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Stochastic Theory of Nuclear Magnetic Resonance
in Rotating Solids

by S. Clough.

Physics Department, University College of North Wales, Bangor

Abstract.

Dipolar broadening is described by a random function characterised by two
parameters and co2 which determine the widths of its Gaussian probability
distribution and its Gaussian frequency spectrum. With this model, a general
method for obtaining the spectrum of a rotating sample is given. When the
axis of rotation is inclined at 54 degrees to the magnetic field, an approximate
criterion for the spectrum to exhibit structure is

eXp 3 IT2 CO i Co| / 4 O) £ ~ Oir / 2 7T

where cor is the rotational angular frequency. At high rotation frequencies the
central line has the width

2ttt )1/2 (2 ccf / 3 co2) exp —(co2/2co|).

Theorie stociiastique de la resonance magnetique
DANS LES SOLIDES EN ROTATION

Rdsume.

L'elargissement dipolaire est decrit par une fonction aleatoire caracterisee
par deux parametres et oi2 qui determinent les largeurs de sa probability do
distribution gaussienne et de son spectre de frequence gaussienne. A partir de ce
modele, nous donnons une methode generale pour obtenir le spectre d'un echan-
tillon tournant. Quand l'axe de rotation est incline de 54,7 degres sur le champ
magnetique, pour que le spectre presente une structure, il faut verifier sensiblement
le critere suivant:

exp. — (3 7t3 coj coJ/4<o£) ~ wj./2 7tco1

oil ur est la frequence angulaire de rotation. Pour des frequences de rotation
yievees, la raie centrale a pour largeur:

(2rt) '/s (2c0j/3o)2) exp. —(co^./2co|)

Introduction.

The existence of a local field at a particular nucleus in a stationary
solid implies that the spin environment of the nucleus departs from spheri-
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cal symmetry. If the sample rotates the asymmetry moves with the

sample and now generates a time varying local field causing a frequency
modulation of the Larmor precession. Simultaneously the environment
is changing in a random way due to the effects of spin diffusion.

The stochastic theory of magnetic resonance [1, 2, 3] provides a natural
framework in which to describe this situation. The spectrum shape
function is the Fourier transform of the correlation function of the transverse

magnetization.

I (to) JVWT 0 (t) d- (1)
—oo

Dipolar broadening is described by the random function Aw (t) whose

probability distribution and frequency spectrum determine 0 (t).

0 (t) <^ exp (i JA <o ((') dt"1 (2)

If Aw (t) has a Gaussian probability distribution of second moment wp
then 0 (t
of Aw (t).

then 0 (t) may be obtained in terms of the correlation function

0 (t) exp — (6>iJ(t — x) 0Am (x) dx) (3)
o

A co (l) A to It + x) ^
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The spectrum in the absence of spin diffusion.

In this case the local field at nucleus / is in frequency units

A "j £ Ajk rfk* (3 cos2 — 1) (5)

where A-ft is a constant and (r^k z) cos 03-ft, the caret indicating a

unit vector. Choosing a vector s and defining angles ay and <p by (s z)
cos a, (s ,y) 0, (rjk s) cos yjk, (rjk xs.y) cos <pjft sin yj7t, then (5)

may be written

A "j £ Aift rfk { j" (3 cos2 a — (3 cos2 Y,-ft — 1)

a sin2 Yjk cos 2 <?jk + sin 2a sin 2yjh cos <?jh | (6)
^ • 2 -2— sin* « sin2
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If the sample rotates about s with an angular frequency wr then

The function 0A(j' is obtained by using (6) and (7) in (4), averaging
over t and replacing terms in <p0jft and y)ft by their averages assuming
an isotropic distribution of r]k.

The spectrum is now obtained by using (1) (3) and (8) and for a sufficiently
large cor consists of a central line with resolved sidebands. The central
line is approximately Gaussian with second moment coj2 (3 cos2 a — I)2/4,
[4]. The total second moment is (d20 (t)/c1t2)t=0 which is readily shown

to be Wj2 and so invariant [5, 6, 7].

Interest centres on the value of a which makes the first term of (8)

vanish. The spectrum would now be a set of 8 functions spaced at

frequency intervals of (or/2- with, in the limit of small wr the envelope exp-
(w2/2cO|) and in the limit of large cor, almost all the intensity in the central
line. When the first term in (8) is small though, the spectrum is
determined by spin diffusion.

An approximate description of the effect of spin diffusion can be

given by introducing a decay factor into 0Aw (t). The simplest choice

is an exponential decay, but as this leads to an infinite fourth moment,
it will certainly fail to describe the wings of the spectrum adequately.
It is more consistent with the assumption of a Gaussian probability
distribution for Aw (f) to assume that its frequency spectrum has a similar
form, implicitly supposing that the properties of Aw (t) reflect a large
number of weak dipole-dipole interactions rather than a comparatively
small number of near neighbour interactions. This is not unreasonable

for a cubic crystal though it would not apply to a structure consisting
of small rather isolated groups of nuclei, except to describe broadening
due to interactions between different groups.

For cos2a 1/3,

<?jft °jh + "r'

Effect of spin diffusion.
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For slow rotation the shape of the spectrum approaches that of the

stationary sample and the discussion in the previous section corresponds
to the limit of infinitely great rotation frequency. The second moment
of the spectrum is still in-f and the fourth moment is cox2 (3a)]2 + u>2 +

A convenient experimental parameter whose variation can be

predicted from the above assumptions is the ratio, at the centre of the
spectrum of the second derivative to the intensity. This is the slope of the
recorded first derivative divided by the area under one half of it. It is

identical with the second moment of 0 (x) as follows immediately from

differentiating (1), and for co2«cor«co1 is approximately

This gives as a rough criterion for the onset of line shape change exp-
(3u2cofw|/4cOr)~ wr/27rw1. In the limit of very rapid rotation the central
line becomes Lorentzian with a width at half height (27t)1'2 (2w2/3w2)

exp— (w2/2co2).
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M. Gorter. — Have I correctly understood that when the " magic angle " of
54,7 is chosen, the central lines are infinitely sharp, the zero width being increased
by spin diffusion Does this agree with the data

The first statement would not appear to apply to all crystal structures and
crystal orientations. What should be expected in the general case

Andrew. — Professor Gorter's first remark is correct, and the central line
at angle 54° 44' would only be infinitely narrow if the crystal were rotated infinitely
fast. The situation is similar to that in a liquid for which the line becomes

infinitely narrow only when the correlation frequency is infinite. The expression
for the linewidth given by Mr. Clough is consistent with the experimental data.

(10)
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The marked narrowing of the central line for rotation at angl? 54° 44' is quite
general, and applies to both single crystals and powders. Tin residual width
would have some dependence on crystal orientation, but in the example of cubic
sodium chloride, this anisotropy should be small.

Clough. — The simplicity of the stochastic theory is obtained by ignoring
the crystal structure and the spread in local field is described by the single
parameter necessary to specify an isotropic Gaussian distribution. In a real crystal
the distribution would be neither Gaussian nor isotropic but t.ie results would
be substantially the same.
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