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40 P. RIBENBOIM

the same conclusion in 1966, with his method involving effective lower bounds

on linear forms of three logarithms; this is also reported in his article of
1971. At about the same time, unaware of Heegner's result, but with
similar ideas, concerning elliptic modular functions, Stark proved that no
further possible value for d exists^So were determined all the imaginary
quadratic fields with class number 1. It was somewhat an anticlimax when

in 1968 Deuring was able to straighten out Heegner's proof. The technical
details involved in these proofs are far beyond the scope of the present
article.

This is the place to say that Gauss' conjecture was also solved in the

affirmative. Thanks to the work of Hecke, Deuring, Mordell and Heilbronn,
it was established that if à < 0 and | à | tends to infinity, then so does the

class number of Q(y/d). Hence, for every integer h ^ 1 there exists only

finitely many fields Q{y/d) with à < 0, having class number h.

The determination of all imaginary quadratic fields with class number 2

was achieved by Baker, Stark, Weinberger.
An explicit estimate of the number of imaginary quadratic fields with

a given class number was obtained by the efforts of Siegel, Goldfeld,
Gross & Zagier. For this matter, I suggest reading the paper of Goldfeld
(1985).

G) The main theorem

Theorem. Let q be a prime, let fq{X) X2 + X + q. The following
conditions are equivalent :

1) q 2,3,5,11,17,41.

2) fq(n) is a prime for n 0, 1, 2,..., q — 2.

3) QC^/jF- 4q) has class number 1.

Proof The implication 1 -» 2 is a simple verification.
The equivalence of the assertions 2 and 3 was first shown by Rabi-

novitch in 1912. In 1936, Lehmer proved once more that 2-^3, while
3 2 was proved again by Szekeres (1974) and by Ayoub & Chowla (1981),

who gave the simplest proof. The proof of 3 -> 1 follows from the complete
determination of all imaginary quadratic fields with class number 1. Since

this implication requires deep results, I shall also give the proof of 3 ->• 2.

2 -> 3 Let d 1 — 4q < 0, so d 1 (mod 4). If q 2 or 3 then

d —7 or — 11 and Q(y/d) has class number 1, as it was already seen.
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Assume now that q ^ 5. It suffices to show that every prime p ^
^

y/\d\

is inert in Q
First let p 2; since q 2t — 1 then d 1 — 4q 1 — 4(2f—-1) 5

(mod 8), so 2 is inert in Q(y/d).
2

Now let p#2, psg- Yjdf < -x/iT and assume that p is not inert. Then
71

-) F — 1 and, as it was noted, there exists heZ, O^fc^p — 1, such

1 ~b -\fd i-ithat p divides iV(fr + co), where co - that is, p divides

1 - d
(b + co) (b + cd') b2 + b(co + co') + coco' b2 + b H —

b2 + b + q fqib).

It should be also noted that b ^ p - 1, otherwise as it was shown, p

divides 1 — d 4q, hence p q < y/\d] >/|l — 4q\ so g2 < 4g — 1,

hence q 2 or 3, against the hypothesis.

By hypothesis, fq(b) is therefore a prime number, hence v/4g — 1 > p

fq(b) ^ /g(0) — 4 and again q 2 or 3, against the hypothesis.
2

This shows that every prime p less than — -J\d\ is inert, hence h 1.
71

3-^1 If QCy/l — 4q) has class number 1 then d 1 — 4q — 7, — 11,

- 19, - 43, - 67, - 163, hence g 2, 3, 5, 11, 17, 41.

As I have already said, the proof is now complete, but it is still
interesting to indicate the proof of 3 2.

Assume that d 1 — 4q and that the class number of Q(^/ — d) is 1.

Then either d — 1, — 2, — 3, — 7, or d < — 7, so d — p with
p 3 (mod 4) and q > 2.

As noted before, 2 is inert in Q(^/ — p), so p 3 (mod 8). Next, I show

that if I is any odd prime, I < q, then (—) — 1. Indeed, if (—) 1

W W
then I splits in Q(>/—p). But h 1, so there exists an algebraic integer

a + / — p
a ^ such that Al Aa. Aa'. Then /2 JV(A/) N(Aa). N(v4a')

fl2 F b^p
N(Aa)2 IV(a)2, so I iV(a) Hence p + 1 4q > 41
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a2 + b2p, thus 1 > a2 + (b2 — 1 )p and necessarily a2 0, b2 1, hence

4/ p, which is absurd.

Now assume that, there exists m, 0 ^ m ^ g — 2, such that fq(m)
m2 + m + q is not a prime. Then there exists a prime I such that

I2 ^ m2 + m + q and m2 + m + q al, with a ^ 1. Since m2 + m + g

is odd then I ^ 2. Also 4/2 ^ (2m +1)2 + p < + p ^

p + 1 /A
hence I < —-— q. As it was shown, - — 1. However,

4 \PJ

Aal (2m+ 1)2 + 4g — 1 (2m+1)2 + p,

hence — p is a square modulo I, so by Gauss' reciprocity law,

and this is absurd.
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