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Let K be a field of characteristic 0, F a finite dimensional vector space
over K and p : G -> GL(V) a K-representation of the group G. A K-bilinearform
a : V x V K is called p-invariant if

is p-invariant.

(1.1) Remark. If a is définit (i.e. a(x, x) 0 => x 0) and if p splits in a

direct sum p px © p2, the restriction p' of p to the orthogonal
complement of the invariant space corresponding to p: is equivalent to p2.
Since we always can substitute a representation or a bilinear form by an

equivalent one, we can assume that the representation space of a sum is an

orthogonal sum of corresponding invariant subspaces.

We call standard bilinear form (of dimension m) the map ßm: Km x Km -> K
given by

K(x,y)- X Xiyt with x (xandy

The group Om(K) is the subgroup of GLm(K) of matrices (aif such that

Yjkaikajk §ij for all ij. The group SOJK) is the subgroup of Om(K) of
matrices (a0) with det (al7) 1. It is therefore evident that a representation

p : G -> GLm(K) is realizable over Om(K) if and only if there is a p-invariant
symmetric bilinear form which is equivalent to the standard bilinear form.

Let p be a prime number. Up to equivalence, there is a unique irreducible
faithful Q-representation a of Z/p ; it is given by
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a(p(0)x, p(0);y) a(x, Vx, e Vg e G

If G is finite, then for any bilinear form y the form y defined by

Y(*. y)X y(p p{g)y)
geG

m

i — 1

a : Z/p GLp^ i(Q)
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We can identify the irreducible faithful Q[Z/p]-Module Qpl with Q(ÇP)

(Çp: primitive p-th root of unity, leZ/p acts on Q(ÇP) by multiplication

with Çp). Any symmetric a-invariant bilinear form is given by

trQ(cP)/Q(axy with Kp+^P"1) (cf- M or M)- We write ya for the

a-invariant bilinear form corresponding to a e Q(Çp + Ç^1).

(1.2) Lemma. 77ze discriminant of ja in Q/Q*2 is egwa/ to p mod Q*2.

Proof Since aeL: QK^ + Ç;1) we have: trL/Q(trQ(Cp)/Laxy). An

easy computation shows that trQ{t-p)/L(axy) is a 2-dimensional symmetric
L-bilinearform with discriminant 4 — (Çp + Çp x)2 mod L*2 e L/L*2. Applying
[7, Lemma 2.2] we conclude that the discriminant of ya is indépendant of
a g L. Consider now the matrix representation of a given before (a : irreducible
faithful Q-representation of Z/p). Let C be the (p— 1) x (p— l)-matrix
given by:

C :

" 2

-1
-1

2 -1
-1 2

1

It is easy to check that C is the matrix of a a-invariant symmetric
bilinear form. The Lemma follows since the determinant of C is equal to p.

2. Orthogonal representations of p-groups

Let p > 2 be an odd prime. The integer lQ(p) is defined by

the m-fold direct sum a ® © a of the irre-
Iq(p) '• g-c.d. m > 1 ducible faithful Q-representation a of Z/p is

equivalent to an orthogonal representation

The importance played by cyclic groups in the investigation of representations
of p-groups is given by the following result (cf. [1, Theorem (1.10)]):

(2.1) Proposition. Let G be a finite p-group (p> 2) and let p be an
irreducible Q-representation of G. Then either p is induced from a
representation 0 of a normal subgroup of index p9 or p factors through a
Q-representation of Z/p.
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