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VIII 1
The Stresses Imposed on a Structure by a Yielding Subsoil.

Beanspruchung eines Bauwerkes auf einem
nachgiebigen Untergrunde.

Sollicitations dans un ouvrage reposant sur un sol compressible.

Professor Dr. Ing. F. Kogler T,

ord. Professor an der Bergakademie, Freiberg/Sa.

The considerations which follow below are based on the assumption of a sub-
soil which, when loaded, does not spread or escape laterally, but is compressed.

I. The use of a “load bundle”.

If the structure possessed no bending resistance at all but was completely
loose and moveable — mrade up as it were of disconnected pieces — each
part of it would sink in exact proportion to the amount that the subsoil
was compressed under load. Such compression would occur without any
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Fig. 1.

stiffness being effective. We will apply the term “load bundle” to this mode
of loading of the ground by a loose structure of the kind described or by a
number of unconnected units.

In such a case the distribution of pressure over the ground has no reference
to stiffness of the structures, but will normally occur as illustrated in Fig. 1.
At any given depth in a soft compressible stratum, there will occur pressures
as represented, that is to say in the middle there will be the heaviest pressure pu,;
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under the ends of the structure the pressure p. and at the sides the smaller
pressures p,. The distribution of pressure may be determined by the usual
formulae, or alternatively Steinbrenner’s diagram.
The compression of the soft stratum also will be in accordance with the
change of pressures from p. to p. and p, over the surface.
The structure must sink in a way which corresponds with the compression
suffered by the soft layer; the sinking will be greater at the middle, as z., and
. less and the two ends, as z, (Fig.2).
- No account will be taken here of
, | any equalising effect due to a pres-
Ly ’ suZedintribugng layer abovep the
soft layer, such as might cause
- - I a certain reduction in z, and an
\/ increase in z,.
Fig. 2. The difference between the sin-
king z, at the middle and the
sinking z, at the two ends of the structure represents the amount of bending
undergone by the structure made up of separate unconnected pieces, and the
latter must follow the sinking without being able to offer any resistance to
it since, by hypothedis, there is no stiffness at all. The amount of bending
suffered by the structure is therefore given by

S =1Im — 2 (1a)

II. Stiff structure.

If, however, the structure possesses stiffness it will not participate fully in this
bending action, but will exert a certain resistance against it, depending on the
degree of stiffness. As a result the middle of the structure will not sink so far,
or, in other words, the ground below the middle will not settle down to the full
extent z,, but only to an extent measured by z, — Az,. Consequently the struc-
ture itself will carry a portion Ap, of the pressure pn, in virtue of its bending
resistance, and the ground will be correspondingly relieved of load to an extent
Apun. The structure will be able to carry the amount of load Apn, only by bearing
upon the ground at its two ends, like a beam upon two supports; hence these
will be loaded to an extent Ap, in addition to their existing loads p,. At the end,
therefore, the soft stratum will suffer a greater amount of compression than z,,
amounting, for instance, to z, + Az,.

There will still be a greater depression of the middle of the structure than at
its two ends, but the difference — that is to say, the deflection of the structure -—
is no longer as great as in the case of the “load bundle” now amounting only to

8§ = Zm — AZn — (2. + Az,) ' (1b)
= (Zm — 2.) — (Azm + Az,)

This reduction in the deflection is brought about by the stiffness of the
structure, by virtue of which the load Ap, is picked up at the middle and is
transferred to the two ends after the manner of a beam resting on two supports,
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which thus impose an additional load Ap, on the foundation. The loading of the
structure is represented in Fig. 3.

As regards the distribution of the load Ap. and the reactions of the supports
Ap, it may, of course, be necessary to make certain assumptions, and this applies
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also to their relative magnitudes. The assumption represented in Fig. 4 has been
found suitable; namely a panabolic distribution of the pressure with the outer
quarters of the length of the structure L acting as supports, and the central half
of the length carrying load. Since the sum of the supporting pressures Ap, must
be equal to the sum of the load pressures Ap, we obtain, on this assumption:

_2_. 1_ —¢ L2/, .1
3 Apm 9 L=2(Apa-?%s-'sL)
Apa = Ap. = Ap. (2)

and the span of the beam considered as loaded and carried on two supports will
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III. Load borne by the structure.

To determine the magnitude of Ap reference may be made to the consideration
that the deflection of the beams loaded as in Fig. 4 admits of calculation in the
two following ways:

1) As the deflection of a beam carried on two supports in accordance with the
usual formulae of the strength of materials (Value f;; see IV.)
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2) As the difference in the amount of compression undergone by the sub-
stratum, v
a) under the middle of the structure as a result of the pressure p.,,— Ap and
b) under the ends of the structure as a result of the loading p, - Ap
calculated according to the rule for compression of the foundation. (Value s;
see V.) The respective values f; and s must be equal to one another.

IV. Calculation of the deflection of the beam (according to III, 1).

The beam 1s loaded and supported as represented in Fig. 4. Instead of assuming
that it is supported by a reaction pressure Ap, uniformly distributed over the two
lengths 1/, L let us assume simply that it is resisted by isolated reactions A and B.
The span will then be 1 =3/, L. and the loaded length will be 1/, L =2/, 1. It
will be correct to calculate the deflection at the middle of the beam in the
whole length L by comparison with the parts projecting over its two ends.

a) Deflection of the beam of span L.

Since the treatment is based entirely on assumptions there will be no object in
making a laborious and accurate calculation. The loading assumed here in accor-
dance with Fig. 5 may be regarded as a compromise between an isolated load as
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in Fig. 6a, and a triangular loading as in Fig. 6¢c. It may therefore be
assumed that

Bending moment M:% (3)
P13
: _ 4
Deflection f_f)‘f)EJ (4)
whence
P=2/;.Ap-2/3l-t=4/pAp-1-t
4 . . .
M___:(/B Ag 1-t)1 :4/45-Ap-12-t:-2—]i—)-Ap-L2-t (5)
__He-Ap-let-P 4 1.t Ap-1it
B S 73 ) BT Sl ) B TV o1 ®)

Here t represents the depth of the loading and of the supporting portion of the
structure, measured at right angles to the plane of the drawing.
I is the moment of inertia of the supporting strip of the structure of this depth.
E is the modulus of elasticity of the material used in the structure.
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b) Deflection of the beam in the length L.

For the purpose of consideration in accordance with III, use is made of the
difference in deflection between the middle and the two ends of the structure, or
in other words the deflec-

Bauwerk
tion of the beam over the e R Y e ——
length L. This may be obtained Srruchure
from the foregoing as shown et tm P rue L
in Fig. 7, by reference to the i “on

following consideration. The f N /‘( éf
deflection f) appears as a move- j \iuﬂm T
N

ment of the free ends of the . 7
beam of span L over its sup- Biegeinie - line dlootiue N ’f,/
ports. It may be assumed that deflectin line w4
the line of bending under 1 Fig. 7.
1s a parabola as in Fig. 7 9 {1
and the slope of the tangents thereto will be given by tan o = T
Moreover
_ L—1 _L—1 2f1__ L—]
Af._—~2——-tga 5 1 2f1-—l—
L—1 £
2L —1 L
=f. i =f1(2T—-l).
and putting 1 =3/, L we obtain
f—gf 5 Ap-l*t 5 Aplt-t
"B 3 124EJ~ 372 EJ
_ 5 Ap-Lt-t o ApLt
f, = 379 EJ « (®/s)* = 0.00426 —=— 7 (7

V. Compression undergone by the soft stratum in consequence of
the pressures imposed on it by the structure (according to III, 2).

According to Fig. 1 the soft stratum suffers compression which, taking account
of the distribution of pressures, amounts to p. under the middle of the structure
and p, under its ends, when the loading of the ground under the base of the
structure is p. According to Fig. 4, as a result of the stiffness of the structure
the loading underneath it is reduced by an amount Ap, at the centre
and increased by an amount Ap, at the ends, from which Equation (2) gave
Apm = A p. = Ap.

This change in the pressure on the ground underneath the structure further
entails a change of pressure on the soft stratum in the subsoil, and it is assumed
that these changes are similar in character. This assumption serves to express:

1) The distribution of pressure lengthways along the structure as 1ndlcated in

Fig. 1, and, at the same time.
2) The distribution of pressure in depth, vertically to the plane of the drawing
in Fig. 1.
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In other words the distribution of pressure through the distributing layer is
such that the base pressure p under the structure changes to p. and p, as far
as the compressible layer, in accordance with Fig. 1.

The true changes in pressure within the depth of the soft layer will, there-
fore, be: :

In the middle: Apg -2 at the ends: Ap,- 22

P
Pm Pa
:A - S =A - =—
P p P P

and the corresponding pressure on the soft layer will be:

In the midde: pm—Ap-pP%'[1 at the ends: p,+ Ap- I;:

Referring to Fig. 3, the compression undergone by the soft layer of depth h
will amount to

. . . Pm) . i ) ( Pa> L
In the middle: (pm Ap p) Ka at the ends: {pa + Ap- o) X,
Here h denotes the depth magnitude, thickness of the soft layer, while K., and K,
represent the density figures for the ground in the soft layer below the middle
of the structure and at its two ends respectively, in accordance with the extent
of the compressed zone (to be taken from the pressure diagram for the soil in
question). The difference between these two compressions corresponds to the
deflection undergone by the structure:

m| h a) h
s_(pm——-Ap pp)K;—(pa-l-Ap-P—)-E. (8)

VI. Determination of Ap.

According to II1 we have f;, =s or

— Ap.Dm L_( .&)_h__ Ap- Lt
(pm Ap- P>Km Pa+Ap . Ka__0.00426 T
whenee it follows that
- 3)
Ap= Ko R 9
0.00426 - Ii: ( p“)
oK. T K,

Since in most cases Kn = K, = K we may simplify this as follows:

- (pm—pa)
ap= ek
000426 - 7+ = : Pa, Pa

: Pm
K 000426 g4
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VII. Results.'

The share of load Ap carried by the structure and the resulting bending
stresses set up in the latter are governed by:

1) The difference between the pressures in pn, — p, (Fig. 1) on the soft
laver in the subsoil .The share of load Ap increases in proportion to the
difference.

2) The length L of the structure. The share of load Ap falls off very rapidly
as L increases, and for very large values of L we have Ap = 0.

3) The depth h of the soft layer, in accordance with which the share of load
Ap is increased.

4) The density figure K of the soft layer; the share of load Ap decreases as
this value increases.

5) The stiffness EJ of the structure: the share of load Ap increases with this
function, for a totally slack (limp) structure would carry no load Ap and
consequently would have no bending stresses. A stiff structure would carry
a greater load, as a result of the ground being compressible, than a less
stiff structure.

6) This last statement does not imply that the bending stresses in the stiffer
structure will necessarily be greater than in the loose structure. The follo-
wing numerical examples will indicate a contrary result.

VIIL. Numerical example.

Assume a reinforced concrete container, as in Fig. 8, measuring 24 m
long X 12m wide and 4 m deep, with a base pressure of p = 4.5 tons per m2, or

soft clay

)
4m
// | I\\ T festerLehm
J/ | | \ 3m  limon compact
/ | z-5m l N l s oy
/ : l \\
// I I *\ weicher Ton
/ | | hedm _argile molie

Z ) |
0,18 ot 036 at
Qf8at

0.45 atmospheres. Assume that the ground consists of 3 m of hard clay and
below this 4 m of soft clay having a stiffness figure of K = 60 kg/cm?2 within the
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region of increased pressure. Calculating the distribution of pressure by Stein-
brenner’s method we have:

a A )
=% 6
or = 0.18 at,

OM = 0.36 at.

The base of the container is stiffened by ribs at 3 m centres dimensioned as
i Fig. 9. Considering a strip of t = 1 m width

2 o running along the longitudinal axis of the con-
: 'f "[' tainer, we may write
150 00 J =152 . 106 cm4,
. L F, = 84.3 cm2;
,e'. _______ -
3 = i - W, = 2.37 - 105 cm3, W, — 1.78 — 105 em3;
Fig. 9. E =15-105 at

and we obtain the following relation for the loading from Equation (10).

Ap— 0.36 — 0.18
- 2400% - 100 - 60 0.36 +0.18
000426 - 1 =765 15.2. 10°. 200 T 0.4
018 018

— — — 2
= 093412 —213 = 0.085 atm = 0.85 t/m®.

Aceording to Equation (5) the stresses in the ribs can be worked out as follows:

—1 . 085.9242.1=
M= 5 0.85-24* - 1 = 24.5mt

245 . 10° 24.5 . 10°

e A 2 — Jaed * IV 2
cb—2.37 0% 10.3 kglcm?, Ge = 1D 178 10 206 kg/cm

From Equation (7) the deflection of the container over its whole length
(L = 24 m) is
4.26-8.5-3.318-10%.10° 10"

b= {0710 15.10°. 2. 10° — 10©

- 5.27 = 0.53 cm.

The settlement of the soft layer, corresponding to the depression of the centre
of the beam according to Equation (8) is then

O.36> 400 .
(0.36 —0.085 - 045) 60 — (0.36 — 0.0680) - 6.67 = 1.95 cm.
and the depression at the end of the beam is

0.18) 400 .
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IX. Effect of stiffness of the structure.

831

In order to obtain an idea of the effect of stiffness of the structure, the follo-
wing considerations will be added to the numerical examples given under VIII.
Let it be assumed that the moment of inertia of the stiffening ribs, and therefore
their resisting moment, is a) twice as great, and b) half as great as before. Under
these assumptions the depth of the beam will therefore remain unaltered.

Case a).
018  0.18

AP= 0546112 — 1.66

Stresses in the ribs
1

—_ . 2. — .
M= 20 1.08:24*.1=31.1mt
_311-10° . B .
Cp — m—.l—m = 6.56 kg/cm y Ce — 131 kg/cm .

The deflection of the container will amount to f; = 0.334 cm.

Case b). 018 018

AP= 18612 306

Stresses in the ribs

P ] 2 —_
M= 20 06-24°-1=17.28 mt
173105 . B .
Op — mw = 14.5 kg/cm s Ce — 290 kg/cm o

The deflection of the container will amount to f; = 0.743 cm.

= 0.06 atm — 0.6 t/m?2.

= 0.108 atm =— 1.08 t/m®.

Stresses
Stiffness Ap s s Deflection
of structure t/m?3 . b , @ of structure
in concrete in steel
tal 0.60 14.5 kg/cm? 290 kg/cm® 0.74 cm
J 0.85 10.3 206 053 ,
2] 1.08 6.6 131, 033 ,

The effect of increasing the stiffness of the beam is to reduce the bending stresses

therein, the depth remaining the same.

X. The most effective depth and stiffness for a structure.

Another point of interest is the effect of a varying depth of beam on the
magnitude of the stresses. For this purpose we will simply assume a rectangular

H

cross-section of beam as shown in Fig.10 with W=1/,tH2, J =1/, tH3 = 3 - W,
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From Equations (5) and (10) we then obtain

r.t' M:%oAp.I}t
¥ Fig. 10. — 1 1. Pm— P
20 GL4't'K+Pm+Pa
EJ-h P

and the bending stress is simply

s=M_L't Pn—Pe
T W 20W o(.L‘*-t-K_*_pm+pa
EJ-h P
. ep . ’ " Pm + Pa .
and on simplifying by p’ = pm — p. and p” = 5 using the above

values for J and W we obtain

o 3L?.p-E.-h-H
~120a-L*.K+10p" -H*-E-h'

With the further simplifications

B=3L2.p-E-h, y=120a-Lt.K, 5=10p”-E-h

we obtain
__pH
T y+0-HS

and the maximum value of bending stress o is found by putting —((ii_}GI = 0 as follows:
3
ba-L*-K
H=) s (1)

It thus appears as a peculiar fact that there exists a least favourable depth

of beam H which gives rise to a maximum value of the stress o. For the
numerical example

f=23.242.106.0.18-1.5-105-4-10% = 18.65 - 1013 kg2 cm™!
vy=12.102.4.26-103.244.1012.6 - 10 = 10.16 - 1014 kg cm?
5=10-12-15-105.4-102 = 7.2 - 108 kg cm™?

1 __]/2556- 10~*-83.17- 10" - 6. 10
= 12-15-10°-4- 10°

o 1865-10%-H  _ 1865-H
T 10.16-10%+17.2- 10%H° _ 10.16 + 7.2 B’

=%/706~ 108 =89 cm = 0.9 m.

when H is inserted in metres.
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The calculation for different numerical values of H gives

H=03 05 0.7 08 09 1.0 1.1 13 15 m
¢ =551 843 1033 10.75 10.90 10.85 10.38 9.32 8.13 kg/cm?2.

If the depth of the beam is less than the least favourable value H = 0.9 m,
then the stresses in the beam will be smaller, because the beam being less rigid
possesses less bending resistance, and is able to adapt itself better to depressions:
in the ground.

Hohe des Tragers
- Hauteur de la poutre

Fig. 11.
I
" hgfem?
Grisse der Spannung
Grandeur de I3 conlrainfe
Slress

If the depth of the beam is in excess of the value H = 0.9 m then, also, the
bending stresses in the beam will be smaller, because although the beam is stiffer
and can take up a larger share of the load, its resisting moment increases with
the square of the depth, and it is thereby enabled to withstand more easily the
bending moments from the heavier loading.

There follows from this a most important rule that when building on yielding
or compressible ground, either the structure should be so arranged that it can
easily follow the deflections (by making the structure loose and arranging it
in independent parts separated by gaps etc.) or, on the other hand, the structure
should be made so stiff and resistant to bending that it can withstand all the
bending stresses. In this instance the middle way is an evil, for it leads to the
maximum stresses in the structure.

53



	The stresses imposed on a structure by a yielding subsoil

