¢Sey = d§y ds i >0

- dSej <« dSi dd3 =0 _ _ .
This solution defines one extreme of function dg E [12] LIBJ L14] con-
ditioned by eq. {7) and in particular for the assumption adopted on
the sign,(12"), it defines a maximum. The work accomplished by fcrces
dF, in moving the system from pattern Co to that C'p, is then supplied
by €q.(11) agress with eq.(9) multiplied by the 5 dA negative factor.
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Since is always: dL >0
- 3 dA 4L = dL< O

Obviously, if do L<O0, such is also the right hand side of eq. (11)
that is the variation d,E{ of the total energy. This implies that in
Co if (12") is verified, Ft definies a maximum and there exists, at
least, one perturbed pattern C'y, for which d»L <O.

Cn the contrary if doE = O, for the patterns C'y falling on the
indifference directrix:

dSey x4dF = O
then: dF¥F =
doEt

If finally:

doE >0
since dpFy> 0;also d2FE4>0. In Co the function Et{ defines a minimum.

In the following a very simple example has been evolved. The stru_
cture is that as shown in fig.9. In figg.9, 9-a, 9-b, 9-c the graph
shows plotted, in the upper part, the Ft force versus the slope §,at
C, for the beam, whose behaviour is suprosed to bé infinitely elastic;
in the lower part of the same graph for the stanchion subjected to a
buckling at A, assuming three different values for rigidity Wa. Star_
ting from pattern Co, to ®hich corresponds lcad Fo = Fy + Fg, an incre-
ment d& 1s attributed to the plastic deformation and pattern C'oy is
reached. Addenda d» E;, d2Ey, dng, all coming within the energy ba-
lance, hold as follows.

N oun

0

F dpEe = 2 (Wg + Wi)d& e = CBE area
l d2Fy = & (W adeal = ACD area
FAY C Pas 1 -— 7 2
doEp = % Wy ad = ABD area
Fig.9

7

In particular, for.chart in fig.(9-a):

A é
Fig.9-a ol
e
F, s
'l -
*: doF = ACD-AED = ACB >0
§ W) dpEg= ACB+CBE = ABE > 0
! 'dzﬂ The equilibrium is stable.
d&ri'_,”//
e :?“] & ?i_TE
(Jd' _.O— ﬁ = Cj—
t‘&f"'Wa B, IWJ :
v A d
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For chart in fig.(9-b):
A

i Fig.9-b doE = ACD-ABD = O
t
g £ Gofy= O
. z o The equilibrium is neuter .
J+ 4ogs, d5
. czB:zE
b B -
d¢& ;
\ | A D

For chart in fig. (9-c¢)

doFE = ACD-ABD = - ABC K O
dpEy= ABC-CBE = « ABE < 0

v

The ¢quilibrium is unstable,

Conclusions
The stability analyis of an olonomous system, whdse components are
stressed axially and are typified by positive and negative rigidities
is led back to the study of function do E, that is the quadratic form
associated to the matrix of the differential rigidities within the hy-
perquadrant of the positive dd . If, within this boundary, dpE >0 then
the equilibrium is stable: on the contrary it is neutral or unstable.

By the avail of the matrices theory (14] some conclusions cdn be
drawn. If the cuadratic form,associated to the matrix of the rigidi-
ties,is definite positive, such it will be also in the hyperquadrant
d5>0: therefore the result is do E >0. Hence the equilibrium is sta_
ble. Instead if the quadratic form is definite negative, in like man_
ner, d2E<iO: the equilibrium is then unstable. The same holds true if
the quadratic form is semi-definite negative: the range of the matrix
can never be less than one, and thus the indifference direction,at the
linitycan only occupy a subspace of the positive hyperquadrant, the
quadratic form in the complementary subspace remaining negative.

More complicated the question presents itself where the quadra_
tic_form is semidefinite positive or indefinite: In the first case
dp E>0 or d, E=0, in the second case dpE 20 or the intermediate
cases. The research of an algorism for the solution of this problem
will be the subyect of a forthcoming information.
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SUMMARY

The stability analysis of an olonomous system, whose com-
ponents are stressed axially and are typified by positive and
negative rigidities is led back to the matrix of function d. E,
that is the quadratic form associated to the matrix of the s
differential rigidities within the hyperquadrant of the posi-
tive a6 . If, within this boundary, d,E >0 then the equilibrium
is stable: on the contrary it is neu%ral or unstable.

RESUME

L'analyse de la stabilité d'un treillis, dont les barres ne
subissent que des efforts axiaux, est déduite & 1'étude de la
fonction dy E. 831 dp E>O le systéme est stable, sinon, il est
neutre ou instable. Avec l'aide de la théorie des matrices [14]
on peut tirer des conclusions sur la forme guadratique associée
4 la matrice. Le probléme est plus ou moins simple, selon gque
cette forme quadratique est définie positive ou négative, ou
semi-définie négative, ou alors si elle est semi-définie posi-
tive ou indéfinite. Ces derniers cas seront traités dans une in-
formation ultérieure.

ZUSAMMENFASSUNG

In diesem Beitrag wird die Stabilit&dt unter Berlicksichtigung
der Traglast an einem Fachwerk, deren Stdbe achsialer Krafte un-
terworfen sind, untersucht und mit Hilfe der Matrizenrechnung die
Fdlle des stabilen, labilen oder instabilen Gleichgewichts beschrie-
ben.
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Essai sur modéle d’un pont courbe précontraint
Modellversuche einer vorgespannten, gekrummten Bricke

Trials on a curved and prestressed bridge model

R. BAUS — J.B.SCHLEICH - J.D'HUART - G. CLAUDE

1. Caractéristique de 1'ouvrage

L'Administration des Ponts et Chaussées de Belgique vient d'entamer la
Construction d'un complexe routier 4 Thuin, comprenant notamment un im-

portant viaduc franchissant la vallée de la Sambre.

L'ouvrage comporte 6 travées d'approche de 9,50 m, 12 m ou 21,5 m et
trois travées centrales respectivement de 34 m, 60 m et 34 m. La longueur

totale de 1'ouvrage est de 235,5 m (fig. 1).

Les appuis sont constitués de 2 culées d'extrémité et de 8 piles inter-
médiaires; la pile No 4 est encastrée a la base et au sommet, tandis que les
sept autres piles sont encastrées au sommet et reposent a la base sur des

appuis constitués de plaques de téflon (fig. 2).

Le pont a une section transversale en caisson, 3 inertie variable dans
sa partie centrale, et i inertie constante dans les travées d'approche; il est

précontraint par cables.

L'ouvrage se caractérise également par une pente longitudinale, une

pente transversale variable, et un tracé courbe avec changement de courbure.
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L'étude de l'ouvrage sur la base d'un avant-projet établi par 1'Admini-

stration des Ponts et Chaussées a été confiée:

au Bureau PRECO (Ing. Chaikés) de Bruxelles, pour les travées a
inertie variable;
au Bureau RONDAS de Bruxelles pour les travées d'approche; et

au Bureau JEUNEHOMME et JOASSIN de Liége, pour l'infrastructure.

Les travaux de construction sont réalisés par une firme liégeoise:

"La Compagnie Générale des Conduites d'Eau'.

2. Caractéristiques du modéle

La complexité de l'ouvrage et 1l'incertitude sur la validité des hypo-
theses simplificatrices admises pour les calculs, ont conduit le maftre de

l'oeuvre & imposer une étude sur modéle.

Cette étude est actuellement en cours au Laboratoire de 1'Institut du

Génie Civil de 1'Université de Liége.

Le modéle est réalisé a l'échelle 1/35e (fig. 3, 4, 5). Le matériau
choisi est une résine époxy (araldite) chargée de sable. Les principales

caractéristiques de ce matériau sont les suivantes :

- Résistance i la compression: 500 4 600 kg/cm?2
- Résistance 2 la traction: 70 a 75 kg/cm2

- Résistance i la flexion : 100 kg/cm?2

- module d'élasticité : 100 000 kg/c:rn2

- coefficient de Poisson: 0, 27

La simulation du poids mort et des surcharges est réalisée a 1'aide
d'une série de poids suspendus au modéle (fig. 6). Un plancher mobile re-
posant sur des vérins hydrauliques permet d'effectuer 4 volonté la mise

en charge uniforme et progressive de l'ensemble du modéle (fig. 7).

La mise en précontrainte de ce modéle est réalisée au moyen de 6 fils
de 2 mm de diamétre, munis de dispositifs dynamométriques de mise en ten-

sion permettant un contréle précis des efforts appliqués (fig. 8).

Les fils sont logés dans les gaines de laiton de maniére a annuler

les pertes par frottement (fig.9).
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3. Programme des essais

Des dispositifs dynamométriques disposés sous les piles permettent

de déterminer les composantes des réactions d'appuis (fig. 10).

La détermination des fléches conduit, pour la travée centrale de 60 m,
a un rapport f/1 égal a 1/1200 sous poids mort et & - 1/4000 sous poids mort

+ précontrainte (fléche négative).

La détermination des moments de flexion et des moments de torsion
a été prévue dans 23 sections du modéle. Chaque section comporte 18 jauges
de contrainte "rosettes" permettant de déterminer les contraintes princi-

pales et les contraintes de cisaillement (fig. 9).

Dans les sections ou les effets de courbure sont trés faibles, les valeurs

des moments de flexion et de torsion sous poids mort obtenus dans les essais
sur modeéle sont en excellent accord avec les résultats du calcul des moments
flexions effectué sans tenir compte de la courbure; 1'écart maximum n'est en

effet que de 6%.

Par contre, dans les zones ol les effets de courbure sont importants,
on observe sur le modéle des moments de flexion inférieurs de 15 a 20%
a ceux calculés sans tenir compte des effets de courbure, ni de l'encastre-

ment de la pile No 4.

La seconde phase des essais qui permettra de vérifier 1'ouvrage sous

poids mort + précontrainte est actuellement en voie d'achévement.

Une troisiéme phase d'essais est envisagée pour permettre le tracé
des surfaces d'influence des réactions, moments de flexion et moments de

torsion.

95
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PONT COURBE PRECONTRAINT ~ DE THUIN

Ech: 1/1000

I Cotes en metres.

Vue en plan Fig.1

PONT COURBE PRECONTRAINT DE THUIN

128,00
36,00 " 60,00 . 3,00
| A 1
1 1 1 1 I 1 1 | )| | 1 1
! ! A
R—— /" ||appui fixe
: M - i pile 5
pile 2 pile 4
pile3
Coupe longitudinale Ech: 1500

Fig. 2
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Fig' 3-
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Fig, 4.

Vues partielles du modéle dans son moule.

Fig.5-

Partie centrale du moddle dans
le montage d'essai et détail
d'une pile.

3g. Schlussbericht

Fig. 6.

Simulation du poids mort et des

surcharges au moyen de poids
suspendus au modele.
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Fig. 7. Plancher mobile permettant Fig. 8. Dispositif d'ancrage des
la mise en charge uniforme fils de précontrainte avec
et progressive du modele. boulons dynamowétriques.

Fig. 9. Disposition des gaines de Fig. 10. Dispositif de mesure des
précontrainte et des jauges composantes des réactions
de contrainte a l'intérieur d'appuis.

du caisson.
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MARIA EMILIA CAMPOS E MATOS
Mozambique

A propos de la comunication du prof, Oberti nous voulons informer que la
sécurité et l'optimisation de la majorité des grandes structures tels que ponts,
barrages, jetées, batiments, etc. projetées et construites dans les différents

territoires Portugais depuis 20 ans, ont été déterminées expérimentalement
sur des modeéles réduits,

D'ailleurs le comportement de ces structures est toujours vérifié pendant
et aprés construction,

Cela confirme les conclusions qu'on peut déduire de la comunication du

prof. Oberti,



Leere Seite
Blank page
Page vide



la

Discussion libre
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Free Discussion

D. SFINTESCO

Par son intervention virulente, le Professeur Hrennikoff vient
d'apporter la "contestation'" dans la discussion sur le calcul probabiliste

des constructions.

Parmi les arguments qu'il a développés, il y en a bon nombre
qui paraissent incontestables et auxquels tout praticien sensé et réa-
liste ne peut que souscrire. Et cependant, il n'en va pas de méme des
conclusions qu'il en tire pour condamner le calcul probabiliste, et
je suis heureux de constater que c'est également la position du Pro-

fesseur Freudenthal.

Bien sfir, nous devons reconnaitre que l'application pratique du
concept probabiliste ne peut €tre que trés imparfaite, tant que nous
manquons encore de données statistiques suffisantes, notamment quant
aux surcharges de caractére aléatoire, - le vent, par exemple. Toutefois,
cela ne doit pas étre une raison pour "jouer perdants', en nous figeant
dans les errements d'un mode de calcul que 1'on sait maintenant inapte
a révéler le degré de sécurité réel des ouvrages : il vaut mieux oeuvrer
vigoureusement pour obtenir ces données, au fur et i mesure que cela

s¢ pourra.

Certes, aucun coefficient de sécurité et aucun calcul ne sau-
raient prémunir contre les fautes graves de conception ou de réalisation -
et cela revient 3 dire que tout calcul, quel qu'il soit, doit nécessaire-

ment se placer dans les conditions de respect des régles de 1'art.
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Un exemple trés significatif est fourni par le danger de rupture
fragile, source bien connue d'accidents. Or, celui-ci ne peut &tre évité
que par une conception adéquate des formes constructives, mais jamais
par 1'introduction d'un coefficient supplémentaire dans le calcul, dont
1leffet serait d'ailleurs exactement contraire au but recherché, car il
ne ferait qu'augmenter la raideur, 13 ol il faut la souplesse. Voild

donc un exemple qui illustre les arguments du Professeur Hrennikoff.

Cependant, les méthodes trés exactes et trés élaborées de calcul
auxquelles on fait appel de plus en plus seraient dépourvues de sens

si 1'on n'adoptait pas un concept de base permettant de déterminer
honnétement le degré de sécurité, en se référant a un critére de ruine,
défini dans le sens probabiliste et reflétant le comportement physique

de 1'élément ou de 1l'ouvrage considéré.

Ce serait une erreur de considérer que cela impliquerait obli-
gatoirement le recours au calcul & 1!'état limite de ruine, soit le
"plastic design' puisque le concept probabiliste s'applique €également

au calcul en élasticité.

I1 suffit pour cela d'introduire des coefficients de pondéra-
tion, appliqués aux charges et de se référer a un critére de ruine défini
avec la méme probabilité pour chaque mode de sollicitation. En procédant
ainsi, on peut alors envisager un degré de sécurité homogéne, indépendant
du mode de sollicitation et pouvant étre assez correctement chiffré. Dfail
leurs, méme la méthode actuelle, dite "déterministe', est assortie de

probabilisme lorsqulelle prévoit des contraintes admissibles différentes,

suivant les cas de charges.

Mais il est temps de se libérer de ce systéme hybride, peu
scientifique et parfoisdangereux. En effet, le calcul pratiqué en
appliquant aux contraintes un coefficient minorateur global, - donc
le calcul par les contraintes admissibles, - n'est valable que dans les
cas particuliers ol il y a proportionnalité des charges et des contrain-
tes, par exemple en traction pure, mais dans tous les cas impliquant
des phénoménes d'instabilité, on est contraint de recourir & 1l'artifice

des coefficients variables, arbitraires et dépourvus de signification.
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Lorsqu'il y a superposition de plusieurs charges donnant lieu
4 des contraintes de signes contraires, c'est encore pire, et cette
méthode est alors carrément dangereuse. En effet, une légére variation
de 1tune de ces charges peut donner lieu & une majoration démesurée de la
contrainte, ou méme i un renversement d'effort, que le calcul classique

en contraintes admissibles n'annonce pas.

Le fait que d'innombrables ouvrages calculés ainsi se comportent
parfaitement, n'est pas un argument. Dans les siécles passés, on en a
bien construit d'autres sans les calculer du tout. Fallait-il alors en

rester la ?

Une application du concept probabiliste de la sécurité au calcul
en élasticité est préconisée dans les Recommandations de la Convention
Européenne de la Construction Métallique. Les régles frangaises CM 1966
en constituent un exemple pratique. Elles en ont adopté le principe et

en ont fait 1'application, dans les limites possibles aujourd’hui.

Il convient encore de signaler qu'un examen en commun des prin-
cipes de sécurité est en cours, par la Convention Europdenne de la
Construction Métallique et le Comité Européen du Béton. Cet examen a déja

révélé :

1) que les principes probabilistes adoptés par les deux organismes dans
leurs Recormandations respectives sont identiques, au point que 1l'on

envisage d'en faire un document unique pour tous les matériaux,

2) que les modalités d'application de ces principes sont nécessairement
différentes, compte tenu des caractéristiques particulieéres de chaque

matériau et des conditions de réalisation des ouvrages respectifs.

En effet, les dispersions relatives aux divers paramétres ne
sont pas les mémes. De plus, certains paramétres importants pour un
matériau n'entrent pas en ligne de compte pour ltautre. Il en résulte
que les coefficients de pondération doivent prendre des formes et des
valeurs différentes si 1l'on veut obtenir un méme degré de sécurité des

ouvrages.
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The Importance of Supervision of Workmanship in Building Construction
L'importance de surveiller la main d'oeuvre dans la construction

Uber die Notwendigkeit der Uberwachung der Arbeiten im Bauwesen

P. W. ABELES

Prof. Freudenthal has been one of the pioneers of the introduction of new
safety criteria based on a new philosophy of design and his present paper repre-
sents a critical appraisal.

With structural members the workmanship is of utmost importance and in this
respect the degree of supervision is of great influence which is, however, most
difficult to assess at the time when the design is made. In IVb5 (Fig. 12), an
example is shown, taken from the contribution in which thirteen of fourteen pres-
tressed concrete beams agreed very well with the expected failure loads, whereas
one beam failed at 75% of this load. This relates to partially prestressed T-
shaped beams of 24' 6'" span, the types A to D having different reinforcements
comprising tensioned and non-tensioned strands. All beams are under-reinforced
and were designed to fail by yielding. Casting as well as prestressing were
specially supervised by one of the authors of paper IVb5. However, at the last
beam D14 the supervising engineer had to leave shortly before the flange of 2'
widths and 2'" depth was concreted. At the test it turned out that a portion in
the compression flange of this beam was not properly compacted and consequently
early compression failure took place at 75% of the expected failure load.
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This Figure shows the distribution curves if in ome case all fourteen re-
sults are duly taken into account comparing calculated failure moments taken as
100 with actual failure moments. In this case the mean value is 97.5 instead of
100 with a standard deviation of 6.75, whereas these values are greatly improved
to a mean of 99 with a standard deviation of 3.25 if beam D.14 is excluded. The
corresponding Gauss distributions clearly indicate that it would be most disastrous
if such faults in manufacture were expected to occur in practice due to lack of
supervision. This example illustrates the difficulty of assessing the magnitude of
standard deviation at the design and finding a satisfactory distributionm.

This contribution is not intended to query the approach based on probabilistic
methods, but rather to give an example of the difficulties which are encountered
in ordinary building constructionms.
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Combinaison des théories de I’élasticité, de la
plasticité et de la viscosité dans I'’étude de la sécurité
des structures.

Untersuchung der Tragwerkssicherheit mittels der
Elastizitats-, Plastizitats- und Viskositatstheorie.

Combination of the Theories of Elasticity, Plasticity
and Viscosity in Studying the Safety of Structures.
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Creep Failure of Nonlinear Rotational Shells
Rupture par fluage de voiles minces axisymétriques non-linéaires

Kriechbruch nichtlinearer Rotationsschalen

W. OLSZAK Z. BYCHAWSKI
Prof.Dr., Dr.h.c. Assoc.Prof.Dr.
Poland

1.Introduction

The authors have established [1] a criterion of the attain-
ment of critical states in linear viscoelastic bodies. The idea
of the criterion can also be extended to the range of nonlinear
viscoelastic behavior, if the phenomenon of failure is consider-
ed as a critical state.

The criterion is founded on an energetical basis and for
a certain group of nonlinear viscoelastic materials it states
that such a critical state as, for example, creep rupture de-
pends in general on a function of the accumulated energy and the
dissipated power accompanying the deformation process. Thus, if
W stands for the accumulated energy and W is the disgsipated
power, the condition of creep rupture is sTated as follows:

{(WE,WD) = const. (1.1)

In some cases, however, the accumulated part of energy may
be neglectfully small. lloreover, there are materials which are
not able to accumulate energy at all ag, for example, the pure
creeping ones. In these cases it seems reasonable to represent
the criterion (1.1) in the following different form:

f(VJﬁ) = const. (1.2)

where W igs the deviatoric dissipated energy per unit volume of
the body. It follows from the condition (1.2) that the dissipated
energy is considered as a certain measure of the attainment of
the critical state. The correct form of this condition should be
founded on experimental results.

The problem of attainment of a critical state as, for exam-
ple, creep rupture may turn out to be essential when analysing
the conditions occurring for thin-walled metallic structures un-
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der high pressure, especially, high temperature containers,
pneumatic structures, etc.

For such problems, we apply the criterion (3.2) to geomet-
rically nonlinear rotational shells in the membrane state under
internal pressure in order to evaluate the critical time of
failure as a consequence of the creep process. Accordingly, we
assume that the material of shells exhibits pure creep only.

2.Physical and geometrical equations

In general, we assume that an isotropic incompresgible mate-
rial of shells creeps according to the integral law |2

ey = Ns Y (2'1)

stands for the creep strain tensor, sy is the stress

where eij j
deviator and N denotes a nonlinear integral operator of the

form

NSy =-Jts;3ct)a,c H[t,t,b(t)}dt , (2.2)

o]
Here, H is the generalized creep function depending on the ef-
fective stress

s(1=2[sysy®] (2.3)

t standing for time, t, being the initial instant and at==6V3T.
As shown in {2] the generalized creep function H covers both the
linear and nolinear range of creep. However, in the present pa-
per we use only its nonlinear representation.

In particular, the creep function may be assumed in such
a form as to satisfy the following condition:

A H[t.T,s0)] = Fsm]a  C(t-n) (2.4)

where F is a nonlinear magnifying factor and C the creep factor.
The last representation of the creep function is very useful
when considering the non-steady states of creep in which the de-
formation stabilizes after an infinite period of time.

For the state of creep of metallic materials, the derivative
of the creep factor becomes a constant, i.e., C is a linear func-
tion of time

C(t-t) = c(t-T) , (2.5)

where ¢ is a constant. In the last case, Eq.(2.2) takes the form
t

Ngs =Jt 5 (MF, [sm] de (2.6)

As it is seen from Eq.(2.6),we assume that the state of stress is
variable with time. We shall show later that in the case of creep
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of nonlinear shells in membrane state, the stress state is always
a non-steady one in the presence of a constant internal pressure.
%pe stresses are found to drop to zero in an infinite period of
ime.

According to Eqs.(2.2) and (2.6), the initial conditions
at t equal t, are assumed to be of zero value, i.e., there are
no deformations at the initial instant. However, these conditions
may not be zero, if we consider a creep process at t > t, . In
this case there is an initial deformation state expresse8 instan-
taneously by the values of integrals within the limits t,,t .

The equations (2.1) and 2.6) can be written in terms of
strain rates as follows:

é’i.j =Nsg, e = No-"i.j ’ (2.7)

where the dots over the operators are symbolic. For example, in
the case of the second relation (2.7) we find

Nosy = 558 Fo[s(1)] - (2.8)

We apply the physical equations (2.1) or (2.6) in order to
investigate the critical states of rotational membranes of small
and constant thickness which deform under constant internal press-
ure. In deriving the geometrical relations for such membranes we
agsume that in the time-interval considered, the strain tensor
and strain rate tensor are small quantities, the rotation angles
being also small; the normal component of displacement is suppos-
ed to have a finite value. Further, we assume that the undeformed
surface is generated by the revolution of a plane curve which
does not imply any singularities. In order to simplify the equa-
tions we restrict ourselves to shallow rotational membranes. For
such membranes we obtain a set of two equations of equilibrium [2]

d?(gcn) = 6, (2.9)
o;(R,—d;Q) + o'z(Rz—%clgW):% ; (2.10)

where & and @, are the stresses in the directions of the main
curvatures kq and k, , respectively, W is the displacement normal
to the surface, [ the constant internal pressure, h  the thick-
ness of the membrane and denotes the surface coordinate. The
symbol d represents the derivative d/d¢ .

To fthe set of Eqs.(2.9) and (2.10) we now join the equation
of compatibility of deformations 2]

4 -2 - - - a
?dgez +€,-€, =-3"(di) + dg(?u')_\"’)— k4w ) (2-11)
where ey = e11, e, = €,, are the main strains.
Further, we introduce the following substitutions:

T _ P _h
2=p% P=g TR (2.12)
k
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wnere R is the value of the larger radius of main curvatures.
On the basis of Eq.(2.12), the stress deviator components ex-
pressed by stress components become

$,= 5, = —45—(30'1—20'2) = -;—D(b—?- -2d.z) , (2.13)
— & = = 4 .
5,= S5, = -%- (3¢0,-20) = zD(4dz=3 %) . (2.14)

By introducing the quantities of Eg.(2.12), we satisfy Eq.(2.9)
and Eq.(2.10) takes the form

%[k,—ﬁg\ﬁ'-d‘,({Fc\'w)] +(2d,z- 2Xk, - 2qc,w) = 4. (2.15)

If the use of the physical relations (2.1) is made, then the
main strains become

e,=Ns, = N[‘%‘D(S%-Zd,z)] , e,=Ns,=N %D(‘ld,z-S-f.—)], (2.16)

and(the ffndition of compatibility may be written as follows fsee
Eq.(2.11)] :

2W d, (\WNs,) - Ns1=-232r(d,w)2+ 20VF d, (Fkyw) - gk, w . (2.17)

The set of equations (2.15) and (2.17) is a system determining
two unknown functions: the non-dimensional stress function z and
the non-dimensional deflection w . Thus, the solution of the above
system of equations gives the solution of the problem of creeping
nonlinear membranes.

In the particular case of physical relations (2.6), we put in
Eq.(2.17) Ny instead of N. In this very case the condition of com-
patibility may be presented in terms of strain rates and the rela-
tions (2.8) applied.

3.Concept of analogy

It has been found [2] that in the case of purely creeping non-
linear rotational membranes it is possible to obtain the creep so-
lution by separating the variables r and t in the fundamental set
of Eqs.(g.15 and (2.17). Then the time-independent set of equa-
tions is analogous to the corresponding system of the instantane-
ous problem, if only the nonlinear functions of deviatoric stress
intensity are of similar forms in both cases. The time-dependent
gset of equations can be solved in a closed form. It follows from
the last solution that the creep process of nonlinear membranes is
always unsteady. If the form of the generalized creep function is
assumed according to Eq.(2.4), where the creep factor is expressed
by exponential functions, then the solution describes a stabilizing
process_of creep. On the other hand, if the particular case of
Eq.(2.6) is considered and creep is unlimited, a complete relaxa-
tion of stresses occurs after an infinite period of time and strains
become infinite. From the physical point of view such a state of
the membrane cannot occur and at a certain finite time-instant the
creep rupture takes place. We assume as a measure of reaching this
point the value of dissipated energy during the creep process. Thus,
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if a certain critical value of energy is dissipated through creep
resistance, the membrane is considered as collapsed. From an appro-
priate condition of the form (1.2) it is then possible to find the
critical time of creep failure.

4. Shallow spherical membrane
We shall consider in detail a shallow spherical membrane with

the radius of curvature R . For such a membrane we obtain the fol-
lowing system of equations

a;(fi-d""gwh O'z(R‘jg'sdi)=l‘:,' »  k=4/R, (4.1)
2 T T -
gc:ige*z+e,‘,-e1 =--"é-(d?v‘?:) +d9(9kv'v)- kw , (4.2)

and Eq.(2.9) .

The equation (4.1) may be at once integrated by using Eq.(2.9) g
the constant of integration being equal zero. Thus, instead of
Eq. (4.1) ,we obtain

7 = o(k-L-).
dgW = 3(k 2ho, (4.3)
Further, we introduce the following notations:
T (1) » Z D 6—4 2 D P(2h) )y W= n 4 (4.4)
k=4R , R=R/h |, 3-_-h/4

where 4 is the maximum value of the variable ¢ (for e=1, *+= 1).
With the above notations,the stress deviator components have
the form of Egs.(2.13) and (2.14), and the strains are given by the

formula (2.16) .
Consideri the radius of curvature R as time dependent, we dif-
ferentiate Eq.(4.2) with respect to time and thus obtain

g g6, + &, &, = ~d d i + d g (gkim) + dg(gki)-Rw-kw  (1.5)

Finally, by using the second of Eqs.(2.7 and introducing the
notations (i.@ , we represent Egs.(4.3) and (4.5) in the following

form: 1 K .
dfw=-2-'§'2-“z' ) (4.6)

2vd N, [£D(4d,2-3 2)] + No[$D(4el 23 3] - N, [D(5F -24,2) (4-7)
: K
+ zr[dTw(Zga- d,w-k) + " d‘,w]= g .

Here the operator N, is given by Eq. 22.83 .
It is seen froz% the set of Eqs. (4.6) and (4.7) that the dis-
placement w can be easily eliminated from the second equation by

means of the first one.

Bg. Schlussbericht
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Now, let us assume that the nonlinear function of effective
stress appearing in Eq.(2.8) is a power function of the form

Fls0]=28s""(v) (4.8)

where B and n are physical constants, the last being an odd natu-

ral number,
According to Eq.(2.3) and Egs. (2.13) 5 (2.14) , the effective
stress is expressed as follows

s(v,t) =D'R(r,1) , (4.9)

where

RELH=Q() = 4(d,2)-6d z = + 3(%_—)2 © (4.10)

Introducing Eq. (4.8) together with Eqs. (4.9) and (4.10) and
eliminating the displacement in Eq. (4.7), we finally obtain

-3 . _
ot )[Sﬁd:z + (n-1)(4d,2-3%)d,Q] = 21‘[%(-})2-(3-;,9-‘3)"]%(4-11)

where P
T “gp™ - (4.12)

The method of solution of the problem for a creeping membrane
is founded on the basis of an analogy as stated above. We assume
the solution of Eq.(4.11) in the form

z(r,t) = z° () @(t) , (4.13)

and put &
k(t)=k/"P('t) . (4.14)

If we introduce the solution (4.13) into Eq. (4.11), then after
separating the variables we find

DKZ , T .2 SR (L 2 o o . 2°
%[(3-5—)—(;3)_] Q, (8Q.d, 2% (m-(4d,2°- 3% )0, Q,l= (4.15)

- .2 P (&)
o —
[et] ™

where
2

(v =Szo(z°)=q(d,z°)2-6d,z°-§ +3(—f.:) ) (s.16)

A Dbeing a constant.

The time-independent part of Eq.(4.15) is analogous to the
equation for an instantaneous problem, if only the physical equa-
tion is of a form analogous to Eq. (4.8 . Thus, if the solution of
the instantaneous problem is known, we are able to obtain the creep
solution in a formal way. The time-independent solution is obtain-
ed by representing the stress function in the form of power series.
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On the other hand, the time-dependent part of Eq. (4.
be written as follows: ? P q-(4.15) may

. n+3
e +4 o] = 0. (4.17)
The variables in‘Eq.(4.17) are separable and the solution is given
by the formula 1
4 N+4 - G-EIE)
@)= P [1+ TAY,  (n+2)(t-T)] ; (4.18)

where the constant of integration Y. = ¢ L), According to the so-
lution (4.18) we consider as initial instant of the observed creep
process a certain intermediate time-point at which the past creep
effects are taken into account instantaneously.

In order to obtain the appropriate solution for the displace-
ment w, we assume the last in the form

w(nt) = wl(ne(t) (4.19)
and by putting it into Eq.(4.6) we obtain
1)
4k _ T e 4 _
g =] dw= oy = (4.20)

From the last result we obtain the relation between the two
time functions Yy and

MORIHO] e . (4.21)

As may be seen from Eq.(4.18), the function @ tends to zero
with time tending to infinity. This means that the stiresses [see
Eq. (4.13)] drop to zero and their relaxation is complete after an
infinite period of time. On the other hand, the function Yy in-
creases infinitely with time and thus the displacement w [see Eq.
(4.19)] becomes infinite.

5. Critical time of failure

In order to find the critical time of failure we use the cri
terion for the critical creep state in the form (1.2) where the
function f is assumed as a linear one. Thus, we obtain the condi-

tion
W, = comst, =K* (5.1)

where K2 is the critical value of dissipated energy through the

creep resistance.
The power of dissipation is given by the relation containing

the stress components and strain rate components
Wy = o, (hh e (), (5.2)

and the condition takes the form
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- - 2
Wy J oy (Wey (Tde =K (5.3)
t
Here, by t we denote the time-instant at which the creep rupture
takes place. Evidently, the initial instant ¥ should also be
considered as a certain critical time-point as, for example, the
instant of reaching the stage at which the elastic effects can be
neglected. In this case, the value of dissipated energy Wj(t)=

characterizes the process up to this stage.
In the particular case of a spherical membrane, the condition

(5.3) takes the form
L™
Wp =J[°’4('-'°)é. (re)+a,(rv) éz(r\t)]dt =K* (5.4)

where t o (rt) = 22 M9(), 6, (r)=Dad, M-z )¢

e

E(rt)= ¢ (t)L[ﬁ'D(’ﬁ---ch %) &,(0t) = PWI[FD(ud, -3 2],

In the Eq. (5 5) 1L° is related to the operator L as follows
L=¢™ @l (5.6)

On the basis of Eqs.(5.4) and (5.5), the condition (5.4) may

now be written
L*

n*i 2
W, = w°(r)J Ly (] =K | (5.7)
t
where W° stands for a time- -independent energetical coefficient

t(he value of which can easily be evaluated on the basis of Egs.

and (5.5).
In order to obtain the critical time of creep rupture, we

calculate the value of the integral

¥ 5
n+4 K
j_[u;('c)] dn = vl (5.8)
t
by substituting the function @ according to the solution (4.18).
Denoting by
ne A n+2

=4+ '%7\'?0 (n+2)(z-¥) , A= 7 MY (n+2) > (5.9)

we obtain, instead of Eq.(5.8),
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N+{ i

P [ S K

T\gjx“dx"v?” (5.10)
4

*
where x = x(t*) a
Carrying out the integration in Eq.(5.10), we finally obtain

t= E*‘%—{[H‘?A“Po \_;SJMZ__G (5.11)

It is seen from the result obtained that, if the criterion
(5.3) is applied, we are able to predict the critical time of
creep rupture and thus bound the unlimited creep process predict-
ed by the creep solution. Since only dissipation is involved dur-
ing the process, it seems reasonable to found the prediction of
creep rupture on the basis of the amount of dissipated energy
wgicg zhus constitutes a certain measure of reaching this critic-
al state.

D] Z.Bychawski, W.0Olszak, Energetic interpretation of critical
states in viscoelastic bodies (in Polish), IBTP Reports, No.2,
Warsaw, 1967.

[2] Z.Bychawski, W.0lszak, Rheological states of geometrically
nonlinear rotational membranes, The Second IUTAM Symposium
on the Theory of Thin Shells, Copenhagen, 1967.

SUMMARY

On the basis of the authors criterion of attainment of crit-
ical states in viscoelastic bodies, the problem of creep failure
of nonlinear rotational shells is investigated. For a spherical
membrane the critical time of failure is found by introducing the
dissipated energy through creep resistance as a measure of attain-
ment of this state.

RESUME

En se basant sur la condition des etats critiques proposee
par les auteurs, on considere le probleme de la rupture par fluage
pour les voiles minces nonlineaires. Pour une membrane, le temps,
critique de rupture est calculé en introduisant 1’energie disaipee

ar la résistance de fluage comme une mesure pour atteindre cet

tat.
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ZUSAMMENFASSUNG

Die Verfasser haben ein Kriterium f#ir das Erreichen des
kritischen Zustandes infolge Kriecherscheinungen formuliert und
dasselbe zur Analyse des Problems des Kriechbruches von nicht-
linearen Schalen im Membranzustand angewandt. Als Resultat findet
man die kritische Zeit, in welcher Kriechbrucherscheinungen in
einer sph¥rischen Membran eintreten. Als entsprechendes Mass wird
dabei voraussetzungsgemBss die durch den Kriechwiderstand zer-
streute (dissipierte) Energie eingefthrt.



Der EinfluR des zeitabhingigen Verhaltens bei Hinge- und Schragseilbriickensystemen
Time-Dependent Response of Suspension and Cable-Stayed Bridges

L'influence du temps dans le comportement de ponts suspendus ou haubannés

KURT MOSER
Dipl.Ing. Dr.techn.; Zivilingenieur
Salzburg

Es ist allgemein bekannt, dal bei fast allen heute gebriuchli-
chen Baustoffen - insbesondere unter Dauerbelastung - Formidnderungen
auftreten. Der vorliegende Beitrag befaBt sich mit dem zeitabhingi-
gen Verhalten bei Hinge- und Schrigseilbriickensystemen, wobei speziell
der EinfluB des Kabelkriechens (auch Nachlangung der Tragkabel ge-
nannt) betrachtet werden wird.

Diskussion iiber erfolgte Messungen

Zwel die zeitliche Deformation charakteristisch beschreibende
Darstellungen sind bei rheologischen Untersuchungen iiblich geworden:
der Verlauf der Dehnung bei konstanter Last und der Verlauf der
Spannung bei konstanter Gesamtdehnung, beides in Abhédngigkeit von
der Zeit bei konstant gehaltener Temperatur; man spricht bei dem
einen Verlauf vom "Kriechen" und bei der zweiten Funktion von der
"Relaxation". Wir werden uns hier mit dem ersten Phinomen befassen.

| ” 160 | ¥
NN | L% df
7 . =
P
IS 472,
i_ 100! " el P
% i
N 4 £ I
S = £ & 1
(=} o - L
=~ i 4 "'/ § & ra
& = z
S 40 - @ 3
3 X 'S
He : : -
< = 2
S —f-—-1- £ v EEEAR T 1110
V 2z 0 p: J E] 2 6 8 10 3 ¢ 56 810
=851 1Johr 20Johre 0=1954 1Jahr 10 Jahre
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In dankenswerter Weise hat ein an-
gesehen?ﬁ deutsches Draht-und Ka-
belwerk an einigen bekannten
NN Rheinbriicken Messungen vorgenom-
R e e —T men, womit es mbglich geworden
R S | B2 ist, nunmehr auch an kompletten
— I Hinge-und Schrigseilbriickentrag-
werken zeitlich ablaufende De-
formationen zu studieren. Die
Fig.1 und Fig.2 zeigen die auf-
= T ‘ genommenen Kriechkurven fiir die
‘ Tragkabel bei Hingebriicken; die
Fig.3 das gleiche bei einer
Schrédgseilbriicke. Es handelt
Fig.3 sich im einzelnen um die nach-
folgend aufgezZhlten Rhein-
briicken im Raume von K6ln in der Bundesrepublik Deutschland.

[TTT1

| Bl Bl
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Bl &
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Dehnung in 11000 mm/m
b
I

4 ||
= p | | 111
2 J 456810 Z J 4 50 8
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i
0-1%59

zug ab etwa 1,4 Jahren, nach erfolgten Ballastierungen, Probebe-
lastungen und endgililtiger Fertigstellung. Spannung aus stédndiger
Last im Tragkabel i.M. 33 kp/mm2; aus Verkehrslast pro Tag i.M. 5
bis 8 kp/mm2.

Hangebriicke Koln-Rodenkirchen: MeBpunkte in Fig.2 ab Verkehrsiiber-
gabe 1954 aufgetragen. Spannungen aus stidndiger Last i.M. 41 kp/mm2;
aus Verkehrslast pro Tag i.M. 3-5 kp/mm2.

Ebﬂvgffehfguberggbe im November T9§9-aﬁfgetrggen. Spannungen aus
stdndiger Last i.M. 38 kp/mm?2; aus Verkehrslast pro Tag bis 9 kp/mm2.

Ein Vergleich des dargestellten MeBverlaufes fiir das Kabel-
kriechen der jeweiligen Briicken zeigt eine offensichtliche tberein-
stimmung in der Tendenz bei den beiden Hingebriicken und ebenso
deutlich eine Abweichung bei der einzigen hier betrachteten Schrég-
seilbriicke; beide Systeme zeigen in der semilogarithmischen Dar-
stellung im wesentlichen ein lineares Kriechen, wie wir es prin-
zipiell schon von den kaltgezogenen Einzeldréhten her kennen. In
Fig.1 und Fig.2 wurde jeweils eine flir H&angebriicken als typisch
angenommene mittlere Gerade h mit gleicher Steigung (120 mm/m in
2 Jahren) eingetragen. Die entsprechende Gerade s bei der betrach-
teten Schrigseilbriicke verliuft mit 75 mm/m in 2 Jahren etwas
flacher (vergl.Fig.3);dieser Briickentypus ist sichtlich kriech-
steifer als eine Hingebriicke. In der folgenden Abhandlung soll der
EinfluB des aufgezeigten Kriechverhaltens der Tragkabel auf das
Gesamttragwerk gezeigt und wenn mdglich mit anderen iliblichen Last-
fallen verglichen werden.

Hangebriicke
Die statische Berechnung einer erdverankerten Hidngebriicke wird
iiblicherweise an einem Ersatzsystem durchgefiihrt[1]; Fig.4 zeigt
ein solches fiir den Fall, daB der Versteigungstrédger iliber 3 Felder
durchlauft. In den meisten Fidllen kann y? = yg = y" = 8f/1¢ = const

angenommen werden.

1)

Felten & Guilleaume Carlswerk Eisen und Stahl Aktiengesellschaft
Koln.
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Die Briicke sei in iiblicher
Weise so montiert, daB der
Anteil g = const der stan-
digen Brilickenbelastung vom

T Tragkabel allein getragen
p] TﬂﬂﬂﬂUrT”ﬁ%h\\\f wird. Ferner wird vorausge-
’ . e .
éﬁfg = 7 = 4; setzt, daB die Hinger vertikal

T und ungedehnt bleiben, daB

Hangebriicke mit durchiaufendem Versteifungsirdger iibet drei d/fn ungen

T ¢ , die Hingerkrifte stetig liber
ﬂ”“”ﬂ:-,””f\anu ﬂwmwxprWf #¢r  den Versteifungstriger ver-
o Y 2% teilt sind, daB die Tragkabel
%%, ‘%% *? keine Biegesteifigkeit be-

sitzen, daB die Sattellager
" waagrecht verschiebbar sind
und daB Pylonenverkiirzungen
und Schubverzerrung des Ver-

steifungstrégers vernachléds-
sigt werden diirfen.Unter diesen Voraussetzungen erh&dlt man auch
im vorliegenden Fall die I._Grundgleichung in der Form

IV " - 8f y .

EJ v ( Hg + HP ) v ( p Hp 2 ) 0 (1)
welche gleichzeitig die Differentialgleichung des Ersatzsystems
(Triger) darstellt. Dabei wurde angenommen, daB die Trigerachse
identisch mit der x-Achse und die Ordinaten des Tragwerkes mit y,
die entsprechenden Verformungen mit u bzw. v bezeichnet sind.

im vorliegenden Fall: yi = y7 = const

Fig.4

Der Verfasser setzt als be-
kannt voraus, daB die
I1I.Grundgleichung mit dem

x X Ansatz
Seil: Verschiebung am Seilelement : T,
N - a dx — j A dx = 0 (2)
AN AR | * A 4 ° ; y ;
- gefunden wird. In Fig.5 sind
Pl = alle erforderlichen Zusammen-
) X . x hédnge zwischen der Verformung
Tagen L des Seiles und des Triagers,
l sowie am Seilelement selbst
' b 5 dargestellt.
Fig.5

Es gilt dann H ds

A ds = +Xlog t ds + O(TAT ds (3)

i -
Ekacosjo
worin Hp den Horizontalzugzuwachs gegeniiber dem Normalzustand H

(standige Last), L die gesamte Linge des Versteifungstrigers, X
die Steigung der Geraden h in Fig.1 und Fig.2 in den dortigen
semilogarithmischen Darstellungen, mit t als Zeit in Jahren,
und AT eine Temperaturdnderung darstellt. Nach Erfullung von (2)

L
H—=—7+ (Xlog t 10(T)L4Jy"vdx=0, (4)
P Eka T T .
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die den funktionellen Zusammenhang zwischen Tragkabel und Verstei-
fungstrédger herstellt. Der lastfall "Kabelkriechen" erscheint im
2.Term dieser Gleichung als ein ebenfglls erweiterter Temperatur-
lastfall; LT bedeutet dabeivf dx/cos y:( spadter wird auch noch
L 0
Lk =‘[ dx/cosB?Q gebraucht). Die praktische Auswertung erfolgt
o}

zweckmsBig nach K. Hoening [2] , wo z.B. speziell aus Kabel-

kriechen >
1
¥, log t L A
AH = - L, 8(E+47) (5)

= 81 1< . Tk ’
12 F + 87+ A5) EF,

mit F als die gesamte Biegefliche aller Offnungen unter der Ein-
heitsgleichlast, bestimmt werden kann etc.

Unter diesen einfachen und anschaulichen Voraussetzungen kann
bereits brauchbar etwas iUber die Auswirkung des Kabelkriechens aus-
gesagt werden.

Beispiel

_____________ man die Gerade h in Fig.1 zu-
grundelegt und E, konstant annimmtz) erhdlt man z.B. fir 3, 10 und
100 Jahre ein %&H von rund -6Mp, -12 Mp und -24 Mp bei einem H
von 3180 Mp! Der entsprechende, &quivalente Temgeraturlastfallo
entspriache einer Temperaturdifferenz von ca 2,1°C, 4,5°C und 9 C,
d.h. der letzte hochste Wert entspricht etwa ¥4 des in der ur-
springlichen Berechnung beriicksichtigten Temperaturanteils.

Schrigseilbriicke
Auch fiir dieses Briickensystem (Fig.3) kann, wie F.W. Wa 1 t -
kK ing in einer unversffentlicht gebliebenen Arbeit [ 4] gezeigt
hat, ein Ersatzsystem gefunden werden, das eine geschlossene LOsung
und eine sehr anschauliche baustatische Deutung des elastischen
Problems ermdglicht. Im Anhang zur vorliegenden Arbeit wird im
einzelnen gezeigt, dalB die Losung des als kontinuierlicheWand von
Schrigseilen (Ziigelseilen) aufge-
faBten Ersatzsystems (vergl. neben-
stehende Fig.6) auf einen "Triger
auf elastischer Unterlage" fiihrt.

Seilenoffaung nichi abgespanni Seitendffnung abgespannt

Der Verfasser sieht bei Benut-
zung eines solchen Ersatzsystems
grundsdtzlich die Moglichkeit, zeit-
und auch temperaturabhingige Vorginge
an Schrégseilbriicken aber auch an
ghnlich seilabgespannten Konstruktionen
ohne groBeren Aufwand zu untersuchen.
Es genligen wohl nicht mehr einfache
Fig.6 geometrische Uberlegungen wie vorhin

2)Der E-Modul des Tragkabels ist streng genommen ebenfalls eine
Funktion der Zeit, was bei der Durchrechnung des Beispiels vernach-
lédssigt werden konnte.- Bei der Behandlung der Schrigseilbriicke wird
gezeigt werden, welche Form der Grenzwert Ekooannimmt.
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bei der Behandlung der Héngebriicke aufgezeigt, aber auch die hier
anwendbaren Prinzipien der linearen ViskoelastizitZtstheorie bieten
noch die Moglichkeit einer anschaulichen baustatischen Behandlung
des Problems.

Zur ausfihrlichen Theorie selbst sei auf die entsprechende
Literatur verwiesen ([5] u.a.).Hier soll nur das Wesentlichste zum
besseren Versténdnis der Abhandlung herausgehoben und den nachfol-
genden Uberlegungen vorangestellt werden:

Das betreffende Bauglied (hier die Schrigseilkabel) oder ganz all-
gemein das Tragwerk als ganzes (wenn z.B. neben dem Kabelkriechen
auch das Kriechen des Versteifungstrédgers berilicksichtigt werden
sollte) wird als aus einem ideal viskoelastischen Baustoff herge-
stellt angesehen, wo zwei Medien vereint gedacht sind, n&mlich

der ideal elastische Korper und die zZhe Fliussigkeit. Die elastischen
Effekte sollen dabei dem Hookeschen, die z&dhen Effekte dem Newton-
schen Gesetz unterliegen. Es gibt mehrere Modelle, je nachdem wie
diese Effekte nebeneinander und/oder hintereinander geschaltet
gedacht sind. Die Auswahl erfolgt im Idealfall nach aufgenommenen
Kriech- und Relaxationskurven am tats&chlichen Bauglied bzw. Tragwerk.-
Grundsidtzlich existieren Analogien zwischen einer Losung des visko-
elastischen und einer entsprechenden des sogenannten'"begleitenden
elastischen"Systems, die in Form von Korrespondenzprinzipien in der
Theorie erarbeitet worden sind.

Gelingt es also fir ein gewisses Problem die Ldsung des "be-
gleitenden elastischen" Systems zu finden, so besteht grundsitzlich
auch die Moglichkeit, die Losung des viskoelastischen Problems mit-
hilfe eines der Korrespondenzprinzipien zu erhalten.

Im vorliegenden Fall ist es durch das Ersatzsystem von Waltking
méglich, eine elastische Losung zu finden; sie lautet nach (A 13)

R S/
y=n+zwEs * X (6)
h = Adofkx akx + Bk k2 +C dpfkx kX + D Tk o kx

Die Losung entspricht,wie im Anhang ndher ausgefiihrt, der eines
Balkens auf elastischer Unterlage, wobei hier speziell noch die Unter-
lage viskoelastisch sein soll. Dis t e f ano hat in einer sei-
ner Arbeiten gezeigt [6] y, daB der Grenzwert der Losung des visko-
elastischen Problems in diesem Fall mit der Ldsung des reinen ela-
stischen Problems dann lbereinstimmt, wenn der Koeffizient der vis-
koelastischen Unterlage durch
¥ —k

k e 1+ ka" (7)
ersetzt wird, wobei f = [f£(t)dt und £(t) die Kriechfunktion dar-
stellt. 0

Im Falle der Schrigseilthicke hingt nach (A 8) dieser Koeffizient
lediglich vom E-Modul Ek ab, wofiilr wir nach D i s ¢chinger auch
den Wert 5

BT TP (8)

3)

anschreiben konnen, dabei wird in
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_ 5%1

P~ o
filr £ . die elastische Dehnung und fiir die Endkriechdehnung ge-
setzt’ kann z.B. aus Fig.3 ermittelt“werden, wenn z.B. fiir
der Dehnwert fiir 1ooo Jahre eingesetzt wird. Mit diesem angenomme-
nen Grenzwert kann nach (A 11) der Koeffizient k und damit unter
Beachtung der Randbedingungen des vorliegenden Briickensystems y
und somit auch alle Schnittkrafte, wie beispielsweise das Biege-
moment

2

M = - BJy" = 2EJk~ ( A Omkx wmkx + Bdfkx Mkx -
- COmkx @ kx - Db kx M) kx )

(10)

gefunden werden.

Belspiel:
Schrégseilbriicke_nach Fig.6, linker Teil: Mit E

— e — v w— . m— — — —— — o — — — —

21.10° Mp/m2

1, =108 m P, = 0,06489 m2 B, (0) = 16.10°
1 = 260 " £, = 0,4626.10™% n J = 0.6 =t
h = 40 " p = 4,5 Mp/m J1 = 1,1 "

sowile mit Eél = 2,0625.‘]0_3 erhdlt man extrapoliert aus PFig.3
fo = 0,464™"/m = 0,464.107°

womit man folgende Durchbiegungen in der Mitteldffnung erhidlt
aus der elastischen Ldsung Yo = 53,2 cm
aus der viscoelastischen Ldsung ¥, = To,7 cm.
Zur Tragwerkssicherheit

In den vorangegangenen Abschnitten der Abhandlung hat der Ver-
fasser zeigen konnen, welchen Verlauf das Kablekriechen bei den bei-
den hier untersuchten Briickensystemen jeweils hat, wie das Phinomen
praktisch rechnerisch erfafBt werden kann und welchen EinfluB es im
allgemeinen hat. Es konnte zumindest qualitativ festgestellt werden,
daB H&ngebricken ein stédrkeres Kabelkriechen aufweisen als Schrig-
seilbriicken. Schlieflich kann ganz allgemein noch erwdhnt werden,
daB trotz aller Komplexit&t davon ausgegangen werden kann, dafB im
Falle der hier vorerst in Betracht gezogenen, stdhlernen Briicken
ein weitgehend lineares Verformungsverhalten vorliegt.

Ergdnzend zu diesen Erkenntnissen wollen wir nun festhalten,
welche "konventionellen" Sicherheitsfaktoren

V= Rmin/smax
nach Gleichung (2.17) auf Seite 19 des Vorberichtes zum laufenden
8. KongreB - bel der jeweiligen Bemessung der Tragkabel bestimmend
waren (vergl. [3] und [7] ), wobei wir stellvertretend je ein
ausgefihrtes Bauwerk flr jedes Briickensystem herausgreifen:

3) Nach einem modifizierten Voigt'schen Modell lautet die ent-

sprechende Kriechfunktion f (t) = ée— (1—e_Jt)
k
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Hé.ngebrﬁ()ke : K&jln—Mlilheim ® o & 00 0 8 0 0 00 00 vl'
Schrigseilbriicke: Kdln-Deutz (Severinsbriicke) Y

2,61
2,55 bis 3,06

Dazu muBl bemerkt werden, daB eine Hangebriicke eine weit ge-
ringere Anzahl statisch {Uiberzzhliger aufweist, als eine Schrig-
seilbriicke, was bei der Bestimmung einer realistischen Bruch-
wahrscheinlichkeit u.a. aber eine Rolle spielen wird. Auch auf
sonstige unterschiedliche Verhaltenserscheinungen der beiden
Briickensysteme, wie etwa die aerodynamische Stabilitit etc., kann
an dieser Stelle nicht ndher eingegangen werden.

Beim Abwigen der oben zahlenmidBig angefilhrten "konventionellen"
Sicherheitsfaktoren wird man aber sicher schon bei Beriicksichtigung
der vorangegangenen Betrachtungen zugeben missen, daB offensichtlich
ein Widerspruch zwischen den bisher angenommenen Sicherheitszahlen
mehr oder weniger konstanter GroBe und dem tatsdchlichen Verhalten
der verglichenen Briickensysteme vorliegt.- Es wdre nun an der Zeit,
solche und d@hnliche historisch entstandene und heute einfach iiblich
gewordene Zahlen kritisch zu durchleuchten und wenn, wie hier ge-
zeigt, notwendig, zu korrigieren.

Es scheint bei dem hier aufgezeigten Sachverhalt wiederum

eine Bestdtigung dafiir vorzuliegen, daB wir uns im Bauingenieur-
wesen mehr als bisher mit der Wahrscheinlichkeit des Zusammen-
bruches bzw. des im vorliegenden Fall maBgebend sein werdenden
Unbrauchbarwerdens eines Tragwerkes befassen miissen. Dem Ziele,
ein"gleichmdaBiges" SicherheitsmafB fiir alle Tragglieder eines Bau-
werkes, aber auch fiir alle Tragwerke gleicher oder Zhnlicher Bean-
spruchung zu erreichen, konnen wir nur durch konsequente Verfolgung
stochastischer Prinzipien nzherkommen. Dazu bendtigen wir mehr als
bisher Beobachtungen und Messungen an ausgefiihrten Bauwerken. Bei
Vorliegen einer genligend grofBen Dichte solcher Beobachtungen und
Messungen ist es aber z.B. im vorliegenden Fall - wo ein weitgehend
lineares Verformungsverhalten vorliegt - ohne weiteres mdglich,
die vom Verfasser vorgeschlagenen Differentialgleichungen der je-
weiligen Tragwerksmechanik in Gleichungen mit stochastischen Koeffi-

zienten umzuformen. Ahnlich wie hier von der elastischen zur visko-
elastischen Losung kann dabei auch von der entsprechenden Ldsung
der klassischen Gleichungen als erste NZherung auf den zu "erwar-
tenden™ Wert nach der Wahrscheinlichkeitsdichtefunktion geschlos-
sen werden.
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Anhang
Vorschlag fiir ein Ersatzsystem flr Schrigseil-

briicken von der Art von Ziigelseilbriicken nach
F.W. Waltking 4)

Einzelne Schrigseile sollen hier durch eine kontinuierliche
Wand von Ziigelseilen (Fig.6) ersetzt werden. Alle nachfolgenden Be-
trachtungen beschrinken sich auf symmetrische Systeme mit gelen-
kigen Pylonenfifen.

Die auf ein Léngenelement dx des Versteifungstridgers entfallen-
de Schrigseil-Querschnittsfliche sei f dx, wobei f eine Funktion
von x sei. H(x) werde die mit x ebenfalls veridnderliche Liangskraft
im Versteifungstridger benannt; dabei soll Druck positiv gekennzeich-
net werden (entspricht den zugehdrigen Seil- Zugkriaften S!).

Nach Fig.7 ergibt sich bei
Gleichgewicht:

dH .

gs ds = - cossa ; (A1)

MdM
AN S a= g ; (4 2)

JO*OO

d

dx p-dxthO A 3)

Fig., 7

a2 dH

bzw. d (EJ—‘E)— p(X)+5;tg30 (A 4)

Die elastische Arbeit bei der Verformung der Briicke infolge
Dehnung des betrachteten Seiles:

2
dS As = égglai oder in Termen
k
. B (dS)Qo
dSOW(f).y — d660$90”3"4 = _E?f_d—x_
Mit = h/si d t =h
- i s /81n570 un g(/o /x (A 5)
dH _ . 2 _ : 2
x = 2l (yeinPparp = Dompanp ) (+

und daraus gemeinsam mit (A 4)

gjz Jd? o)ty e fx)omp.y = p) + f(f/’*‘“?mgﬂ (4 7)

4) Auszug aus einer unverdffentlichten Arbeit von F.W. Waltking L4J
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die Differentialgleichung der Ziigelseilbriicke gefunden. Eine Er-
weiterung der gefundenen Differentialgleichung nach den Prinzipien

_— e e ——— — — S—

Schwierigkeiten mdglich., Eine von Wa 1l t king vorgenommene
Untersuchung zeigt aber, daBl bei Schridgseilbriicken von der Bauart
einer Zigelseilbriicke bei idealen Montagezielen - der Versteifungs-
trédger weise unter stidndiger Last weder Durchbiegungen noch Biege-
momente auf - im abgespannten Teil der EinfluB aus der Verformungs-
theorie maximal eine 1,5 bis 2 - prozentige Erhdhung ergibt. Bei
einer iiblichen Uberhthung der Briickenlingsachse wird auch dieser
geringe Einflul3 zum groBten Teil aufgehoben.

Zur Losung der Differentialgleichung des Ersatzsystems werden
die Hilfsfunktionen

c(x) = —,gff(x)m35ﬂ (4 8)
and P(x) = BBy fx) i’y g

eingefilhrt. Man erkennt sofort, daB die Differentialgleichung des
Systems (A 7) der Differentialgleichung eines Trigers auf elasti-

. 3 —
f(y)/n" 50 = f; (A 9)
so erhdlt man zusammen mit der weiteren praktisch mdglichen Verein-

E f . E T
L kTk
n ¥ = p(x) +Y S X (4 10)

Die Ldsung des Problems erhdlt man schlieBlich mit

4 B

k' = R (& 11)

womit man in der an sich bekannten Art die LOsung der homogenen
Differentialgleichung in der Form

n = Alykxorkx + Blmiky Gokx + Cloghex wwmkx + D Gourky minkex (A 12)

und schlieBlich fiur einen Tr&dgerabschnitt innerhalb dessen p = const
ist, die Losung der vollstandigen Differentialgleichung

p Py
Yy =Nt Zxsgg T 3 X (4 13)
findet.
Zur Bestimmung der Konstanten A, B, C und D, sowie der Ver-
schiebungfﬁ‘an der Pylonenspitze werden die Randbedingungen
y(o) = 0 ; y'(o) = y{ : -EJ y"(o) = My
y'(1/2) = 0 und y"'(1/2) = O A T4
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sowie die Glelchgew1chtsbed1ngung

pLE = _
H, = an * e X7dx H, (4 15)
herangezogen, WObiS je nach Abspannart der Seitenspanne
4, = —}‘7‘5’9’ Coo?p, vn p, (416)
2
oder j-l,] = -EL- -+ Ex k\/X?dX (A 17)
. Zh
verwendet wird. 0
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ZUSAMMENFASSUNG

Die Abhandlung bringt einen Beitrag zur Untersuchung der Tragwerks-
sicherheit mittels der Viskoelastizitadtstheorie, wobei Ergebnisse
aus Losungen "begleitender" Probleme der Elastizitdtstheorie heran-
gezogen wurden. Im speziellen ist das Ph&nomen des Kriechens der
Tragkabel untersucht worden. Fur Schrédgseilbriicken wurde ein weniger
bekanntes Ersatzsystem nach Waltking vorgeschlagen und verwendet.

Es konnten baupraktische Schlisse gezogen werden.

SUMMARY

This publication gives a contribution about the researches
of the safety of structures with the theory of viscosity, whereat
results with solutions of "attendant" problems of the theory of
elasticity were drawn near. The creeping phenomenon of the msin
cables has been investigated specially. For diagonalcable-bridges
there was proposed and used a less known substitution system of
Waltking. Practically conclusions were able to make.

RESUME

Les memoires apportent une contribution pour le calcul deg la
sécurité des structures au moyen des théories de la viscosité oudon
a attiré des résultats des solutiones des problémes "accompagnés"
de la théorie de 1°élasticité. Spécialment on a examiné le phénoméne
du fluage des cables porteurs. Pour les ponts de fil incliné on a
proposé et employé un systéme équivalent selon Waltking. On a pu
prendre des conclusions praticues pour la construction.

Bg. Schlussbericht



Leere Seite
Blank page
Page vide



L'influence du fluage linéaire sur I'équilibre des
systémes hyperstatiques en béton précontraint

Einfluld des geradlinigen Kriechens auf das Gleich-
gewicht der statisch unbestimmten Spannbetonsysteme

Influence of Linear Creep on the Equilibrium
of Prestressed Indeterminate Systems

J. COURBON
Professeur a I'Ecole Nationale des Ponts et Chaussées
France

PREMIERE PARTIE - LES LOIS de FLUAGE etde RELAXATION du BETON

I -10I de DEFORMATION du BETON

Imposons a un prisme de béton une contrainte de compression constante &

3 partir de 1'dge 4, . Si la contrainte o n'est pas trop grande, inférieure
par exemple au tiers de la contrainte de rupture, l'expérience montre que le
raccourcissement unitaire du béton £(¢) i 1l'age 4 > 4, est proportionnel

a la contrainte g ; donc :

(1) g(t) = Z

E(t, t)
Le module de déformation du béton est donc une fonction des deux

variables ’to et £ . Pour C= £, , nous obtenons le module instantané
E(’to) , et pour £ =0 , le module différé K(fo)

(2) Elt)= Elt,4),  K(h)= E(4)

La relation (1) peut également s'écrire ;

_ o t £ . Fle t)="1 _ — A
(3) £(t) = =5 —+ o F( °, ) avec : (0, ) [__{{D/f) E[[o,fo)

La déformation apparait ainsi comme la somme de la déformation
élastique instantanée et de la déformation différée G /—'[Q} {) . proportionnelle

a la contrainte et croissant avec le temps, appelée fluage linéaire, On notera

que F(fojfo) est nul .,

Seule l'expérience permet de connaitre la fonction E[-Q}i") .
Diverses expressions analytiques ont été proposées pour la représenter,
La plus simple est

~B(L-to)
(4) ! = +[ ! —--;%]-!:4-—6 J
El4,t) ~ Elt) K(t,)  El4

IB caractérise la vitesse de fluage.
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Lorsque le béton n'est chargé qu'a un dge assez grand, on peut admettre
que E[,{:a) et K'({ ) sont des constantes £ et K , de sorte que :

4 4 g4 AN 4 e A
(5) —— = L+ (- Z
E(4,%) &
E(’ﬁ;} ‘f) ne dépend alors que de la variable ‘Z-—’f—o
Lorsque la contrainte o (/) appliquée au béton dans l'intervalle de temps

(t‘,,w) est variable, on trouve, en appliquant la loi (1) que le raccourcis-
sement £ (L) a pour expression:

TlLo) +/IM
<

(6) ) = 273 E(€ L)

II - LOI de RELAXATION du BETON

L'expérience montre que si l'on impose a un prisme de béton un
raccourcissement unitaire g a partir de l'dge IT,; , la contrainte de

compression initialement égale a o(t,)) — & E(’fd"f:,) décroitdans
le temps et reste proportionnelle 3 & ; donc:
(7) ot)= £ R (£, ¢) avec: R(t, t,)= E(L,1,)

La formule ( 7 ) peut également se mettre sous la forme :
(8) oft)= ald ) — & G(to/ £)ave (;—([0/ f}: R(.fo}-[‘,)_-ﬁ_’[-[:jf')

qui met en évidence la diminution de contrainte ou relaxation

Lorsque le raccourcissement Z(¢) imposéau béton dans l'intervalle
de temps ({0 9(_)) est variable, on trouve, en appliquant la loi ( 7 ) que la
)

contrainte o (£) a pour expression :

.
(9) o(t)= &(4) Rt t) +/[ £/(E) R(E E)dE

IIl - 1LLOI de RELAXATION DEDUITE de la 1.OI de FLUAGE

Sil'on se donne &(€) , la contrainte = (£) , solution del'équation

intégrale (6) est donnde par l'expression (9) . Cette solution est donc connue si
'on sait déterminer la fonction (/4 ) connaissant la fonction E[—f:,/ t)

Nous désignerons par .C.z ([u, ¢) l'unique solutiondel'équationintégrale
“ ’
(10) / _re)at ki = F([u/ ¢)
Lo E(E/ {)

qui s'annule pour € =.f, . L'équation (10) peutse ramener adune équation de
VOLTERRA ,

Dans le cas général, le calcul des valeurs de la fonction & [{—‘,} f)
s'effectue sans difficulté par intégration numérique .,
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L'intégration formelle est possible dans le cas de la loi de déformation
(5) ot I'on trouve :

_yplt-£) -
(11) ¢[’€;T): (’7—“2}5—)[4"6 4 ])avec: f:ﬁ-:%

et dans le cas de la loi de déformation ( 4 ) o l'on trouve

<
y 4 < e £ln)
02 P68 = [ = | [E0 T e yitizg | T

Ceci posé, pour déterminer la fonction (£, £) donnons 3 &(¢)
/

la valeur constante §& dans la relation (6) ; nous obtenons ainsi ;
£ ,

o(4.) o (4s) /‘ al(8)cll

—_— = S . e S

El4,t,) Els,¢) S TECEC)

(-3

de sorte que la diminution de contrainte ou relaxation ?[‘f’) = a'/[,,) -O'/’f)
est la solution de 1'équation intégrale :

C pue Al _ o) Flt ¢)
<, Elf]/f)

qui s'annule pour 4 =, . Donc:

plt) = F(t,) ® (£, ¢)

et par suite :

o(t)= alts) [1-B(4,¢)] = & E(talto)[/; ~ $(4,1)]

En comparant avec la formule (7), nous voyons donec que

(13) Rt t) = E(, t,) [1-P(t,,t))]

Ainsi, dans le cas de la loide déformation (5), nous obtenons :
—y (&-C5) £
(14) R(t,t)= E - (E-K) (1-e77 ) (Y:/f ,_/\_)

Le cocfficient ¥° caractérise la vitesse de relaxation ; ce coefficientest
environ trois fois plus grand que le coefficient /B3 qui caractérise lavitesse
de fluage., La relaxation est donc plus rapide que le fluage.

I1 est également possible de déduire la fonction E([a, t) de la

fonction R[{‘,/z{") par une méthode analogue 2 celle qui vient d'étre

exposée .
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DEUXIEME PARTIE - APPLICATION aux SYSTEMES HYPERSTATIQUES

I - EQUILIBRE sous 1'ACTION d'un SYSTEME de FORCES DONNiEES

Considérons un systeme . fois hyperstatique (2) et désignons par X.,'

les m composantes des forces appliquées aux points /‘}“ et par RJ'

les . composantes des réactions hyperstatiques appliquées aux points BJ
Associons au systéme (2) le systeme isostatique (Z’) obtenu en supprimant
les liaisons surabondantes correspondant aux réactions RJ' . Si, au temps ’l:
on applique au systeme (E’) un ensemble de forces constantes X/_- et EJ’
aux points /94_‘ et Ba,- , le déplacement fl)é du point BE dans

la direction de la force Ré aura pour valeur au temps 7 > ¢, , dans

1I'hypothese du fluage linéaire :

£) = ) a ,X + [)dl
(15) fvﬁ( ) E{toj‘t) Z ﬁ Z

& = A
i L9 P - P
C(/& et A étant des constantes caractéristiques du systeme étudié
Il en résulte que les réactions hyperstatiques Ed‘ sont données par

le systeme : ,
L #
(16) a, X. + b5, B, = 0O
IR

dans lequel le déterminant I L'Z l n'est pas nul (configuration non critique) ,

Donc, dans l'hypoth®se du fluage linéaire, 1'équilibre d'un systeme
hyperstatique, soumis a des forces extérieures données constantes dans le
temps, est indépendant du temps et identique & 1'équilibre élastique déterminé
avec un module de déformation constant,

Si les forces appliquées X‘. [1‘) et ﬂ:}[t.") au systeme isostatique
associé (Z’) dépendent du temps, le déplacement ‘U‘é (£) au temps T

postérieur au temps L, début de 1'application des forces a pour expression :

e DRI TR LMC{[ZM/!/Q o)
ou, en intégrant par parties :
08 we)= [Zﬂ X{f)J,ZAJ}?[é)] /[Za X/€)+Z )wbéﬂf/p

4

e

(17) Vg lt) =
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Il en résulte que les réactions hyperstatiques 7‘_-;1' sont données par
le systeme : P J s
(19) E a’ X[{') —+ E é)'} 7?/:5):’:0
£ " % = A d
&= -

Donc, dans l'hypothése du fluage linéaire, 1'équilibre d'un systeéme
hyperstatique, soumis 2 des forces variables dans le temps, se confond 2 tout
moment avec 1'équilibre élastique déterminé avec un module de déformation
constant .

En particulier, les résultats précédents s'appliquent aux calculs des
réactions hyperstatiques dues a la précontrainte, puisque la précontrainte est
équivalente a l'application d'un systeme de forces données : forces concentrées
aux ancrages des armatures et forces réparties provoquées par la courbure des
armatures,

II - EQUILIBRE sous I'EFFET de DEFORMATIONS IMPOSEES

A - Compensation des systemes hyperstatiques

Pour diminuer les contraintes d'un systeme hyperstatique, on impose
souvent a ce systeme des déformations maintenues par les liaisons surabon-
dantes (par exemple : dénivellation des appuis d'une poutre continue} , On
introduit ainsi dans le systeme des efforts dits de compensation quis'opposent
aux efforts provoqués par les forces données, Le probleme qui se pose est de
savoir comment les efforts de compensation évoluent dans le temps.

En imposant a 1'dge ft'o des déplacements VE aux points d'application

Bk dans la direction des réacticns /?,5_ , on introduit dans le systeme

des réactions compensatrices E/@ (4) qui sont des fonctions du temps,

Au temps 'z_o , les valeurs /’5 [J.‘o) sont données par le systéeme
e -~ Z)J R ([)
i = 2.5 Gt
Elt,t) £ %k

Au temps A, les valeurs & -{f) vérifient les équations intégrales :

,U-o 7 /F)
% EmHZgﬁﬁ’ﬂ)"—Z / [/,,at)

La comparaison des deux equatlons precedentes donne :

> [ = - 2 )
J <o

ou, puisque le déterminant ] E,é , est différent de zéro :
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£ 4, 1]

f _RIBAE _  Rilh,) Fl4e)
. £o E(éj'é)

Il en résulte que les diminutions 5;["): @'{{o)" @(t) des

réactions compensatrices sont les solutions des équations intégrales :

< _
/ Sd/.(gjzlé’ _ 75 /'J—o) f_['to, ,t)
4

E(8¢)
Donc : %[f)': f?j[“o) %({},} '{) et par suite :
(20) Ry(€) = Ro(t,) [+~ P(4, )]

Les réactions: hyperstatiques introduites par la compensation a l'dge

ffo diminuent donc dans le temps. A l'dge .£> -1, les efforts de

compensation (moments fléchissants, contraintes, etc. .) sont égaux aux

efforts de compensation a 1'4ge /7:0 multipliés par le coefficient de

réduction 4 — @ (‘Qlf) . Cecoefficientde réduction ne dépend que

des propriétés du béton et non des caractéristiques du systeme hyperstatique,
I1 peut étre calculé une fois pour toutes pour un béton donné,

Dans le cas particulier de la loi de déformation ( 5 ), la formule ( 20 )

devient :
K K\ -rft-t)
(21) RJ{I)Z R{/{fa) [—[—:—- -+ (’f~ E) < J

Faisons tendre Z vers l'infini, nous obtenons *
K ¢
k@) o (%)

Dans ce cas, les efforts de compensation initiaux sont réduits a la longue
dans le rapport du module de déformation différée au module de déformation
instantanée,

B - Effet de déformations imposées dans le cas général

Imposons aux an points /3 du systeme 7L fois hyperstatique (2)

des déplacements donnés dans la direction des forces X . Ceci revient
a introduire dans le systéme(ZJ are  liaisons supplémentaires, donc a le
transformer en un systeme (5_21) nn + 7 fois hyperstatique, Il est méme

possible que le systeme @) soit isostatique ; dans ce cas le systéme (Z,,)

est M fois hyperstatique ,
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En appliquant les résultats obtenus ci-dessus pour la compensation au
systeme hyperstatique (2‘9) que nous supposons ne pas €tre a configuration

critique, nous voyons que les efforts, provoqués dans un systeéme isostatique
ou hyperstatique par des déformations imposées 2 l'age %, , diminuent dans

le temps . Au temps 4 >€, , les efforts sont égaux aux efforts initiaux

multipliés par un coefficient de réduction égal & 1 — @(to){)

IIT - INFLUENCE du MODEde CONSTRUCTION - DEFORMATIONS DIFFEREES

Supposons que pour construire le systeme hyperstatique (2)
on exécute d'abord un systéme isostatique associé <S)) et qu'on
réalise ensuite a 1'4dge ’—Co les liaisons surabondantes au moyen d'armatures de
précontrainte., Ce cas se rencontre en particulier dans la construction en encor-
bellement, et également lorsqu'on réalise une poutre continue a partir de poutres

préfabriquées posées d'abord sur appuis simples,

A - Calculdes réactions hyperstatiques dues ala réalisation des liaisons

Nous désignons par )(4,_- les forces appliquées en permanence (ycompris
éventuellement les forces dues 2 la précontrainte isostatique) a partir de
l'instant 4, . Nous pouvons faire abs‘raction des forces appliquéas postérizun-

rement 2 ’to , car nous savons que les réactions hyperstatiques correspondantes

sont celles que 1'on calcule en supposant le module de déformation constant., Si

l'on avait construit d'emblée le systéme hyperstatique, par exemple en l'exécutant
. . . +* P,

sur cintre, les réactions hyperstatiques auraient eu les valeurs /’L; données par

les équations .
. < S *
(22) >, a5 X, + 2,5 R =0
; Jd
<

Supposons d'abord que les liaisons surabondantes sont réalisé€es par
précontrainte concordante, donc que les réactions hyperstatiques /"Cc;-[{) sont

nulles pour = 'to

Avant la réalisation des liaisons surabondantes, les déplacements des

/ ~
points B,é du systeme isostatique associé (E ) ont pour valeurs a
1'instant /fo , en supposant , pour simplifier 1'exposé que les forces
-z,

sont appliquées a partir de 1l'instant -t, :

4 E ' c X
Wy == a
A= Frt) £ kT

Ces déplacements ne varient plus lorsque les liaisons surabondantes sont

réalisées ; nous avons donc a l'instant a
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R/ (6)db
. zz X + /
Yk = Fe, 0 4 Z’ 5 . El6E)

Eliminons %% entre les deux equatlons précédentes ; nous obtenons, en
tant compte de la relaxation ( 22 ) :

g s ¥
2 b, / W = Rz ) b7
. J .
soit, puisque le déterminant IA},; l est différent de zéro :
£ _ :
JE) d E x
23) / O REF4, )
£ (1)
Les équations ( 23 ) sont des équations intégrales du type ( 10 ) ; donc :
*
(24) @,(rj = 76:/. Flt, £)
Dans le cas particulier de la loi de déformation (5), nous avons

(25) @_{U: }5* (4“%)[4_8—;{4—5)]

Nous voyons donc que les réactions hyperstatiques varient constamment
dans le mé&me sens depuis les valeurs initiales ﬁJ {{J) = O

jusqu'aux valeurs limites :
* K
r, = o, (’f - —‘)

Ainsi les valeurs limites des réactions hyperstatiques peuvent atteindre
les deux tiers des valeurs correspondant a la réalisation directe du systéme
hyperstatique,

‘v

Le cas olu la précontrainte de liaison n'est pas concordante se rambene
immédiatement au cas précédent, puisque la précontrainte peut étre considérée
comme un systeme de forces extérieures appliquées a l'instant 4, . Nous

aurons donc pour valeurs des réactions hyperstatiques dues a la réalisation des
liaisons surabondantes :

%) =
F() = S+ Fy(t)

les valeurs 6(‘*) étant données par (24 )

1'instant 'éo

[Vl

(26)
l'instant £ > [;

[\

B - Etude des déformations différées

Le déplacement d'un point /7 *du systeme hyperstatique (2) sous l'effet
des forces X, et de la précontrainte (supposées, pour simplifier 1'exposé,

appliquées 2 partir de l'instant Io) est égal au déplacement du point M du
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}
systeme isostatique associé (2 ) sous l'effet des forces X‘L- , de la

précontrainte et des réactions hyperstatiques @(‘t—) dues a laréalisation

des liaisons surabondantes. A l'instant £ > Lo, ce déplacement aura donc

une expression de la forme :

[V +Zoz X +Z/M08{~*)] +Zﬂm RS

(27) v [f)a /ﬁ,z‘)

Y

lot)

¢ §
(-4 m et ﬂi étant des constantes et le déplacement provoqué par

la précontrainte,

Le déplacement différé au temps e est :

(28) 0, (£) = ©, (4] — %, (%)

Dans le cas d'un systeme isostatique, les réactions @('&) sont

identiquement nulles, et l'on déduit de (27) et (28) :
E(‘{_ {0) [L/UJ ]
t)= | S0 %00 73 g N
J/\w[) £ (4 4) 1]%[ I IS s

A la limite, la déformation différée peut donc étre le double de la
déformation instantanée.

Dans le cas d'un systeme hyperstatique (Z) obtenu par réalisation
des liaisons surabondantes dans le systeéme isostatique associé (z )) par

précontrainte concordante, la formule (27) devient :

wl= g [ e S 2 B

soit, compte tenu de la relation ( 23 ) :
29) vaid) =1 (v i >t x Fle. ) > 47 p”
&  Elt,t) MM e + g > Fm 'y

Nous obtenons donc pour valeur du déplacement différé :

59 )= Flay ) [V + S tn X+ 2 B |
4 v

expression que l'on peut également mettre sous la forme :
0 E'/fa £) d'. 7K
31 ¢ = d —1 v [ F(t, ¢ 7T
Y mt) (Ez:,x) P ) + FlL, )J- Fr &

Dans le cas ou la précontrainte de liaison n'est pas concordante, les

réactions "//(?;[f] sont données par ( 26 ), et l'on trouve sans difficulté que la
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formule ( 30 ) doit &tre remplacée par la formule :

(32) or;{é);_— Fl<, )[V +Z X *Z/M (R =) )]

la formule (31) demeurant valable,

En général, les termes entre crochets des formules (30)et (32) sont tres
petits, de sorte que les déformations différées des systemes hyperstatiques
sont faibles, Dans des cas pratiques, nous avons trouvé, et observé sur les
ouvrages, des déformations différées vingt fois moindres que celles del'ouvrage
isostatique associé.

IV-EFFET du RETRAIT, dela TEMPERATURE etdes TASSEMIENTS d'APPUIL

Dans le systeme isostatique associé (2 ) , le retrait, latempérature ou

des tassements d'appui, agissant a partir de l'instant ’fa , donnent des
déplacements des points 3’{,-. égaux a (7)
Considérons alors le systtme hyperstatique (2) , et supposons d'abord

le module de déformation constant et égal du module instantané ; dans cette

hypothese, on obtiendrait des réactions hyperstatiques %1('” données par

Z{:EJ”{H_mo

Nous connaissons donc les fonctions 72 ! (’T)

les équations :

(33) Vs (t)+

['[f <)

En réalité, Ie module de déformation n'est pas constant, et les réactions
hyperstatiques (() sont données par les équations intégrales :

5 R s[RI
f/fw“)dz £ Hdz 4, R

Vet

L'élimination de ”U/:; {t) entre les deux équations précédentes donne
les équations :
i g / '—"
< 4RI z )= > /f)
sl - — R
Z_J b/ﬁ J (8t E// £t t) £ )
~

v

équivalentes, puis le déterminant r A,;: est différent de zéro, auxéquations:

“ R ' e
Rt B B
iy E/‘Q)'t) E(’{aji‘J E([c/ a)

Les équations ( 34) sont des équations intégrales du type de 1'équation (6);
leurs solutions sont donc données par les formules :

(34)
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£
3 ) — A [re) RUE ¢ /ﬁ’% TlE ¢ 5/57
(35) @”;EW‘,)[JU B+ ) ) Rl ¢)

qu'une intégration par parties permet également d'écrire :
felE )
a J /é

P
i —_— // ¥ { ‘t- — t -K Y i
(36) @m,%w [RJ-[é)ff(f, S cE

(]

Dans le cas particulier de la loi de déformation ( 5 ), il est possible de
faire de nombreuses applications des résultats précédents,

RESUME

Lorsque le raccourcissement du béton sous contrainte constante est propor-
tionnel 4 la contrainte mais dépend de 1'dge du béton et de la durée du
chargement, 1'équilibre d'un systeme hyperstatique sous l'action de forces
données est 1'équilibre élastique. Par contre, 1'équilibre, sous 1l'effet de
déformations imposées dues au retrait, a la température ou au mode de cons-
truction évolue dans le temps et tend vers un équilibre limite,

SUMMARY

When the strain of concrete under constant stress is poportional to the stress,
but depends on the age of the concrete and the time the load is applied the
equilibrium resulting from the action of given forces is the elastic equilibrium,
But, under imposed deformations resulting from shrinkage, temperature or
mode of construction, the equilibrium evol-ves in time and tends toward a limit
equilibrium,

ZUSAMMENFASSUNG

Wenn die Verkiirzung des Betons unter sté@ndiger Spannung proportional
zur Spannung bleibt, aber vom Alter des Betons und von der Dauer der
Belastung abhédngt, ist das Gleichgewicht eines statisch unbestimmten
Systems bel gegebenen Kridften das elastische Gleichgewicht. Unter den
aufgezwungenen Verformungen des Schwindens, der Temperatur oder der
Bauart entwickelt sich hingegen das Gleichgewicht mit der Zeit zu einer
Grenzlage.
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Comments by the author of the introductory report
Remarques de l'auteur du rapport introductif
Bemerkungen des Verfassers des Einfiihrungsberichtes

ALFRED M. FREUDENTHAL
Columbia University
New York

The discussion contributed to Theme Ia ranges from a rejec-
tion of the approximate probabilistic approach to structural safe-
ty based on the introduction of load and of carrying capacity as
random variables as mathematically not rigorous enough (Misteh,
Eimer, Konishi) to its rejection as being "mathematics" instead of
being "common sense" (Hrennikoff), whatever this may mean. It is
encouraging to those who, over the years, have attempted to pro-
mote a rational probabilistic approach to the concept of structur-
al safety, that among the 8 contributions to Theme Ia only a single
one (Hrennikoff) repeats the familiar argument of the "practical
engineer" that problems of safety should be left to the "collective
judgment of the profession" which will protect society from "erudite
mathematical derivations" which can obviously not estimate the chances
of incompetence in analysis, design and construction, Since Prof.
Costa, in his discussion, has refuted this point of view by summari-
zing the principal arguments for the probabilistic approach in a most
effective manner I shall comment only on the other extreme, namely
the proposition to base the approach to structural safety on the
theory of stochastic processes.

While, in principle, there can be no objection to this ap-
proach, a closer consideration of its practical applicability re-
veals that even an approximate solution of the problem of the esti-
mation of the time to failure ('first exceedance" or first passage"
time) presupposes the introduction of such drastic simplifying as-
sumptions concerning the character of the random process, the re-
sponse of the structure and the nature of the failure process that

the physical significance of the solution becomes dubious, to say
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the least. Even with these simplifying assumptions not even an
approximate solution can be obtained if the resistance of the
structure is a statistical variable subject to time-or load his-
tory effects. It appears that under these conditions the engi-
neering relevance of the stochastic approach to structural safe-
ty is open to serious doubts,

It is therefore more expedient to develop the approximate
probabilistic approach reviewed in the Introductory Report and
dealt with in the contributions by Prof, Lind and Dr. Koch. How-
ever, I should like to express some apprehension concerning the
use of the Gram—-Charlier expansions in fitting distribution func-
tions. These expansions produce negative ordinates at not too
large distances from the mean and are therefore unsuitable in the
low probability range characteristic of safety analysis. Also
selection of distribution functions on the basis of curve-fitting
near the center of the distribution is an irrelevant procedure.
Distribution functions that can be extrapolated towards the tails
may be rationally selected only on the basis of physical argument
by which a certain probability model can be justified.

In the case of structures the loads of which are of a clear-
ly stochastic nature, such as towers subject to wind, maritime struc-
tures subject to waves and swell and flexible structures subject to
earthquake accelerations, a synthesis must be attempted between the
approximate probabilistic and the rigorous stochastic approach to
safety analysis on the basis of which rational design criteria for
such structures are developced. An illustration of such a procedure
for maritime structures is presented by the author at the 22nd In-
ternational Navigation Congress in Paris in 1969.

Considering the elaborate analytical methods of safety anal-
ysis in the inelastic range, as illustrated by the various contribu-

tions to Theme Ib, and the dubious physical assumptions concerning
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the material response underlying such analysis (linear visco-elas-
tic, ideal elastic-plastic, steady state creep, etc.), it would seem
that structural model analysis represents, so far, the only really
reliable method for the establishment of the critical failure mech-
anism of any but the simplest structural forms on which a rational
safety analysis can be based. The fact that it has not been specif-
ically referred to in the Introductory Reports, on which Prof. Oberti
comments, is simply a tacit expression of the conviction that it is
so well-established a tool that it is unfailingly used whenever the
results of a theoretical analysis are either physically suspect or

unobtainable,

I. Ba. Schlussbericht



Leere Seite
Blank page
Page vide



lc

Optimisation des structures
Optimierung von Tragwerken
Optimisation of Structures



Leere Seite
Blank page
Page vide



Ic

DISCUSSION PREPAREE / VORBEREITETE DISKUSSION / PREPARED DISCUSSION

Beitrag zur Frage der Optimierung von Tragwerken
Contribution to the Question of Optimisation of Structures

Contribution a la question de I'optimisation des structures

F. FALTUS
Prof.Ing.Dr., Dr. Sc.
Tschechoslowakei

Herr Courbon hat in seinem Einfiihrungsartikel eine beachtens-
werte Zusammenstellung allgemeiner Gesichtspunkte zur Frage der
Optimierung von Tragwerken gegeben, welche zeigt, wie vielseitig
die Aufgabe ist, auch wenn wir uns nur auf Tragwerke bzw, Bauten
beschrénken und nicht das ganze Bauvorhaben mit seinen mannigfialti-
gen dkonomischen Zusammenhdngen ins Auge fassen. Ich mdchte zu
diesen Ausfiihrungen einige Bemerkungen hinzufigen.

1) Die einf'achste Optimierungsaufgabe ergibt sich, wenn als
Kriterium lediglich das ilinimum des Aufwandes eines Baustoffes ge-
stellt wird, Da bei Stahlkonstruktionen der Materialpreis die
Gesomtkosten wesentlich beeinflusst und die Anarbeitungskosten bei
nicht zu grosser Knderung der Technologie dem Gewicht etwa propor-

tional sind, geniligt oft diese vereinfachte Aufgabenstellung. Sie
ist sogar zu gewissen Zeiten mit Stahlmangel ausschlaggebend.
Courbon weist richtig darauf hin, dass das Gewichtsminimum gewdhn-
lich sehr f'lach verl&éuft, wenn nur geometrische Abmessungen variiert
werden. Es werden dann auch ziemlich grosse Abweichungen von der
optimalen Form nur geringfiigige Knderungen des Gewichtes bringen.
Es sollte daher auch immer dieser Zusammenhang untersucht werden,
da dann scheinbar untergeordnete, und daher vernachléssigte Einf'lisse
die Lege des Minimums stark verschieben kénnen. Es soll noch hervor-
gehoben werden, dass sich eine Tragkonstruktion minimalen Gewichtes
i.A. nicht aus Bauteilen zusammensetzt, die an sich minimale Gewich-
te haben,

Grossere Stahleinsparungen bringen nur prinzipielle Knderungen»
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der Tragkonstruktion. Als Beispiel sei eine ﬁberlegung erwdhnt, die
beim Entwurf der Bogenbriicke iiber den Stausee der Moldau siidlich
Prag gemacht wurde. Es handelt sich um eine Strassenbriicke von
380 m lichter Weite, deren Fahrbahnkonstruktion auf vollwandigen
Zweigelenkbogen von 330 m Stiitzweite aufgestiéndert ist (Abb.l und
2). ks wurde die Frage aufgeworfen, ob bei dieser grossen Stiitzwei-
te die Fahrbahnplatte als leichte orthotrope Platte, oder wie bei
Bricken kleinerer Spannweiten besser als Stahlbetonplatte in Ver-
bund mit den Fahrbahnhaupttrigern von 23 m Spannweite ausgetiihrt
werden soll. Eine Vergleichsrechnung zeigte, dass der Stahlbedarf-
und dieser war zur Zeit der Projektverfassung ausschlaggebend- fir
eine orthotrope Platte grdsser ist, als die Vermehrung des Stahl-
gewichtes der Bogentriger zufolge der Vergrdsserung der stédndigen
Last. Einen grossen Einfluss auf dieses Ergebnis hatte auch der Um-—
stand, dass mit Grenzlasten gerechnet wurde, d.h., dass in die Be-
rechnung nach der Theorie zweiter Ordnung das Eigengewicht mit
einem kleineren ﬁberlastfaktor eingefiihrt wurde als die Nutzlast.
2) Wesentlich schwieriger ist die Optimierung mit Hinblick
auf’ die Gestehungskosten, Die in Betracht gezogene Technologie der

Fertigung hat einen entscheidenden Einfluss auf die optimale Form
des Tragwerkes. Denken wir z.B., an die Verschiebung der dkonomischen
Grenzen zwischen Fachlwerk und Vollwandtriger zu Gunsten des letzte-
ren durch die Einfiihrung der Schweisstechnik und Riickkehr zu Fach-
werktrigern im Leichtbau. Die Erzeugungskosten werden wesentlich
von der Fabrikationseinrichtung und diese von den herzustellenden
Stlickzahlen beeinflusst. Bei Massenerzeugung sind auch komplizierte
Formen mit grossen Anforderungen an die Genauigkeit zul#ssig, wie
die I'achwerkplatten und Kuppeln beweisen. Ganz wesentlich wirkt
sich auch das Verh#ltniss zwischen Materialpreis und Lohnkosten aus,
sodass die krgebnisse nicht einf'ach aut andere Wirtschat'tsgebiete
libertragen werden kénnen.,

Ein typisches und nur scheinbar eint'aches Beispiel einer sol-
chen Aufgabe ist die optimale Aussteifung eines Stehbleches.Theorie
und Versuch zeigen, dass die traggfdhigkeitserhdhende Wirkung einer
Aussteit'ung nicht linear mit ihrem Querschnitt zunimmt und dass sich
nach einer gewissen Grésse der Steife die Tragfdhigkeit des Steh-
blechs nur langsam seinem Maximum nZhert. Es besteht also sicherlich
ein optimaler Steifenquerschnitt und mit Hinblick auf die Herstel-
lungskosten auch eine optimale Steifenzahl. Diese Aufgabe wurde
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eigentlich noch nicht geldst, insbesondere nicht f'ir die uberkri-
tische Beulfestigkeit. Form und Querschnitt der Gurtungen eines
Vollwandtrigers beeint'lugssen sowohl die Tragfiéhigkeit des Stehble-
ches, als auch die Kippgefahr des Tr&gers. In der Praxis werden
gehr verschiedene Ldsungen verwendet, wie Abb. 3 an einigen Bei-
gpielen zeigt. Entscheidend ist hier wieder der Gesamterfolg.

Dies mdge noch ein Beispiel von dem Bau der oben erwéhnten
Bogenbriicke zeigen. Die Brilicke ist mit einer Breite von 13,0 m
zwischen den Geldndern schmal im Verh#ltnis zur Spannweite (Abb,3).
Um eine geniigende Seitenstabilit&t zu sichern, war urspringlich
vorgesehen, die Bogen schridg zu stellen und die damit verbundenen
Erzeugungs und Montagekosten in Kauf' zu nehmen. Nach entsprechenden
Studien wurde Jjedoch folgende, wesentlich eint'achere LOsung zur
Austiihrung bestimmt. Die beiden Bogen wurden in einem Abstand von
13 m angeordnet und mit Windverb&nden bei beiden Gurtungen als tor-
gsionssteifes Gebilde ausgefiihrt. Die S&ulen, welche die in einem
Abstand von 12 m liegenden Fahrbahnhaupttriger tragen, sind iber
den inneren Stehblechen aut'gesténdert. Zur Seitensteifigkeit und
Stabilitdt der Briicke tr&égt wesentlich die Fahrbahn bei, welche als
durchlautender, wagrechter Balken auf finf Stiitzen die Windkr&fte
aut’ den Fahrbahntréger und die Fahrzeuge nur zu einem kleinen Teil
im Bogenscheitel abgibt. In Abh. 4 sind die horizontalen Reaktionen
des Fahrbahntré&gers bei verschiedenen Anordnungen gezeigt. Im Bogen-—
scheitel wiirde bei der iblichen Aust'ithrung (Abb.4d) eine Reaktion
von 132 Mp zu Ubertragen sein, bei der Ausf'iihrung als Durchlauftra-
ger lber 5 Stiitzen (Abb.4b) betriégt die Reaktion nur 32 Mp, da sich
der Bogen unter seiner aut’ ihn entfallenden Windlast auch horizontal
durchbiegt. Durch diese Ausnlitzung des rdumlichen Zusamrmenwirkens
konnte viel an Anarbeitungskosten gespart werden. Es sei nur neben-
bei bemerkt, dass der horizontale Tr&ger mit einer Liange von 542 m
wohl der léngste Vollwandtréger ist, der Je gebaut wurde, Den Quer-
schnitt bildet die 12 m breite, ohne Dilatationstugen durchlaurende
Stahlbetontat'el als "Stehblech" in Verbund mit den 1,8 m hohen
Fahrbahnhaupttrégern als Gurtungen. Der provisorische Windverband
zwischen den Fahrbahnhauptirigern wurde nach Erhirten der Beton-
platte entfernt.

3) Eine besondere Art der Optimierungsaut'gaben bildet die Fest-
legung von Typenreihen, Hier kommt als neue Ver#nderliche noch die
Grosse des Typenschrittes hinzu, welche die wirtschaftlichen Ergeb-
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nisse stark beeintlussen kann. Die optimale Grtsse des Typenschrit-
te hingt wesentlich von den zu erwartenden Austiihrungszahlen ab.
Grosse Schritte erhdhen den Materialverbrauch, bringen gedoch durch
die Vergrosserung der St{iekzahlen gleicher Ausrihrung Einsparungen
an rertigungskosten.

4) Wesentlich komplizierter wird die Auttindung der optimalen
Lésung, wenn verschiedene Baumateriale, also zB. Stahl, Beton, Holz
usw. in Wettbewerb treten. Die Vergleichbasis sollte nicht, wie es
ot't geschieht, die Gestehungskosten, sondern der Gebrauchwert der
einzelnen Ausfiihrungen sein. Dass in solchen F&llen die optimalen
I8sungen fiir die einzelnen Bauarten verglichen werden sollten, ist
wohl selbstversténdlich. Unter Verbrauchswert kénnen wir die Zusam-
ment'assung aller wdhrend der Exploitationszeit anf'allenden Kosten
verstehen, also die Gestehungskosten mit entsprechender Berlicksich-
tigung des glinstigen Einflusses einer Verkirzung der Bauzeit, die
Erhal tungskosten, die Mdglichxeit von Einsparungen durch bessere
Adaptibilit&t der Konstruktion beil etwaiger Knderung der Anforde-
rungen an den Bau, und schliesslich noch die Abbruchskosten und der
Altmaterialwert. Der letztgenannte Posten hat in erzarmen Lémdern
einen nicht ausser Acht zu lassenden Einfluss.

5) Noch schwieriger ist die Optimierungsaut'gabe, welche in
Landern mit strenger Planwirtschaft gestellt wird : die geplanten
Bauvorhaben sind optimal aut’ die vorhandenen, bezw. noch zu schaf-

fenden Lrzeugungskapazitéten der einzelnen, aut’ verschiedene Bau-
materialien eingestelltenBetriebe zu verteilen. Fiir gewisse Bau-
gruppen ist es von allem Anf'ang an klar, dass sie bei Erfiillung
der technischen Erfordernisse nur in bestimmten Materialien ausge-
t'ihrt werden kénnen. Es bleibt jedoch ein, mit dem technischen Fort-
schritt sich vergrésserndes Gebiet iibrig, aut dem die verschiedenen
Baustof'fe in Wettbewerb treten k&énnen. Da keine Reserven vorhanden
gind und die einzelnen liateriale daher nicht optimal eingesetzt
werden konnen, besteht die Autgabe darin, die durch die weniger vor-
teilhat'te Verwendung der Baumateriale entstehenden Verluste méglichst
klein zu halten. Es kann sich auch ergeben, dass auch tragende
Konstruktionen aus Ieichtmetall so vorteilhat't ihren Platz im Bau-
plan zugewiesen bekommen. Es ist einzusehen, dass die I&sung einer
go umfangreichen Aufgabe mit den zur Verfiigung stehenden Kitteln
und Kenntnissen nicht immer restlost gelingt.

6) Als h8chste und schwierigste Optimierungsaut'gabe, die weit
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liber das hinausgeht, was hier behandelt wird und die nur der Voll-
standigkeithalber angefihrt wird, ist die Absch&tzung der optimalen
Zusammensetzung der Baukapazititen, welche ein Land braucht, um den
anf'allenden Baubedarf in glinstigster Weise zu bef'riedigen. Hiebei
sind auch die notwendigen Nebenbetriebe usw. ins Kalkiil zu ziehen.

Es ist sehr zu begriissen, dass unter dem Stichwort "Cptimie-
rung"” auf diesem Kongress auch okonomische Fragen zur Sprache kom-
men. Der Theoretiker betrachtet of't als vordringlichste Aufgabe
die mbglichst exakte Berechnung der Spannungen in einer gegebenen
Konstruktion, fiir eine gegebene Belastung. In Wirklichkeit ist die
Auf'galie immer umgekehrt gestellt: fir einen gegebenen Zweck ist das
nach Form, Technologie und Gebrauchswert optimale Bauwerk zu ent-
werfen. Eine allgemeine L&sung ist ausser fir eint'achste F&lle noch
unbekannt. Es fehlt eine tragt'éhige Theorie des Konstruierens und
des Entwerfens.

Bei dem Fortschritt und der Verfeinerung der Berechnungsmetho-
den und der Mcdglichkeit des Einsatzes von Rechenautomaten sollte
die Fragestellung mit Einschluss der Wirtschaftlichkeit immer mehr
an Bedeutung gewinnen. Das Ziel einer Berechnung sollte nicht der
Nachweis des Spannungszustandes oder der Sicherheit einer gegebenen
Konstruktion sein, sondern direkt das Autt'inden der optimalen Ge-
stalt derselben. Es sollte sich also der ﬁbergang von der Beurtei-
lung eines Querschnittes zu dessen Bemessung und weiter zu seiner
optimalen ¥ormgebung vollziehen., Wir sind erst bei wenigen einfa-
chen Aufgaben bei dieser dritten Stufle angelangt. Leider wird auch
bei den Statikern in der Praxis oft mehr Wert aut’ eine (oft nur
schef%ar) genaue Berechnung gelegt, als auf eine kritische Beurtei-
lung der Ergebnisse und hauptsédchlich auf die aus ihnen zu ziehenden
Lehren flir eine wirtschat'tlichere Gestaltung der Konstruktion. Trotz
elektronischer Rechenautomaten bleibt das Schatf'ensi'eld des schipfe-
rischen Gestalters der Konstruktion noch vollkommen uneingeschrénkt.
Dies auch deswegen, weil der Begriff "optimale Konstruktion" mathe-
matisch schwer t'ormulierbar bleibt.



154

404,23

4ou92

lc — BEITRAG ZUR FRAGE DER OPTIMIERUNG VON TRAGWERKEN

13500
254 1250 10500 1250,| 250
13900
i
" A '
»
5]
----- S 1 I
———————————1
418 lf § ! | Q
5 @ | 1
|
| | e =3 \
. i l
: I ' 72000 !fﬂﬂﬂ
' © -
e | $ |
% 2 |
E1li 8 |
gl o !
3 & |
4 0 )
ol £ ]
‘ S [ y !
l & = §. 2 ' |
ST @ 14
|8 f o L
| AT}
| S T
| ‘ 3 l7400
| 3 l 73000
| g
’ 3] Abb.2 Querschnitt im Bogenviertel
| ! > und im Bogenscheitel
| o
- T J _c;
ol
= g <
7P
Vs ¥ om 8]
*
g —
*>
&

Abb.? Querschmitte von Trigern
mit vergrésserter Kippsteifigkeit



F. FALTUS

53¢

#2203¢

+2118¢

728 1898 L 1898 _ ses
- i i
t}! +2203¢ +322¢ +211,8¢ T—JJ,?I
r",gtm y=4f,frm )f",?cm
b
1 1
11 =
TN g
=3
+ + -
T?S,S | 10173 THZ 7?4 Tm 13 730,3
y=<8cm y*490em y *28cm C
Tl M I 114y
bt o
b3 S
+ -
Ii -y M|
R
+*

T?S,S TQ?,B 1326 P? TJQQ P
= 26cm y = 50,97em =26am

* 463
- 3
> E
+6682

Abb, 4., Die Briicke als Raumkonstruktion bei Windbelastung

165

a) Ansicht der Briicke. Horizontale Rezktion der Fahrbahn-

platte und Biegemoment bei Ausbildung
b) als Durcnlaut'triger iiber die ganze Briickenlénge
¢) als Durchlauft'triger nur im Mittelfeld
d) als 4 freiaufliegende Tri&ger
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Legend of figures:

Fig.1  Elevation of the two-hinged arch bridge near Prague
Fig.2  Cross-section of the road bridge in the quarter and in the middle of the span
Fig.3  Different sections with enlarged stiffness against lateral buckling
Fig.4  The bridge as a space structure with wind load
a) perspective view
Horizontal reactions and bending moments in the horizontal girder constructed
b) as a continuous girder over the whole length of the bridge
c) as a continuous girder only over the length of the arch
d) as four simply supported girders

Légende de figures:

Fig.1 Elévation du pont en arc a deux articulations prés de Prague
Fig.2 Coupe transversale au quart et au sommet de 1'arc
Fig.3 Différentes sections a résistance agrandie contre déversement latéral
Fig.4 Le pont comme construction dans l'espace sous la poussée du vent
a) Vue perspective du pont
Réactions horizontaux et moments fléchissants de la poutre horizontale
congue comme:
b) poutre continue sur toute la longueur du pont
c) poutre continue dans la partie médiane
d) poutres a deux appuis

ZUSAMMENFASSUNG

Es werden 6 verschiedene Stufen von Optimierungsaufgaben angefiihrt : minimaler
Baustoffaufwand, minimale Gestehungskosten, Optimierung von Typenreihen, optimaler
Einsatz verschiedener Baustoffe, optimale Aufteilung der gegebenen Baukapazitidten

fir verschiedene Baumaterialien auf den Baubedarf und schliesslich deren giinstigste
Zusammensetzung. Es werden zwei Beispiele von Optimierungsaufgaben vom Bau der
Bogenbriicke iliber die Moldau gebracht.

SUMMARY

Six different problems of optimization are presented : structures with lowest weight,

with lowest cost, optimization of type-ranges, optimal use of different building materials,
optimal distribution of the disponible building capacity and finally for different materials
the best combination of building capacities. The arch bridge over the Vltava-river is
used, to demonstrate two examples of optimization.

RESUME

L'auteur présente 6 différents problémes d'optimisation : minimum du poids, minimum
du prix de revient, optimisation des rangées types, choix optimal parmi différents
matériaux de construction, distribution optimale des capacités de construction possibles,
la combinaison optimale des capacités de construction. Le pont en arc sur la Vltava sert
comme exemple pour 2 solutions d'optimisation.
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Optimisation of Structures
Optimisation des structures

Optimierung von Tragwerken

FERNANDO VASCO COSTA
Prof. Technical University
Lisbon

In Prof. J. Courbon's opinion "the optimisation of a structure consists of
designing and constructing that structure at the lowest cost, with the object of
fulfilling a well defined purpose. In particular the safety factor must be speci

fied. ..."

A more general definition of optimisation is suggested, based not on the
lowest cost but on the lowest overall expenses incurred during service life,
including the initial cost of the structure. Such definition can be phrased as
follows: the optimisation of a structure consists in designing and constructing
that structure so as to minimize the sum of the initial cost plus the present
value of the maintenance and operating expenses plus the expectation of all
expenses incurred in case of accident or obsolescence(12 The safety factor of each

structural element has to be selected so as to fulfill such purpose.

The conseguences of failure are not the same for all the elements of a given
structure: for some of them failure can bring about complete collapse of the
structure, whilst for other elements an easy repair will be possible without

discontinuing service.

Why not therefore regard the safety factor as one of the parameters that the
designer has to choose while respecting certain rules, just as he does with the

materials, the type of structure, and the particular method of construction 7

As there is no value of the safety factor that will give a clear cut limit
between safe and unsafe design, there is no reason for specifying its value once

and for all, as most codes of practices do. The safety factor of each element of

(1) Expectation is meant here as the probability of the accidents multiplied by
the amount of the expenses incurred.
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a structure has instead to be chosen taking into consideration not only the initial

cost but also the maintenance expenses and the possible consequences of accidents.

What has been said of the different elements of a structure does also apply
to structures of the same type but used in different circumstances, the failure of
some having much more costly consequences than the failure of others. This would

be the case of a dam located respectively upstream or downstream a town.

In general a higher safety factor implies an increase in the initial cost of
an element or of a structure, but it permits of a reduction of the maintenance
expenses and of the risk of accidents. A lower safety factor, on the other hand,
permits of a lower initial cost, but implies an increase in maintenance expenses
and in the risk of accidents. In general it also permits of an easier and cheaper
adaptation to changing service conditions. But no safety factor, even much larger

than the ones usually adopted, will ever give absolute safety.

Instead of minimizing the initial cost of a structure by taking a safety
factor specified beforehand, one can try to minimize a generalized cost consisting
of initial cost plus maintenance expenses plus expectation of expenses to be in-
curred in case of possible accidents, all such costs being expressed in terms of

the safety factor.

This will permit of a very general approach to the problem of the optimisation
of a structure by taking into account not only the parameters mentioned in the

report but also the safety factor.

As a good example of such optimisation procedure, the most economical height
of some dykes that protect the Netherlands against sea invasions has besn chosen

by finding the elevation H such that

d [C[H) + De"“'(H‘HQ
d H

=0
where

H — elevation of the top of the dyke
C(H)- cost of the dyke as a function of H

ol - a factor depending on the freguency with which
certain sea levels are reached

HD — lowest theoretical elevation of dyke top

D — expenses incurred in case of overtopping of the dyke
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Interest rates are currently very high. It seems therefore worthwhile to take
into account the time value of money by deferring expenditure as much as possible.
This can be done by reducing the initial cost, even when this implies increased

maintenance expenses and higher risks during the service life of the structure.
Let us call

C - initial cost

m - number of types of failure envisaged for a given structure.

n - number of periods of time - usually years - of the service
life of the structure.

Py, pl...p%...p — probability of each type of failure during
1 2 J m : ; '
each period of time 1.

D D ...D%...D - direct expenses with repair costs for each
type of failure, and, where applicable,cost
of replacing the entire structure.

IR 1Y - indirect expenses incurred for each type of
failure, such as indemnities to third parties.

M M,...M....M ~ maintenance and operation expenses during each
period of the structure's service life.

P Po...P....P_ - survivalship of the structure, i.e. the proba-
bility of its being maintained in service during
each period of time, taking into account all
causes for discontinuance of service including
accidents and obsolescence.

r - interest rate.

Depending on the type of structure, the probability of failure p, the repair

costs D, and the indirect expenses I, will either decrease or increase with time.

The expectation of all expenses involved in all types of failure can be

evaluated for each period of time i by

m i (.1 al
2 . (D% + I,
“1 3=1 ?; ( it J)

The most ecohomical structure will, on the long run, and taking into account

the parameters just mentioned, be the one that renders the following sum a minimum:

C + initial cost
=1 present value of all expenses
* (Ml * El) (1 +r) = incurred during lst year
+ (M2 + E2) (1 + r]-z Py + ditto for 2nd year
=3 .
+ (M3 + Ea) (I +r) P, P+ ditto for 3rd year
P T
+M +E)(T+r)" P P,...P — min
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Depending on the type of structure, maintenance and operation expenses M and
the survilvalship of the structure P can either increase or decrease with time. If
there is no reason to envisage the discontinuation of service, e.g. because the
structure will have to be rebuilt even in case of total collapse, then Pl, P2...Pn

can be taken as unity in the above expression.

If p, D, I, M and P can be assumed to remain constant, and P taken as unity,

the expression can be given the much simpler form

C+am(M+E) —3 min

where aﬁlis the "series present value factor'", given by

M (1 +r)_l+ (1+F)_2+ coe vue # (L )T

Although the values to be introduced in the above expressions are difficult to
evaluate, particularly the expectations, these expressions or & similar ones could
permit of a gquantitative evaluation of the safety factor leading to the most econo-
mical structure, on the long run. It will also enable the influence of the usahle
life of the structure to be considered quantitatively in design, the same applying
to its maintenance and operation costs and to the possibility of its adaptation to

foresseable changes, as reccommended by the reporter in the opening paragraph.

SUMMARY

A more general definition than the one given at the beginning of the report
is suggested, based not on the lowest cost of the structure for a specified safety
factor, but on the lowest overall expenses incurred during the service life, namely
initial cost, maintenance, operation and risks of both accidents and obsolescence.
The safety factors of each structural element and of the whole structure have to be

selected so as to fulfill such purpose.

Such definition can be phrased as follows: the optimisation of a structure
consists in designing and constructing that structure so as to minimize the sum
of the initial cost plus the present value of the maintenance and operating ex-
penses plus the expectation of all expenses incurred in case of accident or ob-

salescence.

RESUME

On propose pour l'optimisation d'une structure une définition plus générale
gue celle présentée au début du rapport, ayant pour object non pas la structure
au moindre prix pour un coeffident de sécurité imposé, mais la structure la plus

économigue en service, compte tenu de tous les frais de service y compris ceux
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d'entretien, et des risques d'accidents et d'obsolescence. Les coefficients de sé-
curité pour chaque élément et aussi pour l'ensemble de la structure, doivent etre

choisis conformément & cet object.

A cette définition on peut donner la forme suivante: l'optimisation d'une
structure consiste & concevoir et & realizer la structure de fagon & rendre mini
mum la somme de son prix avec la valeur actuelle des frais d'entretien et avec
1'éspérance mathématique des frais directs et indirects que puisse entrainer des

accidents ou des modifications prévisibles des conditions de service.

ZUSAMMENFASSUNG

Es wird eine erweiterte Definition des Begriffs "Optimierung eines Tragwer
kes" vorgeschlagen, worin neben den Erstellungskosten auch die zu einem sp#teren
Zeitpunkt noch zu erwartenden Kosten (Unterhalt und Risiken) mitberlicksichtigt

werden sallen. Dies wHre die wirtschaftlichste Ldsung auf weite Sicht.

Eine solche Definition kdnnte folgendermassen lauten: Die "Optimierung eines
Tragwerkes" besteht aus der Wahl des zweckm8ssigen Sicherheitskoeffizienten jedes
Tragwerkes und aus der wirtschaftlichsten Verbindung zwischen Projekt - und Ers-—
tellungskosten mit den laufenden Unterhalts - und Bedienungskosten und den auf
statistischer Vorhersage zu erwartenden Kosten gelegentlicher Unfélle und eventueller

Aenderungen.

. Ba. Schiussbericht
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Optimum Design for Structural Safety
Dimensionnement optimal pour |a sécurité d'une construction

Optimierung fur die Bausicherheit

FRED MOSES
Assistant Professor of Engineering
Case Western Reserve University
Cleveland, Ohio U.S.A.

BACKGROUND

In recent years there have been developments in the area of optimum desian
of structures which concerned the sizinqg and proportioning of members for
minimum weight or cost. The utilization of digital computers and advances in
allied fields of Mathematical Programming and Operations Research led to the
formulation of structural optimization as a problem in Mathematical Proaramming.
Given a set of design variables such as depth, thickness, area, moment of inertia
all denoted by a vector Xi the design problem becomes:

Minimize f(X;i) (1)
such that gJ.(Xi) > 0 j=1,2,.., Number of constraints (2)

f(Xj) is a function of weight or cost to be minimized while a(X;) are the
design limitations on stress,stability and deflection or any practical
fabrication or construction restrictions. It is necessary to be able to
compute for any set of design variables X; the stresses, deflections and
stability associated with this design. Recent papers in the structural
enqineering literature have presented efficient optimum desion techniques for

a wide class of problems including plate girders, trusses, frames, stiffened
plates and cylinders.! These works have used Mathematical Programming
techniques such as linear programming, dynamic programming, aradient methods
and unconstrained minimization.2 The Mathematical Programming approach to
design may be limited in that unlike Professor Courbon's paper entitled,
"Optimization of Structures" it does not consider creative changes in design or
even large deviations from an initial prescribed design geometry and
topology. 3 Nevertheless, it has led to important economies in structural design
and has been used in practice particularly for conventional type structures
such as plate girder bridges and frames.

This paper considers the problem of optimization within the context of
safety. It has been proposed by Professor Freudenthal that a rational approach
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to safety must be based on reliability or probahility of failure.* This leads
to a new formulation of an optimum design problem which is:

Minimize f(Xj) (3)
such that Pg(X5) < P allowable (8)

P¢ allowable is the minimum failure probability acceptable for the design and
is assumed in this study as given. Pg(X;) is a function which aives the overall
failure probability of the structure as a function of the desiaon variables to
be determined. This constraint on P¢(X;) is the only constraint used on
structural behavior although other constraints may be based on construction or
other requirements. Several methods for computing P¢(X;) and utilizing it in
an optimum design procedure are presented. Some factors which have motivated
this approach to optimization include the follewing points:

a) Safety as expressed in terms of probahility of survival may actually be
impaired in current deterministic optimum design programs. This is because
existing design codes and safety factors are used to provide protection against
stress, deflection and stability-type failure modes. These safety factors were
developed over a period of time in practice and were not associated with
structures which were optimized. Most mathematical programming optimum desians
end up with a larger number of constraints on stress and deflection against
their 1imit than an unoptimized design. It should be expected, therefore, that
the probability of failure which is the probability that any failure mode occurs
will be higher for an optimized design. An optimization procedure which uses
overall structural failure probability as the behavior constraint should
produce more balanced designs consistant with the development of rational
safety.

b) In order to reach more significant levels of structural optimization it is
necessary to compare optimized structures of different configuration, material
and geometry. Within this decision context a rational comparison is possible
only if the structures have the same level of safety as expressed in terms of
probability of failure.

c) The use of new materials such as brittle composites with greater scatter in
strength tests and new structural applications in environments vith greater un-
certainty suggest that there will be more emphasis in the future on designing for
probability levels rather than using preassiqgned safety factors. 1It, therefore,
seems appropriate to formulate the design optimization problem as in equations

3 and 4.

d) Reliability based optimum design may actually facilitate the mathematical
optimization problem by replacing the numerous limitations (on member stress
DESIGH SPACE

CONTOURS OF CONSTANT WEIGHT

INITIAL POINT

UMACCEPTABLE
DESIGN REGION

3
St

Q__RELIABILITY (P¢) CONSTRAINT
- X]

Figure 1
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and deflections) in a deterministic design by a single constraint on overall
structural failure. The mathematical and computational complexity, however,

has been transformed from the minimization aspect to the analysis of failure
probability. The problem of minimizina the weight subject to only one constraint
as illustrated in Figure 1 with two variables can be handled by several techniques
including linear programming approximations and useable feasible gradient moves.
Figure 1 illustrates an algorithm for minimization by use of the gradients or
normal vectors to the weight function and the reliability constraint. From an
arbitrary starting point the design is changed in steps in the direction of

the gradient to the weight until the reliability constraint is encountered.
Subsequent changes in the design variables are made in a direction Sq which bhoth
reduces weight and avoids violatina the reliability constraint, This is a
useable feasible direction and methods for determining this direction are well
known,5 The design changes are continued until the constraint gradient and
reliability gradient are colinear.

RELIABILITY ANALYSIS AND OPTI"MUM DESIGN

Most work in failure probability has concentrated on a problem in
which all the strength variability was included in one member and all the load
variability was included in one load., Freudenthal presented the probability
of failure of this one member one load structure often called the fundamental
case of structural reliability including the effect of frequency distributions,
standard deviations for load and strength and the safety factor or ratio of mean
values.® In considering the design or proportionina of members in multi-memher
multi-load structures, a model is needed to show the effect on failure probability
of each of the individual members of the structure and their interaction with all
load conditions. Two reliability applications of importance are presented herein,
The first is multi-member "veakest 1ink" structures discussed by Professor
Freudenthal in which the structure fails if any single element fails under any
load condition.* The second application is "redundant" structures such as
1imit designed frames in which failure is the occumenc2 of any collapse mode each
involving more than one element yielding. In both cases loads and strenqths are
random variables described by known frequency distrihutions. The reliability
analysis computes for a gijven design the overall failure probability of the
structure. The optimum design problem is to proportion member sizes to have
minimum weight or cost for a specified allowable failure probability.

"HEAKEST LINK" STRUCTURES

The failure probability of a single member of strenath R under a single
load condition S can be determined from the following equation:®

P = jw Pr {S>t} Pr {R=t} dt = fw [1-Fs(x)] fp(t) dn (5)
0 0

Pr should be read "probability that". F (t) is the distribution function
and f (1) the density function. In extensions to multi-member structures under
one Toad condition it has often been proposed that the overall failure probability
could be obtained from the following equation:7:83
N
Pe=1 -1 [(1-Pc.)] N=Number of members (6)
i=1

Pgj 1s the failure probability of the ith member and P¢ the overall failure
probab1]ity. If the individual Pfj are small as is usually the case, then
equation 6 becomes:

N

Pe =1 Py (7)

i=]
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Equation 6 ignores, however, the fact that the events corresponding to
member failures are statistically correlated since the stresses in each member
are completely correlated since they arise from the same loadina. The member
failures are not 100% correlated since the strengths are independent random
variables. The consideration of correlation loads to a lower value of Pf. If
there is only one load condition and N members or element strengths, then it is
easy to verify that the equation that gives the failure probability is:

Pf =1 - J‘: !|‘I=] [1-FR1.(a1.'r)] fp(r) dt (8)

The constant aj relates the forces or stress levels in member i to the
load value of P=¢, Equation 8 is valid for "weakest-1ink" structures which fail
if any member fails., This includes determinate structures and those indeterminate
structures with little "fail-safe" probability of survival available after the
first member has yielded. This is true for structures with brittle members which
can't carry any load after reaching yield load and for all structures for which the
load variability greatly exceeds the strength variability. If the structure is
subjected to M repeated application of the same loadina condition then Pf can be
computed by integrating on the density function of the worst load which is:

M-
Fomay (V)M [Fp ()17 £, (0) (9)
The failure probability is then:
Pe=1- [‘” 8 [1-Fgq (35 )] oy, (1) o (10)
0

If all loads are not of the same load condition hut represent distinct load
conditions applied at different times then an exact solution for Pf requires an
evaluation of a multiple inteqral based on the joint distribution function of the
load conditions. Various bounds have been presented on the failure probability
based on evaluating integrals which reflect the importance of statistical
dependence between failure modes due to a single load condition on multiple
members or a single member acted on by distinct load conditions.10,11

An important factor in reliability design of "weakest 1ink" structures is
whether the design constraint is based on equation 10 which is exact for the case
shown or equation 6 which is an upper bound on P¢ and ignores the statistical
correlation between failure modes. A previous study showed that this correlation
significantly affects the reliability analysis if the variability of the load
random variable exceeds that of the strength as in structures designed to resist
as their major loading wind and earthquakes.!! In such instances, a lower bound
on Pf which is the largest member failure probability may be used as the design
constraint.

In studying optimum design of "weakest-link" structures two factors were
under observation. One was the effect of statistical correlation between failure
modes on the overall structural weight and the second is the influence of unequal
individual member failure probabilities. It should be noted that all previous
studies on reliability based optimums have used equation 6 as the basis for
computing the failure probability and thus have ignored the correlation.7,8,3,

To study the effect of correlation, a design is found for a truss with one load
condition. A1l members are assumed to have equal mean loads and, therefore, have
the same optimum area, The consideration of the exact value of the P¢ constraint
in equation 8 including statistical correlation allows each member to be designed
for a higher individual failure probability than if equation 6 were used as the
constraint and correlation ignored. The higher individual failure probability
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means a lower weight and the ratio of the two optimum weights based on equation 8
and equation 6 is plotted in Figure 2. With a normal frequency distribution of
load and strength for the coefficients of variation shown the maximum weight
saving reaches 7.3% for case 1 in a 50 member structure.

OPTIMUM - EQ. 8
T8¢ EFFECT OF CORRELATION
ON_OPTIMUM WEIGHT

Pf Allowable = 0.01
CASE 3

1.0
— CASE 2

COEF. OF COEF. OF CASE 1

0.9 - VARIATION  VARIATION
OF LOAD  OF STRENGTH
0.8 CASE 1-- 10% -- 1
CASE 2-- 30% -- 10%
CASE 3-- 10% -- 10%
0.7L
R i ] 1 J - -
1 5 10 15 D 25

NIMBER OF MEMBERS

Figure 2

Another indication of the correlation factor becomes evident when the
overall failure probability is written as:

= +
Pe=ay P ¥ Pe +ibag PeytoLibay Py (11)

Pgi is the failure probability of the ith member and a;j is the percentage
of its }ailure probability that this member contributes to the overall
probability. The aj shown in Figure 3 are computed either by sequentially
integrating equation 8 for increasing number of members or by another technique
discussed elsewhere.ll If there were no statistical correlation all aj would
equal 1.0. If there was complete correlation between failure modes and the
members were ordered with member 1 having the highest failure probability then
a1 would be 1.0 and all other a's equal zero.

3 STATISTICAL CORRELATION OF FAILURE MONES

P Allowabla = 0.01
CASE 3

1.0

0.8
0.6
0.4 CASE 2
0.2
N CASE 1
e -

5 10 15 20 25 .
MEMBER NUMBER, i Figure 3

Figure 3 shows the potential weight saving with other frequency distributions
and members with unequal lengths and mean applied loads since it indicates the
correlation effect and the error introduced into the overall probability ex-
pression as the number of members in a structure increases. The magnitude of
the weight saving can be obtained from plots of member failure probability vs.
member size (or equivalently its safety factor) and is available from the work
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on the single member single load fundamental case.® It is seen from Fiqure 3
that the correlation factor becomes more siagnificant when the load variability
exceeds the strength variability as in structures subject to wind and earthquake
loading.

The second factor mentioned above for study is "weakest-1link" structures
with members of unequal mean loads. An optimum desian in this case has unequal
safety factor and failure probability for each member. In general minimum
weight results if heavier members have higher than the average failure probability
and lighter member with lower mean applied loads or stresses have less than one
average member failure probability. It has been proposed that the following
equation applies to an optimum design.®

Weight of member i _ Pfi (12)
Total weight Pf allowable

This equation was derived and is applicable to cases where equation 7 for Pf
is used as the design constraint. Furthermore, it implies that the element Pfi
depends only on the size of the ith element, or:

aP eP_.
nxf - .xf'l (]3)
7 <%

In general, for a statically indeterminate structure this last equation is

not applicable and: N
CPf _ Z (pfk 14
> T kel X (14)
j

That is the change in any member affects the force distribution and,
therefore, the failure probability of every indeterminate member of the structure.
It should be noted that the simplicity that equation 7 introduces into the
optimization procedure is not lost when the correlation is included in the
computation of the failure probability. This simplicity is needed since most
optimization methods need the gradient to the constraint, Using equation 11,
the components of the gradient of the reliahility constraint can be computed as:

€Ay k=1 o

It has been found from experience that the ay which accounts for the
correlation does not change much in a small region in which the gradient is
determined from the partial derivatives usina a finite difference technique.
Thus the gradient based on N computations of the form shovm in equation 15 need
not be obtained from finite difference perturbations of equation 8 of N memhers
and one load but rather from equation 5 which is for one member and one load.
The computation time saved in this manner may be significant.

To illustrate an optimum design for a structure with unequal member sizes
Table 1 is presented for a determinate truss with 10 members. The formulation of
the design problem as a minimum weight design with a failure probahility constraint
as indicated in equations 3 and 4 was used. Equation 12 can be seen not to he
valid at the optimum due to correlation between failure modes not considered in
its derivation. Also shown in Table 1 is a desian based on equal safety factor
for each member such that the overall failure probabilitv of the structure based
on equation 7 is equal to the allowable value. The difference between the weight
of the optimum design and the equal safety factor design is partly due to
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the correlation factor but principally due to the Mathematical Programming
technique discussed above which proportions the members in an optimum manner
using only the single overall failure probability constraint.

TABLE 1 - 10 Member Examp1ea

Equal Safetv Factor Optimum Desian
Mean Load Area Pfi Area Pfi
Member Value in?2 in2
1 0.1P 0.274 0.0001 n.297 n.519x10-*
2 0.2P N.547 0.0001 0.554  0.604x10-"
3 0.3P 0.817 0.0001 0.818  0.958x10-*
4 0.4P 1.09 0.0001 1.09 n.991x10-*
5 0.5P 1.37 0.0Q01 1.35 1.23 x10-4
6 0.6P 1.64 0.0001 1.61 1.61 x10-*
7 n.7P 1.92 0. 0001 1.86 2.08 x10-“
8 0.8P 2.19 0.0001 2.11 2.65 x10="
9 0.9P 2.46 0. 0001 2,35 3.25 x10-"
10 1.0P 2.74 0.0001 2.59 3.91 x10-*

a Mean Load, P=60,000 1b.; C.V.(P) = 20% Weight based on equal safety
Mean Yield stress, 5y=40’000 psi; CsVs (oy) = 5% design factor = 255.6 1b.
Density = 0.283 1b/in.3; Weight based on optimum
Length L;=60" for all members. design = 243.6 1b.

Both P and qy have normal distributions Pf allowable is 0.001

"REDUNDANT" STRUCTURES

In many structures particularly those designed by limit or ultimate design
methods several members or elements must simultaneously reach their capacity before
the structure is failed. This is the case with some indeterminate trusses and
also beams and frames in which mechanisms form at failure. It is assumed that each
element strength is an independent random variable. 12

A failure mechanism occurs if the contribution of load elements exceeds the
strength elements for any particular collapse mode. If the contributions are
linear this leads to an equation for reserve strength Zj in a mode j of:

n L
Z. =7 a. M, -) b, P i=1, .., n - Critical Elements
ol U g R ke L L - Loads (16)
Jj=1, «ey» m = Collapse Modes

Equation 16 would for example govern a frame against the formation of a
collapse mechanism. The overall failure probability of the structure is the
probability that any Zj is less than zero and can be written as:

Pe = Pr {Z] < 0} + Pr {22 % 1 Z] > 0} + Pr{Z3,5 0, Z, > 0 Iy 0}+... (17)

A method presented elsewhere has been developed to compute the probability
that each Z; is less than zero, including the effect of statistical correlation
between Zj Bresent because somz load and strength terms appear in more than one
collapse equation.13-
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As an example of an optimum redundant design consider a single bent
frame with design variables corresponding to the plastic moment capacity of the
beam and column. Figure 4 shows the deterministic constraints based on a safety
factor approach and the constraint based on failure probability as expressed in
equation 17. The weight function used which is shown linearized in Fiqure 4 is:

R
W=K §=] (Mi) 2 ’ (18)

Mi is the plastic moment capacity,Ll; the length of the member, R the
number of members and K is a constant.

2 _
f=1.5kK {RP=0-5k DETERMINISTIC CONSTRAINTS - - -
A e 25— 3 1. Zf%L - (42 Mgt 1)
I ' 4 4 . .
o | 7;5. 2. Zp7Hh = (M MyF gt "y)
| 3. Zy=PL + Hh- (142 '1y4 My+2 M)
9l : JEIGHT OBJECTIVE 33
FUNCTIONN
st i RELIABILITY CONSTRAINT
; | Pr(z, < 0] + Pr{Z, < 0, Z; > 0]
I DETERMINISTI +Pr(z, <0, 2y >0, Z, >] <4.80x107°
6r OPTIMUM
5t Mc=7 Mp=5 DETERMINISTIC SAFETY FACTOR=2.0

C.V. (LOAD)= C.V. (MOMENT CAPACITY)= 20%
>~ MORMAL DISTRIBUTION
S

PELIABILITY
GASED OPTIMUM

2 1 1 1 1 L 1 1 1

5 6 7 8 9 10 11 12 13 14
Figure 4  DESIGH SPACE FOR BENT FRAME

The allowable failure probability was set at 4.80 x 10-> and was chosen
based on a failure probability analysis of the optimum design obtained using
the deterministic or nonstatistical constraints. Optimum design methods for
frames to resist plastic collapse in the deterministic case are well known and
since all constraints are linear, a linear programming technique is applicable.
A result of a deterministic optimum design is that a theorem for this case shows
that the number of collapse modes designed up against their 1limit in the optimum
design equals the number of design variables which is the number of unknown
member plastic moment capacities.!* Although this is acceptable from a
deterministic viewpoint and does not violate conventional safety factors, it
must be viewed as unsafe from a reliability design viewpoint, The fact that
an optimum design with a Targe number of design variables has an equally large
number of failure modes designed to their limit must indicate that the failure
probability is increased over a conventional unoptimized safety factor limited
design. Consequentially, the replacement of the deterministic constraints by a
single reliability constraint should lead to a more balanced optimum and also
allows the failure probability to be specified in the constraint. An added
benefit that may be seen from Figure 4 is that the design optimized with
respect to failure probability is lower in weight than the deterministic
optimum with the same failure probability. Further examples of optimum single
story frames showed the optimum weight increased as both the allowable failure

1 11M
15 16 COLUMN
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probability was decreased and the coefficients of variation of load and
strength was increased, !5

To illustrate reliability based optimum design for larger redundant
structures the frame shown in Figure 5 with six design variables was studied.

15K
3.6K
12.5K e ;
30 10"
K e ke j;——'—
TWO_STORY_TWO BAY 1 2 3 Ly
OPTIMUM _DESIG]

TR AL .”FL

MEAN LOADS ARE SHOWN I - MEMBER NUMBER
Figure 5

The resulting design moment capacities for the frame in Figure 5 is shown
in Table 2 for designs with normal and log normal frequency distribution for load
and strength of different coefficients of variation. It is interesting to observe
as shown in Table 2 that at least for the examples studied one mode seems to
dominate in having a relatively larger failure probability than the other modes.!3

Table 2

Optimum Design Results of Two Story
Two Bay Frame Shown in Figure 4

Optimum c.V.
Design Mom. p
Example Moment Load f Weight  Freouency Individaul Collapse
No. Capacities % Allowable Function Distribution Mode Failure
K=-ft Probability in Urder
Members of Largest Value Firs
1 2 3 1 2 3
4 5 6 4 5
1 29.2 95.8 84.4 0.10 7.78(2)* 312.5 Normal 6.70(2) €.87(3) 4.50(3)
175.0 73.2 74.4 0.20 6.26(4) 3.16(4)
2 27.8 9.3 84.4 0.10 7.80(2) 310.9 Log 4.8552) 1.55¢2) 1.35(2)
173.8 72.077.9 0.20 Normal 2.21(3) 1.67(3)
3 28.0 78.7 71.0 0.20 7.72(2) 297.3 Normal 4,94(2) 1.22(2) 1.16(2)
170.9 69.4 74.9 0.10 2.81(3) 2.68(3)
4 27.3 78.3 71.3  0.20 7.16(2) 293.5 Log 4,19(2) 1.64(2) 1.09(2)
166.4 65.1 74.9 0.20 Normal 3.13(3) 2.25(3)
5 29.1 87.8 72.3 0.15 7.52(2) 300.6 Normal 5.39(2) 1.10(2) 9.89(3)
170.3 68.0 74.1 0.15 1.71(3) 1.69(3)

* Exponents of failure

probability are shown in
parenthesis (m) and should be read as 10-m



172 lc — OPTIMUM DESIGN FOR STRUCTURAL SAFETY

DISCUSSION AND CONCLUSIONS

1] The results presented indicate the feasibility of using reliahility or
probability of failure constraints in solving for optimum multi-member

structural designs, By using Mathematical Programming methods to proportion
member sizes a design is obtained which has an overall failure probability

equal to an allowable value. This approach to design appears more rational

than many current optimum design methods which use conventional code safety
factors to restrict member dimensions bhased on stress and deflection limitations.
As a result such optimum designs end up with many element constraints active
which from a reliability viewpoint reduces its safety helow a conventionally
unoptimized design. Two examples presented include "weakest-1ink" structures
for which any member failure constitutes failure of the structure and “redundant”
structures which fail by forming collapse mechanisms after several members have
simultaneously yielded.

2] It is seen from the examples presented that a reliability based optirum
design does not have equal safety factor for all elements. In a "weakest-1ink"
structure the heavier members have higher failure probability values than

lighter members., This factor is influenced by the deqgree of statistical
correlation between member failures which depends on the ratio of the variability
or coefficient of variation of the load to the strenath. In an optimum "redundant"
structure such as a frame designed to resist formation of a collapse mechanism,
the same safety factor is not present for each mechanism at the optimum desinan.
Rather the Mathematical Programming method proportions each memher to achieve
minimum weight within the constraint of overall failure probability. For the
frames studied it was observed that one particular mechanism in an optimum

design dominates in its value of failure probability but it is not possible to
choose beforehand which mechanism this will be,

3] An important factor influencing the magnitude of the optimum design as well

as its member sizes will be the choice of load and strength frequency distributions
and their parameters particularly the coefficients of variation. Curves of cost
vs. statistical parameters show choice of frequency distribution is not too
critical unless the distribution is highly skewed. Another important factor is

the choice of an allowable failure probability. This should depend on the

function of the structure as well as the failure consequences in social and
economic terms and is not considered herein.1®

4] The computation of failure probability for any frequency distribution as
presented herein and its incorporation in an optimum design procedure should
stimulate studies of random variables encountered in structural engineering to
improve their description. Empirical studies are needed to provide reasonable
frequency distributions for static strenath, fatioue 1ife, creep rate, floor
loading as well as stochastic theories for dynamic phenomena associated with
wind, highway and earthquake loading. The use of optimum design techniques
illustrated herein should be useful in assessing the importance of changes in
the parameters of these frequency distributions in terms of optimum cost or
weight rather than in terms of predicted failure probabilities. Failure
probabilities are usually expressed in quantities of 10-2 to 10-> and small
changes in frequency distribution may cause large changes in failure probability.
However, the change in optimum weight associated with this change in frequency
distribution may be of smaller magnitude.

5] A truly optimum design should consider the behavior of the structure over
various types of loading conditions as well as possible strenath deteriorations,
In a more extensive approach under study an optimum design is to be found which
considers all levels of failure including yielding, formation of cracks, large
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deflections, instability and collapse. Althouah for some "weakest-link"
structures yielding and collapse occur simultaneously, this is not true for most
structures.!? One approach to this problem would be to impose an allowable
failure probability which depends on the damaace for each failure Tevel and to
seek an optimum design which satisfies all probability of failure constraints.
Another approach is to combine the constraints into one reliability constraint
which would contain the probability of a level of failure occurrino multiplied
by a factor which includes the associated damage.

6] One question often raised in consideration of failure probability analysis
is the meaningfulness of a statement that the failure probability is N.001 since
not enough data could conceivably exist to support this claim. It is easy,
however, to see that a statement that Pf of structure A is 0.001 and of
structure B 0.00001 is meaningful.!® 1In the light of optimum desian the Pf
statements take on further meanina since they influence the overall structural
cost. Furthermore, in a single design it would be possible to use various
combinations of P¢ allowables, coefficients of variation of load and strenqth
to see how they influence the overall cost. The final structural cost would be
based on the best estimate of these parameters in the licht of previous
experience, empirical studies of existing structures and other economic
factors.
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SUMMARY

An optimization procedure is presented in which safety in terms of
reliability or probability of failure is used as the controlling design limitation
for finding minimum weight structures. Reljability analysis and optimum pro-
portioning in multimember structures is given for "weakest-link" and redundant
cases. Examples illustrate the effect on optimum weight of frequency dis-
tributions, coefficients of variation and allowable failure probability. Some
aspects of the reliability analysis problem are discussed.

RESUME

Le rapport présente un procédé d'optimation ou la sécurité, en
termes d'endurance et de probabilité de ruine, détermine le dimen-
sionnement minimal d'une construction. Dans les structures a élé-
ments multiples, l'analyse de la sécurité et le dimensionnement op-
timal sont déterminés par le membre le plus faible et par les con-
ditions extrémes exagérées. Des exemples expliquent 1l'effet de la
répartition des fréquences, des coefficients de variation et de la
probabilité de ruine acceptable sur le dimensionnement optimal.
Quelques aspects du probléme de l'analyse de la sécurité sont dis-
cutés.

ZUSAMMENFASSUNG

In diesem Beitrag wird ein Optimierungsverfahren vorgestellt,
in welchem der Sicherheitsbegriff in Zuverléssigkeits- oder Wahr-
scheinlichkeitsraten des Bruches zur Kontrollbegrenzung des mini-
malen Gewichtes gebraucht wird. Die Zuverléssigkeitsanalyse und
die Optimierung (vielst&dbiger) hochgradiger Bauwerke ist fiir das
schwédchste Glied und extreme F&lle durchgefihrt worden. Beispilele
zeigen die Wirkung der Haufigkeitsverteilungen, der Streuungsmasse
und der zulédssigen Bruchwahrscheinlichkeit auf das minimale Ge-
wicht. Einige Merkmale der Zuverléssigkeitsanalyse werden bespro-
chen.
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Optimisation des structures par la considération des états limites plastiques
Optimierung der Tragwerke unter Berlcksichtigung der plastischen Grenzzustande

Optimisation of Structures on the Basis of the Plastic Behaviour of Material

PAUL ALBERT LORIN
Ingénieur-Conseil
Professeur a |'Ecole Nationale des Ponts et Chaussées
France

Une structure peut €tre considérée comme optimisée lorsque, congue pour
assurer correctement les services qui lui sont demandés, son exécution peut
€tre effectuée pour le moindre prix.

La recherche d'une structure optimale est nécessairement fort complexe,
compte tenu de toutes les données techniques et économiques.

Le poids de matiére employée est un élément du prix de revient, mais la
recherche du poids minimal n'est certainement pas la voie qui conduit au moindre
prix.

L'optimisation dans la conception et le dimensionnement conduira d la
recherche de la distribution la plus judicieuse de la matiére.

Dans cette recherche fort complexe nous ne considérerons ici qu'un seul
aspect : sécurité de la structure par rapport 3 la ruine par affaissement.

Cette étude laisse donc de cdté tout ce qui concerne les problémes de
rupture fragile ou d'instabilité de forme ; il ne faut pas se dissimuler 1'im-
portance de ces problémes d'instabilité lorsque l'on tient compte de la plasti-
fication de certains éléments.

Nous laissons également de cdté la prise en compte de toutes les incertitu-
des concernant l'action des charges et le comportement de la matiére. Il s'agit
13 d'un autre probléme ; on peut cependant remarquer que la méthode la plus
générale pour faire un contrdle en sécurité, s'appliquant tant dans le domaine
€lastique que dans le domaine plastique, est celle qui consiste d frapper les
diverses sollicitations de coefficients de pondération (méthode préconisée par
la Convention Européenne de la Construction Métallique).

Enfin 1l'étude se borne d 1'équilibre statique. On suppose donc que 1'appli-
cation des charges se fait progressivement, et que la structure en se déformant

sous l'action des charges est d tout instant en équilibre.

Traditionnellement les calculs de 1'équilibre de la structure se font en
supposant que la matiére est parfaitement élastique.

2. Bg. Schlussbericht
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I1 faut cependant signaler que de tout temps on a eu conscience de 1l'impor-
tance des qualités-plastiques en ce qui concerne la sécurité. Les plus anciens
cahiers des charges ont toujours exigé un important allongement plastique pour
les aciers de construction.

La ruine se produisant par affaissement, certains éléments sont nécessaire-
ment entrés en phase plastique. Le calcul élastique ne correspond donc pas au
comportcment réel de la matiére en état limite.

Une premiére conséquence est que le calcul élastique ne conduit pas a une
sécurité homogéne.

Une section soumise d flexion posséde une réserve de sécurité d'autant plus
grande que le moment de saturation plastique est plus différent du moment de
limite élastique. Plus une section est loin de l'optimisation élastique, plus
grande est la réserve de capacité de flexion par plastification.

Une structure hyperstatique calculée élastiquement posséde du fait des
plastifications possibles une réserve de capacité de résistance que ne posséde
pas une structure isostatique calculée avec les mémes critéres.

Ces deux faits 3 eux seuls justifient dejd la prise en compte des &tats
limites plastiques.

Mais le probléme que nous voulons aborder est celui-ci : "La considération
des états limites plastiques conduit-elle d une distribution plus judicieuse de
la matiére ?"

Nous simplifierons le probléme en supposant :

a) que la matiére est un corps élasto-plastique parfait (l'image corres-
pond assez bien & l'acier de construction)

b) que les sections fléchies sont optimisées élastiquement, c'est-3-dire
que toutes les fibres atteignent simultanément la limite élastique. Le moment
de limite élastique est alors égal au moment de saturation plastique.

Nous considérerons des systémes hyperstatiques.

Nous ferons souvent appel aux polygones d'écoulement (en employant la mé-
thode de RJANITSYN pour les systémes de poutres).

Pour un systéme de charges donné 1'état limite nous permettra de détermi-
ner 1l'état d'autocontrainte.

Le probléme pour les charges variables sera de savoir si cet état d'auto-
contrainte est définitif (structure adaptée) dans le cas contraire on aura
cumul de déformations sous mises en charges successives.

Nous aurons donc a considérer :

1) des systémes de charge invariables dans le temps (poids propre)

2) des systémes de charge variables en intensité ou en position.

1) SYSTEMES DE CHARGE INVARTABLES

Dans une structure isostatique les moments de flexion et efforts tran-
chants en tous points sont déterminés par le systéme de charge, et sont indé-
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pendants de la distribution de la matiére. L'optimisation élastique conduit

” 1] - . - . N . . . - s N '/
nécessairement au poids minimal de matiére. Si la distribution de matiere s'écar-
te de celle obtenue par optimisation élastique la plasticité n'apporte aucune
réserve de capacité.

Dans une structure hyperstatique les moments et efforts tranchants en tous
points dépendent non seulement du systéme de charge mais également des réactions

hyperstatiques et donc de la distribution de la matiére.

11 n'est donc pas évident que l'optimisation élastique qui impose un choix
des réactions hyperstatiques conduise au poids minimal.

Nous considérerons deux types de structure

a) un systéme réticulé

b) un systéme de poutres.

a) systéme réticulé.-

Nous supposons que toutes les barres sont rigoureusement centrées et que
nous pouvons négliger la rigidité des attaches

La barre d'indice i est soumise & un effort normal Ni fonction de n
inconnues hyperstatiques Ro""""Rn
Le potentiel élastique est 2, -
w='f2 Z Nl

' OESL

Si la structure est optimisée élastiquement, on a :
Nifs; = e
wz's £ Hilioo
b E

les n inconnues hyperstatiques sont définies par

MW - W
/an:o""‘ 4&1"
soit .
SNl ... . sl (4
{ 5pg *° ¢ 3hn )

Supposons que nous cherchions une autre distribution de matiére avec
n réactions Ré......R' obtenues par adaptation plastique et conduisant 3 l'em-
ploi du volumé minimal de matiére

La structure adaptée devra &tre optimale élastique pour avoir le volume
minimal

Les N. seront fonction de R'......R'
i o n
On aura ; e
N "/s,-, ="e

Le volume sera o1 ' .
V.-.'SE- b= /U'ész"L"

L'optimisation correspond aux n inconnues Ré ...... ...RA satisfaisant a
WL, 0., Y/
/JR"O"O .....'D/aﬂh__o
d'ou :
LA F .= W0 2
T R T 2]
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Le systéme (2) est identique au systéme (1), et donc les n valeurs optima-
les sont bien les n valeurs R ...... R_  correspondant 3 la distribution de

o]
matiére déterminée par optimisation eEasthue.

Pour le systéme réticulé l'optimisation élastique correspond au volume
minimal de matiére.

b) systéme de poutres.-

Nous supposons un systéme ol seuls les moments de flexion sont d prendre
en considération.

Le moment de flexion en un point d'abscisse s est fonction de n moments
hyperstatiques Mo........Mn , ce moment sera

M (s,Mo..........Mn)

Le potentiel élastique est

2
W.-:'/z M (s Ho...Mn) do
EI (A)
Les n moments Mo""""Mn sont obtenus par :

3
W/an.""’o""' 2:’" o ()

L'optimisation élastique pour la poutre de demi-hauteur v(s) conduit &

HV/I.:‘l_'v"‘

Dans la structure optimisée &lastiquement :
]
w=|/ ?'_zf I(A) dn (4)
2% Jg vn

L'optimisation élastique conduit ainsi & distribuer la matiére compte
tenu des n inconnues déterminées par le systéme (3).

Est-il possible d'avoir n valeurs M' ....... M' obtenues par adaption
plastique et conduisant @ une distributiSn de matiére donnant un volume minimal

pour les membrures ?

1 1
On aura M (s,Mo......Mn )

En tous points My [ pAw)
M? E.c-'z
12~ ¢
Si S est la section des 2 membrures au point d'abscisse s
I=Avt
Et le volume total sera : V=f Sdas
S
V=t L(2) da (5)
s Vs
Les n moments Mé ......... M' seront définis par :
o . N0 (é)

DMy W
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On voit en vertu de (4) et (5) que ce systéme (6) est identique au
systéme (3) donc : M= M'o ceeenes M= M'n

Comme dans le cas du systéme réticulé, L'optimisation &lastique conduit
au volume minimal de matiére.

En définitive donc, que le systéme soit isostatique ou hyperstatique, la
distribution de matiére déterminée par optimisation élastique conduit au volume
minimal de matiére. L'optimisation absolue n'est d'ailleurs pas réalisable.
Mais, contrairement & ce qui se passe pour les systémes isostatiques, si une
structure hyperstatique n'est pas optimisée élastiquement, l'adaptation plas-
tique permet une augmentation de la charge ultime d'autant plus importante
que la distribution de matiére est plus éloignée de celle déterminée par opti-
misation élastique. C'est-d-dire que, de méme que l'adaptation plastique amé-
liore d'autant plus le rendement d'une section en flexion que cette section est
plus mal conditionnée pour la flexion (écart entre le moment de limite élastique
et le moment de saturation plastique), de méme l'adaptation plastique d'une
structure hyperstatique améliore d'autant mieux la limite d'une charge de
distribution donnée que la répartition de la matiére s'écarte davantage de celle
obtenue par optimisation élastique.

Nous prendrons a titre d'a2xemple le cas d'une poutre continue 3 deux tra-
vées égales sous l'action d'une charge uniforme.

Soit p 1la charge par unité de longueur. Dans tout ce qui suit nous

prendrons une convention de signe trés couramment utilisée dans 1'&tude des
poutres : les moments seront comptés positifs dans le sens inverse des axes.

a) Poutre optimisée élastiquement

I1 est facile de voir que la distribution de matiere avec optimisation
€lastique conduit 3 un volume de membrures

Vb: XZLLL.Jﬂ?

b) Poutre & inertie constante 6v2 veg

En calcul élastique le volume de ces membrures est
v, -\, _6VZ -2
ez'fs = Y = 256V

En calcul plastique (formation d'une 2éme rotule en travée)
V. =(3.2VZkEYZ V, = 176 Y,
P Vz -1 1
On voit ainsi sur cet exemple 1l'intérdt de la prise en compte de la
plastification pour une poutre non optimisée élastiquement.

Sur l'exemple choisi on a d'aiilleurs une adaptation plastique assez impor-
tante, ainsi que l'on peut s'en rendre compte en cherchant 1l'ctat d'auto-
contrainte qui resterait dans la poutre si on la déchargeait.

En considérant le polygone d'écoulement on voit (en posant x = tl) que
le moment d'autocontrainte sur l'appui B est positif et égal & :

_8t.3
Ma=L5=-Ho
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L'adaptation se limitant au moment de la formation d'une deuxiéme rotule
plastique dans la section t = ¥Z .1 on trouve
= + O0,u56 M
My > 0
On voit ainsi pour une structure hyperstatique tout 1'intér@t pour la re-
cherche d'une optimisation économique de s'écarter de l'optimisation élastique
en simplifiant la structure d condition de tenir compte de 1l'adaptation plasti-
que sous l'action de charges permanentes.

2) CHARGES MOBILES

Le cas de charges mobiles est plus complexe tant en ce qui con:zerne l'opti-
misation élastique que l'adaptation plastique définitive, c'est-d-dire celle
qui rend le systéme adapté rigoureusement élastique sous l'action des charges
mobiles et qui assure donc qu'il n'y aura pas de cumul de déformations sous le
passage des charges mobiles.

Pour trouver la distribution de matiére conduisant 3 l'optimisation élas-
tique, il faudra chercher la courbe enveloppe des moments fléchissants maximaux
dans chaque section d'abscisse s.

Soit VZ[A cette loi de la courbe enveloppe. En optimisation élastique
on devra avoir si I(s) et v(s) sont l'inertie et la demi-hauteur de la

section définie par s
__Hls)v(d)
T

L)

Pour chaque position de la charge on aura une loi des moments M(s,M....M )

ol M ++...M_sont les moments sur appuis du systéme hyperstatique, définfs
si f est 18 potentiel élastique avec la loi M(S,M0 ..... Mn) par
?-.!,—-0-.......'.3_".\/-—0
VMo~ DM, T

La loi () dépend ainsi de la distribution de la matidre. L'optimisa-
tion élastique est possible par itération en partant par exemple d'une loi
I(s) = Cte.

Mais il n'est plus possible de démontrer simplement que l'optimisation
élastique dans le cas de charges mobiles conduit au poids minimal de matiére.

Nous allons étudier l'optimisation élastique, et l'adaptation plastique
d'une poutre non optimisée élastiquement sur le cas simple déja envisagé plus
haut d'une poutre continue d deux travées égales sous le passage d'une charge
mobile unique.

a) Poutre optimisée €lastiquement

Soit la charge mobile P agissant dans la section d'abscisse x =& 1,
la section courante étant x = tl R
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4 FIé 7
lP
A ! t5 4
TT_:“’LZ_L i | :
Y - .
-y )

Le moment sur appuJ. B pour la charge P en X, = &1 sera:

i f(»l—d.)t.“_t +jdt(4 L-)‘”'
M =z -

B
2 f bt
3e)

Pour faire un calcul numérique nous divisons la poutre de A & B en n par-

ties égales, chacun de ces n trongons ayant une inertie Il’ I2......In

t)

Nous plagons la charge successivement d l'extrémité d'un trongon (le q°)
soit ™ =q/n

h=n

A-d.)Z 1 N-p+lf +=AZ [("H)P = 3"”]
¥ -( ( 3) X(_e_{
B= p=n 2 B
EAR/NCEIEY

Ceci permet de calculer le moment en chaque trongon noté p pour une char-
ge placée en g, on obtient

q
r1p = KPL
Pour chaque valeur de p on désignera par vff la valeur maximale
de M3 et on écrira
P
=Apy
“e

En partant d'une loi I_ = Cte on peut par approximations successives trou-
ver les valeurs optimales Paer

Le calcul a été fait au Centre de calcul de 1l'Institut Frangais du Pétrole.
On a pris n = 10, 3 la 6° approximation la correction était de 1l'ordre

de 1074

Les inerties Ip qui ont été déterminées sont

I o éPLv

P
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Les valeurs de A optimisées sont les suivantes :

D 1 2 3 4 5
A 0,088467 0,1514082 0,197291 0,218701 0,219136
p 6 7 8 9 10

A 0,199769 0,162440 0,110592 0,053356 0,067942

On a alors le volume V_des membrures d'une poutre optimisée élastiquement:

2 )
v == 25.L_PlY ZA_ o.1471 L£t*

o q v 1o Lr | VGE

b) Poutre 3 inertie constante

En période élastique le moment maximal en valeur absolue se produit toujours
au point d'application de la charge P point noté Xy =« 1

Ce moment est :

- d(l-o&)(‘;’,-ﬂll«kd))pb

Si M_ est le moment de limite élastique égal par hypothése au moment de sa-
turation “plastique, la charge admissible au point défini par & sera

- 4 My
Q) (4-o(1+)) T

La poutre étant & inertie constante on aura

P =

- ISe_ 25yc;
MO—T.. S\le

La charge admissible pour toute position sera celle donnée par la valeur
de ¢! rendant maximale 1'expression
qfd-e)[y-a(i+a)]

Soit pour & = 0,43
Ce qui donne la valeur maximale de P
P = u,819 Mo

Le volume Ve des membrures d'une poutre de portée 1 sera

pe’
v = 28] =T - = 0.20}5 ——
e Vg 4.8 veog N Gg
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Nous allons chercher le comportement plastique de cette poutre & inertie
constante sous le passage de la charge P.

Pour étudier la plastification de la poutre nous considérerons les polygo-
nes d'écoulement pour chaque position X, = 1 de la charge P, en utilisant la
méthode de Rjanitsyn.

D'aprés les calculs indiqués précédemment (dans la recherche de 1l'optimisa-
tion élastique) le moment élastique sur 1l'appui B pour une charge P placée en
x = o 1 sera:

o)
M = - Pe d‘v{_dz
B /4' )

Si M' désigne le moment en phase élastique on a :
ogt £t Mz PL(I-d)E-P «(1-a?)L

otz Mzptafi-t)-Plg(i-al)t

| <tsg2 'z Pl A (1-at) (2-F)

Nous désignerons toujours par M le moment de limite élastique ou de satu-
ration plastique

uo= %2 Yy

Nous supposerons aprés adaptation plastique qu'il y a en B un moment d'au-
tocontrainte

74,

Les moments M dans la poutre sont alors :
o<kg| H;NlpHd
1<t<2  MzMtp Mo(2-t)

Nous poserons P At o
} caractérise l'état de charge et q 1'autocontrainte

ogbsd Ms[(2__Ztant]Mo

dgbe) M= [(Z0-8)-t)§4qt]to
tetsr M=[-(2-8)8 #n(2-E)] Mo

Supposant <{ donné (charge P en X - f ) la condition limite de plas-
ticité s'écrit en tout point :

~H°<M<+‘Mo

Pour cette charge P en % le diagramme des moments de flexion est toujours
le suivant :
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C'est-a-dire pour les limites :

(& -s)3+etq-t=0 (tza)

[ 4ot
~&4n+i=0 (b=1)

=

0.622
/s

\(<
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On a ainsi une famille de polygones d'écoulement en fonction de « délimi-
tés par les 2 droites d'équations ci-dessus pour t = & et t =1

La droite (t =& ) coupe l axe O § en un point a, ce point varie de
a ( g = 0,25 pourt = 0) 4 (é 1 pourd = 1).

Cette droite (t =%) coupe la droite (t = 1) en un point b variant de

b0 (pour ¥ = 0) & b, (pourd = 1).

Appliquant P au point X =l et partant d'un état naturel en faisant
croitre P depuis la valeur 0° 1le point représentatif se déplace sur l'axe O&
Lorsque ce point arrive & a (intersection de la droite t =& avec 0§ ) P
atteint la charge limite élastique qui correspond a

SRNEL
4-(1+d)
La charge limite élastique P_ (el) est alors : P( d)= t!.?
e d(u-.:)m (1)) L

Si P continue & croitre g augmente il y a plastificatlon dans la section
X, = al , e po;mt représentatif décrit la droite t =« & partir de a. Lors-
que ce p01nt arrive en b (intersection des droites t =% et t = 1) on atteint
le moment limite en B, & cette valeur de Q correspond la charge ultime plasti-

que P (), on a alors
g -~ (_l‘{"‘)”
4

d'ol :
P (d): 14l Mo
B K(1-a) L

Si on déchargeait alors la poutre il y aurait en B un moment d'autocon-
trainte

MB = —(" -(L;.—dp) Mo

Si 1l'on cherche la charge mobile ultime P _, cette charge doit &tre la plus
petite valeur de Pu (o0), variant de 0 a 1.

Ce minimum se produit pour

d ls+d
AL w(i-a)~
Soit : ol=Vz.-I
On a alors :
P = S' 828 No/b

u
(RJANITSYN a donné le méme résultat obtenu par une autre méthode).
Si cette charge P_ arrivée au point x =(fi-1)  on supprimait cette charge

u
on aurait en B un moment d'autocontrainte déterminée par l'ordonnée du point b
c'est-d-dire ?]:—05

Mg = = 0,5 M

Si la charge P, va au-deld de x :(JI-\)E s é continue d croltre,
car ¢ est donné par :

“/Mo 5; L (1-%2) = .46 (1-u?)
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passe donc par un maximum pour la valeur maximale de ﬂ(l-txz)
ce qui se produit pour & = yug

&
On a alcrs §= Lgelx L x Z_- o0.562
V8 3
Le point représentatif s'est déplacé sur la droite t = 1 (plastification
sur l'appui B) de bl ac.

L'ordonnée de c¢ sur cette droite t = 1 est
-1+0,562 = - 0,438

Lorsque la charge mobile P se déplace 3 partir de l'appui A, il y a plas-
tification dans la section C ( “&=(fZ-1)E ) au moment ol la charge arrive en C
et le moment d' autocontralnie en B est alors -0,5 M ; lorsque cette charge
arrive en D ( %=z /fs } i1 y a plastification sur 1' appu1 B et le moment d'au-
tocontrainte en B n'est plus alors que - 0,438 M_ ; si la charge continue vers
A' de D'( ®= (2-Yy; - tyacr (»= D% Vi l){] ) iloy a plastification des sec-
tions de D' & C' et le moment d'autocontrainte en B remonte 3- 0,5 M .

A Y iD '8 lv’ic’ A’
Fiﬂ?ili_' | | |
| I
| x=z (2-Y)
e s B —— - 4
| za(alEe J

Chaque passage de la charge P sur toute la poutre provoque de nouvelles
déformations permanentes, il y a cumul de déformations.

La charge P, n'est admissible que si elle n'est susceptible d'étre appli-
quée qu'un nombre trés limité de fois au cours de la vie de 1l'ouvrage.

La charge ultime PT admissible pour un nombre illimité de passages est
inférieur 3 P_. On peut déterminer cette charge en imposant la condition que
le moment d'autocontrainte en B atteigne une valeur définitive aprés un premier
passage.

On trouve le qo maximal constant

'|°= ~0.448

correspondant d une charge ultime

pr = §342 Mo P _5.828 Mo
u 1 ¢ <'a ;
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Si 1'on veut maintenant comparer 1l'économie de volume des membrures d'une
travée de portée 1 pour une charge mobile P on écrira :

Mo = 0% xﬂy
I=.25V2

et le volume des membrures pour une travée de portée 1 sera

V:ZSL: N"Aq_,a,a.
Avec la charge ultime P! = 5,742 f4%@

On a le volume :
. 0 _ o321 PRE

¥, = o= =

p S5.342 VO vog

Ainsi pour le cas de la charge mobile P on peut comparer les résultats
obtenus pour le volume des membrures

2
- poutre optimisée élastiquement V_ = OJU?ljﬂl.
o VGe
- pour une poutre d'inertie constante e
calculée élastiquement V. =0,2036 PL = L4uve
e Vig
- pour une poutre d inertie constante pe?
calculde plastiquement V. =0, 1FHT == 1134V,
P Vo,

On voit ainsi pour la charge mobile, comme pour le cas de la charge perma-
nente, que si l'optimisation élastique conduit au volume minimal, il y a un
gain considérable ,lorsque la distribution de matiére est loin de celle détermi-
née par optimisation élastiqug’é prendre en compte 1'état limite plastique.

Combinaison de la charge permanente et de la charge mobile.-

On pourra reprendre l'étude en considérant d nouveau les frontiéres d'écou-
lement sous l'effet d'une charge permanente p par unité de longueur et d'une
charge mobile P,

On posera :

pl = KP

On aura pour chaque valeur de K des familles de frontiéres d'écoulement
en fonction de ®

Le développement de cette discussion est trop long pour trouver sa place
ici.

On peut pour chaque valeur de K déterminer la charge ultime admissible par
la recherche du moment d'autocontrainte donnant une adaptation définitive.

Voici quelques résultats

- pour K = 0,1 (charge mobile égale 3 10 fois le poids permanent)
Ho = - 0,409
- pour K = 1 (charge mobile égale au poids permanent)

']o = = 0,15
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- pour K = 10 (charge mobile égale au dixiéme du poids permanent)

N + 0,318

Lorsque la charge mobile est faible il y a adaptation plastique sur 1'appui
central et le moment d'autocontrainte sur appui est positif.

Si 1'on fait croitre la valeur de la charge mobile par rapport au poids
permanent, le moment d'autocontrainte sous la charge ultime diminue.

Pour une certaine valeur de KHh= 0, il n'y a pas d'adaptation, pour cette
valeur de K la poutre 3 inertie constante est optimale élastiquement.

Si la valeur de la charge mobile croit encore par rapport au poids perma-
nent, l'adaptation plastique se produit sous la charge ultime en travée, et le
moment d'autocontrainte sur appui central est négatif.

Enfin 3 partir d'une certaine valeur de K il y a risque de cumul de défor-
mations plastiques.

Conclusion

On voit en définitive que quels que soient les systémes de charges, perma-
nentes ou variables, pour une structure constituée en matériau pouvant, tel que
1'acier doux, &tre considéré comme élasto-plastique, la distribution de matiére
déterminée par optimisation élastique conduit toujours au poids minimal.

L'optimisation élastique rigoureuse est souvent irréalisable, en outre elle
conduit trés généralement & une structure onéreuse (sauf cas exceptionnels ol
la structure simple est en méme temps optimale élastiquement, comme on a vu que
c'était le cas pour une poutre continue @ 2 travées égales pour un certain rap-
port entre la charge et la charge permanente).

Lorsque la structure s'écarte de l'optimal élastique elle a, si elle est
hyperstatique, une réserve de capacité pour la charge ultime d'affaissement en
calcul élastique que n'a pas la structure isostatique.

On doit donc tendre 3 réaliser des systéme hyperstatiques 3 condition de
baser la sécurité sur la charge ultime plastique, ce qui permet de simplifier
la structure avec une majoration de poids relativement faible, et donc d'opti-
miser la structure sur le critére de l'économie de réalisation.

Dans le cas de charges mobiles non exceptionnelles le calcul plastique
peut conduire au danger du cumul des déformations.

Le critére alors 3 considérer est 1'état d'autocontrainte qui doit &tre
constant dans toutes les situationms.

On peut donc établir une programmation sur la base du calcul élastique pour
chercher la distribution de matiére la plus éconcmique.

L'état d'autocontrainte peut €tre déterminé sans tracer de diagrammes par
des calculs élastiques.

L'état d'autocontrainte est un critére d la fois pour l'optimisation et
pour la vérification du non cumul de déformations.
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RESUME

Pour un matériau élasto-plastique, la distribution de matiére
déterminée par optimisation élastique conduit, pour les charges per-
manentes et variables, au poids minimal que la structure soit iso-
statique ou hyperstatique.

L'avantage de la structure hyperstatique, si on envisage 1l'état
limite plastique, est de pouvoir réaliser économiquement en simpli-
fiant et s'écartant de 1l'optimal élastique.

On détermine, par des calculs élastiques, 1l'état d'auto-con-
trainte qui sera un critére d'optimisation et de vérification de
non cumul des déformations.

ZUSAMMENFASSUNG

Flir einen elastisch-plastischen Werkstoff fihrt die durch
elastische Optimierung erhaltene Materialverteilung sowochl unter
stdndiger Last als auch bei veré@nderlichen Lasten zum minimalen
Gewicht, gleichwohl ob das Tragwerk statisch bestimmt oder unbe-
stimmt ist.

Statisch unbestimmte Tragwerke bieten den Vorteil, dass sie
bei Beriicksichtigung des plastischen Grenzzustandes durch Ver-
einfachung und unter Abweichung vom elastischen Optimum wirt-
schaftlich ausgefiihrt werden konnen.

Es wird durch elastische Berechnung der Eigenspannungszustand
ermittelt, welcher als Kriterium der Optimierung und der Nicht-
iberlagerung der Verformungen dient.

SUMMARY

For an ideal elastic-plastic material, the optimisation based
on elastic calculations of a statically determined or indetermined
structure provides the minimum weight material distribution.

When computing a statically indetermined structure on the
basis of plastic behaviour, it is possible to simplify the op-
timum elastic material distribution in a more economical way.

The residual stresses remaining in the structure after un-
loading is a criteria of optimisation and a test against increas-

ing permanent deformations with every loading cycle.
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Decision Theory Approach to Structural Optimization
Optimisation des constructions a I’aide de la théorie des décisions”

Stellungnahme der Entscheidungstheorie zur Bauwerksoptimierung

C.J. TURKSTRA
Assistant Professor
Department of Civil Engineering
McGill University
Montreal, Canada

Some of the optimization problems mentioned by M. Cambon are similar in
principle to those treated in the theory of decision making under uncertainty
that has been developed in recent years. Such theories are of considerable
potential value in design since they provide a logical framework in which

engineering judgement can be applied realistically and consistently.

1. TFUNDAMENTALS OF DECISION THEORY

The theory of decision under uncertainty deals with the problem of choosing
"optimum'' courses of action when the results of action involve uncertain future
events and a variety of possible consequences. To satisfy the basic require-

ments of the theory, a designer must establish four sets of basic data before

decision:
(1) a set of feasible actions a, from which he must choose one,
(i1) a set of possible outcomes % resulting from the choice of any
action a,

(i1i) a probability measure specifying the probability pij that oij will
occur if he chooses any action a,,

(iv) a set of value losses Lij specifying the relative undesirability of
all outcomes oij'

Extensions to these basic requirements have been made when experiments are

performed prior to final action [l]. Provided that a designer's values follow

Schlussbericht
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certain rules of comsistency [2], the relative desireability of any action is

given by its total expected loss

Ti = ? pij Lij (1.1)

and the action with least total expected loss is the optimum action.

In structural design alternative actions may involve different structural
forms, materials, construction methods, and member sizes. Outcomes may involve
initial costs, construction delays, appearance, serviceability and safety.

Prior to design outcomes cannot be predicted because of uncertainties in
costs, material behaviour, foundation conditions and future loadings. 1In
general there are insufficient data to establish statistical distributions and
a designer must use judgement to establish subjective probability measures. It
has been shown [3] that provided several consistency requirements are satisfied,
subjective probability measures obey the conventional rules of probability.
However subjective probabilities change as new information becomes available.
The formal mechanism for modifying subject distributions is Bayes' Theorem [4].
Applications of subjective probabilities have been made to the strength of
concrete structures [5] and the prediction of earthquake probabilities.

In order to formulate an optimization criteria, the relative value of all
outcomes must be expressed on a single scale. Some outcomes such as construc-
tion costs and time delay involve monetary losses which can be measured
directly. The value of other losses must be measured on the same scale as
monetary losses from a set of elementary decisions. Thus, for example, struct-
ural collapse may only involve economic losses of the order of initial costs
but must be assigned much higher relative values for moral, social, and prof-
essional reasons,

To illustrate the essentials of a decision theory approach, consider a
simple example involving the preliminary design of a structure in which two
basic schemes are under consideration., It is assumed that both schemes would
be designed to provide the same safety and serviceability. The only variables
under consideration are appearance, construction costs and construction delay.

To establish relative values of appearance the following basic decision is
made. If both schemes were completed at the same time, the first scheme would
be preferable if its initial costs were not more than $25,000 greater than
those of the second scheme. Denoting the losses associated with aesthetics of
the schemes as Al and A2 the basic decision implies that A2 = A1 + $25,000.
After further investigation, a designer might estimate the range of possible
initial costs and time delays and their respective probabilities for the two

schemes as shown in Table 1.
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TABLE 1
Outcome Losses and Probabilities
Scheme Initial Prob, Time Prob. Appearance | Prob.
Costs Delay
($000) ($000) ($000)
I 90 0.1 0 0.2
100 0.3 5 0.3
110 0.3 10 0.4 A1 1
120 0.2 15 0.1
130 0.1
II 80 0.1 0 0.4
90 0.4 5 0.4 A1 + 25 1
100 0.4 10 0.2
110 0.1

The numbers in this example were chosen to illustrate the common problem of
conflicting objectives., The first scheme is more aesthetically pleasing than
the second but probably would cost more and is less likely to be completed on
1 + $116,000 while the

Hence the first scheme is

time. The total expected loss for the first scheme is A

second scheme has an expected loss of A, + $124,000.

1
preferable to the second.

2, APPLICATIONS TO SAFETY ANALYSIS

Although decision theory can be applied to any situation in which a
designer can formulate the necessary sets of basic data, existing studies have
concentrated on design strength decisions. In many cases, alternative actions
can be grouped into schemes with alternatives in a scheme essentially identical
in appearance, functional efficiency and ease of construction. Optimization
within such a scheme involves the choice of member sizes and proportions on the
basis of initial costs and safety alone. Solution of such restricted optimiz-
ation problems is the purpose of standard design procedures.

Each alternative in a scheme is associated with a variety of possible
resistances and future loads. Since future conditions are uncertain, probab-
ility measures must be applied to the families of possible loads and resist-
ances. Such probabilities must be at least partially subjective to allow for
uncertainties in workmanship, methods of analysis, and load idealization.
Using well known methods of analysis, load and resistance distributions can be

combined to obtain failure probabilities [6].
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If attention is restricted to one class of failure, the decision table for

optimization within a scheme takes the form shown in Table II.

TABLE II
Outcome Losses and Probabilities
Alternatives
Success Probability Failure Probability
a; S1 (1- Pl) F1 P1
a, s, 1 - P2) F, P,
" mn n 1" 1"
1" 1" L1 ] "
a S (L-7) F P
n n n n n

Where Si and Fi are the success and failure losses if altermnative a; is chosen.
In view of the definition of a basic scheme, it is reasonable to assume
the following loss relationships.

Si = Ii + S (2.1)

F, = I,+S8+F (2.2)
i i

where Ii is the initial cost of alternative ai. The constants S and F are
success and failure losses in excess of initial costs for the scheme. With
these losses, the optimum alternative has a total loss given by:

opt = min (Ii + piF) 2.3)

except for the constant S that is irrelevant to decision. A similar optimiz-
ation rule has been suggested by other authors [7]. However in this develop-
ment, the failure loss F is not simply the capitalized economic losses assoc=-
iated with failure but may be, and generally is, greater than such losses.

The relationship between total losses and a safety factor n can be deduced
qualitatively for many common structures. Since initial costs generally
increase relatively slowly with increasing n, and failure probabilities
decreases relatively quickly, total losses decrease quickly, reach a minimum
and then increase slowly eventually merging with initial costs. This behaviour
is shown symbolically in Figure 1. In practice, costs and failure probabil-
ities would be discontinuous functions of n but the trends indicated can be

expected in many situationms.
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I, p, T

Figure 1

The behaviour of total losses for large n and low failure probability is
of particular interest. If, for example, an alternative has an initial cost of
$§1 x 106, failure losses equal to 100 times initial costs and a failure prob-
ability of 1 x £66, its total loss is equal to $1,000,000 + $100. Obviously
the loss of $100 associated with failure is negligible in comparison to the
initial cost.

A formal basis for neglecting failure losses may be established by stating
that small variations in initial costs are irrelevant. Such a statement
implies that initial costs must be rounded off in forming expected losses. To
ensure consistency, failure losses must be rounded to the same level of
precision. In the preceeding example, if initial costs are rounded to the
nearest $1,000, any failure probability less than 5 x 10-6 results in zero
failure loss. In other words, any failure probability less than 5 x 10-6 is
effectively zero.

With a restriction on sensitivity to initial costs, the general behaviour
of initial costs and total losses shown in Figure 1 becomes that shown in
Figure 2.

I, T

Figure 2
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A number of alternatives may have equal initial costs and failure losses, and a
number of alternatives may have effectively zero failure probability. The
least costly alternative with zero failure loss 1is always either equally or
more safe and costly than the theoretically optimum alternative. Computations
under a variety of conditions indicate that an order of magnitude estimate of
failure losses may be sufficient for practical applications [8].

An alternative formulation based on the probabilities and values associated
with strength alone has been applied by Burnes to the choice of capacity
reduction factors in reinforced concrete design [9]. In this study, subjective
probability measures and the values associated with various real strengths were
obtained from several individuals. After modification of initial probability
measures by the use of Bayes' Theorem and experimental data, optimum code
values of reduction factors were obtained.

Both of the preceeding formulations admit design based on the traditional
concept of absolute safety. Effective absolute safety can result from insens=-
itivity to initial costs and small failure losses. True absolute safety can be
achieved if a designer believes that certain conditions cannot occur and
assigns zero probability to such conditions. However, there can be no

objective procedure for establishing true absolute safety.

3. USES AND LIMITATIONS OF DECISION THEORY

The unfortunate fact that experimental evidence is rarely a sufficient
basis for design is well known in structural engineering practice. Inevitably
objective fact must be combined with intuition and experience. However, in
conventional design decisions rational analysis is confined to the study of
physical phenomena and judgement is applied in a more or less arbitrary manner.
In a decision theory approach judgement is explicitly recognized as an
essential component of design and an attempt is made to analyze its operatiom.
In effect, the art of engineering is assumed to be an intuitive science.

Any formulation recognizing engineering judgement obviously can not yield
optimum designs in an absolute sense. All optimization is relative to the
alternatives considered, the existing state of technology and powers of indiv-
idual intuition. However, ome can hope to discover the rules of good judgement
and to establish a logical framework in which judgement can be used to best
advantage. In particular, statements of judgement can be reduced to their
simplest and most meaningful form and logical consistency can be achieved.

In the simple theory developed to date, the decision process has been

abstracted into two basic components - prediction and value systems. In
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addition, two fundamentals postulates have been adopted. The first is that a
rational individual operates as an intuitive probability analyzer when making
predictions. The second is that in an uncertain situation a rational
individual operates as an intuitive expected loss minimizer with constant
values, The first of these postulates is almost certainly correct in principle.
However, subjective probabilities are seldom numerically precise. The second
postulate is more questionable and must be verified experimentally.

Possibly the greatest potential use of decision theory is a vehicle for
stating opinions in group decisions. At the present time there is often con-
siderable dispute over the numerical factors to be used in standard design
procedures. Such differences of opinion probably arise because individuals
have different estimates of probability distributions and different value
systems. By decomposing the choice of such factors into a large number of
separate small statements of opinion, it may be possible to isolate the dif=-

ferences between individuals and establish reasonable agreement.
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L’optimisation des ouvrages courants sur routes et autoroutes
Optimierung gebrauchlicher Briicken tber Strassen und Autobahnen

Optimization of Usual Structures over Roads and Highways

J.C. LERAY C. LANGELLO
Ingénieur des Ingénieur des Travaux
Ponts et Chaussées Publics de I'Etat

les Ingénieurs de la Division des Ouvrages d'Art B
Service d’Etudes Techniques de Routes et Autoroutes

(Ministére de I'Equipement et du Logement)

1. CONSIDERATIONS PRELIMINAIRES.

Le probléme de 1l'optimisation des ouvrages d'art courants nous
est apparu vers 1960 du jour ol a démarré la réalisation du réseau
francaeis d'autoroutes de liaison; ce programme, & lui seul, impli-
oue la construction annuelle de 200 ouvrages, dont 160 présentent
entre eux des analogies étroites.

La praticue de 1'étude et du contrdle des ouvrages d'art nous
a permisd'acquérir un certain nombre de certitudes.

Tout d'abord, la solution la meilleure ne se trouve pas dans
la réelisation d'un nombre trés limité de moddles préts a 1l'emploi,

les raisons en étant les suivantes :

- un ouvrage doit s'adapter exactement a son site; organe de
franchissement d'une route il doit en épouser le tracé et sa concep~
tion doit &tre adaptée aux particularités géotechnigques du lieu.

- la réalisation systématiguie d'un nombre limité de modeéles
conduiresit & des distorsions géométrioues (sur la longueur des tra-
vées de rive par exemple) telles que les économies faites sur les
études et la réalisation ne compenseraient pas les dépenses supplé-
mentaires en matériaux et les défauts d'aspect.

La recherche d'une solution judicieuse ne peut ignorer certai-
nes considérations

- le groupement en lots des ouvrsges et leur dispersion (&
titre d'exemple, 1'Administration des Ponts et Chaussées & lancé en
1964 un appel d'offres, qui porteit sur un lot de 69 ouvrages ré-
partis sur 2 autoroutes).

- la dimension des Entreprises pressenties;

- les facilités d'approvisionnement en metériaux et leur
quslité;

- les délais et les moyens dont on dispose pour les études et
le contrdle des travaux;
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- le degré d'économie recherché (dépenses éventuelles pour
l'aspect et la longévité).

Ces considérations conduisent & procéder & une standardisation
dans laguelle on trouve les avantages suivants :

- possibilité d'orgeniser les chantiers d'ouvrages d'art sous
une forme échelonnée avec des équipes spécialisées;

- faculté d'amortir des matériels particuliers tels que des
coffrages métalliques;

- accélération des études et facilité du contrdle;

- enfin et surtout possibilité d'améliorer au cours des années
un type d'ouvrage cue 1l'on réalise & de trés nombreux exemplaires.

La "standardisation" se trouve donc & mi-chemin entre la con-
ception isolée et le prét & 1'emploi.

2. UNE PREMIERE APPROCHE DE L'OPTIMUM DANS LE CADRE DE LA STANDAR-
DISATION.

La standardisation consiste & dégager un certein nombre de {ypes
parmi lesquels on peut ranger la plupart des ouvrages courants. Mais
comme cert-~ines parties entiéres d'ouvreges sont communes & plu-
sieurs types - les appuis intermédiaires, ou encore les joints de
~haussées - on peut dégeger les notions "d'ouvrages-types" et méme
"3d'éléments-types".

Les 4tudes sur la standardisation d'un élément ou d'un ouvrage
tvpe se traduisent par le mise au point d'un dossier-pilote. Ce
dernier comprend, dsns le cas d'un tablier ou d'un ouvrage monoli-
thique, trois parties :

- les piéces-pilotes servant au dégrossissage du projet ;

- les bordereaux et les pitces explicatives nécessaires a la
commande du calcul et éventuellement des dessins automatiques;

- un ou plusieurs exemples d'application a des fins purement
pédegogiques.
L'ensemble pése de 2 & 3 kilogrammes.

La liste des dossiers-pilotes figurés au tableau ci-dessous
fait état du développement actuel de notre standardisation.

L'ensemble de ces dossiers-pilotes sont couronnés par deux
documents généraux :

- un catelogue qui rend compte de 1l'aveancement de cette stan-
dardisation.

- un manuel d'estimation par une méthode de prix composés.
Un troisiéme, traitent de 1'esthétique, est en préparationffig.l)

Nous nous proposons de montrer comment l'utilisation des
pieces-pilotes du dossier-pilote V.I,P.P., oui traite des Viaducs
a travées Indépendantes en Poutres préfabriquées de béton Précon-
traint, permet de s'approcher efficecement de la solution la meil-
leure.

2.1. LE CHOIX DE LA STRUCTURE.

D'une fagon générale, un chapitre du catalogue situe ce type
de tablier parmi 1l'ensemble des tabliers-types.
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Classe d'é- g%gﬁig_
lément-type Elément-type ou ouvrage-type Sigle el
tign.
of & 3,
Fondetions
Fondation des ouvreges courants sur
semelles FOCS -
Fondations profondes (en préparation)
Appuis
Piles et palées EP 1
Culées iypes i -
Tabliers de
passages Travées solidaires & poutres de hau-
supérieurs | teur constznte de béton armé PSI-BA %
et
o s Travée indépendante & poutres de
inferieurs | po.teur constante de béton armé TI-BA | 3
Travées solidaires en dalle pleine
d'épaisseur constznte de béton pré-
contraint PSI-BP 4
Travées solidaires en dalle pleine
d'épaisseur constante de béton grmé PSI-DA 3
Travées solidaires en dalle glégie
de hauteur variable de béton pré-
contraint PSI-DE 3
Placues en dalle d'épaisseur constan-
te de béton précontr int (par la mé-
thode des réflexions blharmonlcues) MRB-BP 1
Plagues en dalle d'épaisseur constan-
te de béton armé (par la méthode des
réflexions biharmonioues)” MRB-BA 2
Travées solidaires ou indépendantes
en ossature mixte oM 2
Viaduc & travées indépendentes & pou-
tres préfaebricudes de béton précon-
tra2int V1PP 2
Ouvrages Pagssage inférieur en cadre fermé de
monolithi- | &=, = = =
ek~ béton armé PICF 3
Passage inférieur en porticue ouvert
de béton armé PI-PO 3
Passage supérieur & béguille de béton
précontraint PS-B0O 1
Eouipements | Garde-corps, glissieres, corniches,
grilles centrales GC -
Joint de chaussée, appareils d'appui,
deile de transition, évacuation des
eaux. JADE -
Surfacage des tabliers, étanchéité,
couches de roulement ST=ZR -
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Figures . Extreit d'un guide esthétinue pour ouvrages courants

actuellement en préparztion. Le franchissement d'une route
a deux voies est treité sous trois formes différentes oui
font toutes appel & des ouvrsges-types du S.E.T.R.A. Le
guide précise leur collt respectif.
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La notice générale du dossier-pilote précise plus particulié-
rement le domaine d'application technique et économique du V.I.P.P.

La piéce intitulée "dimensionnement du tablier" indique les
guantités de bétons, d'aciers et de coffrages qui ont été utilisées
pour la réalisation d'un certain nombre d'ouvrages du mé&me type -
sept au total - et débouche sur des résultats statistiques.

Le méthode des prix composés évoquée plus heut, permet d'ap-
précier rapidement et tres simplement une estimation avec une marge
d'erreur de ouelrues % & indice de prix donné.

2.2. LE CHOIX DES DISPOSITIONS CONSTRUCTIVES.

Le dossier permet de traiter un large éventail de dispositions
constructives. Leurs descriptions sont suivies de discussions et

finalement de recommandations sur leur choix de facon & permettre
une approche statistioue de la solution optimale.

Les questions sont envisagées sous les aspects les plus divers.

Ainsi la sécurité des usagers est-elle envisagée dés le début
a propos de la disposition des poutres de rive, lesquelles ne doi-
vent pas coiIncider avec l'emplacement des glissieéres pour ne pas
rendre impossible le fixation de celles-ci sur platine.

Les problémes 1liés & la manutention des poutres et & leur as-
semblage sont évoqués & propos de la forme de l'amorce des entre-
toises.

La volonté d'intégrer exactement 1l'ouvrage dans son site se
traduit par 1'énoncé d'une série d'adaptations en relation avec la
courbure en plan du tracé, avec le biais des lignes d'appuis par
rapport & l'axe de la chaussée, et avec une variation du dévers de
la cheussée (fig. 2 ).

Par souci esthéticue, des variantes pour la forme des poutres
de rives sont suggérées, et cing types d'appuis intermédiaires sont
proposés.

2.3. LES PROCEDES D'EXECUTION.

La notice générsle énonce un certain nombre de régles dont le
respect au niveau de 1'exécution est nécessaire & la réussite; elles
concernent l'installation du chantier, la constitution des coffrages
la disposition des armatures, la mise en oeuvre du béton et des dif-
férentes phases de précontrainte, la manutention des poutres, 1'exé-
cution du hourdis et des entretoises, les opérations de finition.

3. L'OPTIMISATION DES ETUDES D'OUVRAGES D'ART COURANTS PAR LE TRAI-
TEMENT AUTOMATIQUE DES INFORMATIONS

L'incidence du cofit, de la oualité des études et du contrdle
sur l'optimum n'a pas été évoquée de fagon explicite dans le Rapport
préliminaire malgré son importance relative dens le prix de revient
finael, oui est de 1l'ordre de 5 & 10 %.

De surcroit, considérant que 1l'on dispose d'une masse d'Ingé-
nieurs généralement limitée, il est souhaitable de délivrer au maxi-
mum ces derniers des tflches purement mécaniques comme 1'établisse-
ment menuel d'une note de calcul détaillée pour leur permettre de
reporter leur activité sur les problémes ou leur intervention est
irremplacable : la conception, l'exécution et son contrdle.

L'effort gque nous avons consenti en matiére d'automatisation
des études est extrémement important parce qu'il est poursuivi de



206 Ic — L'OPTIMISATION DES OUVRAGES COURANTS

™ Solution

Coupe partielie & une extrémité

!

Coupe partielle @ I"autre extrémité

\Foulres oe cinwrsons constantes

Figure 2. Extrait du sous-dossier 1 "Piéces-pilotes" du dossier-

pilote VIPP 67. L'une des trois dispositions constructives
oui tiennent compte d'un dévers vezriable de chaussée.

COUPE TRANSVERSALE

1- 1.0 7.0 1l 1.0

L PR PV PO

Flgnre 2. Coupe transversale de tablier & poutres sous chaussée

automatiquement dessinée par traceur de courbes.
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facon homogene et appliocué a4 l'ensemble des structures-types.

Le but poursuivi est 1l'autometisation des différentes télches
gui ne sont pas reconnues comme conceptuelles.

3.1. LES ETUDES D'AVANT-PROJET DETAILLE.

Ainsi désigne-t-on le dégrossissage du projet. Ce dégrossissa-
ge comprend les opérations suivantes :

- le choix du type d'ouvrege,
- le prédimensionnement,
- les dessins d'implantation et de coffrage.

Les deux premiéres opérations sont accomplies par 1'Ingénieur
comme indiqué aux § 2.1. et 2.2,

Les travaux de dessins consistent & démarquer certaines pieéces
de la troisiéme partie ol 1l'on trouve un modéle d'application com-
plétement traité. Cette opération a été accomplie manuellement
jusqu'a présent; nous l'avons automatisée dans le cas de la repré-
sentation de passages & travées multiples et nous comptons 1'éten-
dre au cas des cadres fermés, des portiques ouverts et des viaducs
du type V.I.P.P. (fig. 3)

Ce mode d'étude aura atteint sa pleine efficacité le jour ol
les "entrées" ne devront plus &tre préétablies dans leur ensemble
ni &tre formulées sous formes numériques, mais ol le dialogue avec
l'ordinateur sera possible y compris sous forme graphique par uti-
lisation d'une unité d'affichage en time-sharing.

3.2. L'ETUDE DEFINITIVE.

A ce stade, qui est généralement préalable & 1l'appel d'offres,
il est souhaitable de dimensionner et d'implanter exactement 1'ou-
vrage et d'assortir cette définition du schéma des armatures prin-
cipales.

L'automatisation de toutes ces t28ches est une entreprise de
longue haleine aue nous accomplissons par étapes.

Niveeau 1 : automatisation des calculs de résistance des maté-
riaux de la structure supposée prédimensionnée (calcul des lignes
et surfaces enveloppes des efforts et des contraintes; cf les figu-
res de la référence (4)).

Niveau 2 : automatisstion des armatures de B.A. et de B.P. et
établissement d'un avent-métré.

Niveau 3 : automatisation du dimensionnement complet.

Niveau 4 : trscé automatioue des schémas de coffrage et de
ferraillage.

Le niveau d'automatisation des programmes associés aux dossiers
pilotes de structures-types est indiqué tableau 1. Le programme
V.I.P.P. est automatisé jusqu'au niveau 2, non comvris toutefois 1le
dimensionnement des armatures transversales (fig.4)

4, LES RECHERCHES D'OPTIMUM SUR OUVRAGES-TYPES EN B.P. PAR LE SYS-
TEME "EUGENE".

Malheureusement, la standardisation des ouvrages a jusqu'a
présent ét€é limitée dans le domaine des structures par des diffi-
cultés de calcul. Quant aux recherches sur les procédures de dimen-
sionnement et de tracé des clbles, préliminaires au traitement auto-
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Extrait du sous-dossier 3 "Exemple d'application™ du
dossier-pilote VIPP 67. Résultats des recherches automati-
oues sur le dimensionnement et le tracé des clbles.
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matioue, elles sontv déplorables de lenteur parce cue menées de fa-
con entierement manuelle : ainsi, la mise au point d'un dossier -
pilote et du progrzmme associé poussé jusqu'au niveau 4 demande de
oustre & six ans sous forme d'une version tous les deux ans.

"BUGENE", svstéme d'snalyse élastique des structures hautement
~omplexes et d'optimisstion des structures en béton précontraint
aure, entre sutres mérites, celui de lever ces deux hypotheques.

4.1. STRUCTURES ELASTIQUES CALCULABLES PAR "EUGENE",

Les structures dont 1l'anzlyse élastiove est envisageable doi-
vent eppertenir & 1'ensemble des corps composés des corps élémen-
taires suivents :

- des poutres & caractéristioues géométriaues et mécaniques, 2
rayon de courbure et torsion constants ou variables; il est temu
compte de 1'influence d'une réaction élastique du milieu environ-
nent aussi bien vis-a-vis des déplacements que des rotations, ainsi
rue d'une déformabilité & 1l'effort tranchant;

- des plaques homogenes isotropes & bords paralleéles, rectili-
gnes, tous deux libres ou tous deux simplement appuyés ou tous deux
encastrés;

- des plaques homogénes isotropes & bords paralléles circulai-
res et libres;

- des plaques infinies homogénes et isotropes.

Les coefficients d'influence de ces corps ont été étudiés en
faisant abstraction des conditions d'appui par les techniques mathd-
metioues les plus modernes (transformation de Laplace et méthode de
réflexions dsns le cas desplaques).

L'aoplication systématique du principe de réciprocité fait que
les assemblages entre corps élémentsires, les efforts extérieurs et
les déformations sont présentés et traités de facon identique. On
peut donc englober ces trois notions sous le terme d'efforts-défor-
mations.

Les natures des efforts-déformations envisageables sont :
force-déplacement, couple-rotation, déformateur-déformation pure.

Leurs domaines de définition doivent &tre limités par des
polygones pouvent dégénérer en segments ou en points.

Leurs distributions dnivent &tre de la forme exponentielle -
polyndme.

Les lignes et surfaces d'influence sont exploitées jusgu'a la
détermination des enveloppes de contraintes induites par le poids
propre et par les surcharges réglementaires.

4.,2. OPTIMISATION DES OUVRAGES EN BETON PRECONTRAINT PAR LES

L'optimisation en question porte sur la détermination des va-
riables continues oui interviennent dans le dimensionnement d'un
ouvrsge précontraint.

I1 est bien entendu que cette recherche ne peut &tre envisagée
nu'une fois réglés les problémes de conception.

4.2.1. LES VARIABLES ENVISAGEES.

Nous trouvons, tout d'abord, les variables attachées au dimen-

. Schiussbericht
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sionnement des coffrages. Précisons, toutefois, que la recherche
correspondante respecte la forme générale et que son objet vise
seulement & parfsire certaines dimensions.

Les variables qui ont été retenues pour la définition de la
précontrainte sont le couple d'excentrement et les forces d'ancrage.
On distingue les variables attachées aux précontraintes respective-
ment isostaticues et hyperstatiques.

4.2.2, LES CONTRAINTES ENVISAGEES.

Moyennant ce choix des variables, nous avons démontré que la
recherédhe de 1l'optimum pouvait relever de la programmation linéaire
gous réserve d'introduire la notion de "déformateur" (1).

Les différentes classes de contraintes automatiquement prises
en compte sont :

- les tensions admissibles (compression et cisaillement),
- les couvertures de béton admissibles,

- les courbures admissibles des cébles.

Mais il est possible d'introduire d'autres contraintes.
4.2.3. LA FONCTION ECONOMIQUE.

Elle permet de rechercher aussi bien un optimum économioue que
technique %minimisation d'une dimension géométrique).

4.2.4. LE SOFTWARE.

Le procédure, qui est schématisée sur 1l'organigramme, fait
appel au progremme linéaire OPHELIE II et au générateur de rapport
en clair OPHEDIT mis aux point & la Société d'Informeticue Appliquée
et exploitables sur CDC 6.600. (fig.6)

4.2.5. LES DIFFERENTES PROCEDURES D'EXPLOITATION D'EUGENE (cf.
ORGANIGRAMME ).

L'exécution des procédures numérotées sur 1'organigramme (1)
(3) (4) et (6) permet de dégrossir un projet en donnant une approxi-
matio? de la précontrainte et du tracé correspondant. (fig. 7, 8, 9a
et 9b).

Le dimensionnement exact d'un ouvrage particulier se fait par
appel aux procédures (1) (2) (3) (4) et (6). Dans le cadre d'une
justification détaillée, on peut vérifier la validité de la linéari-
sation des pertes par un recyclage sur (7) (fig. 9.).

L'exécution de 1l'ensemble des procédures, y compris l'analyse
post-optimale, permet de connattre l'incidence sur le collt final de
différentes options prises au niveau de la conception, ce colt pou-
vant remgsenter un objectif économique ou simplement technique.

C'est donc bien un outil de recherche tr#s complet applicable
aussi bien & 1'étude des ouvrages exceptionnels qu'a 1l'étude systé-
matique des ouvrages-types.

5. CORCLUSIONS.

L'optimisation des ouvrages courants ne va pas sans moyens de
dégrossissage ni sans moyams perfectionnés d'études approfondies.

Un moyen de dégrossissage rapide et sfr des parametres & varie-
tion discontinue existe dans la standardisation des ouvrages-types.

Deux moyens d4'étude approfondie sont préconisés ocui font appel




J.C. LERAY — C. LANGELLO

®  Analyse structurale

Influence des
" déformateurs "

Enveloppe
des tensions

r y
@ Correction ® Genération
des Influences des

dues aux pertes contraintes

—

© Optimisation
par

21

Pigure 7 E”“~

035 03s_
mw _ me | mm_nw
7.00 _1.50
o g ]
9.60

'S

TABLER DE PONT DU TYPE

COURBE ENVELOPPE DES CONTRAINTES MIMIMALES DE LA FIBRE INFERIEURE

PS! -BP

s Yo 'm Y12 *n

. OPHELIE 11
® Analyse .5 -
post optimale 0 T -
® Rapport =
par
OPHEDIT
@ Reprise
des résultats s
en données i
il LR R RTS
Figure 6 ]
; < 4 A
Figure 8
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Figure 7. L'exemple d'application:
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Figure 9a. Tracé optimel non compte
tenu des courbures admissibles des
clbles et des pertes: force opti-
mele : 2171 t.

Figure 9b. Tracé optimel non compte
Tenu des pertes; force optimale :
2171 %.

Figure 9c. Tracé optimel compte

tenu des pertes; force optimale
2411 %.

Figure 9c
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1'un et 1l'autre au traitement automaticue des informations et a la

recherche d'un optimum sur un ensemble de variables continues :

- les études par programmes de calcul électronigue entieérement
automatioues applicables aux ouvrages-types réalisés en grand nom-
bre;

- les programmes d'analyse structurale, sous réserve qu'ils
soient d'une grande généralité et qu'ils débouchent sur des program-
mes de recherche opérationnelle.

Ces méthodes ont été progressivement introduites en 1l'espace
d'une décennie dans la définition des ouvrages d'art courants du
réseau routier et autoroutier frangais. Rapidement elles se sont
révélées efficaces, et le développement des moyens & traiter 1'in-
formation les remdra de plus en plus fécondes. Nous pensons qu'elles
ont vraiment valeur générale.
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RESUME

Pour définir les ouvrages routiers courants tout en appro-
chant d'un optimum, deux moyens sont successivement appliqués:
la standardisation et l'exploitation de programmes de calcul en-
tiérement automatiques. Un systéme de programmation pour 1l'ana-
lyse élastique des structures complexes (poutres et plaques) et
pour l'optimisation de la précontrainte nous permettra de véri-
fier les structures standardisées et d'accélérer la formulation
de programmes de calcul entiérement automatiques.

ZUSAMMENFASSUNG

Um die gebrduchlichen Strassen- und Autobahnbriicken in An-
néherung an ein Optimum festzulegen, werden zwei Mittel, eines
aus dem andern folgernd, angewandt: Die Vereinheitlichung und
die AusschOpfung des Elektrorechners. Ein Programmsystem fir
die elastische Berechnung verwickelter Tragsysteme (Tréger mit
Platte) sowie filir die Optimierung der Vorspannung wird uns er-
lauben, die vereinheitlichten Tragwerke zu kontrollieren und
die Ausarbeitung der vollig automatischen Programme zu beschleu-
nigen.
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SUMMARY

In order to define the usual bridges over the roads and
motorways and come near to a given optimum, two methods are
used successively: the "standardization" and the utilization
of wholly automatic programs for computers. A programming
system for the elastic analysis of sophisticated structures
(beams with slabs) and for the optimization of pre-stressed
structures will allow us to diversify the standardized struc-

tures and to speed up the formulation of wholly automatic
programs.
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Optimal Design of Reinforced Concrete Beams and Frames
Dimensionnement optimal des poutres et portiques en béton armé

Optimale Bemessung der Stahlbetonbalken und -rahmen

M.Z. COHN D.E. GRIERSON
Professor of Civil Engineering and Lecturer in Civil Engineering
University of Waterloo, Waterloo, Ontario, Canada

The following optimization problem is solved in the paper:
design a structure of given geometry for maximum efficiency vs.
elastic design, so that under any possible load combination
certain specified minimum load factors be guaranteed against
both the collapse of the structure and the first yield of its
critical sections.

By linearizing the merit function and developing a method
to generate all limit equilibrium constraints the problem is
solved with the help of linear programming and computer techniques.

The principles involved and corresponding optimal solutions
are illustrated by the examples of a reinforced concrete con-
tinuous beam and frame.

INTRODUCTION

In the last few years, limit design (as opposed to limit analysis) methods
have been developed enabling limit equilibrium and serviceability conditions to
be explicitly used in the mathematical formulation of the problem.

Such methods, called "serviceability' (as opposed to "compatibility")
methods, have been exiensively applied to reinforced concrete continuous beams
(1], (2], [3) and [4]*. More recently the validity of these methods has been

% Figures within brackets refer to the list of references at the end of the
paper.
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investigated for a variety of basic assumptions and design criteria [5] and their
extension was developed for frame design [6], [7]. A comprehensive discussion of
the features of serviceability vs. compatibility methods has been presented by
reference to their use in building structures [8].

The possibility of considering a variety of design criteria was earlier
recognized [1], [5] and suggestions for optimizing relevant merit functions have

subsequently been given [6], [7].

The problem of optimal design for reinforced concrete frames has been for-
mulated in [6], but two major difficulties have been recognized in the actual
solution of the problem: 1) the explicit expression of suitable merit functions
and 2) the formulation of the limit equilibrium constraints for all possible
modes of structural collapse.

Some views on the first problem are offered in papers by MASSONNET and SAVE
[9] and by ANDERHEGGEN and THURLIMANN [10], in which the total cost or the steel
volume are suggested as merit functions, respectively. The authors tested, with
favorable results, the use of an "efficiency index" (defined as the ratio of the
steel consumption by limit vs. elastic designs, v = VO/VE) as merit function [7].

The second problem has been amply investigated [11] and a systematic pro-
cedure has been developed for generating all possible modes of collapse and pre-

dicting the most critical combinations [12].

As a result, by using mathematical programming techniques, it is now
possible, and this paper illustrates how, to produce direct designs of reinforced
concrete beams and frames such that 1) optimum, 2) limit equilibrium and
3) serviceability criteria be satisfied simultaneously.

It should be noted that an optimal solution verifying the three conditions
above would still have to be checked for compatibility. While it is possible to
add the compatibility conditions to those already considered and to attempt the
solution of the more general programming problem of optimization with compat-
ibility constraints, this will be left for a separate investigation.

THE OPTIMAL DESIGN PROBLEM

Consider a reinforced concrete beam or frame with given geometry and moments
of inertia, to resist a system of known loads varying between prescribed limits.

It will be assumed that:

1) Reinforced concrete can be idealized as an elasto-plastic material with
limited ductility;

2) All possible loading conditions are considered;

3) Limit equilibrium and serviceability are basic design criteria, with
compatibility to be separately investigated;

4) The optimum criterion is to accomplish the minimum volume of longitudinal
reinforcement.

It will also be assumed that bending action prevails, that shear and axial
forces are negligible and that inelastic rotations are concentrated at critical

sections as in the simple plastic theory.



M.Z. COHN — D.E. GRIERSON 217

Let j =1, 2, ... s be the critical sections of the structure and M f, M
PlJ PJ

its corresponding positive and negative plastic moments, as in general,rein-
forced concrete sections may have unequal flexural resistance in the two bending
directions.

A design solution is found when a set of M ; and M ; is derived for all
P

critical sections of the structure such that the following conditions are
satisfied:

1) Optimum: the design will provide the minimum volume of flexural
reinforcing steel.

2) Limit Equilibrium: the structure will resist any loading combination
of an intensity less than the prescribed ultimate load Wu and may collapse
plastically for any load W > W,.

3) Serviceability: the critical sections of the structure will remain well
within the elastic range for any combination of working loads and hence will have
a safety against yield not less than a prescribed minimum value, xl. It can be

shown that provision of adequate yield safety will ensure satisfactory service-
ability, i.e. acceptable cracking, stresses and deflections.

Let W,o W and Xo be the ultimate load, the service load and the overall load

factor, respectively, when proportional loading is assumed, i.e. Wu = how. Let
M £ be the maximum (minimum) elastic envelope moment at section j, and denote le

as the yield load factor of section j, i.e. a plastic hinge will occur at this
section under some particular scheme of loading at a load level Kljw'

It can be shown [4] that the design plastic moment for section j is pro-
portional to the corresponding elastic envelope moment for the ultimate load:
M. = x, M, (1)
PJ J Mo J
The scale factor x. is called the yield safety parameter [3] and is defined
by the ratio of yield td ultimate load factors:

X, = xlj/xo (2)

It is noted that high x, values correspond to superior serviceability and
low x; values correspond to Jsuperior economy. An optimal solution will de-
termifie x, values that accomplish the largest overall steel savings consistent

with adequate serviceability. This is taken to mean that for any section, under
any loading condition,the yield load factor Klj is not smaller than a specified
lower bound kl = 1 (the case xl = 1 corresponds to the formation of a plastic
hinge at service loads). For a section to become a plastic hinge in some possible
mechanism it is necessary that llj < A,+ Therefore the serviceability constraints
become:

xl/ko < xj < 1 (i=1, 2, ... s) (3)

A limit equilibrium condition is associated with each possible mode of
plastic collapse (i) of the structure. This expresses the relationship between
the energy dissipated in the plastic hinge rotations U. and the external work

» ’ : e A .
Ei of the ultimate load in displacements corresponding to the mode of collapse 1i:

4
Ui > Ei (4)
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Relation (4) indicates that the structure collapses in the ith mechanism
at either the prescribed load factor A if U, = Ei or at a larger load factor
A2 A if U > E;. =

Assuming p possible mechanisms exist and expressing Ui in terms of the
plastic moments (1) and Ei in terms of the specified ultimate load, the

equilibrium constraints become after simplificatioms:
s
ng 1% 2% (i=1, 2, ... p) (5)

where aij and ci are some non-negative constants.
As the optimal solution corresponds by definition to the minimum steel
volume V, the merit function is:

M . ds
I _Eéf__ = I -2 M X, ds = min ! (6)

where the integral is extended over the entire length of the structure and K,
is a constant depending on the section geometry and materials properties.

In summary the optimal design problem consists of determining the x values
for s critical sections of the structure so that the optimum criterion (6),
the limit equilibrium constraints (5) and the serviceability constraints (3) be
satisfied.

This is easily identified as a typical programming problem to which the
standard algorithms of mathematical programming are applicable.

MERIT FUNCTION, CONSTRAINTS AND OPTIMAL SOLUTION

Merit Function. The concrete sizes being fixed, the amount of steel reinforce-
ment on which the design plastic moments depend is the only variable in the
feasible design solutions. In current detailing practice the reinforcement pro-
vided at critical sections is maintained constant over certain lengths of the
members before it is bent or terminated to conform with bond, anchorage and/or
shear requirements. As a result the resisting moments provided follow a step-
wise diagram, which can be idealized by a set of rectangles of depth M , and of

length Ej, the distance over which ij is maintained constant 8], [10].

With these assumptions and notations the steel volume associated with each
plastic moment can be expressed as:

V., = .4, = M .. /K 7
J ASJ J Pl EJ/ ] 7)

Therefore the merit function (6) expressing the total steel volume is linearized
in the form:

- _ 3
where Yj are the known ratios of moments of inertia for sections j to a

reference moment of inertia for the structure.
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Constraints. A major difficulty of the plastic analysis and design of highly
indeterminate frames consists of writing explicitly the equilibrium conditions
(5) representing the limit equilibrium constraints of the optimization problem.
In the paper this is done by an extension of the theory of '"combination of
mechanisms" due to Neal and Symonds [13], which is fully developed elsewhere

[11], [12].

The procedure is based on the fact that in the derivation of the optimal
solution only a limited number, m, of equilibrium conditions (collapse modes)
need be considered, which is called the critical or active set of equilibrium

constraints.

The active set of constraints is identified by the fact that 1) it contains
m = s - n collapse mechanisms, (n is the degree of statical indeterminacy of the
structure) 2) which are linearly independent, 3) have only one degree of free-
dom, and 4) correspond to the lowest load factors of any possible mechanism.
A computer programme which generates automatically all relevant combinations of
mechanisms (COMECH) and which identifies the critical set of constraints based
on the above mentioned criteria has been developed [11], [12]. A flow-diagram
of the COMECH programme is shown in Fig. 1.

READ PROBLEM DIMENSIONS
s,m,n

READ ROTATION COEFFICIENTS AND EXTERNAL
WORK CONSTANTS FOR THE INITIAL SET OF
LINEARLY INDEPENDENT MECHANISMS

GENERATE A COMBINED MECHANISM BY ADOING
NE INITIAL MECHANISM TO EITHER ANOTHER
INITIAL MECHANISM OR TO A PREVIOUSLY

Gl M
BEGIN A NEW ENERATED COMBINED MECHANISM

COMBINATION
CHAIN ‘

MECHANISM HAS ONE DEGREE OF FREEDOM p

{YES

| MECHANISM IS LINEARLY INDEPENDENT OF ALL
THE MECHANISMS ALREADY IN OUTPUT
STORAGE THAT HAVE SMALLER COLLAPSE
LOAD FACTORS ?

YES \ NO
PLACE MECHANISM IN OUTPUT RETAIN MECHANISM ONLY
-z STORAGE AND ALSO RETAIN FOR FUTURE COMBINATIONS —
FOR FUTURE CCMBINATIONS

OUTPUT STORAGE . LINEARLY INDEPENDENT
| MECHANISMS RANKED ACCORDING TO THE
MAGNITUDE OF THEIR COLLAPSE LOAD FACTORS

|

NO | HAVE ALL POSSIBLE COMBINATIONS BEEN
INVESTIGATED ?

YES

OUTPUT ©m LINEARLY INDEPENDENT MECHA-
NISMS HAVING ONE DEGREE OF FREEDOM AND
THE SMALLEST COLLAPSE LOAD FACTORS

sSTOP

FIG. 1
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Optimal Solution.

With the linear merit function (8), the serviceability con-

straints (5) and the equilibrium constraints determined by COMECH, the simplex
algorithm can be used to solve the resulting linear programming problem of

optimal design [14].
is used to solve this prcblem.

A standard computer programme for the simplex algorithm

The coefficients of the variables, the external work constants and the

bounds on the variables are given as input
as output:

and the following data are obtained

1) The optimal design plastic moments for all critical sections;
2) The efficiency index of the optimal design, v, and
3) The effective ultimate safety of the active collapse modes.

EXAMPLES

Example 1.
wL
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03
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FIG. 2

Given is the five-span continuous beam with the geometry and loading

in Fig. 2a. Live loads are 2.5
times higher than the dead loads
and can be applied to any or all
of the spans. Dead and live

load factors of 1.5 and 1.8
respectively are assumed, con-
forming to the American practice.
An overall load factor ko = 1.715

is implied. A minimum yield
load factor kl = 1.2 is specified

and therefore the minimum xj
value permitted is xj = kllko =
1.2/1.715 = 0.7.

With the conventional
arrangement of the reinforcement
as in Fig. 2b, the elastic mom-
ent envelope coefficients in
Fig. 2c¢ and assuming Kj =K =

const., the merit function is
given by expression (9).

All possible modes of
collapse are indicated in Fig. 2d
and are labelled by (a), (b) and
(c). The corresponding limit
equilibrium conditions are given
by expressions (10).

The serviceability con-
straints are given by expression

(11).

Therefore the problem
statcment is:
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minimize:
Kv = £ 0.526 + L 0.610 x_, + 2 0.398 x_ + 1 0.538 x, + = 0.445 x (9)
3 UeDE0 Xy T g VDAY Ry T g HeIIR R W g MR R T 3 Y s
subject to:
1.052 X, + 0.610 x2 > 1.4 (10a)
0.610 x2 + 0.796 x3 + 0.538 x4 > 1.4 (10b)
1.076 x4 + 0.890 x5 > 1.4 (10c)
and: i
0.7 < xj <1 (i=1, 2, ... 5) (11)

The set of xj values corresponding to the optimal design is given in the

last column of Table 1.

It is to be noted that the optimal solution corresponds to conditions (10)
becoming equalities, i.e. to mechanisms (a), (b) or (c) occuring at the pre-
scribed load factor A = 1.715. Therefore this is a full redistribution design.
The corresponding bending moment diagram is illustrated by the full lines in
Fig. 2e.

For the sake of comparison the elastic solution and three additional limit
design solutions are provided as follows:

- a full redistribution design (FRD) based on [3], column 5 in Table 1 and
bending moment diagram in dotted lines, Fig. Ze.

~ two limited redistribution designs (LRD) labelled A and B respectively, with
equal design moments at a number of sections for convenience of steel
placing. These solutions are given in Table 1, columns 3 and 4, and the
corresponding bending moments are illustrated in Fig. 2f.

TABLE 1
EXAMPLE 1: DESIGN SOLUTIONS

x,. =M /A M

h] P} o]
Section ELASTIC OPTIMAL
€)) DESICN LRD:A LRD:B FRD DESIGN
1 1.000 0.887 0.887 0.916 0.889
2 1.000 0.763 0.763 0.712 0.760
3 1.000 0.946 0.781 0.732 0.700
4 1.000 0.700 0.866 0.712 0.700
5 1.000 0.848 0,700 0.712 0.726

Lower serviceability limit xj = 0.700

In Table 2 a summary is given of the effective safety against collapse for
the various designs. If K; is the actual load factor for a particular design

and collapse mode i the ratio xi/xo is indicative of the relative conservatism
of various solutions.

In the same table the efficiency index is given for all solutions studied.
As expected, it is noted that the larger is the relative safety against collapse
the less economical is the design. The optimal solution is evidently the most
efficient while providing exactly the required safety in all possible modes of
failure. Note that the full redistribution design (FRD)} is very close to the
efficiency of the optimal solution.
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TABLE 2

EXAMPLE l: STRUCTURAL SAFETY AND EFF1CIENCY

W

Mechanism ELASTIC OPTIMAL
(i) DESIGN LRD:A LRD:B FRD DESIGN
a 1.189 1.000 1.000 1.000 1.000
b 1.389 1.142 1.111 1.000 1.000
c 1.405 1.075 1.111 1.000 1.000

v = VO/VE 1.000 0.828 0.813 0.767 0.766

Example 2. The frame in Fig. 3a [13] is to be designed for any possible com-
bination of the applied live loads, assuming zero dead load. With an overall
load factor A\ = 1.8 and a minimum yield load factor kl = 1.2, the minimum per-
missible valud of x; = 1.2/1.8 = 0.667.

The reinforcing details are provided in Fig. 3b and the elastic moment
envelope is indicated in Fig. 3c. A merit function of the form (8) is obtained,
which is not reproduced here for the sake of brevity.
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Of all the potential collapse modes, the COMECH programme [11] identifies
the 10 mechanisms in Fig. 4a, which correspond to the critical or active set of
limit equilibrium constraints.
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By using the simplex computer programme the optimum solution is found and
the corresponding xt values are listed in the last columns of Table 3. Also

listed are the elastic solution (x* = const.) and a limited redistribution
design based on [7].

The B.M. diagrams associated with these designs are represented in Figs. 4b
and 4c, which are obtained by scaling down the bending moments in Fig. 3¢ with
the corresponding xj values in Table 3.

TABLE 3
EXAMPLE 2: DESIGN SOLUTIONS
x =M /xM
J pj ©]
ELASTIC LIM. RED. DESIGN OPT IMAL
Section DESIGN LRD DESIGN

(j) x+ X, x+ X, x+ X,

] J ] 3 j B
1 1.000 1.000 0.900 0.900 0.667 0.667
2 1.000 1.000 0.900 0.900 0.667 0.667
3 1.000 1.000 0.900 0.900 0.667 0.667
4 1.000 1.000 0.858 0.667 0.835 0.667
5 1.000 1.000 0.667 0.853 0.667 1.000
6 1.000 1.000 0.900 0.900 0.931 | 0.975
7 1.000 1.000 0.667 0.807 0.667 1,000
8 1.000 1.000 0.850 0.667 0.915 | 0.667
9 1.000 1.000 0.900 0.900 0.667 0.667
10 1.000 1.000 0.900 0.900 0.667 | 0.667
11 1.000 1.000 0.900 0.900 0.667 0.667
12 1.000 1.000 0.900 0.900 0.824 | 0.919

Lower serviceability limit xj = 0.667

The effective collapse safety of the elastic, LRD and optimal solutions is
indicated in Table 4, along with the corresponding efficiency indices. It should
be noted that the optimal design enables 8 modes of collapse at the prescribed
ultimate load with an overall steel reduction of about 20% vs. the elastic
solution. The limited redistribution design generates only 2 modes of failure

at A W with a steel saving of 14% vs. the elastic design.

TABLE 4

EXAMPLE 2: STRUCTURAL SAFETY AND EFFICIENCY

1
li/lo
Mechanism ELASTIC OPTIMAL
(i) DESIGN LRD DESIGN
1 1.46 1.26 1.26
2 1.42 1.20 1.28
3 1.31 1.18 1.00
[ 1.31 1.18 1.00
5 1.16 1.00 1.00
6 1.17 1.01 1.00
7 1.17 1.00 1.00
8 1.19 1.04 1.00
9 1.21 1.06 1.00
10 1.25 1.09 1.00
v VolvE 1.000 0.860 0.803
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CONCLUSTIONS

Optimal solutions can be derived for reinforced concrete beams and frames
for minimum steel consumption, with adequate safety against both the structural
collapse of structures and the first yield of their critical sections.

With the assumptions adopted in the paper the optimal design becomes a
linear programming problem, which can be solved by using digital computers.

Examples of optimal design presented indicate savings of 20 - 237 in steel
consumption vs. the elastic solutions based on the ultimate strength design for
the sections.

While the techniques described are straightforward when applied using a
digital computer, they appear prohibitive for hand calculation in design offices.

However standard optimal solutions may be computed and tabulated for typical
beams in the same way as in [4].

Data in Tables 2 and &4 confirm that the full redistribution design (FRD) is
nearly as efficient as the optimal design, a result which has been anticipated
in some previous studies [7], [8]. Because of this feature and of the relative
simplicity of serviceability methods it appears that approaching full redis-
tribution is a realistic and practical objective in the limit design of reinforced
concrete frames.
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NOTATION

35 s constants defining the internal and external work in the limit
equilibrium equations
Asj flexural reinforcement of section j
i index referring to the mode of collapse (mechanism)
j index referring to critical sections of the structure
Kj a constant which depends on the section geometry and materials
properties and defines the flexural reinforcement of section j.
Ej total distance over which ij prevails
m number of independent mechanisms
Mj elastic moment envelope value at section j
+ . . . <
ij design plastic moments at section j
n degree of statical indeterminacy of the structure
P total number of possible collapse modes (mechanisms)
s total number of critical sections of the structure
VE steel volume required by elastic design
VO steel volume required by optimal design
v = VO/VE efficiency index of the structural design

. Bg. Schlussbericht
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W service (dead + live) loads

WD, WL dead and live service loads, respectively

wu = Aow specified ultimate load

10 specified ultimate load factor

Rl specified yield load factor o

xi effective ultimate load factor in the i collapse mode
xlj minimum effective yield load factor of section j

xj = le/Ko yield safety parameter of section j

SUMMARY

Optimal solutions can be derived for reinforced concrete
beams and frames for minimum steel consumption, with adequate
safety against both the structural collapse of structures and
the first yield of their critical sections. With the assump-
tions adopted in the paper the optimal design becomes a linear
programming problem, which can be solved by using digital com-
puters.

While the techniques described are straightforward when
applied using a digital computer, they appear prohibitive for

hand calculation in design offices. However standard optimal
solutions may be computed and tabulated for typical beams in
the same way as in [4].

RESUME

I1 est possible d'arriver & un dimensionnement optimal
des poutres et portiques en béton armé pour un minimum d'arma-
ture, avec sécurité adéquate contre la ruine btale de la struc-
ture et la premiére rupture dans une section critique. L'éco-
nomie contre la méthode élastique est de l'ordre de 20-23 %.

La technique de calcul décrite est directe pour une cal-
culatrice électronique, main plutdét difficile pour le calcul
manuel. Cependant des solutions-standard pourraient é&tre pré-
parées en tabelles pour des poutres typiques, comme dans ['9].
D'ailleurs une méthode approchée (table 4) donne d'assez bons
résultats.

ZUSAMMENFASSUNG

Die optimale Bemessung der Stahlbetonbalken und -rahmen
ist bei gleicher Sicherheit gegen Traglast sowie erstem pla-
stischen Gelenk der gefdhrdeten Querschnitte fir ein Minimum
an Bewehrung moglich. Die Ersparnis gegeniiber der elastischen
Verfahren betrdgt 20-23 %.

Wdhrend die beschriebene Methode auf Digital-Computern
einfach anzuwenden ist, erscheint sie flir die Handrechnung
nicht empfehlenswert. Wie auch immer, die standardisierten
OptimumslGSsungen mogen in der gleichen Weise wie in [3] be-
rechnet und tabelliert werden. Im librigen ergibt ein N&he-
rungsverfahren (Tafel 4) hinreichend genaue Ergebnisse.
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1. Aufgabenstellung

Es war die Aufgabe gestellt, flur eine industrielle Serienfer-
tigung ein groBfliachiges, montagefidhiges Dachelement fir hallen-—
artige Bauwerke mit einem mechanisierten Fertigungsverfahren so
zu entwickeln, daB der Absatz durch die optimale Erfillung der
ngchfolgend diskutierten Forderungen gesichert wird,

2. EinfluBfaktoren
2+1. Funktionelle und gestalterische Forderungen

Der Witterungsschutz ist nicht mehr die alleinige Aufgabe
eines Daches, Die vielfaltigen Funktionen, die Bauwerke fiir die
Industrie, den Handel, den Verkehr und die Gesellschaft erfiil-
len miissen, bedingen sehr unterschiedliche Forderungen an die
Dachausbildung, Die Ausfihrung einer individuellen Dachkonstruk-
tion filir eine spezielle Bauaufgabe ermdglicht die hierbei gestell-
ten funktionellen und gestalterischen Forderungen maximal zu er=-
fillen., Soll aber eine Dachkonstruktion entsprechend der obigen
Aufgabenstellung nicht nur die funktionellen und gestalterischen
Forderungen befriedigen, sondern ein Optimum aus allen hier ge-
nannten EinfluBfaktoren darstellen, dann miissen alle mdglichen
funktionellen und gestalterischen Forderungen derjenigen Bauwer-
ke, fir die die groBflachigen Dachelemente eingesetzt werden sol-
len, in die Betrachtung der Optimierung mit einbezogen werden.Wie
Courbon im Vorbericht schreibt, sind wir leider noch nicht
in der Lage alle EinfluBfaktoren einer Tragwerksoptimierung so
aufzubereiten, daB mittels eines elektronischen Rechners eine
exakte Optimierung erfolgen kann,

In Tafel 1 sind die funktionellen und gestalterischen Forde=-
rungen geordnet zusammengestellt, die nach einer "ingenieurmidBi-
gen Optimierung", d.h,, einer allein von Erfahrungen und Erkennte
nissen abgeleiteten Einschidtzung, die mit den neuentwickelten
Dachelementen ausgefiihrten Dachkonstruktionen erfiillen miissen,kon-
nen oder nicht befriedigen brauchen,
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Tafel 1

die voll erfiillt werden
miissen

Funktionelle und gestalterische Forderungen

die durch Variationen
erfiillt werden miissen
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die ausgeschlossen
bleiben

-Schutz gegen Nieder-
schlage

~Entwédsserung

-Begehbarkeit

- Anpassungsfdhig an
alle rechteckigen
Grundrisse, ein-und
mehrschiffig

~Ausbildung relativ
groBer siitzenfreier
Rdume

~Gute architektonische
Gestaltung des Gesamt-
bauwerkes

~Ansprechende Innenge=
staltung

=Garingster Unterhal-
tungsaufwand

~-Geringer Wdrmeaustausch
mit der Umwelt (1)

-Anordnung von Oberlich-
ten (2)

-Anh&ngen einer Zwischen-
decke (3)

—-Anhdngen von Ausriistun-—
gen normaler Groflenord-
nung { 3)

—Ausbildung von kleinen
und mittleren Durch-
briichen (4)

-Schallisolierend (5)

-Befriedigung brandschutz-
technischer Bedingungen(b)

-Anpassung an vom
Rechteck abweichen=
de Grundrisse

-Anhdngen von schwe=
ren Lasten

-Ausbildung grofler
Durchbriiche

~Keine Schneesacke
bildung

&b
(2)
(3)

Variation der WiarmedaZmmstoffe und ihre Dicke

Verdnderung der Normalelemente vorsehen

(4)
(%)
(6)

2.2.
Bauwesens

Tragfdhigkeit auch mit Aussparungen sichern

Anordnung geeigneter Isolierschichten

Konstruktive Moglichkeiten und Zusatzbelastung vorsehen

Befestigungsmoglichkeiten und Zusatzbelastung durch geringfiigige

In Sonderfdllen durch Anordnung einer Brandschutzzwischendecka

Forderungen aus den Grundsitzen der Industrialisierung des

Die Veranderung des gesamten Bauwesens von der handwerklichen
Fertigung zur industriemaBigen GroBproduktion bedingt, daB die den

Witterungsunbilden ausgesetzte, schwere korperliche Arbeit weitest~

gehend reduziert und durch Maschinen iibernommen wird; daBl ein
groBer Teil der Arbeitsprozesse von den ortsverinderlichen Bau-
stellen in stationdre, hochmechanisierte Werke verlegt wird, wo
serienmdBig weitgehend komplettierte Bauelemente fir die Montage
vorgefertigt werden, um in klirzester Zeit eine gestellte Bauauf-
gabe erfillen zu konnen, In Tafel 2 sind die entsprechenden For-
derungen an ein industriemédBig gefertigtes Dachelement aufgefiihrt.




H. SCHMIDT — E. KUHN — K. WEISSBACH 229

Tafel 2 Forderungen der industriemidfBigen GroBproduktion

die voll erfiillt werden miissen die erfiillt werden kdnnen

= Mechanisierte Fertigung in sta= | - Komplettiert mit Warmedimmung
tiondren Produktionsstdtten

-~ Rationelle Serienfertigung - Komplettiert mit Dachhaut

variabler Elemente

~ Kirzeste Lieferfristen - Unterseite sichtflidchenfertig

- Arbeitsprozesse auf der Baustel-
le fiir Montage und Verbindung
weitestgehend reduzieren

2.3, Eigenschaften und Preise der verfiligbaren Baumaterialien

Die Baumaterialien beeinflussen die Optimierung einer Dach-
konstruktion direkt durch die feststehenden ZahlengroBen, wie
Festigkeitswerte, VerformungsgroBen, spezifisches Gewicht, durch
ihre Dauerbestandigkeit, ihr Verhalten im Feuer und die sehr
zeitvariablen Preise und Unterhaltungskosten, Die Auswahl der
optimalsten Baustoffe aus der sich stédndig erweiternden Palette
der Grundbaustoffe und ihrer vielgestaltigen Kombinationsméglich-
keiten ist zur Zeit nur durch vorliegende Erfahrungen moglich,
In vielen Fdllen konnen jedoch eine Anzahl von Baustoffen aus-
sortiert werden, die die vorgegebenen Bedingungen nicht ausrei-
chend erfillen,

Unter Beachtung der wirtschaftlich noch nicht befriedigend
geldsten dauerbestandigen Konservierung der Stahlkonstruktionen
und ihrer schnellen und groflen Verformung im Feuer wurde der
Stahlbau ausgeschlossen. Auch das Holz muB3te hier trotz der
Fortschritte in der Unbrennbarmachung gestrichen werden, Der
Einsatz von Kunststoffen fur tragende Konstruktionen war durch
die noch zu geringen Erfahrungen ihres Dauerverhaltens und ihrer
sehr hohen Preise unmdglich, Die bestehenden Preisrelationen

nach Tafel 3 bedingten neben den anderen statisch-konstrukti-
ven Vorteilen die Wahl des Spannbetons fiur die hier gestellte
Aufgabe,

Tafel 3 Preisrelationen Bewehrungsstahl zu Beton

Stahl im Mittel pro Verhidltnis der
m3 Beton bei Fldchen— Materialkosten
tragwerken [1] 3.3
kg Stahl pro m”/m” Beton
Stahlbeton 190 = 230 1,29/1,00 = 1,57/1,00
Spannbeton 100 = 130 0,79/1,00 = 1,02/1,00

2.4, Statisch=konstruktive Forderungen

Die Gebrauchswerteigenschaften und die Lebensdauer werden
entscheidend durch die Erfiillung der statisch-konstruktiven For—
derungen beeinflult, Vordringlich muBl eine ausreichende Stand-
sicherheit des Bauwerkes gewdhrleistet werden trotz, aus dkono-
mischen Grinden bedingten, minimalen Einsatzes von Baustoffen,
Entsprechende Sicherheiten miissen auch fiir die Transport- und
Montagezustidnde der Dachelemente vorhanden sein, Ein weiterer
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gewichtiger Faktor ist die Dauerbestédndigkeit unter den unter-
schiedlichsten Einfliissen. Es dirfen innerhalb der Nutzungszeit
keine Veranderungen eintreten, die die Funktion des Bauwerkes
einschranken oder gar zu Schiden fiilhren, Tafel 4 enthalt die sta-
tisch-konstruktiven Forderungen fiur eine ausreichende Sicherheit
und Lebensdauer. Die Optimierung der Querschnittsausbildung ist
hierbei nach einer "delikaten Formgebung" sehr genau moglich [2]

[ 313

Tafel 4  Statisch-konstruktive Forderungen

Eigenschaften des Bauteils Statisch-konstruktive Forderungen

Tragfdnigkeit - grol3

-~ wenig schwankend durch Fertigungs-
toleranzen

- Sicherheit gegen Bruch v = 2,0+2,5

- keine Stabilit&dtsbriiche

Verformbarkeit - begrenzt
- geringe Auswirkungen von Schwinden
und Kriechen sowie bei Temperatur=
anderungen

RiBbildung - unerwiinscht, durch Vorspannen ver-—
meiden oder auf Haarrisse begrenzen

Querschnittgestaltung - groBles Trédgheitsmoment fiir beide
Hauptachsen bei geringster Quer-
schnittsflache

- kleines Verhdltnis der abgewickelten

oberen Fldche zur Grundfl&che

Verhalten bei Transport ~ unempfindlich, keine groBeren RiBer-

und Montage scheinungen, Abplatzungen oder blei-
bende Verformungen

Verbindungen untereinander = einfach und schnell ausfiihrbar

und mit anderen Bautesilen - dauerbestdndig und wartungsfrei

Korrosionsbestdndigkeit - ausreichend durch dichten Beton mit

antspre chender Betondeckung fiur
Spannstahl = 25 mm
fir die schlaffe Bewehrung = 10 mm

Feuerwiderstand - mindestens Y2 Stunde nach vorgeschrie-
bener Brandbelastung ohne zusdtzliche
MaBnahmen

2.5. Fertigungsbedingte Forderungen

Eine mechanisierte Serienfertigung mit hoher, gleichblei-
bender Qualitdt stellt an die Gestaltung der Elemente bestimmte
Forderungen, wenn mit einem Minimum an Kosten produziert werden
soll, In Tafel 5 sind die auf Grund von umfangreichen Untersu-
chungen ermittelten fertigungspezifischen Forderungen an ein
dinnwandiges und groBRfldchiges Dachelement niedergeschrieben.Als
Fertigungsverfahren kommt flr derartig groRflachige Fertigteile

nur ein Standverfahren auf Matrizen in Frage. Wegen der unge-
wohnlichen Geometrie und GroBe dieser Konstruktionen konnen ande-
re Verfahren, wie beispielsweise die AggregatflieBfertigung,
nicht angewandt werden.
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Die Erfiillung der Forderung ermoglicht:
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Fertigungsbedingte Forderungen

Unverdnderlicher Querschnitt
liber die ganze Linge (keine
Querrippen)

Dicke iiber die Breite unver-
dnderlich oder nur wenig unter—
schiedlich (keine Lidngsrippen)

Querneigung im Querschnitt
kleiner als 400

Keine oder nur eine geringe
Ldngskriimmung( 30 cm Stich
bei 18 m Gesamtlinge)

Keine Auflagerverstdrkungen

Unkomplizierte Bewehrung mit
angemessener Betondeckung

( Fertigungstoleranzen be-
riicksichtigen)

Betongilite = B 450

Variation der Elemente zur
Aufnahme unterschiedlicher
Nutzlasten nur durch Anderung
der Anzahl und Durchmesser
der Bewehrungseisen sowie
einer gleichmdBigen Verstédr=
kung der Dicke
Fertigungsausriistung einfach
und wenig storanfidllig

Einsatz hintereinander laufender
Aggregate nach dem Prinzip der Gleit-
fertigung zum Aufbringen, Verteilen,
Verdichten und Gldtten des Betons
Mechanisierung aller Arbeitsprozesse
Einfache Ausbildung der Matrize

Gleichbleibende intensive Verdichtung
des Betons liber die ganze Breite
GleichmédBige Betonqualitidt im gesam-
ten Querschnitt

Verzicht auf eine Doppelschalung

Einsatz geschweiBlter Bewehrungsmatten
Mechanisierung des gesamten Bewehw
rungsbaues

Gerade Spanngliedfilhrung, wenn keine
Langskriimmung vorhanden ist.

Fertigung beliebiger Lingen auf
einer Matrize

Geringer Arbeitszeitaufwand fiir die
Vorfertigung und den Einbau der Be=-
wehrung

Einhaltung der Qualitdtsforderungen
hinsichtlich der Betondeckung

Anwendung der Gleitfertigung mit
relativ einfachen Aggregaten

Fertigung aller Variationen auf der
gleichen Matrize mit dem gleichen

Fertigungsaggregat

Geringe Investkosten
Geringe laufende Kosten

2.6, Transport- und Montagebedingungen

Fir einen wirtschaftlichen Transport und eine ziligige Montage
Dachelemente ist die Erfiilllung folgender Bedingungen von gros-

der
ser

Bedeutung.,

-Breiten- und Lingenabmessungen miissen sowohl StraBen~ und Eisen-—
bahntransport ermdglichen

—-Quer- und Langsschnitt miissen eine glinstige Stapelung gestatten
(mbglichst viele Elemente iibereinander)

~Die Elemente miissen einfach anzuschlagen und ohne weitere Hilfs-
mittel montierbar sein (ohne Traverse, ohne Hilfsriistungen)
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=Die Masse der Fertigteile muB auf die im Einsatz befindlichen
Hebezeuge abgestimmt sein.

3. Beschreibung des Flachentragwerkes

Beim Entwurf und der Konstruktion des im Bild 1 dargestell-
ten vorgespannten trapezfdrmigen Faltwerktrigers (VT-Falte) wur-
den alle vorgenannten
EinfluBfaktoren einbezo-
gen, um ein optimales
Tragwerk zu erhalten [ 417,
Dementsprechend wurde ein
groBflachiges Dachelement

St entwickelt, das infolge
2l seiner Anpassungsmoglich-
keiten vorteilhaft im In-
2 400 dustrie-, Gesellschafts-

und Landwirtschaftsbau
eingesetzt werden kann,
Bild 1 VT-Falte 18 Durch seine variable Lan-
Standardelement gengestaltung mit Stitz-
weiten von 12,0 bis 18,0n,

Belastungsschema Bereich Si?ke’:;:% I;':?:E;::)t If: ?:;7:)
PE 5 155 130 0
il 155 100 20
RN EREY - - .
P P ° 155 100 90
I R | R 180 320 0
& 180 100 120

Bild 2 Grenzwerte der Belastung

die unterschiedliche Belastbarkeit (Flichenlasten, Randlasten
und Einzellasten) und die groBe Tragfahigkeit bei Vermeidung jeg-
licher Stabilitdtsgefahrdung konnten die maBgebenden funktionel-
len Forderungen, wie Anpassung an alle rechteckigen Grundrisse,
Anordnung von Oberlichten, Anbringung von Einzellasten ( bis

500 kp ), Anhingen von Zwischendecken, Ausbildung von Durchbrii-
chen usw, allesamt erfillt werden. Es konnen ein- und mehrschif-
fige Hallen als Kalt- und Warmdach mit AuBen- oder Innenentwis-
serung und beliebigem rechteckigem GrundriB bis 18 m Spannweite
ausgefihrt werden. Gewisse Schwierigkeiten bereitet das Anbrin-
gen von Oberlichten, da die Fuge im Tiefpunkt der Falten liegt
und damit Probleme der einwandfieien Abdichtung der Oberlichte
eintreten. Auch die gestalterischen Forderungen sind durch die
geometrisch einfache Querschnittsgestaltung mit glatter Unter-—
seite ohne Rippen und Verstirkungen und durch die Mdglichkeit
der Anordnung von Dachiiberstdnden bis 2,5 m weitgehend befrie-
digt., Durch die Anwendung der beschrinkten Vorspannung in Ver-
bindung mit dem Einsatz von geschweiBten Bewehrungsmatten aus

St IVb wurde der Stahleinsatz auf ein Minimum reduziert und der
Preis des Elementes niedrig gehalten. Die erreichten Material-
kennwerte betragen fir die Standardausfihrung

Beton ( B 450 ) = 0,064 w3/m® / Stahl = 6,00 kg/m2.
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Die statisch=-
konstruktiven
Forderungen
konnten vor al-
lem durch Ein-
satz von Spann=
beton und die
Wahl des nach
unten geoffne-—
ten Querschnit-
tes erfillt wer-
den, Da die
Lingsrander der
Falte unter Be-
lastung Zug-
Spannungen er —
halten, war von
vornherein ein
Versagen des
Bauteils infol-

Bild 3 Perspektive eines Gebdudes mit ge fehlender
VT-Falten Stabilitat des

freien Randes
ausgeschlossen,

g 3E nry
- -

Daraus resul-
tiert letztend-
lich die hohe
Tragfahigkeit
der Falte und
ihre Unempfind-
lichkeit bei
Transport und
Montage. Die
Vorspannung
schrankte vor
allem die Durch-
Bild 4 Testversuch (Ziegelbelastung) biegung auch un-
ter Beachtung
von Kriechen und
Schwinden ein
und verhinderte
das Auftreten
von Rissen in
samtlichen Ge-
brauchszustinden,
Zur Erfillung
des Korrosions-—
schutzes, vor al-
lem des Spann-
stahles, ist ein
dichter Beton
von 30 mm vorge-
sehen. Die Fer-—

T K o A ey

deckung betrigt

5 mm, Diese Be=
Bild 5 Fugenausbildung tondeckung kann

im Bedarfsfall
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auch auf 35 mm verstarkt werden, wobei zusatzlich noch der Vor-
spannungsgrad "volle Vorspannung" mdglich ist.. Fir die schlaffe
Bewehrung betrdgt die theoretische Betondeckung 13 mm, wobei

eine Fertigungstoleranz von 3 mm zugelassen wird. Die gewdhlte
Querschnittsform wiederum ergibt bei geringem Materialeinsatz

ein hohes Widerstandsmoment in senkrechter und waagerechter Rich-
tung und tragt somit wesentlich zum guten Tragverhalten bei. Aus-
serdem wirken sich Fertigungstoleranzen in der Elementendicke und
der Lage der Mattenbewehrung nur geringfugig auf das Gesamttrag-
vermdégen aus, so daB auch in der Serienproduktion nahezu gleich=-
bleibende Bruchsicherheiten die Falte charakterisieren, Die Ver-
bindung der Falte mit der Unterkonstruktion erfolgt in einfacher
Weise durch Verlegen in eine MdOrtelfuge, wdhrend die Verbindung
der Falten untereinander durch Ausbetonieren der Langsfuge ge-
schieht, in die aus der Falte herausstehende Rundeisen hineinra=-

gen.,
4, Fertigung des Flachentragwerkes

In Ergebnis der Optimierung vorgenannter EinfluBfaktoren wur-
de das nachfolgend beschriebene Fertlgungsverfahren einschlieBlich
selner Ausrustungen entw1ckelt und in die Produktion eingefithrt[5l
Die Ausristung fur die

A‘ﬂ? ' Fertigung von VT-Falten be-
// // steht aus einer Matrize mit

.
.

1 zugehorigen Dampfhauben,einem
Verdichtungs- und Glattaggre-
gat mit Zugvorrichtung,einer
Einzeldrahtspannpresse und
ygeelgneten Hebezeugen. Die
Fertigung kann sowohl in ei-
‘ner Halle als auch mit pro-
visorischem Witterungsschutz
im Freien erfolgen.Die Stahl-
betonmatrize mit einer Gesamt-
linge bis zu 80 m besteht aus
~  hohlkastenfdrmigen Einzeltei-
len. Der Zusammenbau erfolgt
mit Hilfe von Spanngliedern,
Das Verdichtungs- und Glatt-
aggregat besteht aus einem
g e Fahrwerk mit Abstreich-,Rit-

ﬂ@HW~§Tﬁmyw§;¢lf; s ;'f S tol- und Glittbohle.

Bild 6 Modellaufnahme einer
Fertigungsstatte fir
VT-Falten

Die eigentliche Fertigung
beginnt mit der Vorbereitung
der Bewehrung.Nach dem Abkan-
ten der Bewehrungsmatten und
dem Olen der Matrize werden
zunachst die im Auflagerbe-
reich der Falten untenliegen-—
den Matten und die Spaltzug-
bewehrung verlegt, Danach
¥ird die Spannbewehrung aus-
gelegt und verankert. An-—
schlieBend wird die 12 cm
hohe Seitenschalung befestigt
und die oberen Bewehrungsmat-
ten ausgelegt, mit Abstandhal-

Bild 7 Stahlbeton~-Matrize zur
Fertigung von VT-Falten
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tern versehen und die Spannbewehrung vorgespannt, Der Beton wird
mit einem am Kran hingenden Kibel auf die Matrize aufgebracht und
vorlaufig noch von Hand vorverteilt, Das Fertigungsaggregat - mit
einer Geschwindigkeit von 0,7 m/min iber die Matrize gezogen =
verteilt und verdichtet den Beton und glittet die Oberfl&dche.Nach
der Fertigung wird das Element mit Hauben abgedeckt und mittels
Dampf schnellerhartet

Bild 8 Aggregat zum Vertei-
len, Verdichten und
Glatten des Betons

5 Durchgefiihrte Versuche

Zur Optimierung der Querschnittsform bei Ausschépfung aller
vorhandenen Tragreserven wurden eine Anzahl Testversuche und an-
schlieBend Tragfahigkeitsversuche des ausgewd@hlten Elementes
durchgefiihrt. Auf Modellversuche wurde nicht zurilickgegriffen, da
sie bei der Dunnwandigkeit des Elementes verbunden mit der ge -
winschten Genauigkeit der Versuche keine ausreichenden Ergebnis-
se liefern, Die Testversuche sollten in erster Linie entscheiden,
ob das Element mit nach oben oder nach unten geoffneten Quer-
schnitt ausgefiihrt werden sollte und ob man auf eine Liangskriim-—
mung der Falte verzichten kann, Der nach oben offene Querschnitt
zeilgte eine sehr groBe Empfindlichkeit gegenuber nicht exakter
Lage der Mattenbewehrung und gab keine Garantie fir eine gleich-
bleibende Giite des Elementes in der Serienproduktion., AuBerdem
lassen sich die Querbiegemomente dieses Querschnittes nur durch
eine nicht erwilnschte Liangskrimmung auf die Werte des nach unten
offenen Querschnittes ohne eine Lingskrimmung reduzieren, Wei=-
terhin liegen hierbei die freien Riander im Druckbereich und sind
dadurch stabilitdtsgefahrdet. Es wurde deshalb der unter 3 be-
schriebene nach unten offene Querschnitt ohne Langskrimmung des
Elementes ausgewdhlt,

Durch Vorversuche wurde festgestellt, dal bei einer starren,
nicht mitschwingenden Matrize (Stahlbeton oder Stahl) bei reich-
licher Bewehrung in den Hochpunkten des Querschnittes, geeigne-
ter Betonkonsistenz und Betondicken von 40 bis 70 mm ein Abrut-
schen des Betons bei Oberfldchenverdichtung bis zu einer Neigung
von 400 nicht auftritt und gute Betonqualitaten ( B 450 ) und
eine hohe Dichtigkeit erreicht werden kdnnen, Bei Fertigungsvere—
suchen mit Faltentragern zeigte sich, daB ein nach unten offener
Querschnitt auch hinsichtlich seiner Fertigung glinstigere Vor-
aussetzungen bietet, Das gilt besonders fir den Einbau und die
Einhaltung der Lage der Bewehrung. AuBerdem wird hierbei die
Spannbewehrung gradlinig gefiihrt und der Aufwand fir die Ausrii-
stung ist wesentlich geringer als flr einen Faltentriger mit
nach oben offenem Querschnitt und einer Lingskriimmung. Die zahl-
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reichen Fertigungsversuche wurden unter unterschiedlichen Bedin-
gungen durchgefiihrt. Dabei wurde das Verfahren und die Ausristung
stindig verbessert, so daB schlieBlich eine produktionsreife An-
lage mit optimalen Kennwerten zur Verflgung steht.

Bild 9

Bild 11

Tragfiahigkeitsversuch
VI-Falte 18

LLL LA (T
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Montage von VT=Falten

Aus den Tragfiahigkeits-
versuchen konnte die
exakte Tragfiahigkeit
des Elementes ermittelt
und alle vorhandenen
Reserven ausgeschopft
werden, So wurden die
aufnehmbaren Flachen-—
lasten, die aufnehmba-
ren Linienlasten pro
Faltwerksrand und die
moglichen Einzellasten
ermittelt, Weiterhin
wurden GroBe, Form und
Zahl der modglichen Aus-
sparungen gepruft, ma-—
ximale Dachiiberstande
ermittelt, die aufnehm-
baren Torsionsmomente
(einseitige Belastung)
festgestellt und alle
zugehorigen Durchbie-~
gungen und Verformun-—
gen gemessen, Im Gegen-—
satz zu den Testversu-
chen, bei denen die Be=-
lastung mittels Ziegel-
steinen erfolgte, sind
beil den Tragfiéhigkeits—
versuchen hydraulische
Lasteintragungen mit
exakten Messungen durch-
gefihrt worden., Zur Er-
mittlung der Spannungen
im Element wurden Deh-
nungsmessungen des Be-
tons, des schlaffen
Stahls und des Spann-
stahles vorgenommen,

Bei durchgefihrten
Transportversuchen er-—
wies sich die VT-Falte
als sehr unempfindlich
gegenuber Schwingungen
und zeigte keinerlei
Risse oder Verformungen,
obwohl einesteils mit
hohen Geschwindigkeiten
(60 km/h) und anderer-—
seits auch uber unweg-
scames Baugelande gefah-
ren wurde, Die Montage-
versuche, die in Zusam-
menhang mit der Errich-
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tung eines kleinen Experimentalbaues durchgefihrt wurden, zeigten
durch die Obergurtaufhingung der Falte eine sehr stabile Lage der
Falte wihrend der Montage und gestatteten ein ungleiches und ruck-
artiges Anheben und Absetzen sowie andere ungunstige lMontagebean-
spruchungen, ohne daB Beschidigungen oder Verformungen der Elemen-—
te eingetreten sind. Gleichzeitig ergab sich durch diese Unempfind-
lichkeit der Falte und durch die einfache Auflagerung auf Mortel-
fuge eine zligige Montage. Innerhalb einer Stunde konnten 3 Falten
mit insgesamt 140 m2 GrundriBfliche montiert werden.
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Nach Diskussion und systematischer Zusammenstellung aller
wesentlichen EinfluBfaktoren auf die Entwicklung eines groffli-
chigen, montagefihigen, industriell zu fertigenden Dachelementes
erfolgte eine "ingenieurmdBige Optimierung" durch Auswertung von
Erfahrungen, Erkenntnissen und zielgerichteten Tragfihigkeits-—,
Fertigungs-, Transport- und Montageversuchen. Der Diskussionsbei-
trag nennt die EinfluBfaktoren und erlautert kurz die durchgefiihr-
ten Versuche, Das Ergebnis, ein optimales Flichentragwerk und ein
dazu entwickeltes Fertigungsverfahren werden beschrieben.,
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SUMMARY

The "Engineering optimisation" took place after discussing
and compiling all the essential factors influencing the develop-
ment of an industrially producable and erectable large size roof
unit through the analysis of experience, knowledge and aimed
experiments to determine its ultumate strength and suitability
for prefabrication, transportation and erection. The paper mentions
the influencing factors and illustrates briefly the experiments
carried out, The results, an optimum plate structure and a prefa-
brication process developed for it, are described.

RESUME

Apreés discussion et rapprochement systématique de tous les
facteurs essentiels dans le développement d'un élément de toiture
avec une grande surface de couverture & monter et & fabriquer in-
dustriellement, on procéda & une optimisation "dans le style de
1'ingénieur", c.-a-d. en se servant des expériences, des connais-
sances, des essais de charge adéquats, des essais de fabrication,
de transport et de montage. La contribution & la discussion indi-
que les facteurs influents et explique en peu de mots les essais
exécutés. Le résultat, une structure bi-dimensionnelle optimale
et un procédé de fabrication pour la-dite construction, sont dé-
crit.
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J. COURBON

Les tres intéressantes communications que nous avons
entendues au sujet du theme Ic " Optimisation des Structures"
me paraissent pouvoir étre divisées en deux classes, l'une relative
aux recherches théoriques, l'autre relative aux applications
pratiques,

Il est intéressant de noter que trois des quatre rapports
d'intérét théorique sont basés sur les notions de calcul des
probabilités,

M. Vasco Costa propose pour l'optimisation des
structures une définition, plus générale que celle donnée dans le
rapport préliminaire, tenant compte des frais de service et
d'entretien et des risques d'accidents, Il en résulte qu'optimiser
une structure consiste a rendre minimum la somme de son prix,
de ses frais d'entretien et de l'espérance mathématique des frais
entrainés par des accidents ou des modifications prévisibles des
conditions de service, Cette définition me parait tout a fait en
accord avec le rapport préliminaire qui signalait que 1'évaluation
du prix d'une structure devait tenir compte de sa durée de vie, de
son entretien, et de la possibilité de son adaptation aux modifications
prévisibles du service demandé,

Pour M, Moses, l'optimisation est également basée sur
la notion de probabilité de ruine, Parmi les nombreuses idées
contenues dans son rapport, retenons la distinction entre les
structures dont la ruine est entrainée par celle d'un seul élément
(weakest link structures), et les structures hyperstatiques dont la
ruine exige celle de plus d'un élément, I1 =n résulte que les
différents éléments d'une structure optimisée ne doivent pas
présenter le méme facteur de sécurité, lorsqu'on les considere
individuellement., Ce point me parait essentiel pour 1'économie
des structures, car il permet de conserver un coefficient de sécurité
d'ensemble suffisant, Par exemple dans un pont suspendu, on peut
sans danger outrepasser les reglements en vigueur pour dimen-
sionner la poutre de rigidité, tandis qu'il faut montrer une tres
grande prudence en ce qui concerne les suspentes,
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M. Turkstra rattache l'optimisation des structures
a2 la théorie de la décision. Cette théorie basée sur la notion
des probabilités d'évenements consécutifs 4 une décision, permet,
dans 1'élaboration d'un projet d'évaluer les conséquences des
nombreux choix laissés au projeteur, Cette théorie qui donne en
quelque sorte a l'Ingénieur la possibilité de '"'mesurer son
jugement' , me parait de nature a développer son imagination
et a 1'écarter de la routine,

M. Lorin montre que, pour un matériau élastoplastique,
la distribution de matiere déterminée par optimisation élastique
conduit, pour les charges permanentes et variables au poids
minimal de la structure, Ce résultat n'est exact que parce qu'il
s'agit de systemes de forces extérieures données il serait en
défaut dans le cas de déformations imposées telles que celles
pouvant résulter de tassements d'appuis, et dans le cas de
matériaux tels que le béton dont la déformation n'est pas régie par
des lois élastiques., L'avantage des structures hyperstatiques est
de pouvoir résister économiquement, méme lorsqu'on les simplifie
et qu'on les éloigne ainsi de 1'idéal élastique ; cette idée parait
pleine d'intérét au point de vue de l'optimisation,

Il est naturel que les communications relatives aux
applications pratiques soient tres diverses, puisque le souci
d'optimiser les structures constitue le but recherché par les
constructeurs,

M. Faltus applique les principes de base qui gouvernent
l'optimisation des structures au cas d'un trées grand ouvrage
métallique ; un pont en arc de 330 m de portée sur la riviere
Vltava,

MM, Cohn et Grierson ont fait porter leurs recherches
sur les poutres et les portiques en béton armé, En prenant
pour critere d'optimisation le minimum d'armatures, ce qui dans
ce cas particulier parait trés raisonnable, la question se ramene
a un probleme de programmation linéaire qui peut aisément
étre résolu a 1l'aide d'un ordinateur, Des exemples montrent que
1'or peut ainsi obtenir des économies de 1'ordre de 20 pour cent
par rapport aux errements habituels,
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MM. J.C. Leray et Langello nous ont montré que,
dans le cas d'ouvrages routiers courants, donc nombreux, d'une
part la standardisation des ouvrages, d'autre part l'exploitation
de programmes de calcul entierement attomatiques étaient des
facteurs essentiels d'économie, donc d'optimisation, Les
résultats obtenus dans ce domaine par le Service d'Etudes
Techniques des Routes et des Autoroutes constituent la démonstra-
tion tangible des idées développées par M, Leray,

Enfin MM, Schmidt et Kithn nous ont parlé d'un
probleme beaucoup plus particulier : préfabriquer industriellement
un élément de toiture de grande surface., Il convient de noter le
r8le essentiel joué par l'expérimentation (fabrication‘ essais de
résistance, transport et montage) dans cette recherche, Il est
évident que des avant-projets de 1'élément, méme nombreux et
divers, n'auraient pas permis de conclure judicieusement,

Les communications que nous avons entendues montrent
1'ampleur du probleéme de l'optimisation des structures, Qu'il me
soit permis de remercier, au nom de 1'Association Internationale
des Ponts et Charpentes, les éminents professeurs et ingénieurs
qui, en nous exposant les résultats de leurs recherches, nous ont
montré que, sans diminuer la sécurité, il est possible de
réaliser de substantielles économies, Je souhaite cependant que
les idées développées aujourd'hui continuent & se développer , et
finalement se traduisent pour les praticiens par des prescriptions
d'application facile figurant dans les futurs Reglements,

i Rn Srhhischericht
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L'étude critique des criteres de sécurité et de leurs fondements concep-
tuels a mis en lumiere tout le terrain gagné par la conception probabiliste.
La plupart des ingénieurs de notre domaine des Ponts et Charpentes ont pris
conscience de ce que l'action de construire ne peut s'accomplir dans une
sécurité absolue et admettent 1'idée de risque de ruine admissible. L'oppo-
sition A cette idée s'est pourtant manifestée au Congreés en s'appuyant sur
de sérieuses objections. Ces objections semblent n€anmoins céder a une
analyse approfondie et le support le plus rationnel de 1'activité de 1'ingénieur
semble étre justement l'idée que son résultat est aléatoire. Cette idée tout
d'abord l'incite a redoubler d'attention pour éviter les fautes de conception
et d'exécution. Les fautes sont des causes de ruine dont le nombre est petit
-heureusement- et l'influence grande. Par cela méme elles échappent au
calcul des probabilités. Dans le domaine qui appartient a ce dernier les
contributions présentées ont ajouté aux moyens mathématiques existants.
Par exemple, il est possible, quand les conditions de linéarité nécessaires
sont remplies, de considérer des processus stochastiques et non pas seule-
ment des variables aléatoires. C'est ainsi que la sécurité d'un pont suspendu
a haubans vis a vis de sa flexion latérale sous l'effet du vent a pu étre appré-
ciée par le calcul de sa réponse a la turbulence du vent.

D'autre part les essais sur modeles prennent une grande importance
pour compléter les moyens mathématiques : modeles élastiques pour étu-
dier le comportement en service ; modéles structuraux dont le matériau
est le mé&me que celui de l'ouvrage pour étudier les mécanismes de ruine;
modeles géomécaniques, qui permettent d'inclure dans 1'étude l'interaction
de l'ouvrage et du sol.
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Il n'y a plus aujourd'hui d'opposition entre le calcul en plasticité et le
calcul dans l'hypothese de 1'élasticité. Les théories de 1'élasticité, de la
plasticité et de la viscosité se completent, l'une ou l'autre convenant selon
les phénomenes en jeu, Le choix de la théorie adéquate est souvent affaire
de bon sens et peut s'appuyer dans des cas douteux sur des considérations
de probabilité. Quelques résultats trés généraux ont été mis en lumiere au
Congres, Tout d'abord les comportements élastique, plastique et visqueux
des matériaux interviennent avec leurs dispersions propres dans un phéno-
mene complexe. On peut, alors, prévoir que les charges de flambement de
longue durée présentent une dispersion plus grande que les charges de
flambement de courte durée, en raison de la dispersion particulierement
forte que manifestent les coefficients de viscosité des matériaux. Par
ailleurs, 1l'hypothese du fluage linéaire semble caractériser convenable-
ment le comportement viscoélastique du béton sous contraintes de service.
Elle permet de généraliser la constatation faite sur quelques cas particuliers
que, parmi les ponts en béton précontraint, les ouvrages hyperstatiques
présentent des déformations différées beaucoup plus faibles que les ouvrages
isostatiques, avantage décisif pour les premiers.

L'optimisation des structures s'est révélée relever de deux sortes
de processus bien différents : processus discontinus et processus continus.
L'optimisation par processus discontinu est faite des choix de 1'ingénieur,
type de structure, matériaux, assemblages, procédés d'exécution, etc..
Elle est l'exercice méme de son art, Le jugement de l'ingénieur est ainsi
une composante essentielle de l'art de projeter. La théorie de la décision
peut alors fournir la charpente logique sur laquelle ce jugement peut
s'appuyer au mieux pour exercer ses choix. L'optimisation par processus
continu suit la premiere et demande l'intervention du calcul automatique.
Elle est intéressante quand des séries nombreuses d'ouvrages ou de nom-
breux éléments d'un méme ouvrage sont en cause. Elle conduit logique-
ment a 1'automatisation des projets. Enfin l'optimisation peut déborder la
technique et déboucher sur 1l'économique dans les économies planifiées,
en particulier.
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