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Yield Limits and Characteristic Deflection Lines.

Ueber Fließgrenzen und Biegekennlinien.

Sur les limites d'ecoulement et les diagrammes de flexion.

Dr. Ing. F. Rinagl,
Professor an der Technischen Hochschule Wien.

I. Introduction.

The object of this paper is to throw some light on the fundamental question
of the first appearance of yielding in extreme fibres when the distribution of stressen
is not uniform, such as in the case of bending, torsion, a perforated or notched
member, etc.

Tests carried out by various research workers between 1923 and 1935 (3 — 14)

gave reason for doubting the accuracy of the old yield theories, for substantially
higher yield limits were obtained throughout, for unevenly distributed stressing,
than tensile tests with the same material had led to expect. We shall assume that
the results of these investigations are known. The attempts of the various seien-

tists to clear up the questions involved have not as yet produced any entirely
satisfactory Solution.

The tests which we shall now proeeed to describe, carried out by the author
at the Testing House of the Vienna Institute of Technology1, 2, together with the
ideas to which they gave rise and the conclusions drawn from them, would seem

to bring us a fair step nearer the clarification of the problem.

77. Brief comments on the theoretical impossibility of increasing yield limit to any
great extent by preuenting deformation. #

The height of the yield limit, the diagram of the yield lines and the extent of
the yield zone is not, in the case of steel of definite composition, even approximately
a fixed value as, for instance, the modulus of elasticity. It is, in fact, dependent.
on various circumstances. We only have exaet knowledge of a few influences, such

as the effect of cold working, for which we can make direct forecasts. Other
influences, e. g. hot treatment, ageing, etc., can often become so complicated by
the process of manufacture, etc., that we must first carry out preliminary tests
before we can be sure of obtaining definite values.

Hitherto it has been quite impossible to find any uniform ruling for the
appearance of the so-called upper yield limit with decrease in loading. Even when the
test material used in the various tensile tests was practically identical as regards
its method of manufacture and the utmost care was taken during the tests them-
selves, the results are always so varied owing to unknown influences that it is.
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often stated that the upper yield limit is not a property of the material at all, but
sets in hap-hazard16 and suddenly at higher or lower states of stressing, just like
retarded boiling when a liquid is heated.7

The increase in yield limit discovered by various scientists1*-14 for unevenly
distributed stresses, has frequently been explained by prevented deforma-
tion8, 10, 13, 14. In my opinion the effect of restraint of deformation for unequal
stress distribution in perforated or notched bars (set up under certain circum-
stances even in the elastic ränge) is but very slight. It is only after the yield limit
has been passed that any great coercive stresses can develop which restrain fur-
ther deformation accordingly. It is not, however, permissible to draw a conclusion
relative to initial yield conditions from the plastic State or even from rupture18, 19,

for which reason the tensile tests made by Ludwik and Scheu11 with the elongation
lines of variously notched bars, cannot be cited as a proof of that the yield point
has been raised32» 33 — a statement which the author does not make. As regards
duo-axial stressing conditions there are numerous test results available18, 19. Tests
carried out with tri-axial tensile stressing will shortly be completed by the author.
In the case of pure bending stressing, however, there exists an absolutely ideal
state of uni-axial stressing, and practically speaking deformation restraint due to
the State of stressing is theoretically impossible. We shall see in due course that
it is only after the yield limit has been passed, in the elastic-plastic state, that the
various forms of cross section exert their respective influences.

NakanishF, Prager*0, and others assert that yielding only sets in when the bending

moment of the entirely plastic state has been attained. In other words, they
generalise in an inadmissible manner the phenomenon of abrupt yielding almost
to the neutral axis which takes place under bending in steel with high upper yield
limit and correspondingly shaped cross sections.

Kuntze's theory11, whereby yielding in the extreme fibres is supposed to set in
only when the tensile yield limit has been attained in a certain layer — the so-
called centre of resistance — in the interior of the beam, cannot be accepted either.
The "centre of resistance" is a purely geometrical allusion and has no physical
significance. The approximate coincidence with the results of Thum's tests8 is

only incidental and vanishes as soon as the tests are properly interpreted.

///. The author's tests with large eye bars.

The Suspension chains of the new "Reichsbrücke" over the Danube in Vienna20,21
are each composed of 25 elements with 11 or 12 eye bars about 10 m long and back

stays, the whole having a weight of about 3500 tons. The eye bars are composed
of strips of St 55 plate, 24 mm thick and about 1200 mm wide, with welded-on

stiffening plates at the eyes. Tests were made on the Vienna Institute of Tech-

nology's 250 ton tensile testing machine with scale pieces 1:3 of the natural size,

with the main object of ascertaining the most practical method of connecting the
stiffening plates to the central plate. It was owing to the assistance granted by the
Austrian Ministry for Trade and Transport, who made it possible to acquire the

necessary instruments, that these test pieces could be used for scientific research.

It was decided to take advantage of this rare opportunity of testing such large

eye bars, by making exact measurements with a view to producing proof that
the frequently maintained theory of the raised yield point was in fact a fallacy.
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Bieretft, too, had declared himself ready to undertake the task of disproving the
results of Eiselirfs* experiments. On the strenght of the measurement results ob-

tained, however, he had to confirm them, without being able to give a theoretical
explanation for doing so. Contrary to Bieretfs Statements, it was possible, by means
of suitable test procedure, to take measurements on both sides of the test piece.
Unfortunately, the central plate at the eye was not accessible for measurement,
so that there was nevertheless a certain degree of uncertainty as to the distribution
of forces acting on the central plate and the two stiffening plates, since the stiffen-
ing plates naturally "gave" more owing to rivet deformation.

In consequence of the intricate distribution of forces in eye bars, it was necessary
to take successive measurements at many places in at least three directions. There

being no room, however, to place tensometers at all these points simultaneously,
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the measurements have to be taken one after another and the tensometers transferred

a number of times. Small permanent elongations due to increasing load,
set up at places where there is no tensometer, might be overlooked during this
procedure. For this reason the elongations were measured at important points a

comparator microscope, only small measuring lengths being taken on account
of the locally varying stressing conditions.

Although permanent deformations were observed at critical places at a much
earlier stage than Bierett observed them, the apparent raising of the yield limit
still amounted to over 100%. Formerly it was always assumed22' 23 that at the
place where the wall of the hole was subjected to the highest stressing, an equalisa-
tion of stresses was set up by yielding at the tensile yield limit. If, however, these

plastic elongations are'cancelled again by the elastic forces of the eye bar when

unloading ensues, then we have no possibility of distinguishing whether the elonga-
tion peaks at these places are real or only apparent.

In order to study these conditions more exactly for a case of clear distribution
of stresses, I had a special-shaped bar for bending tests constructed, in which
apparently elastic deformations were bound to occur in a particularly perceptible
manner. This bar (cf. Fig. 2), whose cross section consisted of a broad rectangle
with a light rib placed in the bending plane, was worked up from a round bar of
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mild steel, ground and then highly polished so that the yield line patterns could
be clearly observed. The loading of the bar was effected with two point loads
symmetrical to the centre, and the elongation measurement was taken at the centre
part, where the moment remains unchanged. The bar was kept under loading
until the elongation measured at the extreme edge of the rib was considerably
greater than the elastic elongation at the yield point for the tensile test. In other
words, until it was certain that the yield point had been passed in the rib. The
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bar was now released from load. Owing to the elastic force of the broad rectangular
cross section, the deformation of the rib was brought back to such an extent that
the tensometer placed at its extreme fibre recorded practically no permanent
elongation. From the difference between the permanent elongation resulting from
a certain total elongation under bending, and the permanent elongation that would
have been set up in a tensile test, it is possible to deduce the remaining stresses

,(cf. Fig. 3ab).
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Fig. 3.

With small eye bars specially constructed for elongation measurements it was
possible to obtain striking proof that no raising whatever of the yield limit occurs.
The elongation and yield of highly stressed fibres takes place just as freely under
loading as in the case of what is called the uni-axial State of stressing. Deformation
restraint does not occur under loading; on the contrary, a coercive deformation
takes place on unloading because the most highly stressed fibres are again forced

together so strongly that they almost resume their original length and the theo-
retical deformations still remaining are so minute that they cannot be measured

with any degree of accuracy. When rectangular bars are subjected to pure bending,
• even in the elastic-plastic state it is possible to deduce the stresses from elongation
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or permanent bending measurements. As regards the eye bar, the conditions in
the elastic-plastic ränge are so unclear that no conclusions whatever can be drawn
from the customary elongation measurements in three directions. In fact, it cannot
even be ascertained whether the yield point has been passed at an individual place
or not.

Only drastic action, a radical Operation, could be of avail, and this was effected
as follows:

The height of the greatest stress peak in the safe elastic ränge was deduced by
exact measurements on an eye bar specially constructed for elongation measurements.

Then the loading was increased until it was certain that the yield limit
had been passed at the most higly stressed place. After unloading the measurement
marks previously notched at this place revealed no displacement with regard to each

other. The eye bar was now sawn through the crown and cheek sections until the
wall of the hole is almost reached, so that back-spring action was eliminated. The

place remaining under compressive stress after unloading could now expand freely,
a fact that could be definitely ascertained by the elongation of the distance between
the notches. It is thus indisputably proved that plastic deformations have really
taken place at the base of the notch.

Simple bars of various cross sections were also submitted to bending tests at the
same time as the eye bar. These we shall deal with later on. First of all, however,
let us again devote our attention to clarifying the theoretical relations in the
elastic-plastic ränge.

IV, Nomenclature.

For the deductions about to be made in the next section, we shall adopt the
following designations:

M variable bending moment
Ms bending moment for lower yield point (Ms ös • W) [cmkg]

M/Ms values of deflection curves (1)
Ho.2 M0 03 etc. 0.2 °/o of bending moment limit, etc.
Mso bending moment for upper yield point [cmkg]
Mt ultimate carrying capacity bending moment (moment of deformation

by bending)
M„ bending moment for exhausted yield

£ elongation (upsetting)
ea deformation of extreme fibres
et, permanent deformation of extreme fibres
es deformation of extreme fibres at lower yield limit, under bending,

tension or compression (1)
£„ deformation at end of yield ränge
nes yield ränge

<58 lower yield limit for bending, tension or compression (kg cm2)
öso upper yield limit for bending, tension or compression

<5o 2 etc. 0.2 o/o of elongation limit
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ratio value
ratio value

e c,/ea
k ö^/ö,

S static moment of half cross section in respect to neutral axis (cm3)
W modulus of section

For an elucidation of the designations applied compare the lines representing
elongations under tension (stress-strain diagram) in Fig. 4ab and the lines representing

moment-extreme fibre elongation in Fig. 5. For a purely elastic state of stressing

the bending moment M increases in the form of a straight line with the extreme
fibre elongation ea, until at the bending moment for lower yield point Ms the first
yield occurs in the extreme fibres at an extreme fibre elongation of ss if the material
only possesses a lower yield limit os (cf. Fig. 2 a). In the ränge of elastic-plastic

y.
\

a
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Fig. 4.

deformations the bending moment increases as shown in the equations to be
appended, when the yield stress os remains constant throughout the yield ränge
nes (Fig. 4a). The calculated moment-extreme fibre elongation line tend asym-
totically to approach a limit value Mr, whose magnitude is dependent on the shape
of cross section. In reality it only remains valid until the moment Mn is reached,.
when hardening occurs and the moment increases more rapidly. Respectively
with the magnitude of the admissible permanent deformations eb 0.2, 0.03 and
0.01%, various bending moment limits M0 2, M003 and M001 are obtained.

If the material possesses a pronounced upper yield limit (cf." Fig. 4b), the first
permanent deformation will only appear at the bending moment M50 for upper
yield point. The bending moment for lower yield point, Ms, calculated from the
lower yield point on the equation Ms osW, is in this case only of theoretical
significance. The path of the moment-extreme fibre elongation line is shown in
dashes and can be calculated for varying k öso/ös under certain circumstances.
The upper yield point, however, has no influence on the magnitude of M^, the
ultimate carrying capacity moment, as will be seen in due course. Figs. 7 and 8

are drawn without reference to the lower yield point a5, the ratios M/Ms and sjs^
being put in upwards and to the right respectively. The lines thus obtained are
briefly called "values of deflection curves" of the respective cross sections; for
examble, we say "the deflection curve for K=l -3" when an upper yield point
o<>n 1 • 3o, has been considered.
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V. Derivation of ideal deformation lines for pure bending (characteristic deflection lines],

For a material whose deformation line is identical for tensile and compressive
stressing, viz. purely elastic up to the yield point and purely plastic inside the

ränge of yield (cf. Fig. 7a), the deformation line under simple bending can be

determined with relative ease for some shapes of cross section when it is assumed

that for plastic deformation, too, the cross sections remain plane and at right
angles to the axis of the bar. For a beam of rectangular section, with a height
h and a breadth b, the plastic deformation under bending, for a yield limit as, would
be propagated from the exterior to within a distance z of the neutral axis (cf.

Biegemoment
Moment de flexion
Bendinq moment
Biegetragmoment
Moment de flexion supportable
Ulhmate canymg capaatv bendinq moment.
Biegemoment s.lnde d fliessbereiches"
Moment de flexion ä la fm de la
zone d'ecoulement
Bending moment for exhausted yield
oberes Biegefliessmoment
Moment de flexion ä la limite d'ecoulement
Bendingmomentfbrupperyield}point
0.2BiegegrenzmomenF
02 Moment //mite de flexion
02 Bending moment limil
Biegefliessmoment \

Moment äla limitedelasf/a/e'
Bending moment for loweryieldpoint

Mr

Y

M0.2

0 0.2 ts Randdehnungea: n% en
Altongernent de la fibre extreme ta; %
Elongation of the extreme fibre ta

Fig. 5.

Fig. 6), while the interior, with a height of 2z is still in a purely elastic state. If
ea denotes the repective specific elongation of the extreme fibres and e8 the
specific elongation when the yield limit o8 is reached, the following relation becomes
valid for the variable bending moment M:

„ /h \ / h\ b-4z2 /h2 z2\
M b.(--»).(« + T)a1+-g-cil b.öi^T —3-)

and on introducing z — • — we obtain
ea 2

M
bh2

12
ös (3 — 6s2/Ba2). Compare Fritsche 20).

To obtain the same comparison curves for materials of the same cross section but with
different yield limits, the ratio M/Msin Figs. 7, 8 was drawn upwards and the ratio
eajes to the right, M denoting the variable moment of bending and Ms the moment
during transition from the purely elastic to the elastic-plastic State. The following
relation is then obtained for the rectangular bar, whether it is laid flat or on edge:
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M
2 [-©]

representing a curve ot the third order of the formy a — ~ä with an asymptote

at a distance of y 1.5 and a tangent at origin following Hooke's straight line
law.

For a yield zone of es 5 e3 ~ 1% in mild steel), the ratio M/Ms already
approaches the limit 1.5 (cf. Fig. 8) to a sufficient degree of approximation. The
equation of the curve now established remains valid as long as the extreme fibre
elongation ea does not go beyond the actual yield zone, which for steel can amount
to 1.5—2% and more.

In the same manner we obtain for a number of simple cross sections the equations
of the deformation cruves, which of course are only valid as long as no hardening
takes place. Applying the simplified term e3/ea^= e, the following relations are
valid for the characteristic deflection curves (cf. Fig. 7):

Fig. 6.

Rectangular bar, whether laid flat or on edge.

M - 2 {6

Square bar, bent cornerwise.

M
-2(1- e2 + {e3)

M
Limit -^7- 1,5.

Ms

M
Limit -,- 2,0.

VI. The limiting case of purely plastic bending.

M
The limiting values *-/ for the purely plastic State of stressing at which the yield

stress os is attained throughout the cross section, can be determined directly in
a known manner. For reasons of equilibrium the neutral exis and the line bisecting
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the area coincide. In general (cf. Fig. 13), the following holds good for the moment
M of the internal forces:

hi h2

MT J ös • bx • zA • dzt + J1 ös • b2 • z2 • dz2 ös (^ + S2)
0 0

Sx and S2 denoting the stating moments of the halves of the cross sectional area
above and below the neutral axis. The following simple moment relations are now
obtainable for bars under bending with rectangular, Square, circular and triangulär
cross sections:

Breadth b, height h.

MT
bh2

ös for purely plastic state,

bh2
Ms —— ös for purely elastic state,

hence
MT

M<
1,5.

MT/M$~

AZJ7
15

170

1.5
150

& ©127

0J5

€a/es

Fig. 7.

Square bar, bent cornerwise. Diagonal d.

d3 d3 Mt
Ms"

2.0,

VII. Bending yield limit.

From the characteristic deflection lines established (Fig. 7) it is clear that it is

not possible to arrive by bending tests at an exact determination of the bending
yield limit, since for various forms of cross section the transition from the purely
elastic to the elastic-plastic state at the point F only takes place gradually. This
also applies for materials with a pronounced yield limit under tensile or compressive

99 E
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stressing as in Fig. 4a; it is on this limiting case that the calculated deflection lines
are constructed. In tensile tests giving an indistinct yield limit, without a pro-
nounced kink in the stress-strain line but instead a gradual transition, an elongation

limit of 0.2% was agreed upon as a Substitute for the yield limit, thus making
it possible to adopt a uniform testing procedure and eliminating arbitrary measures.
This expedient, however, fails in the case of a bending test, as the following considera-
tion shows:

12

k.1.7^^~~
ZO

15/^
IS / 1.3 /s£

* ff0'1.7ffsi/

K^k*l7
16

-f Cfl- XIJJ 1.5

M.

i.oo$ Yl ff
13^-

f^k-1

13\ //
1.2

IIg0'1.1S<5s

3
BaAs

Fig. 8.

Since steels possess an approximately equal modulus of elasticity E, the elongation

es at the extreme fibres depends in linear relation on the height of the yield
limit os when the yield-point bending moment Ms is reached. Choosing a definite
bending moment limit (e. g. M0 2) corresponding to a permissible permanent bending

deformation (e. g. eb 0.2%), as well as the specific elongation corresponding
to a definite tension-compression yield limit o5, the elongation ratio eb/es, valid
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for these assumptions, can be used to obtain the unloading straight line according
to Hooke's law, as shown in Fig. 10. For the shape of cross section under considera-
tion there results at the intersection, with its characteristic lines of deflection,
the moment ratio (e. g. M0#2:MS), and thus also the apparent increase of the bending
yield limit. The values would be somewhat higher if, for the unloading the Bauschinger
effect (Fig. 3b) had been taken into consideration. For the sake of simplicity,
however, this factorwas neglected and the apparent rise of the yield limit determined
for various os and eb and listed in Table 1. In doing so it was assumed that the
tension-compression yield limit could be exactly determined. If the 0.2% elongation

limit has to be used instead of it, further factors of uncertainty are introduced.

exe
axisVA

** Fig. 9.

Table 1.

Rectangular section eb 0.002, E

Ratio:
Permanent

2.10 106 kg/cm 2

Pronounced Elongation elongation to Moment apparent rise
tension yield at yield elongation ratio of bending

limit limit at yield limit vield limit
os kg/mm2 es eb/es Mo,2 : Ms %

20 0.001 2 1.47 47
40 0.002 1 1.42 42
60 0.003 0.66 1.37 37
80 0.004 0.5 1.35 35

£b 0.0003, E 2.106 kg/cm2
20 0.001 0.3 1.30 30
40 0.002 0.15 1,24 24
60 0.003 0.1 1.20 20
80 0.004 0.075 1.18 18

£b 0.0001, E :2.106 kg/cm2
20 0.001 0.1 1.20 20
40 0.002 0.05 1.16 16
60 0.003 0.033 1.13 13
80 0.004 0.025 1.11 11

VIII. The upper yield limit in tension and bending tests. Consequences of slight
eccentricity.

Ludwik25 has devoted careful study to the various influences acting on the height
of the yield limit in tensile tests and on the type of yield pattern obtained, and

99*



1572 F. Rinagl

was the first to explain the kink and drop occurring at the yield limit as being due
to processes of Separation. There was, however, no means of finding a law for deter-
mining the height of the upper yield limit, for tensile tests with test bars that had
been taken in direct succession from a carefully annealed steel rod gave a succession
of varied and irregulär upper yield limits or no load drop at all. These unpublished
tests were carried out with the same testing machine, the same shape of test piece
and in as similar a manner as possible, and as carefully as possible. Some unknown
and indeterminate influence caused these contradictory results, so that no law
could be found. Moser16 also reports on similar phenomena and declares that steels

can actually have "moods" when it is a question of determining the upper yield
limit. Körber and Pomp26 investigated the influence of the shape of the test bar,
the manner of restraining same, the speed at which the test was carried out and the

type of testing machine used, on the position of the upper and the lower yield
limit of steel in tensile tests. For this purpose carefully chosen steel specimens
were tested in four different laboratones in Germany and the results compared.
Though the lower yield limit was found to be the same — the differences were
slight — in all four institutes, the results obtained for the upper yield limit varied
excessively. The individual influences at work could not be classified without
inviting contradiction, so that the author rightly came to the conclusion that
acceptance tests offer no suitable means of determining the upper yield limit.

In our bending tests the upper yield limit was reached with great regularity at the
same height and in nearly every case was more than 20% higher than in the tensile
test, so that the cause was obviously to be sought in the nature of the tensile test or
in some deficiency pertaining to it. When making tensile tests it is our endeavour
to attain as equal a distribution of stresses as possible over the whole cross section;
we are aware, however, that this ideal is hardly ever entirely achieved. When
determining the coefficient of elongation exact measurements of the minute elongations

must always be taken on two oppösite sides of the test bar, since these elongations

are by no means identical on both sides. It is only by taking the mean of the
two that we obtain the mean elongation corresponding to the calculated stressing
at the centre of gravity and thus the coefficient of elongation. The unequal elongations

are caused by additional bending stressing originating in slight eccentricities,
the cause for which is to be found partly in the fixing of the test bars, partly in the
material itself.

Let us now consider the transition from elastic to plastic state. If there is no
eccentricity or irregularity whatever present, the upper yield limit will also be cor-
rectly indicated in the tensile test. However, the slight eccentricity which gene-
rally does exist can have the effect of increasing the stresses on the one side of the
bar by 10—30% over those on the other side. Thus when medium stress is applied
— corresponding to the lower yield limit — the upper yield limit may already
have been reached on the one side and the whole yielding process prematurely
commenced. The degree of eccentricity (e) now becomes of interest, and it can
easily be calculated. If the test bar has a circular cross section with a diameter
(d), or rectangular with a breadth (b) and a thickness (h), and if it were so stressed

by the tensile force P that on one side of the test bar the upper yield limit o0 is

just reached and lies 20% higher than the lower yield limit of the material as such,
while the stressing at the centre of gravity would only just reach the lower yield
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limit, then for eccentric tensile stressing in a bar of rectangular cross section we
have

« ™ P Pe P / 6e\

from which results

6e ao h

¥=a2ore=s
and for a circular cross section

öo=1.20ös=^ + ^ ^-2(l+T) ande=-Q
4 32 4

In the ordinary tensile test, then, there is no longer an upper yield limit of 20%
to be recognised when there is eccentricity pf %—% mm in a test bar of a thickness
d — or h — of 10 mm. Eccentricity of this kind is inevitable when the bar ist restrained
with the wedge clamps so frequently used for the purpose. For tensile tests to de-

termine the upper yield limit, round bars with an easily adjustable spherical
movement are to be recommended, as I have already suggested.27 The test is most
likely to be successful if carried out with specimen bars having long, conical transi-
tion and only short middle portions.

Till now nobody has thought of the consequences of slight eccentricity since,
as already mentioned, when taking exact measurements in the elastic ränge only
the mean elongation was taken, the extreme fibre stresses were disregarded, and
when the yield limit had been exceeded the initial eccentricity was considered to
be of no importance.

In bending tests, according to experience hitherto made, the upper yield limit
seems to penetrate practically to its füll extent into the depth of the bar and the
lower yield limit to follow it. In some tests, however, disturbances occured, the
origin of which is still being investigated.

As in Section X, we can calculate the theoretical path of the characteristic
deflection curve for an ideal material, using oso kos as a basis. Now the following
relations apply:

Rectangular bar:

\\ 1

3 — e2k2}L — I
Ms

~~ 2 (3-2 k)]

Square bar, bent cornerwise:

M
M,=2 l_e2k2(3 —2k) + e8k3(4 —3k)

On these equations we have deduced (Fig. 8) the characteristic lines for k 1.15,
1.3, 1.5, 1.7 for a Square lying flat and one cornerwise respectively.
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As was to be expected, the upper yield limit oso exerted no determinable influence
on the ultimate carrying capacity bending moment in a purely plastic State. Its
influence, as may easily be realised, is uastly different for various shapes of cross
section.

IX. Possibility of an unstable bending process.

In steel without an upper yield limit the characteristic deflection curve rises

constantly for all shapes of cross section. A definite bending moment always
corresponds to a definitely determined extreme fibre elongation or deflection
respectively. On increasing the bending moment by increasing the load the plastic
zone extends further ttowards the neutral axis until the new distribution of stresses

causes a new state of equilibrium and deflection gradually ceases.

Steel with an upper yield limit, however, is another matter. If this yield limit
is sufficiently high, the bending moment may become as great as or greater than the
ultimate carrying capacity bending moment in the entirely plastic ränge, when
yielding of the extreme fibres first sets in (bending moment for upper yield point).
Compare Fig. 8, which illustrates the characteristic deflection lines for a Square
bar lying flat and one cornerwise, at upper yield limits situated 15, 30, 50 and 70%
above the lower yield limit (k 1.15, 1.30, 1.50, 1.70). When the square section
lies diagonally, all the lines drawn rise steadily, while when it lies flat, only those
for which the upper yield limits are lower than 50% do so. Where the upper yield
limit lies above this figure, the characteristic deflection line, in the elastic-plastic
ränge drops more or less rapidly to the value of the entirely plastic state. In this
case, as soon as the upper yield limit has been exceeded at one point of the test
bar, the whole section, from the extreme fibre almost to the neutral axis, will
commence to yield, provided the testing apparatus is so constructed that auto-
matic unloading is impossible. The simplest means of avoiding the latter is by
applying direct weight loading. Equilibrium is only regained when the whole ränge
of yield has been traversed and hardening begins at the extreme fibres. Loading
tests which have been carried out confirm these observations in a very convincing
manner. For purely bending stressing the elastic line forms an are until the bending
moment for yield point is attained. If, however, the Upper yield limit is exceeded

at any point, the bar is only deformed the more at this point, forming a more or
less abrupt bend, whereas at the other parts of the bar the curvature assumed
when the bending moment for yield point was reached does not change. When
the deformed portion has hardened, another part begins to yield, and here again
an abrupt, rounded bend is formed. This process may be repeated at various places.
Fig. 10 shows two bars after unloading in a bending test. The small plastically
deformed zones at the rounded corners are clearly visible owing to the peeled-off
rolling skin. The yield point was not exceeded at any other part of the bar; these

other portions became straight again after unloading.
Thus we have also a clear and evident explanation for the fact that after an

apparent retardation the yield lines suddenly set in and penetrate the whole cross
section, almost tili the neutral axis is reached, in a series of jerks. The Observation
made by several scientists was therefore quite correct; only Pragers''10 explanation
was not credible and was without foundation.
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In the case of I-sections the ultimate carrying capacity bending moment is only
about 18% greater than the moment for yield point (compare Fritsche's calcula-
tions24). As an upper yield limit of up to 20% above the lower is almost the general
rule in mild steel, and steel entirely without an upper yield point is a rare exception,
we must always reckon when dealing with I-sections that when the yield limit has

been exceeded the plastic state penetrates to a considerable depth (cf. also Koll-
brunner's tests28).

Fig. 10. Fig. 11.

The labile processes set up under certain circumstances in consequence of the

upper yield limit, and the local limitation of deformation, can also prove to be of
great importance in other forms of tests. The cause of the extremely slight resi-
stance to notehing action of steel of high upper yield limit is also to be traced back
to this as well as other factors. It is worthy of note that the fatigue bending strength
of steel of high upper yield limit, in the form of both polished and notched bars,
is considerably greater than was to be expected from the lower yield limit results
calculated after tensile tests. Rectangular bars of steel without an upper yield
limit revealed, when subjeeted to bending tests under weight loading, unaltered
curvature and no unstable conditions whatever over the whole equally stressed

length of the bar, even when the yield limit had been exceeded and right up to
the entirely plastic state.
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X. Bending tests with deflection and elongation measurements, carried out bythe author.

For the tests in question steels with various characteristic properties were em-
ployed (cf. Table 2), and wherever possible all the bars for tension, compression
and bending tests were taken from the same steel rod which had been previously
tested by a ball thrust machine (Brinell) for equal hardness along the whole of its
length. The ball thrust tests were made on four sides of the bar at intervals of
20 cm.

Table 2.

Lower yield Lower up- Upsetting Tensil
Type of steel limit setting limit Yield ränge ränge strength

kg/mm2 kg/mm2 % °/o kg/mm2

Carbon A 22.0 22.0 15 10 37.4

„ B 21.7 22.0 15 9 37.5
» R 20.3 21.7 10 10 40.6

„ S 36.0 36.7 8 6 74.6
3% Nickel M 50.5 51.2 10 10 69.2
VCN35 C 94.0 94.0 5 5 104.5

For the tensile tests round bars with Shoulders were used, for the compression
tests cylinders h 3 d, and for the bending tests prismatic bars 470 mm in length.
The bending tests were carried out by a Amsler 2-ton tearing machine equipped
with inclination balance that Ludwik liked to use. For this purpose the knife-
edge Suspension shown in Fig. 11 was made, enabling pure bending to be applied
to the middle portion of the bar without disturbing support reactions, even when
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the deflections produced were very great. The deflection was measured on two
points of the neutral axis by means of a Zeiss deflection gauge, and the elongation,
i. e. the upsetting, at the extreme fibres of the bar with the aid of from two to four
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Huggenberger tensometers. The loading was applied in successive stages, unloading
taking place only in very few instances. Frequently, when the yield ränge was
reached, the bars had to be allowed to remain a considerable time under the same
load before the indicators came to rest. When subsequent, secondary yielding
was prolonged, however, it was not possible to wait so long owing to the danger
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of other ageing phenomena appearing, for which reason further loading was proceeded
with throughout if the deflection increased less than 0.01 mm in ten minutes. Fig. 12

shows the results of bending tests on rectangular and Square bars lying flat, Fig. 13

those for Square bars bent diagonally and round bars. It will be noted that, to
save space, only the elasticplastic ränge, proceeding from M/Ms 1 and ea/es= 1,

are given, as for instance in Fig. 8. For the sake of clarity, in most cases only those
test results were marked with a ring which deviated from the theoretical curves
by more than 1%.
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It was a fortunate coincidence that two of the materials used proved to have
no upper yield limit even under bending and therefore displayed perfect coincidence
with the characteristic bending curves for k 1. The remaining materials, whose

upper yield limit could not be determined by the tensile tests either, nevertheless

k.ßs

k.A£ A

Fig. 14.

displayed ruled deviations under bending; these were recognised as being effects
of the upper yield limit of the materials concerned. In mild carbon steel an upper
yield limit would seem to exist as a rule, while steel entirely without an upper yield
limit appears to be an exception. The mild carbon steel R and the annealed chromium
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nickel steel C gave test results (both for rectangular and Square section lying flat
— Fig. 13 — and for square bars bent cornerwise) that coincided almost exactly
with the characteristic bending curve k 1. This was also the case for the round
bar of C steel. These two types of steel thus had nu upper yield limit. By appropriate
treatment in an annealing oven it was easy to obtain cementite Separation of grain
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size limits and to impart a high (k 1.5) upper yield limit to steel R. The upper
yield limit thereby rose to 23.9 kg/mm2, while the lower dropped to 16.0 kg/mm2.
It was not, however, possible completely to re-create the original condition. These

tests are still proceeding.
Steels A, B, M and S, which under tension proved to have only a very indistinct

upper yield limit, or none, whatever, all revealed upper yield limits of the same

height when subjected to flat and cornerwise bending in Square section. Steels

A and S gave perfect coincidence with the characteristic bending line for k 1.3,

both in Fig. 12 and also in Fig. 13. Steel M corresponds in Fig. 12 to the characteristic

curve k 1.3, while in Fig. 13 the values are all somewhat higher. Steel B

reveals for both shapes of cross section a 40% upper yield limit (k 1.4), with
but slight deviations.

Steel bars with self-stresses caused by annealing, straightening, etc., also gave
great deviations under bending, as was to be expected. A detailed report of the
tests will be issued in the form of a Publication of the Technical Testing Institute
(Mitteilung der Technischen Versuchsanstalt).

I should like to take this opportunity of thanking my collaborators, and parti-
cularly Ing. Dr. Wilhelm Blauhut, Ing. Dr. Josef Stich and. Ing. Dr. Stefan Sztatecsny,
for their assistance and for the exact manner in which they carried out the tests.

XI. Views on earlier tests.

Eugen Meyer15 found the yield point for bending to be 44% higher than the
tensile yield limit, though he was aware that the bending stress calculated on the
equation o M/W, which is only valid in the purely elastic ränge, can only be a

theoretical or apparent stress. Preuss29, too, in his tensile tests on notched and

perforated bars, expressed the high elongation peaks in terms of stresses for the
sake of better comparison, at the same time, however, he bracketed the values
so obtained and emphasised the fact that they did not represent real stresses greater
than the yield limit. Lasche30, on the other hand, recorded stresses greater than
the yield limit when making tests on discs.

Thum and Wunderlich8 calculated the yield limit for bending from the bending
moment at which greater deflections were set up, basing his calculation ono= M/W;
he found it to be higher than the tensile yield limit, since very considerable plastic
deformations had already occured. Prager's10 calculations, already mentioned.
showed that in I-sections the entirely plastic state had already been reached before
yielding occurred. This state was also nearly attained in square bars lying flat
and in round bars, while the tests were abandoned at an earlier stage in the case
of the diagonally bent square bars and some of the rectangular ones. The shape of
the beam, as recent experience has shown, exerts no influence, at least where static
bending tests are concerned, though it certainly affects the further flow of yielding.

Chwalla12 determines the real extreme fibre stresses set up from the extreme
fibre elongations, using equalisation lines for the purpose.

A specific extreme fibre elongation of over 1% having been measured in Test 2

for the greatest bending moment (compare Fig. 3 of the treatise), our Fig. 7 may
lead us to expect that the ultimate carrying capacity bending moment MT corresponding

to the purely plastic state, was almost attained. Thus we can also calculate
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M 140250 kg/cm ortrtl 0the stress on the equation o x-^, —Tö~ä ^— — 32.2 kg/mmz, which coincides

quite well with the lower yield limit value of 32.4 kg/mm2 for bending tension and
bending compression, as determined by Chwalla. According to our deduction and
tests, this value must also be the lower tensile yield limit which, however, proved
to be only 24.7 kg/mm2 for normal bars in tension under the same load. This dis-
agreement with the results of the tensile tests has meanwhile been explained
by Chwalla as being due to lack of uniformity of material in bars used for tensile and
bending tests.31 The bars for tensile tests subsequently taken from the rods sub-
jected to bending gave a lower yield limit of 29.6 kg/mm2. This result, therefore,
now deviates by no more than 10% and no longer justifies the conclusion that this
stress has been markedly increased.

Siebel and Vieregge13 measured the deflection of various materials in their bending

tests and determined the yield limit from the sudden change of direction of
the deflection lines; this they then called the "upper yield limit for bending". The
"lower yield limit for bending" was obtained from the moment for which the purely
plastic state was reached and was found to be practically the same as the lower
yield limit for tension, so that there is quite good coincidence with the results of
our tests. The "lower yield limit" calculated from the results of torsion tests lies
between the known values 0.50 and 0.57 of the tensile yield limit. The varying
increase in the height of the upper yield limit, however, as obtained for steels with
different yield limits, is likely to be only apparent (compare our explanations in
VII. Bending yield limit, Table 1.
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Summary.

In the past ten years various scientists have observed marked increases in the
height of the yield limit of steel under unequally distributed stressing. This increase
they have attempted to explain as being due to restrained deformation. The various
causes from which this fallacy arose are the following:

1) When the stressing is unequally distributed the whole yield ränge of the
material may be exhausted at one point without a corresponding offset becom-
ing apparent in the aggregate deformation curve in the case of bending, etc.
An offset of this kind may, however, occur when for instance the sections
subjected to bending have attained the plastic ränge almost to the depth
of the neutral axis. The mistake was then made of employing the bending
moment now present for the calculation of the stress for initial yielding on
the equation o M/W. On this principle only the lower yield limit can be

M
approximately calculated on the equation o «-^ which is valid for the

entirely plastic state.

2) The whole gradual transion of the deformation line from a straight line gov-
erned by Hooke's law to the elastic-plastic ränge for bending, torsion, a per-
forated bar, etc., makes the exact determination of the yield limit extremely
difficult under certain circumstances.

3) Nor can the yield limit be safely determined by measuring the permanent
deformations after under repeated loading and unloading, for the great plastic
deformations set up in a small zone are almost entirely cancelled by the strong
elastic reactions of the remaining portions of the test piece (apparent elasticity
at the peaks of elongation, especially in the case of eye bars).

4. The occurrence and the length of yield lines are not a sure sign that the tech-
nically significant yield limit has been exceeded.

5) Any upper yield limit the material may have cannot be determined with
certainty by the tensile test procedure in use up to now. The upper yield limit,
which may lie more than 50% above the lower yield limit, is a real property
of the material, acts almost without disturbance in bending tests and under
certain circumstances can be the cause of labile processes.

6) The calculation of stresses from elongation measurements in three directions
(elongation ellipse) is only permissible when the test piece is free from self-
stresses caused by pre-treatment, i. e. when the interior forces (elastic forces)
existing in the System are known.

The theory which assumes a gradual transition from the purely elastic state of
stressing to the elastic-plastic states, and in certain circumstances to the purely
plastic state, is confirmed by recent tests and appropriate interpretation of those

already carried out. A rise in yield limit does not occur, though in certain cases a

regulär drop in the upper yield limit takes place. The equations derived for "cha-
racteristic bending lines" for various cross sections enable the elongation and
deflection measurements to be checked and the upper yield limit of the material to
be determined.
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