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Illbl

Fonctions d'iniluence pour la correction des deviations angulaires
dans les ponts suspendus

Einflussfunktionen für die Berücksichtigung der Winkelabweichung
bei Hängebrücken

Influence functions for the angular deviation correction
in Suspension bridges

Dr SVEN OLOF ASPLUND
örebro

In Ihe classical deflection theory of Suspension bridges the differential
equation (')

(Eiy')" — (II, + H)vj" Hy" + p(x)
of the elastic line rt of the stiffening truss is eslablished under the assumption

(') Tliis cqualion is usually termed Melan's cqualion but was earlior published and solved
by A. Ritler (1877) and 11. Müller-Breslau (1881).

Notations : All nolalion, pxrepl that which is specific lo this paper, is in conformily wilh
common usage in most American Irealises on Ihe Iheory of Suspension bridges. Reference lo
the numbered cqualion where Ihe magnitude is first defined or used is given in parentheses.

A ", a " angular deviation correction influence functions (10), (12)
c incidental flcxibilily of one-span bridge (10)
E modulus of elasticily of truss (1)
/ cable sag (11), f(x) - angular correclion load (4)
H horizontal force of dead load (1), H increment of horizontal force due lo other

causes (1)
I moment of inerlia of Iruss (1)

I t influence funclions (2), i influence funclions for onc-span bridge of unit
lenglh (13)

J ", ;' " influence functions (2)
k abscissa of live load elemenls measured from the left end (2)
l span lenglh (11)
M moment in stiffening truss at section x (6)
p(k) dislribuled live load at abscissa k (2)
t lemporarily used abscissa (10). t abscissa measured from low-poinl of cable (center

of span) (12)
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that the cable-points move along fixed verticals. Rode seems to have
first pointed out that the differential equation may be established without
resorting to that assumption. Rode gave his equation for a constant stiff-
ness EI of the truss, but it can easily be generalized to apply to variable
truss stiffness and rearranged to manifest more plainly its interesting ma-
thematical character (3) :

(Eiy)"_(H„ + H) [ (I + y")V]' Hy* + p(aO (1)

Melan's equation as vneil as (1) are restricled by homogeneous and
linear boundary conditions namely Ihe restraint conditions at the supports
of the stiffening truss and the cable condition.

The exaet Solution of (1) or of Melan's equation is very complicaled,
since by the cable condition the live load horizontal force H is a function
of all 7). In fact, no Solution by finite methods has yet been given. If,
however, the variable II is treated as a constant, the equation (1) together
with its boundary conditions may be recognized as a self-adjoint linear
boundary problem writh variable coefficients in the differential equation.
Accordingly one enlers a plausible value of H in the problem. By its Solution

a new value of H is calculated from the cable condition. This value
is again entered in the boundary problem. By ileration of the Solution
with successively correcled values of H the exaet Solution of the
fundamental equation (1) and its boundary conditions may thus be approached
lo any desired accuracy. In practical bridge problems the convergence of
this process is rapid. More than one or two iteralions are seldom required.

The general form of the Solution of the linear boundary problem (')
(with an assumed constant value of 11) may be obtained by an expansion
of the Solution according lo Ihe (orthogonal) « eigenfunetions » of the
homogeneous differential equation associated lo (1) (left member 0) (4).
It is :

T' <*) h + H []i L" P {k) dk + SJx] (2)

This equation indicales that influence lines may be suilably applied in the
Solution. The « deflection influence function » lxk is a function of II (and
of the section x considered and of the load position k). Il is independenl
of the cable yield, because all cable yield effects are comprised in a factor S

and carried to the correction lerm oix, J* being a function of H (and of x).
But Ixk cannot be made to be independent of the form, y, of the cable (sag-
ratio, ele). Therefore, if a sei of influence funclions had been computed
and labulated it could only be used for bridges with Ihe same relative stiff-

w dead load per unit lenglh of bridge (13)
x abscissa measured from Ihe left support lo the srlion to be investigated (1)
y ordinale measured downuards from a horizontal line lo the cable under dead load at

seclion x (1)
8 cable yield conslant (2)
¦n vertical displacement of truss at seclion x due to live load, lemperalurc, and anchorage

displaccmcnl (1)
£ horizontal displacement of Ihe cable point originally at x due tu same causes (8)

(2) Proceedings Am. Soc. of Civ. Eng., 1928, p. 393.
(3) S. 0. Asplunu, On the Deflection Theory of Suspension Bridges {Ingenjörsvetenskaps-

akademins Handlingar 184, Stockholm, 1945, p. 23).
(4) See (3), p. 31-37.
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ness Variation and cable sag ratios in the different spans. Moreover, although
the general form (2) of the Solution is known, influence functions have
not yet been published for any specific bridge, however simple. A mathe-
matically interesting « exaet » (proviso conslant H) Solution of special
cases of (1) has been undertaken but it is not possible to see how it could
be advantageously applied.

For practical reasons the author considers that the malhematically
concise form (1) should be given up in favor of

(ED,") " - (H„ + H) r," Hy" -f- p (*) + /(*) (3)

/(*) (H„, + H)(y'V)' (4)

in Suspension bridge problems. The Solution of this form still obtains the
same form (2) wilh the exceptions that lxk is computed from the homogeneous

part (left hand side) of (3) only and therefore no function of the cable
form y, and that instead oip(x) the « load » p(x) -4- f(x) should be applied
under the integral sign of (2). In actual bridge problems the « correction
load » f(x) is much smaller than p{x). If f(x) is first neglected, v) can be
solved by (2) and i\' and (y'V)' /(*) / (H„-f-H) computed. When this
function is entered together with p{xi in (2) an improved Solution is
obtained which is acceplable for practical purposes even if it can be made
more precise by iteration.

This procedure makes possible Ihe treatment of Suspension bridges by
much larger classes, inasmuch as the influence functions Ixk will be entirely
independent of the cäbles (size, yield and form): All bridges with the same
relative sliffness Variation of the truss may be trealed by Ihe same set of
tables Ixk.

If f(x) is omitted the Solution will be the same as that of Melan's equation.

The application of f(x) is equivalent to a consideration of changes E'

in the horizontal projeelions of the cable elements and can suitably be
termed the cable angular deviation correction load.

If the Solution according to Melan's equation is first established, the
addition of an angular deviation correction obviously yields the Solution
according to (1).

By differenlialion of (2) the change of grade of the truss becomes

V(*)=H, + H
{ U'^[P(fc) + /(fc)Jrf/c + 5j./ j (5)

and for instance the moment in the truss

M \J"xk[p(k) + f(k)]dk + o3J," (6)

where

T, _ 3J k __
dSx _ Elf» d\'xk

dx ' - dx ' ** H,„+H dx

and J ' —
EI (x) dij:

H,,, -f H ~dx~~ '

Instead of by the laborious computation of f(x) just explained and
application to (2), (5), (6), etc., the angular deviation corrections may
be evaluated separately and directly from the load p(x) by the use of
influence functions. Entering (4) in (6) yields
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now t)l ii 0.IH n.i 0.15 0,

1 2f//-l 2£,/( — 1.0 — 0 9 — 0.8 — 0.7 — 0.(

2 -{t-nfc* — 25 — 20.3 — 10 — 12.3 ;

3 i'tk io-'X 327 283 1 IG — G — 8!

4 i" k io- :fx 0 17.2 •10.0 22.2 11.5

5 f',*-2t,// 10-:!X — 327 — 257 — 117 1 5;

ü - i",„-(h l)°c* 10- 3x 0 — 347 — 010 — 272 — 10c

7 Sum of rows 0,7 io 3x -327 — Olli — 757 — 208 — 51

8 i".a iO-'X 0 4.8 11.5 22.4 40.9

9 Integrand of a",,i- 10-8 x 0 — 2.8!) — 8.08 — G.Ol — 2.0i

M j. l"xkP (k) dk + lsl".rt (H„ + H) [(y" r,')'],=t dk + 3J/ CO

The middle term on the right hand side is M? the angular deviation
correction for moment

Me- S. I"-* <H« + H)(2 y'y'V -f y'1 n'%.kdk
Substituling (5) in (8) vields

(8)

Me [s Vxk [(2 y'y"):c=K j, I„ p (t) + / (t)] dt
1' JI

1"*, [/> (0 + / (*)] dt[ dk + oJJ [y" -„']sEl (k)

The relatively small influence of the correction load f(t) and the small
S-term could be accounled for by Ihis formula. If they are dropped and k
and / inlerchanged the comparatively simple formula

M, \,A"xk p (k) dk
remains with

A" — / I"xl / J Xl (2 y'y").e.__, Vlk - (y'%.
H„ H

El (0
I"i a dt

(9)

(10)

as an influence' function for Ihe angular deviation correction for momenl.
Such influence functions shall now be numerically evaluated for the

case of a symmetrical one-span bridge wilh constant sliffness EI. If Ihe
span-lenglh is /, the cable sag /, and the uniform dead load w one has

w
"Hl

¦f 8/ 128 f
64 f x,'
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0.3 0.1 0.5 o.c o.s 1.0 ; / Row

— 0.4 — 0.2 0 0.2 0.G 1.0 2 l l — 1 2 tvl 1

— 4 — 1 0 — 1 — 9 — 25 -(!,//)* C* o

— 142 -129 -92 10-3 x i'lk 3

1.0 — 2.9 — 4.3 10-3 X i"ik 4

57 26 io-3 x i'tk-2 hfl 5

— 4 3 10-3 x -rrt.(t,/o*c« 6

53 29 0 — 4 08 113 10-3 x Sum of rows 6,7 7

7.1 — 6.0 — 10.8 — 11.7, — 8.1 0 10-3 x i"xt 8

0.38 — 0.17 0 0.05 — 0.55 0 io 'x Integrand of u"xix 9

Xi (and ti) being measured from the low point of the cable at the center of
the span. The influence funclions ixk \xk and ixU" \xU" jl are previously
tabulated (5) for different values of

M/ H„ H
KI

Equation (10) becomes

64 f 64 f^"*k jü «",-((-7r- 21,1',,.- ^- i- -V u"lk dt
c

T
A Xh — ¦ —n— O- xk

\i"

p

i l * \i c* i"lk
l

(11)

(12)

The complete moment formula derived from (7), (9) and (11),
)x" 3x"/l, thus becomes

M r.„ P(k) k 64 f-fr.Wl" J ' *" Vu
d

l P J a"X"
U-

" I Wl
P(k) dk Jx (13)

The computation of just one value of axk" will be explained here,
namely for c 10 at x/l 0.2 and k/l 0.1.

Intermediate values of the integrand may be determined from diagrams
of rowrs 7 and 8. Finally the integrands of axk" are carefully plolled and
integrated by quadralure, yielding the integral a^k" — 1.03 X IO"3- The
result of similar computations for x/l 0.2, k/l 0.05, 0.1, 0.15, 0.2,
0.3, 0.4, 0.5, 0.6 and 0.8, and c 10 and 20 is diagrammated in fig. 1

and 2.
These axk" influence diagrams can be used for a fairly accurate eva-

(5) See (3), p. 85.
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k/l
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ixl.-oriia=5i2lJttO
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Fig. 1.

c.20 «/uo.2

nk
I OO' k

'xk-—11

4.'/„ "xkma"
(L"k

Vi
?S^ 10

ixk-ar»a - 1.62 <10

,CUk-arca--Q,12 X 10

Fig. 2.

luation of the angular deviation correction for moment at any given load,
for instance composed of concentrations and loaded segments.

For comparison the influence functions \ik" to be used simultaneously
in (13) are shown in fig. 1 and 2. It is seen that the shape of the aIk"-dia-
gram is roughly the same as that of the ix,,"-diagram.

The maximum ordinate of aTk" is — 4.2 % and — 4.1 % of lhat of i,k''
for c—10 and 20, respectively, and a' 0.2f. A calculation for £ 0.15 /

gives the percentages — 5.3 and — 6.2 for c 10 and 15, respectively.
The zero point of axk" is to the right of that of ixk". The branches

leading to the maximum point are more straight for axk". When the positive

area of ixk" is loaded the engaged area of axk" is —6.9 % and —6.6 °,/,

of that of ixk" for c 10 and 20, respectively, and x 0.2 l (fig. 1 and 2).
For ordinary cases of loading the maximum positive momenl in a one-
span Suspension bridge of even stiffness occurs near the point x 0.2 /,
while the larger part of the £Ik"-area is loaded wülh concentrated or uniform
loads. The given percentages indicate that the angular deviation correction
belween c 10 and 20 amounls to between — 6 % X 64 f/P and
— 7 % X f/P or the maximum positive moment at x 0.2 l. These values
can be roughly used if influence lines axk" are lacking. In a one-span bridge
of flexibility between c 10 and 20 and with a sag-ratio f/l 0.12 the
angular deviation correction is thus about — 6 % of the maximum
moment.

The completed Solution, according to Ihis paper, of the angular deviation

correction can be directly applied to bridges of any sag-ratio. The
direct malhematical Solution of (1) mentioned above, would be even more
difficult if the influence of a variable f/l had to be taken into aecount.
When influence functions are determined by tests on model (6), (1) and
its boundary conditions is so to speak solved directly by a model machine.
Then the resulting influence functions lxk of (2) will also include the
angular deviation correction, the magnitude of which will not be disclosed.
Therefore the set of influence lines obtained will not be exactly applicable
lo any other bridges than such with the same sag-ratios of the cable as in
the model bridge used.

In a one-span bridge the maximum moment is seen to reduce the
angular deviation correction. An Omission of this correction therefore is

(•) See (a). p. 110
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on the safe side. It should not be overlooked lhat the absolute value of the
minimum moment at the tower of a continuous bridge is increased by the
angular deviation correction.

Resume

L'equation differentielle classique et quasi lineaire des ponts suspendus

ancres (equation de Melan) peut se completer par une expression qui
tient compte des variations d'angles des elements des cäbles. II se presente
alors le probleme de la valeur aux limites, dont la Solution purement
mathematique n'est, cependant, pas avantageuse. Si, au lieu de cela, l'on
ajoute lachte expression a la partie non homogene de l'equation comme
fonction d'interference, cette inlerlerence peut se calculer rapidement en
se servanl ä plusieurs reprises des fonclions d'influence. L'auteur indique
le calcul numerique d'une valeur de la fonction d'influence. Deux courbes
compleles de Finfluence, utilisables pour des ponts avec des fleches
difförentes, sont indiquees sur des Schemas. Pour un pont ayanl une ouverture
et une flexibilite c comprise entre 10 et 20, la dimension de reclification de
la Variation d'angle pour les plus grands moments absolus, avec x 0,2 l
peut atteindre entre -— 6 et — 7 % de 64 f/l2 fois la valeur du moment,
qui se calcule en se servant de la theorie classique des moments flechissants.

Zusammenfassung

Die klassische quasilineare Differentialgleichung der verankerlen
Hangebrücke (Gleichung von Melan) kann durch einen die Winkelabweichun-
gen der Kabelelemente erfassenden Ausdruck ergänzt werden. Dabei
entsteht ein selbstadjungiertes Randwert-Problem, dessen direkte
mathematische Lösung sich aber als unvorteilhaft erweist. Wenn stall dessen
der genannte Ausdruck dem inhomogenen Teil der Gleichung als Störungsfunktion

angefügt wird, kann die Störung schnell durch wiederholte
Anwendung von Einflussfunktionen berechnet werden. Die numerische
Berechnung eines Wertes der Einflussfunktion wird gezeigt. Zvyei
bestimmte vollständige Einflusslinien, anwendbar auf Brücken mil verschieden

grossem Durchhang sind in Diagrammen dargestellt. Bei einer Brücke
mit einer Oeffnung und einer Biegsamkeit c zwischen 10 und 20 kann die
Korreklurgrösse der Winkelabweichung für die grösslen positiven
Momente bei x 0,2 / zwischen — 6 und — 7 % von 64 f/P mal den Wert
des Moments erreichen, das mit der klassischen Durchbiegungstheorie
berechnet wird.

Summary

A term accounling for the angular deviations of the cable elements
may be included in Ihe classical quasi-linear differential equation of the
truss (Melan's equation). A self-adjoining boundary problem is then formed
but a direct malhematical Solution appears disadvanlageous. If the term
in question is instead carried to the non-homogeneous part of the equation
as a disturbance function, Ihe dislurbance may be expediently calculated
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by iterated use of influence functions. The numerical evaluation of one
influence function value is demonstrated. Two significant complete
influence lines, applicable lo bridges of various sag ratio are given in
diagrams. In a one-span bridge wilh flexibility c between 10 and 20 the angular
deviation correction for maximum positive moments at x 0.2 l maj
amount to between — 6 and — 7 % of 64 f/l2 times the moment as
calculated by the classical deflection Iheory.
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Contiibuiion ä la statique des ponts suspendus ä poutre de rigidite

Beitrag zur Statik der Hängebrücken mit Versteifungsträger

Contribution to the statics of Suspension bridges
with stiffening girders

J. COURBON
Ingenieur, Paris

§ 1. Deux principes fondamenlaux interviennenl dans le calcul
des ponts suspendus : d'une part le theoreme de Godart qui fournil
l'expression de la deformation, du moment flechissant et de 1'effort tran-
chanl dans une travee suspendue en fonction de la poussee; d'autre part
l'equation qui sert ä la determination de la poussee (composante
horizontale de la traction des cäbles).

Rappeions d'abord brievemenl les resultats deduits du theoreme de
Godart.

En Fabsence de toute surcharge et k la temperature de reglage, le
cäble porteur d'une travee, suspendue de portee /, supposee sur appuis
simples et dont la charge permanente est d'intensite constante p', decrit
une parabole dont l'equation rapportee k sa corde (l'origine des abscisses
etant k Fextremit6 de gauche de la travee) est (fig. 1)

y=lLx(l-.r). (1)

Dans ces conditions la poussee du cäble est Q'= // -—-
«7

Supposons maintenant que la temperature vienne k varier ou que
des surcharges (constiluees par des charges isolöes, ou des charges d'enten-
site constante röparties sur tout ou partie de la travee); le cäble se deforme,
son ordonnöe devenant y -4- v; la poussee devientQ' -j- Q. On sait alors que
si u. designe le moment flechissant que produiraient les surcharges dans
la poutre de rigidite si eile n'etait pas suspendue, le moment flechissant M
dans la poutre a pour expression
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jjt
Fig. 1.

M ^ — (Q' + Q) v — Qy

et que la deformation v satisfait k l'equation differenlielle

(P_v

dx-
K' D

K-

„, Q'
avec K —

Q' + Q

Q

L>-Qy],

(2)

(»)

El

I designant le moment d'inertie de la poutre de rigidite. que nous suppo-
serons constant et E son module d'elasticite.

Dans les conditions de surcharges definies prec£demment, on peut
partager la poutre en un certain nombre d'intervalles k Finterieur de
chacun desquels la surcharge repartie garde une intensiv uniforme, sans
qu'il y ait de surcharges isolees. Les limites des intervalles sont donc,
outre les extremites de la poutre, les points d'application des surcharges
concentrees et les extremites des zones de surcharges d intensite constante.
A Finterieur de chacun des intervalles ainsi definis, le second membre de
l'equation differentielle (3) est un polynöme du second degre, et son
integrale generale peut s'ecrire :

O

Q' + Q

A
"K7

/>K.v
IB

« + -£--* +
i

"K7"
P_
Q' (i)

p designe 1'intensite de la surcharge dans l'intervalle considere (qui
peut etre nullei el A el B deux constantes. II y a autant de couples de
constantes que d'intervalles. et on les determine en ecrivant que v est nul

n dv
pour x U et x /, et que v et —z— sont Continus aux limites communesdx
ä deux intervalles. On se rend compte qu'on obtient bien ainsi autant
d'equations qu'il y a d'inconnues ä determiner.

Des equations (41 et (2) on deduit aisement 1 expression de M,

M
Q

AeK*-fBe-K-v + iL
O' 0

puis celle de l'effort tranchant T dans la poulre de rigidite

T=-
rfM
dx —~[Ae'"— Be~Kx]

(5)

(6)

S 2. Les resultats du paragraphe precedent montrent que tout le
probleme du calcul de la poutre de rigidite revient ä la determination de
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l'accroissement de la poussee Q du aux surcharges et k la temperature.
Rigoureusement on obtiendrait Q en ecrivant que la Variation de longueur
du cäble due ä la deformation v, compte tenu des deplacements de ses

extremites, est egale ä la Variation de longueur due ä l'allongement elastique
et a la temperature. On obtiendrait ainsi une equation qui conduirait ä des
calculs fort longs, ne pouvant <Hre executes que par des methodes
d'Integration numerique approchee.

On peut simplifier cette equation de bien des facons en negligeant
des quantites tres petites. La methode exposee ci-apres consiste ä utiliser
une relation due ä M. l'Inspecleur general des Ponts et Chaussees Mabilleau
(Annales des Ponts et Chaussees, 19371. Sous forme differentielle cette relation

(dite equation des deplacements orthogonaux) s'ecrit :

du
dx

dy
dx

dv
dx

Q I ds

E'S £)+-( ds y2

~dxl

s designe l'abscisse curviligne du cäble; E' et S son module d'elasticite et

sa section; i la Variation unitaire de longueur due ä la temperature: enfin
u est le deplacement horizontal d'un point du cäble.

On peut integrer la relation precedente, et lui donner la forme
integrale suivante :

J u

vdx -Q-L
E'S 5 tL, (7)

dans laquelle u0 et u, sonl les deplacements horizontaux de l'origine et de
l'extremite du cäble, et L, et L, les integrales

Je, [dx '' Ja
ds

dx
dx (S)

L'equation (7) est en quelque sorte l'analogue de l'equation de Bresse
relative aux deformations des poutres ä fibre moyenne que l'on utilise
pour la determination de la poussee d'un arc ä 2 articulations.

§ 3. On applique aisement les resultats precedents au calcul d'un
pont suspendu k n travees, sans cäbles
de töte. Nous supposons que le cäble ut(
n'exerce aucune reaction horizontale
sur le sommet des pylönes, et que les

poutres de rigidite sont independantes.
Nous utiliserons les nolations de-

finies precedemment, en affectant de
l'indice i celles afferentes ä la P travee,
nous designerons en outre par u„ le
deplacement du cäble au droit du py-
löne p,.

L'equilibre, Sans surcharges ä la temperature de reglage exige que
l'on ait

Q' P/-Ä- ou 4t- Ä (i=l, 2 n). (9)

Fig. 2.

8/, «V

Lorsque les Iravees sont completement ou partiellement surchargees,
ou si la temperature est differente de la temperature de reglage, la poussee
devient Q' -4- Q. On determine Q en ecrivant pour chaque travee et pour les
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cäbles de retenue la relation (7); (en effet la relation (7) s'applique aux
cäbles de retenue s'ils sont suffisamment tendus, en faisant i' 0). On
ajoute les equations obtenues afin deiiminer les u, el l'on oblient l'equation

Q P P v 8 /, rh
10)

I?s et i?, designant les integrales (8) calculees d'une extremite ä lautre du
cäble (d'ancrage ä ancrage).

Si les cäbles de retenue etaient longs, ou trop peu tendus, il süffirail
d^ajouter au premier membre de cette equation un terme correctif depcn-
dant de Q, mais petit; ceci ne modifierait en rien les transformations
effectuees par la suite.

II est alors naturel de remplacer v, par sa valeur deduite de (4): on
parvient ainsi ä l'equation :

Q
?^v#)*-*«*+a>*

Zj l* 3 '" J..K.-8 K* J0 ' ^ '
Q'+Q -

E'S

C'est exactement l'equation utiliscie par les ingenieurs americains pour
le calcul du pont de Philadelphie, et obtenue en utilisant le principe des
travaux virtuels.

Cette equation contient Q au second membre car les (A,, B,) el les E,
dependent de Q. On pourrait la resoudre par iteration, la substilulion
d'une valeur approchee de Q dans le second membre fournissant une
nouvelle valeur de Q plus approchee. Mais les calculs auxquels on est ainsi
conduit sont fort longs, car il faut ä chaque approximation calculer toutes
les constantes (A,, B,), et il faut ne pas perdre de vue qu'il y a, dans
chaque travee autant de couples de constantes qu'il y a d'intervalles de
surcharges, au sens du paragraphe 1, dans cette travee.

§ 4. Mais on peut donner k l'equation (11) une autre forme dans
laquelle ne figurent plus les (A,, B,). On evitera ainsi dans les approxima-
lions successives le calcul fastidieux et long de ces constantes. Les calculs
de transformalion etant assez compliques, nous nous bornerons ä enoncer
les resultats obtenus.

On definit tout d'abord dans chaque travee une fonction S'(x);
l'abscisse x etant comptee ä partir de l'extremite de gauche de la travee :

1 r. 1 (.Kv />K((—.v)

»(,)-_ (3 I,«-3^-^ + ^. -Krq-p- (12)

dont la derivee est

oJI X(l-X) 11 ,K.v+ ,,<„-,)

Supposons alors que la travee consideree supporte des surcharges con-
cenlrees P; aux abscisses a, et des surcharges d'intensite constante pt repar-
ties entre les points d'abscisses ß;_t et ß,, on pourra definir une expression
S7 par la relation

% S Pj9' (o.j) + ^ Pj \® (fr) - ® (?,_,)] (14)
j j
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Cette formule (14) peut du reste encore s'ecrire

9= p (x) &' (x) dx
Ja

(14')

p (x) designant la fonction de charge, p (a;) peut du reste parfaitement ne
pas etre continue et meme comprendre des charges concentrees : dans le
cas, par exemple oü p(x) se reduit ä la seule charge concentree P ä

l'abscisse a, p(x) sera nulle en tout point de l'intervalle (0,1), sauf pour
x a, oü p(x) tend vers l'infini de facon que l'integrale de p(xj prise
dans un intervalle contenant la valeur a soit egale k P; dans ces conditions,
on aura, <o(x) etant une fonction continue

/ P (x) ¦ (x) dx
0 si x PP
Po (a) si x ^> x

Ceci pose, S\ designant 1'expression &• ainsi definie relative ä la i"
travee on peut transformier l'equation (11) de fagon k la mettre sous la
forme :

1 8/, 9, — T(Q'4-Q)i.°,
Q

y _8/,
—i / -'

2 8/.
<Jv r K/J \Q') ek'<

Pt ()'
(15)

E'S

Teile est l'equation que nous avions en vue; eile s'ecrit directement
sans passer par l'intermediaire des constantes (A,, B,). En outre, eile a

l'avantage sur l'equation (11) de conduire k des approximations succes-
sives beaucoup plus rapidement convergenles; il suffit en pratique de
faire deux ou au plus trois approximations successives, de sorte que la
resolution de l'equation (13) ne demande guere plus d'une demi-heure
pour un projeteur entraine disposant d'une table de la fonction ex et d'une
machine ä calculer.

On observera que le denominateur de l'equation (15) ne depend des

surcharges que par l'intermediaire des K„ c'est-ä-dire de Q; ce denominateur

varie peu d'un cas de surcharges k un autre. Cette remarque permet
de trouver la disposition des surcharges conduisant ä un effet maximum
(par exemple, moment flechissant maximum en un point de la poutre de
rigidite) au moyen de la consideration de pseudo-lignes d'influences; en
effet, on connait toujours une valeur approchee de Q correspondant au
cas de surcharges et de temperature envisage; en substituant cetle valeur
dans le second membre de l'equation (15), on peut definir une pseudo-
ligne d'influence de la poussee dont l'equation est, la charge uniie se
trouvant dans la P trave a l'abscisse a :

8/, 9} («)
Q

2 IL
3 h h L K,?

2 Ei
Q'

eKil<

+ 1

Q' + Q

E'S
L,

II faut noter que le denominateur est alors une constante, ainsi que
la valeur de K, qui figure dans 2F,'(a). On peut alors ä partir de la defini-
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tion de la pseudo-ligne d'influence de Q definir la pseudo-ligne d'influence
de l'effet considere (fleche, moment flechissant, effort tranehant en un
point, de la poutre de rigidite). On connaitra ainsi les zones d'ordonnees
positives ou negatives de ces lignes et par suite la disposition des
surcharges la plus defavorable. La disposition des surcharges etant ainsi deter-
minee, on calculera Q au moyen de l'equation (15 i. et l'on pourra si la
valeur de Q qui a servi ä la deiermination des pseudo-lignes d'influence,
n'etait pas suffisamment approchee, recommencer le trace de ces lignes.

L'emploi des pseudo-lignes d'influence permet donc de donner une
Solution theorique au probleme de la recherche du maximum d'un effet.
On peut encore, dans des cas simples oü les surcharges ne dependent que
de un ou de deux parametres, faire le calcul de l'effet pour quelques
valeurs de ces paramelres et determiner le maximum de l'effet au moyen
des formules d'interpolation.

Nous noterons encore la formule suivante qui permet de determiner
le deplacement des cäbles sur les pylones :

8/
ui — ui_l==

S7. Q /_2_, 8 /,
l,2 [ Q' + Q Q' -f Q \ 3 ' >t K,2

*> p! eK<1'— 1

+ Kt3 Q eK«'i + 1

U
L5, + tL„. (16)

E'S

§ 5. Donnons le principe d'une methode permettant de calculer
un couple de constante (A, B) relatif ä un inlervalle de surcharges donne,
sans avoir ä calculer tous les couples. Reprenons l'equation differentielle
(3), et supposons que le cas de surcharges envisage resulte de la super-
position de n cas de surcharges produisant dans la poutre sur appuis
simples de meme poriee l que la travee consideree des momenls flechissants

fXi, ijl2 [ji„. On a evidemment :

fX }Xi -4- (JL2 -(- -\- u„

L'integrale de l'equation (3) que nous cherchons est craacierisee
i •'. - ,i ^ dv

par la propnete que v est nul pour x 0 et x l, et que v et—— sont

Continus dans l'intervalle (0,1).
Considerons alors les equations differentielles

d'v0 K2Q

dx

d2 v• K2

—^-K2,^--^-^, 0 1,2,... n)

(17)

Et soient r0 et vt les integrales de ces equations jouissant des memes
proprieies que v, c'est-ä-dire s'annulant pour x 0 et x l, et continues
ainsi que leurs derivees premieres dans l'intervalle (0,/). II est evident
que l'integrale cherchee v n'est autre que

V t)o + Vi -j- Vt -4- -f- v„
On aboutit ainsi k un principe de superposition permettant de deduire

immediatement tout couple de constantes pour un intervalle quelconque
d'un cas de surcharges tel que celui defini au paragraphe 1, de l'etude des
deux cas de surcharges simples suivants :
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1° Charge concentree unique ä l'abscisse a;
2° Charge repartie d'intensite constante entre les abscisses ß et y.

§ 6. La determination des efforts dans les poutres de rigidite est
ainsi resolue pour les cas de surcharges definis au paragraphe 1. La
methode s'applique encore dans le cas d'une fonction de charge p(x) quel-
conque. La determination de la poussee n'est pas changee si l'on definit,
dans l'equation (15), les S7, par la formule il4'). Par contre, dans
l'integration de l'equation (3), A et B deviennent des fonctions de x que l'on
peut calculer au moyen de la methode classique de Variation des constantes.

On peut enfin, comme Fa montre M. Blaise, ingenieur des Ponts et
Chaussees, dans les Annales des Ponts et Chaussees de mars-avril 1946, ame-
nager la methode exposee ci-dessus de facon ä pouvoir l'appliquer ä des

poutres de rigidite d'inertie variable; il faut alors renoncer ä l'integration
formelle de l'equation (3), et employer les methodes de calcul aux
differences finies, les points de division correspondant aux suspentes; les calculs
deviennent longs, mais tres systematiques.

§ 7. On peut examiner les hypotheses qui ont servi de base ä cette
theorie. En particulier, l'equation (7) n'est qu'approchee; pour se rendre
compte de l'erreur commise, il suffit de refaire le calcul au moyen de la
methode indiquee au debut du paragraphe 2. L'experience montre alors
que l'erreur relative sur la poussee est de l'ordre de IO-3, et l'erreur relative
sur les moments flechissants de 2,5 • 10~3. L'emploi de l'equation (7) est
donc parfailement justifie.

L'allongement des suspentes sous 1'action des surcharges etant parfai-
tement negligeable, il subsiste le point suivant : au cours de la deformation,

les points d'attache des suspentes sur le cäble subissent outre un
deplacement vertical, un deplacement horizontal qui a ete neglige; il en
resulte que les suspentes deviennent obliques, et par suite exercent sur le
cäble des forces horizontales de rappel qui tendent ä diminuer le deplacement

vertical; en consequence, on trouvera dans les poutres de rigidite des
efforts un peu plus grands que les efforts reels. Cet effet esl du resle faible,
si les suspentes courles ont une longueur süffisante. Nous ne croyons pas
du reste qu'aucune theorie des ponts suspendus en ait jamais tenu compte.

Le fait de supposer le moment d'inertie des poutres de rigidite constant
inlroduit egalement des erreurs lorsque les poutres sont de section variable
(le moment d'inertie varie toujours peu le long de la poutre). Aux points
oü le moment d'inertie est maximum, le moment flechissant est plus eleve
que le moment flechissant calcuie, comme on peut s'en rendre compte, soit
en faisant le calcul aux differences finies, soit en divisant la poutre en un
certain nombre d'intervalles dans chacun desquels le moment d'inertie
peut etre considere comme constant. Dans cette derniere hypothese, l'equation

(3) est valable dans chacun des intervalles, K variant seulement, d'un
intervalle ä l'autre.

Nous avons constate sur plusieurs exemples que les erreurs dues k

1'hypothese de la verticalite des suspentes et ä 1'hypothese du moment
d'inertie constant se compensaient sensiblement.

§ 8. Nous avons eu l'occasion d'appliquer la methode precedente
dans de nombreux projets. Permettant d'effectuer sans difficulte le calcul
d'un pont ä plusieurs travees, cette methode a augmente la tendance consis-
tant ä subsliluer toutes les fois qu'on le peut, au pont suspendu ä travee



430 IIIb2. j. courbon

unique, le pont suspendu k trois travees symetriques, ä cäbles porteurs
Continus, sans cäbles de tete. On obtient ainsi des ouvrages dont laspect est

tres satisfaisant et qui sont tres economiques. En effet, les cäbles sonl beaucoup

moins importants car ils sont moins longs et leur tension est

beaucoup plus faible; les poutres de rigidite sont plus legeres; la depense
suppiementaire due aux piles est en general compensee par la diminution
des massifs d'ancrage.

L'experience monlre que la portee de la travee centrale doit etre environ
les 6/10 de Louverture totale; on obtient ainsi des efforts du meme ordre
dans les poutres de rigidite de la travee centrale des travees de rive.

La methode exposee permet egalement la determination des deplacements

horizontaux des cäbles en tele des pylönes; ces deplacements sont en
general assez faibles pour qu'on puisse supprimer les appareils de dilatation
ä rouleaux lourds et coüteux places sous les selles d appui des cäbles; les
pylönes encaslres ä leur base, subissent alors des flexions du fait du
deplacement de leur sommet impose par les cäbles; mais on peul montrer que la
flexibilite des pylönes est accrue par la forte charge verticale qu'ils sup-
portent, et que la reaction horizontale qu'ils exercent sur les cäbles est du
meme ordre de grandeur que celle due au frottemenl de roulemenl dans le
cas d'appareils ä rouleaux de dilatation bien entrelenus; il est donc logique
de negliger cette reaction dans le calcul de l'ouvrage. II arrive souvent que
les deplacements des pylönes vers le milieu du pont sont un peu plus
grands que les deplacements vers la rive; on peul alors compenscr les
efforts dans les pylönes en imposant au moment du reglage du pont, c'est-
ä-dire en Fabsence de surcharges et ä temperature moyenne, un leger
deplacement du sommet du pylöne vers la rive.

Dans les petits ouvrages, des pylönes flexibles paraitraient trop greles;
il est alors preferable d'arliculer les pylönes ä leur base, plutöt que de
prevoir des appareils ä rouleaux.

Les pylönes en beton arme sont plus economiques que les pylönes
metalliques. L'articulation de base, lorsqu'elle est prevue, esl du type pre-
conise par M. Freyssinet; on obtient ainsi une articulation tres economique
(jui, en raison des faibles rotations qui lui sont imposees, peut supporler
des reactions elevees par unite de longueur. Dans le cas de pylönes flexibles
on arrive aisement ä eliminer tout effort de traction dans le beton.

Les poutres de rigidite des pelits ouvrages (120 m de portee environ)
sont en general ä äme pleine, pour les ouvrages moyens (200 m de portee
environ), nous preferons employer une poutre de rigidite ä triangulation
Warren double ä membrures ä caissons, dont les nceuds de charge sont les
points de croisement des diagonales; le tablier est place ä mi-hauteur des

poutres, les pieces de pont etant assembiees
sur les poutres par l'intermediaire des mon-

; i i i tanls reliant les nceuds centraux ä la mem-
«. i y\ j y\ [ /* ] ,- brure inferieure; les suspentes, situees dans
__\I/__\^__\Ll__\ti_ l'axe des poulres, sont directement atta-
^/fX^/rX/Tv /T\ chees sur le nceud central; il en resulte des

avantages pour le montage, les pieces de
"0- 3- pont etant d'abord suspendues avant l'exe¬

cution des poutres.
La dalle en beton arme du tablier, qui constitue l'äme de la poutre au

vent, est rendue solidaire de longerons metalliques lateraux assembies sur
les nceuds centraux; les membrures des poutres de rigidite peuvent ainsi
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jouer le röle de membrures de la poutre au vent, sans que les efforts de

compression ou de traction qui leur sont transmis par la dalle par
l'intermediaire des nceuds centraux n'entrainent d'efforts secondaires de flexion
dans la triangulation.

§ 9. II esl possible d'appliquer la theorie prccedente au calcul des

ponts ä cäble de tete, comme Fa montre M. Avenas, ingenieur des Ponts
et Chaussees (Annales des Ponts et Chaussees, 1947). Nous designerons par
Q/ la composante horizontale de la traction du cäble porteur, et par q- la
composante horizontale de la traclion du cäble de tete dans la P travee,
en Fabsence de surcharges et ä la temperature de reglage: l'equilibre dans
ces conditions exige que Q/ -j- q- soit constant.

Lorsque le pont est surcharge, ces composantes horizontales deviennent
respectivement Q/ —{- Q, et qf -j- q,, et comme l'on neglige les reactions
horizontales exercees par les pylönes sur les cäbles, la somme Q Q,, -f- (/,
ne varie pas d'une travee ä Faulre.

L'expression u^ — u,_j est alors donnee, lorsque l'on considere le cäble
porteur associe ä la poutre de rigidite par la relation (16), et lorsque l'on
considere le cäble de tete par la relation suivante :

n, - h,_, -j^t L./ + tL,/ 4- R, (17)

dans laquelle S/ designe la section du cäble de tele, Ls, et L„ les integrales
(8) pour le cäble de tete et R, un terme correctif petit egal ä :

iv i cos2 6, r 1 1

2 11 q7 (q! + <I,)2

9j etant Fangle avec l'horizontale de la corde joignant les extremites du
cäble de tete de la ie travee et P, le poids total du cäble de tele dans cette
travee.

Supposons connues des valeurs de deparl approchees des Q, et des q,. on
pourra calculer des valeurs plus approchees de la facon suivante : en
donnant ä Q, et q, ces valeurs de depart dans les formules (16) et (17), on
aura :

u, — u,_i C, Q, + D, c, q, -}- d,

C, D,, c,, d, ayant des valeurs numeriques connues. En tenanl compte de
ce que q, -j- Q, Q, on en deduira :

Q, a, Q + ßi gf a/Q + ß/ (18)

u,-— ii,_, y,Q + 8i (19)

La condition S(Uj —¦ u:_l) 0 fournira alors la valeur de Q.

Q=- Sv,

Les formules (181 et (19) feront alors connaitre des valeurs plus
approchees pour Q,, q, et u, ¦— u,^.

Deux ou trois approximations au plus suffisent si l'on choisit de la
facon suivante les valeurs de depart des Q, et q, : on prend q, 0, ce qui
revient ä negliger le terme R, de la formule (17) dans la premiere approximation;

et Fon determine les Q, de depart en faisant u, 0; en effet, les Q,
exacts differeront assez peu de ces valeurs, car une legere Variation de la
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distance des appuis des cäbles porteurs d'une travee ne donne qu'une faible
Variation de la poussee des cäbles porteurs.

§ 10. L'equation des deplacements orthogonaux du paragraphe 2

peut egalement se mettre sous la forme suivante :

Uj u,
Ja (Ix-

i i Q idx+ l'SL« •=L„ (20)

qui se prete bien au calcul des ponts suspendus auto-ancres, dans lesquels
le cäble esl fixe ä ses extremites sur la poutre de rigidite.

Considerons donc un pont suspendu
aulo-ancre ä n travees articulees en leurs

_±i extremites, et dont la poutre de rigidite rec¬
tiligne a pour module d'elasticite E, pour
section S et pour longueur totale L. La figure
d'equilibre du cäble dans la P travee, sans
surcharges et ä la temperature de reglage est,
comme dans un pont suspendu ordinaire,
une parabole lorsque la charge permanente
Pi est d'intensite constante; s'il n'en etait pas

<fi-i

Fig. 4.

ainsi, y, serait un funiculaire de p/, ce qui se traduit par l'equation

Q' y, v-l

ijl/ designant le moment flechissant que produirait la charge p/ dans la
poutre sur appuis simples de meme portee que la poutre de rigidite.

Lorsque l'ouvrage est surcharge ou que la temperature est diftcrente
de la temperature de reglage, y, devient y, -\~ v,, la poussee augmente de Q,
et l'on se rend compte immediatement que le momenl flechissant M, dans
la poutre de rigidite, compte tenu du moment (Q' -f- Q) v, du ä la
compression de la poutre a 1'expression simple

M, u, Qy, (21)

II suffit alors pour determiner Q d'ecrire que le deplacement relatif
des extremites du cäble est egal au raccourcissement total de la poutre.
Compte tenu de ce que

d- Vi
_

M,
dx* EI,

on aboutit ä l'equation
-f.

' Jo

y,- dx
EI,

C
ES E'S' -l. y-i y. dx

EL 4-T(L-r?(). (22)

II en resulte que le calcul des ponts suspendus auto-ancres est beaucoup

plus simple que celui des ponts suspendus ordinaires; en particulier
on peut tracer des lignes d'influence pour Q, et pour les momenls flechissants

dans la poutre de rigidite.
Si la poutre de rigidite n'est pas rectiligne, il suffit dans la theorie

precedente de remplacer y, par Y, y, -j- y/, y/ designant l'ordonnee de
la fibre moyenne de la poutre dans la P travee comptee positivemcnt vers
le haut ä partir de la corde joignant ses extremites dans celte travee.
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II serait possible de realiser economiquement des ponts auto-ancres
ä trois travees symetriques, en prevoyant des poutres en beton arme asso-
ciees au hourdis. La portee de la travee centrale pourrait atteindre une
centaine de metres. L'inconvenient de tels ouvrages est le montage qui
exige des echafaudages.

§ 11. La methode exposee dans ces quelques pages n'apporte rien
de nouveau en ce qui concerne les resultats numeriques, par rapport aux
methodes employees lors de la construction des grands ponts suspendus
americains, tels que le pont de Philadelphie, puisque l'equation de la
poussee, sous sa premiere forme (11) est la meme, bien qu'obtenue par
une autre voie. Par contre, la nouvelle forme de l'equation de la poussee,
dont la resolulion est tres rapide, permet d'abreger d'une facon considerable

le temps passe dans les calculs numeriques.
Cette equation presente egalement 1'interet theorique de montrer dans

quelle mesure le principe de superposition est valable pour les ponts
suspendus. On peut dire que pour un pont suspendu considere dans un
etat initial donne de temperature et de surcharges, il existe des lignes
d'influence sous l'action d'une charge concentree infiniment petite se
deplac-ant sur l'ouvrage; mais ces lignes d'influence varient (du reste
assez peu) avec Fetat initial.

Resume

La methode de calcul des ponls suspendus est basee, d'une part sur
Fexpression des efforts dans la poutre de rigidite en fonction de la
composante horizontale (ou poussee) de la traction des cäbles, d'autre part,
sur une relation approchee donnant en fonction du deplacement vertical
des points d'un cäble les deplacements horizontaux des extremites du
cäble. On retrouve ainsi, pour determiner la Variation de poussee due aux
surcharges et aux variations de temperature l'equation utilisee par les
Ingenieurs americains. Mais on a transforme cette equation, dont l'utilisation

entrainait de longs calculs, de maniere ä lui donner une nouvelle
forme conduisant ä des calculs tres rapides, et mettant en evidence les
effets de superposition des charges.

La methode indiquee permet un calcul aise des ponts ä trois travees
symetriques qui sont des ouvrages economiques et d'aspect agreable; eile
a ainsi reagi sur la coneeption meme des ouvrages, notamment en ce qui
concerne les pylönes : suppression des appareils de dilatation au sommet
des pylönes qui sont soit encastres, soit articules ä leur base. On signale
egalement un type de poutre de rigidite bien adapte aux efforts qu'elles
ont k supporter du fait des surcharges et du vent.

La nole se termine par l'extension de la methode aux ponls suspendus
a travees multiples et k cäbles de tete, et aux ponts suspendus auto-ancres.

Zusammenfassung

Die Berechnungsweise der Hängebrücken stützt sich einerseits auf die
Ermittlung der Beanspruchung des Versteifungsträgers durch die
Horizontalkomponente (oder Druckkomponente) des Seilzuges, andererseits auf
eine Näherungsbeziehung, die die Horizontalverschiebungen der Kabel-



434 IIIb2. j. Courbon'

enden in Funktion der vertikalen Verschiebung des Kabels ergibt.
Man kommt so auf die durch die amerikanischen Ingenieure angewandte
Gleichung zur Berechnung der den Auflasten und Temperaturunterschieden
entsprechenden Aenderungen des Druckes. Diese Gleichung, die in ihrer
Anwendung lange Berechnungen nötig macht, wurde nun in eine neue
Form gebracht, in der sie sich sehr schnell lösen lässt und die die Ueber-
lagerungswirkungen der Lasten augenscheinlich macht.

Das beschriebene Verfahren gestattet die einfache Berechnung der
wirtschaftlich und ästhetisch günstigen Brückenbauten mit drei symmetrisch

angeordneten Oeffnungen und war auch von Einfluss auf den
Entwurf solcher Bauwerke, besonders hinsichtlich der Pfeilerausbildung.
Es führte zum Wegfall der Dilatationseinrichtungen auf der Spitze der
entweder eingespannten oder gelenkig gelagerten Pfeiler. Es wird auch
eine Bauart des Versteifungsträgers angegeben, die die Beanspruchungen
infolge Auflasten und Wind gut aufnimmt.

Der Aufsatz schliesst mit der Erweiterung des Verfahrens auf
Hängebrücken mit vielen Oeffnungen und solche mit Schrägkabeln, und auf
Hängebrücken mit aufgehobenem Horizontalschub.

Summary

The method of calculating Suspension bridges is based, on the one
hand, on research as to the stress of the stiffening girder by the horizontal
components (or pressure components) of the traction of the cäbles and,
on the other hand, on an approximale relation which gives the horizontal
displacements of the cable ends in function of the vertical displacement
of the cable. We thus find the equation used by American engineers for
calculating the differences in pressure corresponding to differences in
load and temperature. This equation, for the use of which long calcul-
ations are required, has now been presented in another form in which it
is quickly solved and which places clearly on record the effects of super-
posing of loads.

The process described allows of simple calculation of economically
and aesthetically suitable bridges comprising three symmetrically arranged
spans and also had an influence on the designing of such "structures,
particularly as regards placing of the piers. Information is also given
concerning a type of sliffening-girder well adapted to cope with load and
wind slresses.

The paper ends with an extension of the process to Suspension bridges
with multiple spans and oblique cäbles and to self-anchored Suspension
bridges.
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Calcul des ponts suspendus ä grande portee

Berechnung der weitgespannten Hängebrücke

Analysis of the long span Suspension bridge

C. D. CROSTHWAITE
A. C. G. I., B. Sc, M. I. C. E., London

In deriving the governing equation of the stiffened Suspension bridge,
the following simplifying assumptions are generally made. That the hanger
pull is constant along the cable, and the hangers are inextensible, that the
cable displacements in each span are purely vertical, and the cable slides
over rigid towers, and lhat the stiffening truss is of uniform rigidily.

Following the lead of Timoshenko and Priester, in recent years the
exponential form of the equation has been replaced by a Solution in the
form of a trigonometric series, which takes aecount of variable hanger pull.
By applying Southwell's Relaxation technique to the series Solution, the
author presents a melhod of analysis which does not embody the remaining
assumptions. In the following pages Ihe melhod is developed, and applied
to the calculations for a bridge of 3 300 ft span. It is then shewn that for a
struclure of this magnitude the usual simplifications are legitimate. but that
the effects of non-uniform stiffening truss rigidity, and of hanger extension
are not negligible.

Derivation of the increment in the horizontal cable tension

The increment HL in the horizontal component of the cable lension
resulting from application of live load, and temperature change, may be
derived from considerations of energy, or from the kinemalics of the dis-
torted cable. The energy Solution assumes that the cable displacements are
purely vertical, or if horizontal movements take place, that they are of no
significance. It is not intuitively apparent that this is so, and by a kinema-
tic approach the effect of the horizontal movements of the cable can be
investigated. One result of these horizontal displacements and the conse-
quential inclination of the hangers and translation of the tower tops, is
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„ec'pp;,," 1
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Fig. 1.

that the horizontal component of Ihe cable tension is not constant across
the bridge. The unbalance between centre and side spans arising from the
stiffness of the towers may be corrected for without difficulty. On page 448
(post) the effect of hanger inclination on the moments in the Iruss is
assessed, and it is found to be small. Neglect is generally on the side of
safety. In what follows, the horizontal component of the cable tension is
assumed to be constant across the bridge.

In fig. 1, which represents a bridge over three spans BC, DE and FG,
as a result of temperature change and the application of live load, point K
on the cable. distant x, y, from D, moves to K', at (x-\-u), (y-\-v). At
the towers there will be horizontal displacements Uj and U2, at each end
of Ihe centre span, and corresponding displacements U3 and U5 in the side
spans. There will also, in general, be movements indicaled by BB' and GG',
due to the exlension of the cable and the anchorage steelwork beyond the
side spans.

An element ds of the cable at K will undergo a change in length of

(dx2 -4- dy2 + dv2-4-2 du ¦ dx -4- 2 dv ¦ dy)* — (dx2-4- dy2)4

or to the first order of small quanlilies,

«' + yV +
dx (1 + y'2)^ 1 + 1+f dx([ 4-y")i

B' + yV+.
dx' A.ds (say)

where « dashes » denote differentiation with respect to x, and s' =(1 -f- y'2)*,
Ads can also be expressed in terms of the elastic extension of Ihe cable,

and the effect of temperature change as

2 u' -f 2 y'v' -f ü" '

Ads -^— -S' 1 dx _H
~~EÄT

-f Mt ¦ S'

¦s2,dx

+ *±*L)d*
where H denotes dead-load horizontal component of cable tension ;

HL denotes live-load horizontal component of cable tension ;

(o denotes coefficient of expansion of the cable ;

E denotes modulus of elasticity of the cable ;

A denotes cross-sectional area of the cable.

Now II/EA, the dead load exlension of the cable is small, HL/EA is in
general much smaller, so noting thats s' will not exceed about 1.1, and
neglecling very small quantities,
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/V + yV + ^' sn dx + wi-s' dx I
j — | | I

and

EA

H
EA

• s'3 dx -\-uit- s'-dx
ii- 4 y'<" 4-

,.'S '

2 H
EÄ7

2 H

dx

dx

Inlegrating between Ö and L,

Inlegrating between 0 and x, and neglecting small quanlities,

u=Ui+yT i"fe 's'3+ut"*w h* ~tt yvd*

2H
EA

(1)

(2)

For the side spans, writing w, and z, in place of v, the centre span
deflection, the corresponding equations are

2H'-4rJ<*-,«-ri-BS--*+"'-',l'to+(1--iL.

» ^4 f* \^-.s,:,-\-<,)t-s'2\dx— f y'w'dx (4)

and similar equations in U5, U6, and z, for the second side span.
Then expressing the extension of the cable and anchorage steelwork

between A and B as

Hr.

Hl
EA

• lt -4- wil3 and the extension between C and D

over the tower as -^-P lt 4- wtL, equation (3) can be written

(j - Ix) Ul ET IX'' *" ^ + <2 + << J + w< { X'' s'° dx + {3 + *s i

Eliminating UT and U, from equations (1) and (5)

(5)

4- ut /" s" dx + 2 J /* s2' dx 4- l3 4- f5

2H
EA r (f -•»•)*•

+jf CO

^y" + -2—*y")dx (6)
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It is apparent from (6) that the value of HL, although derived from
consideration of the «u» displacements, is independent of them.

The shape of the erected cable is intermediate between catenary and
parabola, but closer to the latter. Treatment is simpler with the parabo-
lic form.

Then for the centre span,
4 fx 4 fx*

2

m I x\x TT) (say),

For the side spans,

4/,.r 4/,**
y

h
WL + xtBinl=-?£-lx—-?L j 4-»tan 9 (say)

Expressing the deflections of centre and side spans by the sine series,

v I„V„ sin reit -r-1j

xw= S„W„sin reit ——

re l, 2, 3

(7)

£„Z„ sin m

and substiluling in (6),

HL
EA

¦Ls 4- wt»L,: UM*
EA / " K„V„ + k„ (W„ + Zn)

+
n2 V„ (W„2 -f Z„2)

4L 4 t,

where

L, /"L s'3rfa; 4- 2 j /"' s'3Jx -f l2 + U \

L« /"L s"dx + 2 J p s-'dx + l3 + h J

(1 — cos mr) (1—cos nn)K„=m — and fcn —m,-n- n-rz

(8)

The term 2H/EA is for long span bridges of the order of 1/200. It will
however be found that Omission of this term from equation (8) changes
the value of HL by very much less than 0.5 %.

Effect of « u » displacements on the partition of
load between stiffening-truss and cable

Referring to fig. 1, the load taken by the cable on a length dx at K is
originally

-H-y".
Point K on the cable now moves to K', and point M on the stiffening-

truss to M', the load taken by Ihe cable becoming
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— (H + HL)(y"4--u"), on a lengfli dx U ~\-~) ¦

The change in the cable load is to the first order of small quantities,

-HL.y"-(H + HL)(u" + uy') ™c (say),

If Mc is the change in the bending moment sustained by the cable, by
integrating wc twice it is found that

Mc HL • y -f (H + HL) (v 4- y"£ udx -^~£ udx (9)

since for the parabola, y" is constant, and y'" 0.
The moment sustained by the stiffening-truss, of flexural rigidity B is

_B-u" MG (say). (10)

Then if ML denote the bending moment from the applied live load and
temperature change,

ML Mc 4- MG= HL -y — B-u" + (H + HL) v

4- (H 4- HL) y"
I fX udx —^fh udx\ (11)

Substituting for u and v from equations (2) and (7),

M0= HL -y + (H 4- HL) S„V„ sin ~+ (H + HL) (-j^- 4 <¦><) y

4(H4HL)m'^
H7Z

n-xx
1 — cos —=—

„ imx
2 sm

x mix L x /14- cos 117

-|- ¦=- cos '

L L 7i7c L

Equation (12) can be expressed as the Fourier series

\nx

(12)

Mc Sx (Mc)> sin
L

where

(Mc); j-j Mc sin l-j^A dx

Then HL ¦ y gives

2HL r^tlfx 4/z2\ f\itx\J 16/,,~itI H TT) sm ("IT)dx W(1-cosAw)Hl
HL(G)j(say) (13)

(H -|- HL) E„Vn sin —j— gives
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2 (H 4- HL) rL (l-x\v (nnv\ m.xivv i •
~ / sin I—j:—1 S„V„ sin —-—\ dx — (H -4- HL) V wheiiA=n,

When ~kp£n, the integral is zero (14)

(H-4-HL)(^ + (o/]y gives H (Ä + «oi) (G)i (15)

as HL-y -4- cof I can be neglected in comparison with HL • y. The last

line of equation (12) gives

(H + HL)S„A>.„Vn

where, when
m2V,l=n, SnAi>BV„= —
2 XV '

and, when \-?£n,

Expressing MG also in its harmonic componenls,

(MG)J A S„V„ i^! ^ B sin (2^) sin (™ d*

When the flexural rigidity B of the stiffening truss is uniform throughout
its length,

(MgK^^V^V,. (17)

When B is not uniform, the Variation of B along the span can always
be expressed as

TYl-rr-r
B B0 + SmBmsin-^l (18)

where in any practical design, at the most three odd values of Bm will
represent the Variation of B along the span.

Then (MG)>. S„R,.,„ V„, where,

v« v -** B° V v V 4"m,l3^l1 — cos(A— n-\-m)n[Bm
' )"B "~ L2 * ""''""' l.8 (r - n')? - 2 m2 • 4- n!) 4 ^ I

(1 — n) is either even or zero.
Now since ML MC-|-MG the Fourier series for ML, and Mc-)-MG, must

be equal term by term, and

(ML)) - HL (l +-^-) (G)x- Hwf (G)>.

(H 4- HL)(S„A>.,„VB + Vi) + S„R> .„V,, (20)

For the side spans. corresponding to equation (20),
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(M,), _ jHL (l + -gj- see3 H\ 4- Hcot see2 8 J (g) 1

/here

(H 4- HL)(S„fl; ,„W„ + Wi) + —?A W> (21)
M

fe-%r^ (22)

B! is the flexural rigidity of the side span trusses. (It will rarely be

necessary to take aecount of variable stiffness in the side spans), and

m,2W)
£„rt, ,n W, 2)8-2 ' WllCn '' n '

when X ^_ n,

v v w n [m,! j 1 -f cos (X — re) - [ -4- 2 m, tan 0 ] 1 — cos (X — n) - 11

-„(!;,„ _ -,„ „ ______
(23)

ii
The terms in -=—- and Hau1 in equations (201 and (21), included for

completeness, can usually be neglected.
For a uniform load extending from x «, to x=b,

2 pP I \-a \-rzb
(M_)jf= ^rzr (cos — cos -j- j (24)

For a concentrated load P at _ a,

(ML))-=-|i-rsin-p (25)

It will be appreciated that HL is an unknown in (20) and (21). A direct
Solution may be obtained by substituting for HL from equation (8), and
liquidating the deflection coefficients V„, W„, Z„, by Soulhwell's Relaxation
method. Numerical work is much simplified if Ihis Substitution is not
made, but instead an approximate value of H_ is introduced in equations
(20) and (21), and subsequently corrected for. Now very closely equation
(8) can be written

1' '• L, 4- wtL, 1\K„V„ + Z„k„ (W, + Z„)
EA

and then approximately

EA

Writing

Hl L. + utL,*-^^—(W. + Z.) (26)

iHL (j
HL2 1H,2
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+ ß

^i- (« 4- 2 <_, + a.) + _lLtaa, 4- £^1 (inG, + 2 m.gr,)

TJT
' Js

(1 + a)(l + a,) -4- <ofL{ (a -4- 2 aa, + a,)
EA

_|_ £ j ma (1 + a,) G, + 2 m, a, (1 +a) ffl j - £^- ^_ aa,

4- wZL, (1 + a)(l + a,) - ^-%^ « (1 4- «.) 0

For live load on a side span, and the terms,
2 m, (M,), 2 m, (M,),

— ß g—«a,, and =5— a, (1 -f- a)

(27)

H H

The value of HL given by equation (27) is substituted in (20) and (21).
The ff given » moments ML and M, are liquidaled, and by interpolation cor-
rected values of HL and V„ are derived.

The moment MG taken by the stiffening truss is given by

MG S,.,nRi,„Vn sin X^y-

This expression may be found to converge too slowly.

Now Mi, Si (ML)j sin —^— and from equation (13),

X-_ \

(28)

HL.y _VHL(G)iSin-(^-J ;

therefore
M0 ML — HL.y — Sx [(ML)x - HL (G), - ^RX,.V.

The term in square brackets is rapidly convergent, since, from (20),
(Ml)>.— H|,-(G)> approximales to £„RX>„V„ as X increases.

The effect of the ff u » displacements as represented by the parameters
A>.,„, fl).,„ is extremely small on long span bridges, and equation (28)

Xtt_
becomes MG Mr. -HL-y-(H + HL) S»Vi sin (29)

Numerical application (Bridge of 3.300 ft span)

L 3 280ft /= 326 ft

/, =_ 1 000 ft /,= 30.30 ft

X 0.09939 m=0.7951 Ls 6 366ft

_- _-f, 33

A 980 sq.in EA 27.44 Xw H — 58f> X 100 lb.

m,=0.2424 tan8=0.3708

p—=6100 lb.ft from a — L to b
16-L 011 centre span.

B 28.51 X IO'2 (average value) B,= 28.51 X 10u lb.ft4

2.615 X 1()ö ]b (average value)
-2B =28-11 X 10° lb
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The effective area of the centre span stiffening truss, averaging 260 sq.
in, varies from 200 sq. in at the ends, to 290 sq. in at the quarter points, and
240 sq. in at centre span. This Variation is closely represented by

200.58 -f 80 sin — -\- 40 sin 3 ^-Li Ij
giving the values of R>,„ in table no. I.

In table no. IV, the case of a load of 6100 lb from a 3/16 L to
*b 5/16 L is analysed. This is the loading found to give maximum positive

moment at the quarter point. « U » effects are not considered in the
analysis.

Solving equation (27) for (ML)X^ 1168.1 X^O8 lb ft, an approximate
value of HL 3.15><109 lb gives (ML)>. — HL(G) in line 4. The Relaxation
process begins in line no. 5, where the whole of (ML), is liquidated bv a

value of Vi 108.2/64.28, which contributes — R31V1 —0.2 to (M)3, etc.
In lines 19 to 25 the residual moments are liquidated by small contribu-

lPVJ
tions to Vx — V9. Account is kept of V„K„ -j— in columns 3 to 4 as

relaxation proceeds. Lines 27-28 give the contribution lo HL from the side
spans, and a value of HL 2 690X 10* is obtained. It is now apparent that
the starting value of HL was too high, so in lines 32-36 relaxation is conti-
nued for an increment in HL of —0.04 X 106- Finally HL is interpolated as

3114X108 lb. In lines 38-41, Ihe V>,are corrected for the change in HL,
giving a bending moment in the stiffening truss of 147 X10" lb- ft. On the
assumption of uniform truss rigidity, this moment is found to be 139 X106
lb. ft, or 5.5 % less. If aecount is taken in the above analysis of the ff u»
effect as expressed in the parameters Ax.„ and a> „ the moment at the
quarter point is reduced by only 0.2 %.

Effect of hanger extension

As a result of hanger extension, the stiffening truss is subject to addi-
tional moments and shears. The increase is not negligible near the ends
of the truss.

Denoting by Au the hanger extension at any section x, of the centre
span, corresponding to a stiffening truss deflection v, and neglecting
horizontal displacements,

AMG -j- M0 ML — (R -4- HL1 (v — \v -f Av0) f30)

where Au0 denotes the hanger extension at each end of the span, and AM0.
the additional moment transferred to the truss by the hanger extension.

Therefore

AMr, i/H4-HLVAt' — Aw0). (31)

The hanger pull per unit length is given bv

?=--^=-(H + H^-H-*" <32>

„ Ar Bd2u
But MG =—i— therefore

dx1
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¦\
I

_
I

0.428 |

I — 0.81Ö

0.13

23.93

0.13

— 6.39

— 2.74

— 1.87

— 1.43

— 1.18

0.12

8.62

94.

0.02

i.n

0.20

2S.4

1.0

16.9

- 6.74

- 1.37

— 0.36

1.3

20.3

- 0.5S2

,.00

0.S2

10.5

31.99

K n 2-018 X 'u* 'J — -. n" 5

0' — ll')' - 2 (/.-' — n') + 1 ~ (,-' — "')' — 18 0' + ff') + 81
X 10"

,' -' 1! l.J X Hl"*

II X 10-"

H (I + A//) 10-'

/'=' H;l.J
+ II x 10-"

/' s? II' L=

+ h(i + \;.i.) x io-'

336.45

0.5062 0.1687

2.6152 10.46 23.51 11.84

58.5

56.61 58.03 5S.29 58.3S

61.12 68.96 82.04 100.31

59.23 68.49 81.83 100.22

0.1009

05.38

58 42

123.88

123.80

58.5

152.6

152.6

0.0723

128.1

225.9

0.0562

211.8

k.

'i't? njr x io-*

II X 10-'

II (I + Ai>.) X 10-«

>.' r. 11,,/,=

+ II X io-

;.'«' H,-,.,
+ II (1 A/i) X 10-'

31.27

0.1513

28.707

58.50

58 32

87.21

58.46

173.3

0.0514

258.4

58.5

0.0300

718

58.15

1 091

0.0220

1 107

5S.5

1 465

0.0172

2 325
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12 13 14 15 16

— 0.027

— 0.077

— 0.016

- 0.047

— 0.011

— 0.272

— 0.452

— 0.151

— 0.259

— 0.097

- 1.41

— 1.95

— 0.679

— 0.9E1

— 0.394

— 9.02

- 11.5

— 2.59

— 3.31

— 1.27

— 1.45

— 1.8

— 14.2

— 17.3

— 4.12

376

4 12

- 2.19

— 2.55

— 20.5

— 2.98

— 3.4

513

587

— 3.12

— 36.4 — 4.0 669

Table I

VALUES OF

R), n X IO"'

FOR CENTRE SPAN

(3 300 ft)

11 12 13 14 15 16

0.0460 0.0389 0.0337

316 377 412 513 588 669

371 435 500 571 6IG 727

374 135 500 571 646 727

Table II A

PARAMETERS

FOR CENTER SPAN

(3 300 ft)

Table IIB

PARAMETERS

FOR SIDE SPANS

(1 000 ft)
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„\ 1 2 3 1 5 G 7 8 9 10 11 12

1 — 0.0322 — 0.0054 -0.0011 — 0.00038 -0.00018 — 0.00011

2 — 0.0080 — 0.0054 — 0.0013 — 0.00051 — 0.00027 I

3 0.0485 — 0.0036 -0.0048 — 0.0014 — 0.0006

4 0.0215 - 0.0020 -0.0013 — 0.0013

5 0.0268 0.0135 — 0.0013 — 0.0038 - 0.0013

6 0.0121 0.0007 - 0.0009 — 0.0035

7 0.0188 0.0075 0.0075 — 0.0066 — 0.0031

8 0.0080

9 0.0145 0 0054

10 0.0067

11 0.012

12

13 0.010

14

15 0.009

Vi i 2 3 4

1 — 0.0030 — 0.006 — 0.0005

2 0.024 — 0.00075 — 0.005 — 0.0005

3 0.0041 0.011 — 0.00033 — 0.004

4 0.0090 0.002 0.007

Table III. — VALUES OF A;,„

Above : for 3 300 fl centre span
Left: for 1000 fl side spans

ii » i
H 4" Hl

./_• —HL-y H is— -mg
R

(33)

und the hanger extensions are given by

Au=F- + /-^-H,,-yFc + /-y| u (H + HL)

E„A,

Fr 4- /

MB

(34)

where Fc denotes length of centre hanger, Eh denotes hanger modulus of
elasticity, and AH denote area of hangers per unit length.

Then equation (31) can be written

AMe
H + HL

and the additional shear AS„ is

(Fe + /-y) (H 4- HÜ
R MG4-yy"-HL

ASG
H4-H!

EAAA

H4-HL
R (F, + /-y).Sr.-y'M(:|4-y'y"HL

(35)

(36)



ANALYSIS OF THE LONG SPAN SUSPENSION BRIDGE 447
11-58.5 Y 10*11

LOADEU LENGTHS Ea

28 x lOMbJln'
0.0043

- J 615 X I

3.280 ft
0 09339

SIDE H, =r 28.71 X 10* «•
SPANS I, — 1 000 fl

1,/ti 0.0303
Ud0 03708

TEMPERaTUKE CONDITIO!« NORMAL

MOMENTS '< IV

'

l'Vn'/ll (M),

(|f + HJ + H _ toi HL 3.IS X 10*

<M,J*

- Ht (C)l _ (C) X X 315 X '«•

V, 1 68*0

V, 5.376

V, 0.978

V, -0.0056 V, =-0 0050

V, =—0.37»

V, ^-0.215

V, =-0.101

V, - 0.0020 V, 0.0026

V, 0-KfOt

V»* 0 0217 V„_ 0.0217

V,,= U.0O53 V,(_ 0.0055 ii Ulki3 0.OOU3

V„=-0.«M2 V„ =-0.0042 - ii iMi.' 0.0001

V„_- 0.0017 VU— 0U0I7

V„=— U0011 Vi,^—0.0011

V, =-0 0312 V, s 1 6488 0K34H 08343

V, =-0.01» V, - &„-l O0u9l 0 6443

V, =-0 007 Vi - O.B70 0.1038 1 00X1

v» o.ooie Vi -=—0.377 — 0.0S80 0.9701

V, 0.0010 V, — 0.213

V, 0.0005 V- .- - (UOI -O.0O73 0.9028

V, =—0.0004 V, - 0.0197

ltf.Uut.1

O.OOH 0.9639

SIDE SPANS

» + Ht + V ¦' p lor 1 L-3.15> 10>

- 3 «S X «I 10*

W, =-1.089 1 — 0 1680 -0 1680

W, =-0.01131 — O.0006 - 0 1686

-0 3372

0 96.79

0 tun

4 HL - 0.04

IrV, _ 0.(1139 0.0021 O0O42

MAIN SPAN

V, n 0.210 0.1061 0.1061

V, - 0.0039 0.0010 U.UOIO

V, - 0.0008 u.ooot O.U001

64.28 |

1168 1

- 1059.9

Initrpalatetl villi« ol V,, ele

V, — 0.1870 1 8368 i
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Table IV. — CALCULATION OF STIFFENING TRUSS MOMENTS



418 IIIb.3. c. d. CROSTHWArrE

For the structure under consideration the maximum end shear is
increased by 4 %, and the moment at the 1/16 point by about the same
amount. The effect falls off rapidly towards the centre of the span.

There are also increases in the moments and shears at the ends of the
truss beyond what are given by (35) and (36) arising from the rigid
support afforded to the ends of the truss. In the derivation of equations (35)
and (36) it was assumed that the ends of the truss were on hangers.

If \v0 is the end hanger exlension given by (34), and K is the average
hanger reaction for unit extension per unit length, then the additional end
shear tnken bv the truss is

8 KAV0
KL2 KL4

1, 3, 5, (37)

H ' n-rPB

The increase in end shear from this cause is only about 1 %.

THE EFFECT OF HANGER INCLLNATION

The importance of the inclination of the hangers discussed on p. 2, in
changing the horizontal component of the cable tension must now be
considered.

At any section x of the centre span, the hanger inclination is given by

-r—, where hx is the lenglh of the hanger at x. The increment in hori-
nx

zontal cable tension is ——dx where u is given by equation (2), and q

by equation (33).
The total increment of horizontal cable tension at x is

rJ V
^-dx (38)

Performing this Integration graphically, it is found that at the quarter
point the effect of hanger inclination is to increase HL by 1 %, with a
corresponding decrease in MQ of only 0.3 %.

Conclusions

A careful study undertaken for a bridge of 3 300 ft span, indicates that
Ihe usual assumptions in the orthodox deflection Iheory are legitimate
when analyzing a structure of this magnitude. On long span bridges, the
prineipal contribution to moments and shears comes from the higher har-
monics of the deflection. These harmonics are but little affected hy quite
large changes in HL arising from uncertainties as to the exaet behaviour of
the structure. On the other hand, the primary harmonic Vx, which is
highly geared lo Variation in HL, contributes only a small amount to the
moments and shears taken by the stiffening truss. On Ihe structure discussed

in this paper, a 1 % change in HL, causes the bending moment to
change hy only 0.2 % on Ihe average. Making the assumption of uniform
Iruss rigidily, it is thus possible to simplify the computation very consi-
derably. Equation (8~) is replaced by
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i^- _.+ co/L, _ £„£„ _l. v„/e„ (\V„ 4 Z„) (31)

and equations (20) and (28) by

Sl)(Ml)x— HL(G)>,j m._XiwMo=ML-HL-y- _______^Z__.sin^ f {A())

L'
H + Hl

It will be found that on long span bridges, maximum moments and
shears are given by short loaded lengths of the order of 1/8 to 1/4 of Ihe
span. It will also be found lhat the maximum moment at any section from
a given loading occurs when the loading exlends equally on either side of
the section. Work can be systematized and simplified by labulating
multiples sines and cosines of -7—p and constructing iables of cos n-$a/L-

cos n-b/L for several loaded lengths. The author has made up tables of
this nature which can be applied without modification to a bridge of any
span. By this means, and the use of equalions (39) and (40), momenls and
shears at any section for a given loading can be obtained very rapidly. The
effect of changes in make-up giving revised dead load and truss rigidity
can be assessed without diffieullv.

Resume

La methode par approximations successives de Soulhwell s'applique ä

la resolulion de ponts suspendus ä l'aide de Solutions trigonometiiques.
Ce procede de calcul ainsi obtenu ne necessile pas la simplification
habituelle de suspentes inextensibles a traction constante, un deplacement
vertical des cäbles, et un coefficient de rigidite conslanl. Ce procede esl
ameliore el etendu a un pont d'une porlee de 1000 melres. L'influence de
ce que l'on neglige les corrections habituelles esl eludiee et l'auteur montre
que seuls les deux facteurs suivants influencenl pour des ponls suspendus
de grande porlee : rigidite variable des poulres el longueur variable des
suspentes. Le memoire se termine par une representation simplifiee de la
resolution par serie süffisante pour la plupart des ouvrages courants.

Zusammenfassung

Die Iteralionsmethode von Soulhwell wird zur Lösung des
Hängebrückenproblems mit Hilfe von trigonometrischen Reihen angemeldet. Das
sich dabei ergebende Rechnungsverfahren verzichtel auf die üblichen
vereinfachenden Annahmen über konstanten Hängezug unelastischer
Hänger, vertikale Kabelverschiehungen und konstante Steifigkeit der
Versteifungsträger. Das Verfahren wird entwickelt und auf die Berechnung
einer Brücke von 1000 m Spannweite angewendet. Die Einflüsse der
üblichen Vernachlässigungen werden untersucht und es wird gezeigt, dass nur
die Auswirkungen einer veränderlichen TrägerSteifigkeit und der Hänger-
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dehnungen bei Brücken dieser Grössenordnung von Bedeutung sind. Die
Arbeit schliesst mit einer vereinfachten Darstellung der Lösung mit Reihen,
welche für die meisten Tragwerke genügend ist.

Summary

Soulhwell's Relaxation technique is applied to the trigonometric series
Solution of the problem of the stiffened Suspension bridge. The resulting
method of analysis is free from the usual simplifying assumptions of constant

hanger pull, inextensible hangers, vertical cable displacements and
uniform truss rigidity. The method is developed and applied to the cal-
culations for a bridge of 3 300 ft span. The results of neglecting the cor-
rections to the orthodox theory are then assessed, and it is shown that only
Ihe effects of non-uniform truss rigidily and hanger extension are signi-
ficant on structures of this magnitude. The paper terminales with a
simplified presentation of Ihe series Solution, which is sufficienlly accurate
for most structures.
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Reconstiuction du pont suspendu de Menai

Umbau dei Hängebrücke übei die Menai-Sttasse

Preservation of the Menai Suspension btidge

G. A. MAUNSELL
M. Inst. C. E., F. R. S. A., London

The work here described was slarted about a year before the outbreak
of the war and was carried to complelion in a period of some difficulty,
but before the period of acute stringency in labour and materials which
oecurred during the latter part of the war had reached its füll development.

Before being slarted the work to be performed had been closely studied
in all its aspects and the design was most carefully framed so as to take
advantage of the latest ideas and to make use of the best materials procu-
rable. Although the work happened lo eoineide wilh the war peribd there
was, therefore, nothing in its composition or execution of inferior quality.
It was, in fact, one of the last important public works undertaken in Britain
which can be said to have been carried out in the best tradition and unspoi-
led by the influence of war.

The work was performed under the direction of the British Ministry
of Transport, the Roads Department of which nowadays exercises ownership
and control of the prineipal highways in the country.

Sir Alexander Gibb, wilh whom the author collaboraled, was employed
by the Ministry to prepare the designs and supervise the work of
reconstruction.

The Menai Bridge forms the only road passage across the Menai Strails,
a narrow branch of the sea which separates Ihe Island of Anglesey from
the Welsh mainland. The prineipal route to Ireland passes via the bridge
across the Island of Anglesey to the P^rt of Holyhead, and in the early part
of the 19th Century, in the old Coaching days before the railway was built,
Ihe road to Holyhead was naturally a route of great importance. During
the latter half of the Century, the main traffic was by railway and the road
feil into partial disuse, but the advent of the motor car at the beginning
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Fig. 1. Cross section of Telford's original deck.

of the present Century revived ils importance not only as a bearer of local
traffic but also as a national highway connecting England and Ireland.
Every year up tili 1938 saw a steady increase in the volume of mechanically
propelled vehicles crossing Ihe Menai Slraits and the weak condition of
the old Suspension bridge, then more than a hundred years old, made it
necessary to impose reslriclions not only upon the weight and speed of Ihe
molor vehicles which passed along its two independent tracks but also
a reslriction upon the interval between successive vehicles. Such restriclions
were irksome to travellers and were found to be dil'l'icult of enforcemenl.

Right from ils inceplion in 1825, the Suspension bridge was a toll
bridge, every vehicle and for most of the lime every pedeslrian, having
to pay a fare to the collector of tolls posled upon the bridge both by day
and by night. These toll collectors were in the tradition of the old Roman
publican in that having made an annual lump sum bid to the Government
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Fig. 2. Cross section of deck as reconstrueted in 1940.
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for Ihe privilege of farming the lolls and being restricled by Government
to the rate of tolls they might charge. they were subsequently dependent
upon the volume of traffic lo recoup themselves.

After the reconslruction in 1942 Ihe bridge was thrown open to Ihe
public for use free of charge and without restriction as to Ihe weight, speed
and spacing of vehicles using the route. a benefit which Ihe inhabitants
of these islands will no doubt appreciate more nmply if and when the free
use of motor spirit may permit Ihe resumption of pleasure motoring.

The land approaches and bridge abutment« on both sides of the Menai
Straits were built in a hard limeslone masonry, the block? of stone having
been hewn from local quarries. The work had been very well performed
by skilled masons and slanding securely upon sound rock foundations the
whole of the masonry structure «tili remains in excellent preservation.

It had originally been designed wilh an ample margin of safety so
that it was found to be capable of carrying withoul alteration the much
heavier loads imposed by the renovated superstructure and by modern
Iransport.

CAERNARVONSHIRE
:.--,:-.

i'. .' f..o

Fig. 3. General longitudinal section.

During the first Century of its life Ihe deck of Ihe bridge had been
entirely renewed on three oceasions and Ihe main Suspension chains and
hangers had been repaired, numeroiis del'eclive links of the chains having
been taken out and replaced from time to lime.

This nolwithslanding. Ihe general scheme of chains. hangers. deck,
roadway and foolways, were found lo be tolally inadequale for purposes
of modern Iraffic and the whole superstructure of Ihe bridge had lo he

redesigned on a more liberal scale and in aecordance with modern
Standards, entirely new sleelwork being substituted in place of Ihe antique
ironwork of the chains and in place of Ihe less antique bul still old
sleelwork of the deck slrucliire.

The work involved in these renovations has several claims lo attention
which make it of special inleresl.

There is. firslly, Ihe fact that this bridge. originally built complcle
in 1820, was one of Ihe earliest iron chain Suspension bridges. When first
built Ihe clear central span of -380 feet was grealer lhan Ihe spans of any
one of the few earlier Suspension bridges lhal had been erecled in England,
Ihe United Slales. Germany, Sw itzerland. and France prior to 1825. indeed,
this bridge had Ihen Ihe grealest span ever built. Il was also a very hand-
some bridge and had been designed and built by an Englishman whose
reputalion as a Civil Engineer surpassed that of any other person so engaged
in any olhcr counlry al lhal period. and indeed there has probably been
no other Civil Engineer in our country since Ihen whose reputalion and
achievemenls have equalled those of Thomas Telford. he being one of
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the founders, and the first President of the British Institution of Civil
Engineers.

Apart, therefore, from ils utilitarian value, the Menai Suspension
Bridge has possessed for British people a unique sentimental attachment
standing as a remarkable monument lo the industrial revolution of the
nineteenth Century—a monument moreover which happens in ilself and
in ils natural setting to be a thing of beauty unmarred by the noise, the
smoke, the dirt, and the general atmosphere of squalour which has too
often been the accompaniment of so many of Ihe olher manifestations
of the scientific era.

It would be fair to say, therefore. that the prineipal meril of this
bridge during the nineteenth Century lay in the fact that it was a speetacular
novelty of impressive beauty, füll of charm, dignity, interest and utility,
and as such lhat it was an inspiration to the youth of the counlry.

Apart from such general considerations there are, of course, lechnical
lessons deriving from Ihe long period of its service to be learnl and there
are also quite a number of lechnical features in the design of the resloration
wrork which are of interest to engineers.

Among the latter may be menlioned Ihe ingenious melhods which
had to be adopted so as to carry out the complete replacemcnt of the
Suspension chains with their anchorages, their roller bearings and their
hangers and also the replacement and widening of the bridge deck and
footpaths without any interruption of the Iraffic crossing the bridge eilher
by day or by night.

Other technical fealures of interest were the manufacture of the eye
bar links of which the chains are composed, and the method of protecting
Ihem againsl rusl corrosion. There wras also the melhod which had to be

employed for cutting away, underpinning and rcplacing the central limestone

wall between the two roadway tracks where they pass beneath the
arches of the prineipal abulmenls supporling the Suspension chains.

In the space of a short paper such as Ihis it is not possible to go into
much detail but some of the main outline of Ihe technical features may
be mentioned.

Dealing first wilh Ihe scheme of Operations whereby Ihe wdiole
reconstruction work was effected without stopping the Iraffic, it would, of course,
have been easy to achieve this result by throwing a temporary Suspension
bridge across the slraits and then closing the old bridge to traffic and
diverling the lalter to the temporary structure. Such procedure would,
however, have been very costly.

To understand what wras actually done it is first necessary to realise
that the old bridge was suspended from four separate chains, one chain
on eilher side and two close together in the middle betwreen the two
carriageways. The four chains rested on top of two main piers flanking
the main span. Upon each of these two main piers a temporary steel girder
or cap was erected and mounted above the old chain seatings and on top
of Ihis cap wrere slung two steel wire rope Suspension cäbles capable
temporarily of replacing the outer two sets of the old chains above mentioned.

In the reconstrucled bridge the four chains each composed of a tier of
eyebar links five abreast and four deep w;ere lo be replaced by two chains
each composed of a tier of six eyebar links two deep and the new chains
had perforce to oecupy very nearly the same physical position on top of
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Fig. 3. One of the main
masonry piers showing
the four chains deck and
roadway arches of the
original structure.
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the piers as had originally been occupicd by the two outer tiers of Ihe four
original chains. It will be seen, therefore, lhal il was necessary lo remove
the two outer tiers of old chains betöre the new permanent chains could
be erecled in their place and explains why it was necessary to provide
temporary cäbles for supporling the outer edges of the roadway deck while
the work of chain replacement was in progress. The cäbles were mounled
directly above the chains that were to be removed and replaced by new
chains and were supported by the temporary cap girders above mentioned.
After the cäbles had been strung across and anchored lo Ihe hillsides they
were connected by temporary hangers so as to support the outer edges of
the old bridge deck and after lhat the old ouler chains were removed and
were replaced by the newr chains. While Ihis was going on Ihe old inner
central tiers of chains were left in service, and Iraffic conlinued lo use the
deck of the bridge without any inlerruplion or interference.

When the new chains had been mounted upon their new roller tracks
and carried back through the old anchorage lunnels to deep anchorages
in the virgin rock in the hillsides behind, the new suspended deck was
erected from the new chains by means of hangers which hung jusl outside
the parapets on either side of the old roadway deck.
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The new deck had evenlually to occupy the same spatial position as
Ihe old deck and as our present state of knowledge does not permil us to
make Iwo material objects occupy the same idenlical spatial position at
Ihe same time it was necessary to build the new deck in a position jusl
about 4 feet vertically undcrneath the old deck which conlinued to be used
by traffic all the time while the new deck was being pieced together.

When the new deck had been built in lhat position and was itself
ready to carry Iraffic the old deck was demolished, demolilion being done
in two stages, the old carriageway on one side the bridge being broken
up and removed first while Ihe old carriageway on the olher side conlinued
to bear traffic. Traffic was then diverted back to run upon the freshly
exposed new carriageway at a level four feet below the demolished roadway

and the second old carriageway was closed lo traffic. broken up and
removed in ils turn. Afler this Ihe whole widlh of the new carriageway
was available for the use of traffic which was made to run down temporary
wooden ramps on to the new deck. Finally, Ihe new deck had to be raised
bodily through a distance of 4 feet so as to bring il up into ils proper
position and this raising process was done by screwing it up inch by inch
on the suspender hangers, all of which had been designed with long screws
and nuts for Ihis purpose.

Described in this way Ihe whole Operation appears fairly simple but
there were a great many minor difficulties and inlricacies broughl about
partly hy Ihe ralher irregulär nature of the old work. The old chains did
not lie in one vertical plane but had been made to change direclion in plan
as well as in elevation and in order lo make the new superstructure fil into
the old masonry framework the new chains had to be made lo do Ihe same.
Then liiere was Ihe streich of the Suspension members. old chains, new
chains, and temporary cablcs which had to be taken into consideration
at all times and during all phases of the Operations.

The streich of Ihe wire rope temporary cablcs supporting Ihe oiiler
edges of the old bridge deck was, of course, quile different to the streich of
the original chains and had lo be allowed for. Then the new eyebar link
chains had thcmselves to be supporled during erection. On the two side
approach spans tlic new chains were erected on scaffolds supported upon
tlie old masonrv arches benealh and liiere was verv litllc elastic distorlion
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Fig. 5. Top of one of the
main piers during
reconstruction. The two old
central chains are seen
in position but the two
old outer chains have
been removed and the
roller bearing saddles
for supporting the new
chains have been erected
on top of the pier. Above
the pier is the temporary
steel horsehead girder
supporting the temporary

wire rope cäbles and
suspenders and above
them the blondin wires.
The suspended walkways
for supporting the new
chains during erection
have not yet been set up.
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to be allowed for, but where Ihe (wo new chains traversed the main span
they had to he put together link by link upon two suspended walkways,
each of which consisted of five catenary wire ropes hanging side by side
and decked over without any stiffening. The streich of these ropes when
the weight of the chain links came upon them was considerable and the
sequence in which Ihe chain links were assembled upon the walkway also
crealed distortion away from the catenary. In the stage when the eyebar
links were being assembled and before they were connected at both ends
to the links on the side spans there was a period of some instabilily when
wire rope walkways lended lo Iwist out of line from under and capsize Ihe
load. All these tendencies had lo be laken into consideration as the work
progressed. The new chains were assembled on the suspended walkways
by means of blondins rigged above them.

Perhaps the mosl instruclive lechnical feature introduced in this design
was the method of prolecting Ihe new chains against rust. The eyebar links
composing Ihe Suspension chains had in the original bridge been made of
wToughl iron—a material which is generally considered lo be not very
susceptible to rust. They had, moreover, been repainted at regulär intervals
wilh the high qualliy white lead and linseed oil paint which was pro-
curable in those days of plenty. In Ihe course of one h und red years exposure
to the sali bearing winds lhal blow over Ihe Menai Slrails, individual links
had, however, suffered severely and there were places where a considerable
amount of corrosion had oecurred, Ihis rusting being usually mosl marked
in or near the eyes of the links, fishplates and hangers where they were
pinned together. As Ihe old links were known to conlain a number of
hidden flaws and as Ihe dead load working stress alone lo which they were
subject lay between 6 and 7 tons per square inch, the added delerioralion
due to rust was a serious maller and gave rise to some anxiely. Il was
deeided, therefore, in the new design lo do everything possible lo eliminate
corrosion and with Ihis end in view each link was shot blasted before
erection and afterwards spray coated with bot zinc about five thousands of
an inch in thickness. Over Ihis was applied a priming coat of red lead
followed by Ihree further coats of paint on a linseed oil base. A thick plastic
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Fig. 6. One of the new
roller bearing chain
saddles in course of erection

on top of the pier
and before its enclosure
in an oil bath. The new
chains have been erected
and connected upon the
saddle.

paste built up on a petroleum basis was inserted between the meeting faces
where the links were pinned together so lhat the percolalion of moisture
between links and pins w^as thereby prevented.

An examinalion carried out recently, that is about five years after the
erection, disclosed no trace of rust anywhere on the eyebar links. While
it was apparent that the outer coats of paint had deteriorated in places there
was not a trace of rust anywhere so leading lo Ihe conclusion that the zinc
coating beneatb Ihe paint was impervious and was providing perfect immu-
nity against rust.

Owing to the great expense of the shot blasting and zinc coating, this
costly process could not be adopted for prolecting the steelwork of the
stiffening trusses, handrailings and so forth, the protection given here
being no more than the ordinary wire brushing, removal of loose rust and
mill scale and application of three coat paintwork, the undercoat being
red lead paint. In the parts so protected there was considerable evidence
of rusling although no more so than could reasonably be expected to occur
after five years in such an exposed position.

The underside of the deck structure which consisted of mild sleel joists
laid as cross beams wilh continuous sleel plating over was in the first
instance painled in Ihe ordinary way with three coats of linseed oil and
lead paint of good quality.

The low er flanges of the cross beams are, of course, very much exposed
to wind and being shielded from sun tend to remain damp and lo collect
drops of vyaler in misly weather and after five years of this exposure became
rusty and some of the paint on the edges of Ihe flanges flaked off. For
repainting this part of the structure after the five years it was deeided by
the Ministry of Transport to employ a black bitumastic paint overcoat, Ihe
behaviour of which will be the subject of close Observation in future.

While on the subject of corrosion and painting it is interesting to
note that Thomas Telford when designing the original wrought iron
structure in or about the year 1820 coneeived that corrosion of the chains
inside the anchorage tunnels would be much more severe than outside in
the open air, and he accordingly stiffened up the sizes of the links where
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they traverse the Underground tunnels making them nearly twice as thick
as those in use outside so as to allow- a margin for rusting. The tunnels
consist of narrowr passageways eut in the virgin rock where the humidity
is considerable and the temperature does not vary very much summer or
winter. Telford's coneeption that rusting in such conditions would be
much more active than in the open air has been entirely falsified in the
result, experience having proved the exaet opposite, there being practically
no rusting of the ironwork any^vhere in the tunnels during a period of 120

years wiiereas rusting outside was considerable.
It was observed that the rusting of mild steelwork in the reconstrucled

bridge afler five years exposure was most pronounced in those parts which
were most exposed to wind and rain, the worst rusting of all having
oecurred on the side of the bridge which was exposed tothe prevailing south
westerly rain bearing wind, and especially was this the case on the outer
parapet steel foolway railing on lhat side where the |- inch diameter upright
rods composing the railing were blistered with rust and had the paint
stripped off on their exposed western side, the other side of the rods next
to Ihe foolpalh being scarcely blistered at all. It seeins as if this question
of rust prevenlion slunds today very much where it did fifty or a hundred
years ago but with the difference that in earlier times there was always
available a sufficient supply of low paid labour to carry out work like
painting mainlenance whereas today with higher rates of pay and shorter
hours of work Ihe onus of maintaining steel and timber struclures by means
of painting is more than it was, so serious in fact as may actually ereate
some restriction in the use of bolh steel and timber.

Il niighl have been supposed lhat the large sums expended in many
different countries upon Ihe eslablishment and maintenance of Building
Research Institutions, University Laboratories and the like organisations
would have led to a rapid improvement in method and to the Solution of
problems of this kind, but such does not seem to have oecurred. Impro-
vemenls and solutions when they do appear seem usually to derive in
these days, as in earlier times, as the result of the efforts of private traders,
firms or individuals, and not as Ihe outcome of the communalised wisdom
of State Institutions. The true role of the latter would appear to lie in the

Fig. 7. Steel plate extension

of the new eyebar
chains which were
designed to slide down the
anchorage tunnels and to
be concreted in solid
instead of painted and
left exposed as were the
Underground eyebar ex-
tensions in the old structure.
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dessemination of knowledge and Organisation of improved methods rather
than in their origination.

The roadway of the bridge was surfaced with a layer of Trinidad
mastic asphalt into the surface of which were rolled clean ^ inch cubical
granite chippings applied hot. A special white mastic line 4-| inches wide
and in three foot lengths laid at nine foot intervals was embedded in the
original asphalt surface to mark the centre of the roadway on the main
span.

The asphalt 1^ inches Ihick was laid on a piain screeded concrete base

six inches thick and the concrete base benealh was rather heavily reinforced
wilh a sleel mesh and was ilself laid directly upon Ihe steel plating of the
deck structure. The Iraffic surface oblained in this way appears lo be in
almost perfeet condition after six years use.

Where the main chains rest upon the piers roller bearings permit of
horizontal movement and the ten steel rollers each ten inches in diameter
and seven feet long in each of Ihe four main bearings are submerged in
an enclosing oil halb from which air is totally exeluded so as to prevent
water from condensing inside ihe bath.

The vertical suspenders connecling Ihe deck of Ihe spans lo Ihe chains
are formed of steel spirally laid wire ropes aboul 1-L inches in diameter
scckcled al both ends and each fitled with a lurnbuckle tension adjustment.
These suspenders have a very clean light appearance and being very flexible
are believed to be secure against Ihe deterioration caused by wind Vibration.

The reconslruclion of Menai Suspension Bridge has nalurally given
rise from time to time to a number of crilicisms and suggestions from
engineers, from public bodies and individuals.

It has been poinled out thal the high tensile sleel eyebar links made
up 30 per cent of the total suspended weight in Ihe main span and that a
considerable saving in weight, and possibly some saving in cosl, could
have been effected by the use of wire cäbles instead of eyebar links, also
that cäbles when wrapped round with protective shealing material are less
vulnerable to atlack by rust. The reason why the eyebar links were made
use of was because these links albeil of different size and arrangemenl and
of different material to lhal used in Ihe original links were nevertheless
similar in coneeplion and appearance to Ihe original design, the character
of which il was most earneslly soughl to preserve.

Another criticism related to the disposition of Ihe sleel lattice sliffening
girders which flank to roadway on eilher side where it Iravcrses the main
span of the bridge. The crilicism has not been levelled againsl these
sliffening girders based on the aesthetic ground that they spoil Ihe exlernally
viewed appearance of the structure because aclually they do nol have Ihis
effect, but the crilicism is thal the girders obstruet the view of passengers
in motor vehicles crossing Ihe main span. The Suggestion has been made
that the girders might have been disposed partly or wholly below deck
level and it must be adniilled thal a slight lowering of the girders might
have been effected advantageously without Irenching seriously upon the
navigational headroom, but whether it would have been possible lo lower
the girders sufficiently to permit unrestricted laleral vision to molorisls
without delracting from the external appearance is more doubtful.

Il has also been suggesled that Ihe retention of the two narrow carriageway

openings in the masonry of the two main piers ought to have been
avoided and it is aclually a fact lhat the designers prepared a projeet for
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substituting a single archway opening of the füll roadway width in place
of the two arches. The reasons against the adoption of the single archway
project were, firstly, that il involved a very expensive rebuilding and
widening of the old masonry piers, and, secondly, that it destroyed the
rather quaint effect and architectural character of the old roadway viewed
from the approaches.

There were others who considered that the reconditioning of the old
structure was altogether a mistake and that the old structure should rather
have been entireW demolished and replaced by a wide modern bridge
supported upon an arch span, and it cannot be denied that the locality
lends itself to arch treatment and that a very fine and impressive design,
eilher in steel or in reinforced concrete, could no doubt have been produced
on these lines at or near the sile of the old Suspension bridge. In Britain,
however, we prefer not to destroy old institutions unless and until the
proposed replacement has eslablished an undeniable superiority which in
this case was hardly proved.

There is every indication that the reconstructed bridge can meet all
reasonable traffic requirements at the present time and unless Ihere be a

further melancholy increase in the density of population, also in the future.

Resume

Descriplion de la reconstruction du ceiebre ponl suspendu de Menai,
construit en 1826 par Thomas Telford, lim des ingenieurs les plus
remarquables de son epoque. II est ä noler que le remplaeemenl du sysleme
porteur fut realise sans intcrruplion du trafic. Le vieux pont comprenait
quatre chaines en fer forge; le remplaeemenl des deux chaines exlcrieures
necessita l'emploi provisoire de deux cäbles porteurs au-dessus des anciennes
chaines jusqu'ä la mise en place des nouvelles chaines. Les chaines inte-
rieures furent remplacees en second lieu. Le nouveau tablier ful construit
ä 10 cm en dessous de son niveau definitif puis remonte au für et a mesure
de la demolition de l'ancien tablier. L'auteur decrit les mesures prises
pour eviter la rouille des chaines.

Zusammenfassung

Es wird der Ersatz der berühmten 1826 von Thomas Telford, einem
der hervorragendsten Ingenieure seiner Zeit vollendeten Keltenhängebrücke
über die Menai-Slrasse beschrieben. Bemerkenswert ist, dass dieser Umbau
mit vollständigem Ersatz der alten Tragkonstruktion ohne Verkehrsunler-
bruch durchgeführt wurde. Die alte Brücke besass vier Ketten aus Schmiedeisen;

über den beiden äussern Ketten wurden, um diese zu ersetzen, zwei
provisorische Drahtkabel verlegt, bis die zwei neuen Ketten eingebaut
waren. Nachher konnte auch das innere Kellenpaar entfernt werden. Die
neue Fahrbahn wurde um 4' unter ihrer endgültigen Lage unler der
bestehenden Fahrbahn montiert und nach deren Abbruch sukzessive durch
Hochschrauben an den Hangern in ihre endgültige Lage gehoben. Besondere

Massnahmen für den Rostschulz der neuen Kelle werden beschrieben.
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Summary

A description is given of the Substitute of the famous chain Suspension
bridge built in 1826 by Thomas Telford, one of the most brilliant engineers
of his time.

It is worthy of note that this reconstruction of the old supporting
structure was carried out without any interruption of traffic. The old bridge
had four chains of wrought iron. Over the two outer chains, and for the
replacement of them, two temporary wire cäbles were laid, until the two
new chains were built in. After that, they were able to remove the inner
pair of chains. The new track was erected 4' below its ultimate level,
beneath the existing track, and after breaking down the latter it was suc-
cessively raised by jacks to its Suspension rods, into its final position.
Particular measures for prevention of rust lo the new chain are describcd.
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Recherches experimentales sur la stabilite aerodynamique
des ponts suspendus

Experimentelle Untersuchung
über die aerodynamische Stabilität der Hängebrücken

An experimental investigation of the aerodynamic stability
of Suspension bridges

C. SCRUTON
B. Sc, National Physical Laboratory, London

Introductory

The collapse of the Tacoma Narrows Bridge in 1940 provided a dra-
matic illustration of aerodynamic oscillations on Suspension bridges, and
stressed the importance of research on the subject. Since 1940 the problem
has been studied particularly extensively in the U. S. A., by F. B. Farquhar-
son, D. B. Steinman, Theodore von Kärmän, Louis G. Dünn, Hans Reiss-

ner and F. Bleich and others (*). In many cases these investigations have

(') F. B. Farqoharson, General Discussion of Ihe Torsional Stability of Suspension Bridges
under wind action (Report No. 17 of the Structural Research Laboratory, Unisersity of
Washington).

F. B. Farquharson, I'rototype prediction based on section model tesls of configuration
LXXVI tested at N 40 c. p. m. with various degrees of damping (Report No. IS of the
Structural Research Laboratory, University of Washington).

F. B. Farquharson, Prototype prediction based on füll model tesls al configuration 'LXXVI
tested at two values of truss stiffness (Report No. 19 of the Structural Research Lalioratory,
University of Washington).

F. B. Farquharson, Lessons in Bridge Design Taught by Aerodynamic Studies (Civil
Engineering, August, 1946).

D. B. Steinman, Rigidity and Aerodynamic Stability of Suspension Bridges (Proceedings of
the American Society of Civil Engineers, Novemher 1943).

D. B. Steinman, Design of Bridges against Wind (Civil Engineering, October, November and
December issues 1945).

D. B. Steinman, Wind lunnel tests yield aerodynamically stable bridge sections (Civil
Engineering. December 1947).

Hens Reissner, Oscillations of Suspension Bridges (Journal of Applied Mechanics. March
1943).

Theodore von K\rmXn, wilh Ihe co-operalion of Louis G. Dünn. Aerodynamic Investigations
for the Design of the Tacoma Narrows Bridge (Report submitted to the Board of Consulting
Engineers, May 1942).
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been mainly concerned with the stability of specific bridges, and these are
well exemplified by the model experiments made in connection with the
failure of the Tacoma Narrows Bridge by F. B. Farquharson at the
University of Washington and by Louis G. Dünn at the California Institute
of Technology. Although much valuable knowledge has been gained, there
is as yet no reliable purely theoretical basis for the prediction of the stabi-
lily characteristics of a preferred design. This, in fact, is nol surprising
since with many conventional types of suspended structure the airflow
can be extremely complex. As will bc shown later in this paper, the form
of small structural details such as handrails and roadway slringers have
a marked effect on the stability. It appears therefore that, with the present
state of knowledge, the most reliable assessment of the aerodynamic
stability of a proposed bridge is to be obtained by tests on oscillatory modeis
in wind tunnels.

The investigation described in this paper is specifically intended lo
provide guidance in the design of the proposed Severn Suspension Bridge,
and is being carried out in close collaboration with the Consulting
Engineers associated wilh that project. However, although Ihis particular
application has been in view, the tests have so far included comparisons
between a fairly wide ränge of structural forms, and have led to certain
conclusions which should hold good for truss-stiffened types generally. On
the other hand, as Ihe investigation has a specific limited objective, time
has not been available for a systematic fundamental study.

The following two complementary experimental techniques are being
used :—

1) Tests of Scclional Models. These involve tesls of oscillatory
behaviour in a single degree of freedom. For this purpose a rigid model of a

representalive lenglh of the suspended structure is mounted in a wind
tunnel in such a way thal it is free lo oscillate against a spring constrainl.
either in a vertical translatory molion or in a rotalional inotion aboul a

spanwise axis. These molions may be taken lo correspond respectively to
those in vertical flexure and in torsion occurring on the prolotype structure.

2) Tests of Füll Models. Tests of sectional modeis, in Ihe simple form
adopted for the present investigation, give no information on the possible
influence of oscillation form or on the effects of couplings between the
natural modes of oscillation : nor can they be carried oul satisfactorily in
a quarlering wind without the use of a large wind tunnel and special
apparalus. Since sufficient evidence on the importance of these factors is
not yet available it is necessary to verify the stability of a proposed design
by tests on a füll model constructed to be dynamicaliy similar to the proto-
type. For Ihis purpose a large wind tunnel has been constructed by the
Minislry of Transport in which modeis of up to 60 feet in length can be
tested al various vertical and horizontal inclinations of the wind. Tests are
expecled to start in June, 1948.

Louis G. Dünn, Aerodynamic Investigation of the Bending Oscillations of the Orininal
Tacoma Narrows Bridge (Report submitted to the Board of Consulting Engineers, April 1943).

Louis G. Dünn, Experimental Investigations on the Aerodynamic Characterilics of the
suspended. Structure of the Tacoma Norrows Bridge (Appendix Vllt of Ihe failure of Ihe Tacoma
Narrows Bridge. Bulletin 78 of Ihe School of Engineering, Texas Engineering Experiment
Station, 1944).

F. Bleich:, Dynamic fnslaliility of Truss Stiffened Suspension Bridnes under Il'ifirf Artion
(Report to the Adeisory Board on Ihe Investigalion of Suspension Bridges, February, 19471.
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The paragraphs which follow refer throughout to experiments with
sectional bridge modeis. In these the aim is to find acceptable forms of
suspended structure which show no tendency to oscillate in eilher vertical
or pilching motions up to wind speeds corresponding to 100 miles per
hour at vertical inclinations ranging from — 15 to -4- 15 degrees. Owing
to limitations regarding time and availability of wind tunnels, a simple
technique of testing had to be adopted. Oscillations are classed equally as
unstable whether they appear as steadily maintained non-catastrophic
oscillations of limited finite amplitude or whether they show signs of growing
to a dangerous amplitude such as might lead to failure. The model is
mounted in a 4 ft square wind tunnel and the wind speed in the tunnel
is increased until an oscillation started by a small disturbance is just
maintained. The value of the reduced velocity Vr is then calculated from the
measured values of wind velocity and frequency of oscillation. By this
simple procedure a large number of model variations can be rapidly tested
and the results used to indicate general design features which tend to
produce stabilitv.

Theoretical basis of selectional tests

The following Iheory relates to
the pitching oscillations. With the
necessary changes in notation and in
expressions for the aerodvnamic force -y—-

il i*ii f»i (Vv/ino iihiiit is equally applicable to tests of Ihe ¦« lunnei)

vertical oscillations.

a) Notation
I6 moment of inertia about centre of rotation 0 per unit spanwise length.
K9 structural damping coefficient per unit spanwise lenglh.
Cq elastic stiffness per unit spanwise lenglh (2).
7. angle of attack, or mean incidence about which pilching oscillations

occur.
Q angular deviation from mean incidence at any instant of oscillation.
So amplitude of simple harmonic oscillations.
B distance between stiffening trusses.
V airspeed.
p air densiy (3).
N9 natural frequency (cycles/sec) corresponding to inertia I0 and stiff¬

ness p0
VP =5= V/NB ff reduced velocity » corresponding to simple harmonic

oscillatiorts.
Me increment of aerodynamic pitching moment per unit spanwise length

at any instant of oscillation.
Kr,

°9 oi tvt natural logarithm of the ralio of successive amplitudes

of oscillation in still air.

(2) le ¦ Ki) and f« assumed to bc'measured in consislenl unils. and to be applied uniformly
along the unit spanwise lenglh.

(3) Standard value of p in ft lb see unitis is 0.0765.
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b) Basic formulac
It is assumed that aerodynamic scale effect is absent (i.e. aerodynamic

moments are independent of Reynold's numberj. In this case, if a simple
harmonic oscillation is expressed in the usual complex notation by

0_-flo e ***" (where i | ^T)
the aerodynamic moment M6 takes the form.

Me p W Vs ö0 [/ (V,.) -f ig (V,.) ] e*=N« (1)

where /(Vr)and g(Vr) depend on the reduced velocity Vr only.
The conditions for free simple harmonic oscillations are

=BsV*c7 (VP) 2 *NK, (2)
and

pB2Vä/(V,.) -4~8N'I9 + e,. (3)

Equations (2) and (3) may be re-written

v',J(V'):s7r!¥ (1)

ee -I "'Io 4s,I, /Xg*v;-/ (v.) «^-—^»—-^-ij. i-o)

The possible critical values of V,. for simple harmonic oscillations (i.e.
the roots of equations (4) and (5)) will have the same values for prototype
and model provided bolh Systems have equal values of

pß' ' pB'N ' oB'N8 '

The practical Interpretation of these formulae is greatly facilitaled if
(as is usually true) the changes of frequency due to the wind are small.

In this case the influence of the term /(Vr) in (5) is negligible, and
as an approximation N _= i\0 If this value for N is substiluted in (4) the
equation becomes

V'f,/Vl-__ ' ~]t>°8 „^•¦O^J—rW^—JW- ¦ (6)

The critical values of Vr then depend only on the geometric shape of

Ihe structure and the ratio (4) -
"

(4) This condilion is equally valid if the structural damping is reprcsented hy a phase lead
on the elastic restoring foroc. The expression for free simple harmonic oscillations is Ihen
writlen

10 + ue'sO _ ?B« V«8„ [/(V,)] + ig (V,.)] e^NTi (j)
where eo <j cos i

Substituling

1/' X Ne

\''¦°-g (V,.) -
a sin s

,13'Ne* '

Zti -
asiii E

•

4 -IN, '

Vr'!9(V,)- 4 TrleSfj '

„R4

(ü)

(ft)
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If accented and unaccented Symbols refer to the model and prototype
respeclively, p' p for tests in an atmospheric wind tunnel, and the only
conditions necessary for equality of the values of Vr for model and prototype

are geometric similarity and

So' / h \/B'

The corresponding expressions for vertical motions is

o.' / I. \/B

B / ' <7>

5. -VI/Aü« (H)

where L mass per unit spanwise lenglh.

Model and test conditions

The tests were made on 1/100-scale modeis of representative types of
representative types of suspended structures. Diagrams of the sections of
the four truss-sliffened lypes so far tested are given in fig. 1. All were
fitted with stiffening trusses of the single Warren type (see fig. 2) with a
full-scale truss panel length of 60 feel and a depth of eilher 25 or 27.5 feet.
A few tests were made with the girder-stiffened sections shown in fig. 3.

A spanwise lenglh of the seclion to be tested was mounted in a 4 ft
square wind tunnel so that it could either oscillale verlically or in pitch
about a selected spanwise axis. No attempt was made lo reproduce on the
modeis the values of the inerlia 1 and elastic coefficients required for füll
dynamic similarity, as indicated by equations (4) and (5). With all the
sections tested it was found that the condition N No was approximately
satisfied, so that equation (6) could be used. The values of Y,. obtained on
the model were directly applicable lo a prototype with the following loga-
rithmic decrements due to struclural damping :—

o() 0.03 lo 0.04

Sr =0.07
The maximum values of X, obtainable in the tests were approximately

17 and 13 for pitching and vertical oscillations respectively and in bolh
cases correspondcd to wind speeds over the prototype of more than 100 miles
per hour. The inclination of tbe wind was in all cases normal to the span
but was varied from the horizontal over an angular ränge from — 15 to
15 degrees.

Discussion of results

Notes :

All dimensions quoted have been converted to refer lo full-scale;
Unless otherwise specified Ihe results refer generally to all lypes of

section shown in fig. 1;
Except for those described under (d) the tests on pitching inslability

were made with the central rotational axis shown in fig. 6.
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Fig. 1. Diagrams of bridge sections tested.

Pitching oscillations
The effect of various modifications and additions to the model are lisled

below.

a) Modifications to Stiffening Trusses
Widlh of chords : An increase in the width/depth ratio of the stiffening

truss chords improved the stability;
Additional Members : The Insertion of extra diagonal members (see

fig. 2) improved the stability by moving the instabilily region to higher
angles of incidence;

Depth : Increase of the depth of the truss, the same panel length and
general structural form being retained, had no significant effect.

b) Modifications to Decks

Widlh and covering of reservations : The division of the total roadway
widlh into a number of parallel tracks, each separated by an unblocked
reservation, (5) was very benificial. Indeed, an unblocked reservation was
found to be an essential feature for the atlainment of a high degree of
stability. Section B had in general heiter stability characteristics than those
of section A. Improvements were also obtained with increase in the widlh
of the unblocked reservations;

Position and type of roadway stringers and of handrailing : The sta-
bilitv of all sections tested was verv sensitive to the form of fittings carried

E

OlfO
<DOJ

(18.30 m)
6Q'

¦-lyy W' Fig. 2. General arrangement of
stiffening truss.

Normal truss.

Additional members.

(5) An unblocked reservation is defincd here as a reservation which is completely uncovered
or is covered by a graling which permits easy flow of air through it (see fig. 1).
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Fig. 3. Line
diagrams of girder
stiffened sections
used in vertical
oscillations tests.
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by the decks, such as stringers and handrails. Sections with piain decks,
without stringers or handrails were unstable at both negative and positive
angles of incidence but were stable at zero incidence. The sections were
also unstable if either the handrails or the oulermost stringers were of
solid plate construction. Subslantial improvements were effected by fitting
designs of handrails and stringers which acted as aerodynamic spoilers
by shedding eddies of mixed frequencies along the span. Such spoilers on
the deck upper surfaces tended to suppress inslability at positive angles of
incidence while those on the lower surfaces improved stability at negative
angles. By suitable choices of handrail and stringer design, and with
unblocked reservations, it was found possible to obtain a high degree of
stability for all the sections of fig. 1. Truss type deck stringers, if sufficiently
deep (6), proved to be fairly effective aerodynamic spoilers and helped
considerably to promote stability. By comparison with truss stringers, plate
stringers were ineffective and modeis with all decks fitted with plate
stringers were unstable. Howrever, the stability characteristics of section C

with truss stringers under the sidelracks and shallow plate stringers under
the carriageways were not much less favourable than when all the decks
were fitted with truss stringers. The use of paling handrails (fig. 4a) was
beneficial but their effecliveness as spoilers was much augmented by the
addition of solid castellations to provide larger-scale break up of the air-
flow. Two forms of caslellated handrail are shown in fig. 4; the most
effective of which was the single spaced castellated handrailing (fig. 4b).
By the Omission of alternate castellations a handrail of much better appear-

-£.*1
4(JO"|0.25n,

® Pol. d,am.l«r.2'^06=ni atimi—iiiiiii—iiiiiiite Hvmamwmm
®«fe ®U--

Fig. 4. Types of handrailing :

a. Paling handrailing; b. Single-spaced castellated handrailing,- c. Modilied castellated handrailing.

ance (fig. 4c) was produced. Although this type was not so efficient as

a stabilising agent as lhat of fig. 4b, the advanlages gained by Ihe use of
castellations were still considerable. Further arrangemenls of caslellated
handrailing, involving less frontal area and wider spacing of the
castellations, were tested with a view to producing a form of handrail which
would be satisfactory from both architectural and aerodynamic
considerations. Mosl of these arrangements showed only small improvements

(6) Truss stringers of deplhs 6 feet, 5 feet and 3 feel were used in Ihe tests. Those of
depth 6 feel and 5 feel were the mosl satisfactory.
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Fig. 5. Castellations extending
over stringers and handrails.

on the piain paling handrailing. The castellations were not found to lose
their effecliveness when the sets for Ihe various handrails v\ ere staggered
spanwise relative to each other by various amounts. A further type of
castellation, used on sections C and D, was filted lo the outside edge of the
sidetrak and extended over the handrails and stringers (see fig. 5). These
were effective as stabilisers when placed immediately opposite the vertical
posts of the stiffening truss, but were ineffective if displaced spanwise by
half the distance between the posts. This result indicates that the stability
of a section fitted with these castellations might prove to be sensitive to
horizontal wind direction;

Traffic : In view of the marked influence on stability exerled by fittings
to the deck surfaces it was desirable to determine the aerodynamic effect
of traffic. Several arrangements of modeis of various types of \ehicular
traffic were placed on the decks of section B in random order and in
different degrees of congestion. None of these had any adverse effect;

Vertical position of the decks : With Ihe central axis of rotation there
was little significant difference between the stability characleristics of
sections C and D; those of section D were perhaps slightly inferior to those
of section C. Some improvement was effected by raising the decks of
section D to give a clearance of 2 feet between the bottom edges of the
plate stringers used under the carriageways and Ihe plane through the lop
surfaces of the upper chords of the stiffening trusses.

c) Type and Position of Lateral Wind Bracing
Tests on the type and position of the lateral wind bracing were made

on model C only. The resulls indicate that, while the influence of Ihe type
of wind bracing located at the level of the stiffening truss bottom chords
was not great, lattice type bracing yielded slightly better stability- charac-
teristics than the plate girder types. An improvement was obtained by
raising the lattice type wind bracing to a position just underneath the
roadway stringers. This result is consistent with a spoiling effect in proxi-
mity to the decks due to the bracing.

d) Influence of Axis of Rotation
The effects of the various modifications to the bridge sections

mentioned in the preceding paragraphs were studied hy experiments with a

spanwise axis of rotation located at an approximately central position wilh
respect to the four stiffening truss chords. A series of experiments was
carried out on section B fmodified to have stiffening trusses 120 ft apart)
in which the pitching axis was moved to the several positions shown in
fig. 6a. Axes located vertically up, or down, or horizontally upslream from
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Fig. 6. Location of pitching axes.

the central position proved to be beneficial. A downstream movement of
the axis had an adverse effect on stability (7).

Of the three axis positions tesled with section D the upper position
shown in fig. 66 was the least favourable for stability.

Thus for axes lying midway between the stiffening trusses the
stability of both sections B and D was least when the axis was localed near
deck level.

e) Types of Section

By incorporating a number of Ihe stabilising features mentioned in
the preceding paragraphs high stability in pitch about the central axis was
obtained for all sections shown in fig. 1. Sections C and D required the
least number of these features and in that respect may be classed as the
mosl, stable sections. On a similar basis section B was more stähle than
section A.

Vertical oscillations
No vertical oscillations could be excited for any condition of the truss

stiffened sections shown in fig. 1. These conditions included that of a solid
deck extending over the whole area between the stiffening trusses and fitted
with plate handrails of height 4.5 feet and plate girder stringers of depth
6 feet.

Both the plate girder stiffened sections shown in fig. 3 showed insta-
bility at low ineidences. The instability of section E is not inconsistent
with Steinman's criterion for stability D/B <^ 0.25.

General conclusions

There is as yet insufficient knowledge of the problem to enable Ihe
aerodynamic stability of a proposed design of Suspension bridge to be pre-
dicted without recourse to oscillalorv lests on modeis. Both model and

(7) In view of the symmetry of the distribution of mn*s and elaslic stiffness of Suspension
bridges, any lateral displacement of Ihe effective axis of rotation must ari*c from aerodynamic
couplings between the pure flcxural and lorsional molions ahoul Ihe axis of symmclry. II is
hoped lhat evidence on this matter will be forlhcoming from a study of Ihe modes of oscillalion
of the füll model.
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full-scale experience show that the stability of plate girder stiffened bridges
compares unfavourably with that of truss-stiffened bridges. The present
investigalion indicates that if the results of the sectional tests are confirmed
by full-model tests, truss stiffened bridges of the types tested are stable in
vertical motion and the tendency to instability in torsional oscillations can
be corrected by incorporating a number of stabilising features in the
design. These include :—

Stiffening truss chords of high width/deplh ratio;
Traffic lanes separated from each other by open slots or gratings;
Truss type deck stringers in preference to the plate girder type;
Castellated handrails, or other types of handrailing designed to break

up the spanwise conlinuity of the airflow pattern;
Lattice type wind bracing fitted near deck level; *
Sidetracks (e.g. footpaths, cycle tracks) mounled outboard of the

stiffening truss.
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Resume

Le present memoire donne un court apercu sur les recherches sur la
stabilite aerodynamique des ponts suspendus, realisees dans la division
aerodynamique du National Physical Laboratory. Les essais executes
jusqu'ä present l'ont 6te sur des elements de modeles; des travaux sont en cours
pour realiser des essais sur des modeles entiers d'une longueur maximum
de 00 pieds dans un tunnel aerodynamique ad hoc. Ce memoire donne les
resultats obtenus sur des elements de modeles et qui ont permis d'eiablir
des details de construction donnant une stabilite plus favorable.

Zusammenfassung

Die vorliegende Arbeil gibt einen kurzen Ueberblick über eine
Untersuchung bezüglich der aerodynamischen Stabilität der Hängebrücken, die in
der Aerodynamischen Abteilung des National Physical Laboratory
durchgeführt wurde. Bis jetzt wurden die experimentellen Untersuchungen auf
Versuche an Teilmodellen beschränkt, doch sind die Vorbereitungen für
Versuche an vollständigen Modellen bis zu einer Länge von 60 Fuss in einem
speziell für diesen Zweck gebauten Windkanal demnächst beendet. Es wer-
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den die bis jetzt erhaltenen Ergebnisse an Teilmodellen angegeben und die
zur Erlangung grösserer Stabilität günstigen Konstruklionsdetails
beschrieben.

Summary

The paper presents a brief review of an investigalion on the aerodynamic

stability of Suspension bridges which is being carried oul in the Aero-
dynamics Division of the National Physical Laboratory. Experiments have
so far been confined to tests of sectional modeis but preparations are nearly
complete for testing füll modeis of lengths up to 60 feet in a large wind tunnel

specially constructed for the purpose. The results so far oblained in
sectional model tests are discussed, and design features favourable to the pro-
motion of stability are indicated.
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IIIc

Quelques details sui le montage des ponts en aic metalliques

Einige Angaben über die Montage stählerner Bogenbrücken

Some details about the erection of steel arch bridges

PROF. IR. A. ROGGEVEEN
Wassenaar (Hollande)

A stiffened flexible arch bridge with the arch above Ihe stiffening
girder can be erecled in very much the same way as an ordinary beam
bridge, i. e. on a large number of jacks, either hydraulic or screw jacks,
resting on a centering under the entire length of the bridge. On these
supports the sliffening girder and the system of floorbeams are laid out
and by jacking the designed camber is oblained.

On lop of the stiffening girders the hangers are erected and on these
Ihe arches. By means of Ihe jacks care is taken that throughout these
Operations the right camber, computed for the unstressed condition, is
maintained.

Thereupon the holes for the fieldrivels may be reamed in the arches
and in the sliffening girders afler which the rivets can be driven and when
this has been done the bridge is gradually jacked down until it carries its
own weight.

For this type of erection a large number of supports has to be placed
in the river or whatever the bridge has to cross. In the case of a navigable
stream, this may entail closing Ihe fairway to traffic or building over at least
part of it an erection-bridge, on the top of which the permanent bridge can
be built.

In such an instance a stiffened flexible arch bridge may have advan-
tages, as Ihis type of bridge can be made to work as its own erection bridge,
thus avoiding the need for a separate one. By doing so there is an added
advantage, as by concentrating the erection supports at a few points the
total cost of supports is usually considerably less, due lo the fact that it is
far easier to obtain sufficient stiffness for one large support than for a

number of supports which, together, are supposed to carry the same load
as the large one.
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