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VIII 3

The Distribution of Pressure Under a Uniformly Loaded
Elastic Strip Resting on Elastic-Isotropic Ground.

Druckverteilung unter einem gleichmäßig belasteten,
elastischen Plattenstreifen, welcher auf der Oberfläche

des elastisch^isotropen Halbraumes liegt.

Repartition des pressions sous une semelle elastique chargee
uniformement et placee sur un sol elastique isotrope.

H. Borowicka,
Assistent an der Technischen Hochschule, Wien.

In calculating the distribution of pressure under an elastic slab we are com-
pelled to make certain assumptions both regarding the slab and regarding the
foundation below. The simplest assumption to make (known as Winkler's
hypothesis) is that the settlememt is proportional to the pressure, which enables all
the mathematical questions to be treated in a simple way. This hypothesis,
however, is criticised particularly by soil physicists, since it implies that the
amount of settlement is independent of the loaded area, and that a load can be
the cause of settlement only underneath the loaded area. This criticism has given
rise to the necessity of investigating the distribution of pressure under an elastic
slab placed on the surface of an elastic isotropic body. Even though such a
condition (associated with the name of Boussinesq) can represent the properties of
the natural ground only to a limited extent, it nevertheless leads to results which
are unobjectionable both from a physical and qualitative point of view. The
treatment of the problem by means of finite functions gives rise to extremely
complicated problems, which admit of Solution only in the relatively simplest
cases, and recourse must therefore be had to the development of series.

In the present work only the distribution of pressure underneath a uniformly
loaded elastic strip of a slab will be determined, the latter being assumed to rest
on the surface of an elastic isotropic body, and it must further be assumed that
no frictional forces exist between the slab and the foundation. The corresponding
work in relation to a circular slab was presented by the author before the
Conference on Soil Mechanics at Cambridge.

Let Ep be the modulus of elasticity of the slab.

Eb the modulus of elasticity of the elastic isotropic body.

mp Poisson's constant for the slab.

mß Poisson's constant for the ground below.
a the half width of the strip.
h the thickness of the slab.
N the resistance of the slab to bending.
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If co denotes the deformation suffered by the surface of the ground measured
in a vertical direction, then within the limit x < a (Fig. 1) co must correspond to

the deflection of the bent slab, and the following
relationships must be satisfied at the upper surface of the
elastic isotropic ground:
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x < a öz p (x) AAco
N [p-pW]

(1)

In the theory of slabs the differential öquation

AAco
N~ [P-P(x)l

is usually designated as the slab equation. Laplace's
Operator applied twice to co gives rise in this case

d4co
t0 jTT-dx4

Next the deflection of the slab is to be considered. The Solution of the
d4co

homogeneous differential equation -=—£-•== 0 may be written like that for a beam

co^Co + C^)2 (2)

The particular integral in the non-homogeneous differential equation is taken
to be a series of powers with unknown coefficients

OO I Y i.

2A21
1 2 \a,co2= 2-A2i^J (3)

The unknown function p (x) is likewise represented by an exponential series

Oo /x\2n
P(x)= IB2n - (4)

n 0 \ d/
The slab equation enables the relationship between the coefficients A2i and A2n

to be determined from the equation of coefficients

a*

Al=24N(p-Bo)
^211 + 4

2n!
B2n

N (2n + 4)! 2I

The deflection of the slab then takes the following form

co r 4-r (xV.4-PaVxY a4 2n! r (x\*a

Since no fixing moment operates at the point x a it follows that

+ 4

cPco

dx2/,=
and from this condition we obtain

a p a4 _a^ »
4N ' 2Nnto(*->n + :4(*-,n+ l)

B211
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In Equation (6) the deflection co is given as a function of x or of the unknown
coefficient A2n. As already explained, within the limit x < a it also corresponds
lo the elastic deformation of the upper surface of the ground. If the variables
are represented by £ and £ (Fig. 2) we obtain for the point x:

TT

m— a J*—. a —»

dco 2 liL*® m*B— 1

m2B • EBrd^d?

m2BEB

m2B —1
M

dco =-|t pfödS f.. ^

F.g2
=Ap(öd^(ln[z+^-x)2+z2]-ln|li-X|)

Taking z—»- oo, infinitely great values are obtained for co thus determining the
differences from co0 corresponding to the deflection at the oentre of the slab.

dco0 — dto^^jPfödS jln

z+r&FTz2"

¦+¦¦>+.¦ +ln|5_x|_ln|6||

lim In —

Z+ 00 Z

z + V (5 — x)» + z2

1 + + 1

lim In In 1 0

We then obtain

COo

+ K(S;-x)2 + z2 .+ 00
1 I l^~X)2! 1

n
^ a x a v

- co ^ |/p (5) In (5 - x) dS; +J*p In (x- 5) d* - 2/p (5) In 5 d^J

On completing the integration by substituting p (£) 2] B211I—) according
n=o \a/

to Equation (4), and by substituting the resulting logarithmic function by the
corresponding exponential series we obtain

4 oo a
COo - to -T7 2 B2n;jrMn^o 2n+l (8)

f/x\2n oo 1 /x\2r _» W^\2r_ Ä 1 /^\2rl
l\a/ r^i2r — 1 Va/ ~r^i2rla/ r i2n — 2r + 1 la/ 1

Equation (8) can still be somewhat transformed by altering the signs as follows:

_4a f « 1 0 B2n /x\2n+2r & Wx\2r Ä B2n

¦jiMlr^i2r — ln o2n + lla/ r~i2rla/ n o2n + l

_ y W' B2n 1 (9)

r=ila/ nSo(2n — 2r+l)(2n + l)J

COo CO
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Now Equation (6) gives for x 0, co0 C„ and we have

n (x\2 pa4 /x\4 oo a4 2n! _ /x\2n + 4

,^.Wü - co - C2 \-J - -^ [-) + J^^-^ B2n y (10)

The condition for equilibrium is

1 00 (* /X\211 00 ßor,
P= 2 [B2n - dx=" 2 -9-2-^- (11)

an oy Va/ n o2n-hl
Equations (9) and (10) must be identical, and this condition is fulfilled when

the coefficients are made equal to every power of — j in them. In this way an
a

infinite number of equations is obtained, containing an infinitely large number
of unknowns B2n. If, for instance, the m-th equation is to be written down, all

/x\2m
terms containing the exponent —1 must be picked out, and in Equation (10)

2n L 4 2 m or n m — 2 must then be inserted, whereupon the coefficient
m-1 ß

becomes Y — ^t-j^—"—~ .{-In the second and third bracketed terms
n=0 (2n + l)(2m — 2n — 1)

/x\2m
of Equations (9) we may then insert r m giving, as the coefficient of (—)

the expression —— 2 ö—""— ~ ^r~ (according to Equation 11) and
2 m n — o 2n -f 1 2m

» %n_
„f'm (2n — 2m+l)(2n+l)'
Writing

K== 2N_ J_m«B ^m^ Ep/h\«
Ma3 6 m*P — 1 m2B E„\a/ { *>

and substituting for C2 from Equation (7), we obtain

p =1 "¦¦
n o2n+l

_£_ P_**]L « 5^? lJL y B2n

2' 8K nto(2n + l) (1—2n) ' 4Knto(2n + 2)(2n + l)
_P___PJL_= g? B2n jtB^ \ (13)

4 48K nt0(2n+l)(3 —2n) 48K

P _ « B2n ji (2 m —4)!
2m nt0(2n + l)(2m-l—2n) 2m-"2K 2m!

It will easily be seen that Equations (13) are satisfied by putting

B2n=— * ' 4—~ for K=oo. These, however, are the coefficients of
ji 2 4. .2 n

the exponential series of the function

p(x) -,A4—^ O4)
n Ka2 x2
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For K 0 we have B0 p and all the remaining coefficients become equal to
zero. The uniform load is then standing directly on the elastic isotropic ground.

Equation (13) has been worked out for the condition K —, K=^-— and K —

with p 1 kg/cm2, and the results are represented in Fig. 3. In the limit the
stresses corresponding to degrees of stiffness different from zero become infinite,
and the correctness of this result can be visualised in the following way: — In
an infinitely stiff slab the ''bending surface" is a plane, and the line of
deformation of the surface of the ground will therefore turn a sharp corner at the

edge. If, now, the slabs is given a finite degree of stiffness this corner will

itüi§<>?

Jl!^<$

Kg/cm2

Druckverteilung unter einem elastischen Plattenstreifen
welcher eine Gleichtest von Jkg/cm2 tragt
Repartition de ta pression au-dessous dune plaque
elastique qui supporte une charge umforme de fkg/cm2

Distribution ofpressure under an elastic stnp carrying
an uniform super load of lkg/cm2

6 ml-t m2B £b '*/

Fig. 3.
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Fig. 4.

become less sharp, but it will still be present, and to correspond with this
condition the pressure on the ground at the side will still become infinite, though it
will increase more slowly. If the slab is loaded not with 1 kg/cm2 but with
p kg/cm2 the ordinates of the curves shown in Fig. 3 must be multiplied by p.
The working out of Equation (13) is somewhat laborious, as a large number of
such equations have to be solved. In Fig. 4 the value of the pressure at the centre
of the slab both for strips and for a circular slab is represented in relation
to K. Here again the curve corresponds to a loading of 1 kg/cm2. The curve for
the circular slab and for the strip of slab are calculated for a Poisson's ratio
of m 4.

Boussinesq shows in his "Application des potentiels" (Paris, 1885) that a
distribution of pressures below an absolutely stiff circular slab may be calculated in
the following way: — assume that the load on the slab is uniformly distributed
over a hemisphere having its circular base coincident with the circumference of
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the slab: then the projection of the load so distributed over the surface of the

ground gives the desired distribution of stresses. The author was encouraged
by 0. K. Fröhlich to examine these questions and recommended that Boussinesq's
construction should be adapted to the case of a strip of slab and used as a
control for the limiting case of the calculation of an elastic strip of slab.
As ma) be seen from Equation (14) the distributions of stress for the stiff
strip of slab are in fact confirmed for the case in question by the use of
Boussinesq's method.
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