
On the formation of droplets in supersaturated
systems

Autor(en): Tschudi, Hans Rudolf

Objekttyp: Article

Zeitschrift: Helvetica Physica Acta

Band (Jahr): 50 (1977)

Heft 3

Persistenter Link: https://doi.org/10.5169/seals-114858

PDF erstellt am: 27.04.2024

Nutzungsbedingungen
Die ETH-Bibliothek ist Anbieterin der digitalisierten Zeitschriften. Sie besitzt keine Urheberrechte an
den Inhalten der Zeitschriften. Die Rechte liegen in der Regel bei den Herausgebern.
Die auf der Plattform e-periodica veröffentlichten Dokumente stehen für nicht-kommerzielle Zwecke in
Lehre und Forschung sowie für die private Nutzung frei zur Verfügung. Einzelne Dateien oder
Ausdrucke aus diesem Angebot können zusammen mit diesen Nutzungsbedingungen und den
korrekten Herkunftsbezeichnungen weitergegeben werden.
Das Veröffentlichen von Bildern in Print- und Online-Publikationen ist nur mit vorheriger Genehmigung
der Rechteinhaber erlaubt. Die systematische Speicherung von Teilen des elektronischen Angebots
auf anderen Servern bedarf ebenfalls des schriftlichen Einverständnisses der Rechteinhaber.

Haftungsausschluss
Alle Angaben erfolgen ohne Gewähr für Vollständigkeit oder Richtigkeit. Es wird keine Haftung
übernommen für Schäden durch die Verwendung von Informationen aus diesem Online-Angebot oder
durch das Fehlen von Informationen. Dies gilt auch für Inhalte Dritter, die über dieses Angebot
zugänglich sind.

Ein Dienst der ETH-Bibliothek
ETH Zürich, Rämistrasse 101, 8092 Zürich, Schweiz, www.library.ethz.ch

http://www.e-periodica.ch

https://doi.org/10.5169/seals-114858


© 1977 by Schweizerische Physikalische Gesellschaft
Société Suisse de Physique - Società Fisica Svizzera

Nachdruck verboten - Tous droits réservés - Printed in Switzerland

Helvetica Physica Acta, Vol. 50 (1977), Birkhäuser Verlag, Basel 285

On the formation of droplets in supersaturated systems

by Hans Rudolf Tschudi

Institut de Physique Théorique, Université de Lausanne, CH-1015 Lausanne, Switzerland

(9. IX. 1976)

Abstract. The formation of droplets in a supersaturated vapor is described by a set of chemical
reactions. Thé reaction kinetics are treated in the framework of the thermodynamics of irreversible processes.
We emphasize the difference between homogeneous nucleation (the formation of pure droplets from
supersaturated vapor) and heterogeneous nucleation (dirt nuclei collect water and grow) because different
sets of chemical reactions are involved. We first derive the kinetic equation for heterogeneous nucleation
which is identical with the equation of Zeldovich and Frenkel [6], [4] usually accepted for homogeneous
nucleation. The kinetic equation, together with suitable boundary conditions, form a well defined initial
value problem which we discuss for constant undersaturation or saturation and for constant supersatura-
tion of the vapor. The time evolutions for some simplified models are calculated explicitly. In the second
part of the paper, homogeneous nucleation is discussed. We derive the kinetic equation for homogeneous
nucleation, and starting from it, an integral equation for the nucleation rate which we solve for a simple
but realistic model. We then determine the stationary nucleation rate of the kinetic equation. Our result
contains the Becker-Döring nucleation rate [3] as a special case.

I. Introduction

The theory of nucleation is not a very old science. The pioneering work of
Volmer and Weber [1] dates back to 1926. They measured the nucleation rate (the
number of droplets formed per second in a supersaturated vapor) and observed a
characteristic behaviour : no nucleation occurs if the supersaturation stays below a
critical value, above this threshold nucleation becomes very strong. Volmer explains
this in the following way. The amount of Gibbs free energy necessary to form a
droplet from the supersaturated vapor has a maximum at Kelvin's critical radius rK
(A derivation may be found in textbooks of thermodynamics. See f.i. [2]). This
means that a droplet of radius rK is metastable. Smaller droplets decay, bigger droplets
grow. The nucleation-rate is determined by the frequency of density fluctuations
generating droplets of overcritical size.

I do not find Volmer's theoretical explanation satisfying. His rather qualitative
considerations determine the nucleation rate only to within a factor which is difficult
to estimate. But the main objection is that density fluctuation in a pure phase and
(local) phase transitions are two different things which should be kept apart. I do not
think that droplets are formed by density fluctuations (see Section III.5 for a detailed
discussion).

A more satisfying nucleation theory was proposed by Becker and Döring [3].
They considered that droplet formation is governed by a set of coupled reaction
rate equations for evaporation and condensation on the droplet, and they evaluated
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the solution for a particular stationary process. I think that their result is correct in
principle, but the derivation must be criticized. The authors treated only a very
special problem with methods which seem to be chosen ad hoc. The significance and
the consequences of their assumptions are, therefore, not clear. The connection
between their stationary process and real nucleation experiments is not at all obvious.
The derivation of the nucleation formula is obscured by the fact that some results
of an equilibrium theory are used but no consistent thermodynamics of fog is
developed. Their thermodynamic considerations are, in fact, wrong. The vapor pressure
of a droplet in fog depends not only upon the radius of the droplet but also on the
number of droplets of a given size (see equation (II.5)). However, this causes only a
minor influence on the final result.

Lord Kelvin's statement that a droplet can never be in equilibrium with the

vapor inhibited the development of an equilibrium theory of fog for more than 60

years. Fog was considered as caused uniquely by the presence of dirt nuclei. It was
J. Frenkel [4] who remarked that nevertheless an ensemble of droplets could be

thermodynamically stable and that 'even in the range of thermodynamic stability
of the phase A, the latter is not strictly homogeneous, but contains embryos of a
second phase B (in the form of liquid drops, gas bubbles, small crystals, etc.)...'
([4], p. 382).

Frenkel's thermodynamics of fog are based on the following ideas. A liquid
droplet containing j molecules of the gaseous phase A x

is itself considered as a
molecule of a new substance Aj and fog as a mixture of all these substances.
Condensation and evaporation on the droplets are described by a set ofchemical reactions
between the different substances A, (j ^ 1). The conditions of chemical equilibrium
yield the concentration of the droplets of a given size. They turn out to be bigger
than zero (but very small in practice) ; fog is stabilized by the mixing entropy. Frenkel's
thermodynamics of fog is critically revised and extended in Reference [5].

Frenkel does not go beyond Becker and Döring's work as far as nucleation
theory is concerned. Starting from the same set of equations, he derives a differential
equation for the time development of the number of droplets which was found
independently also by J. Zeldovich (Reference [4], p. 393 and [6]). Frenkel and
Zeldovich reproduce Becker and Döring's nucleation formula by considering a

stationary solution of the mentioned differential equation on which they impose
particular boundary conditions. They do not justify the special choice they make.
It is shown in this paper that a justification is in fact impossible because they started
from a wrong equation.

Becker-Döring and Frenkel-Zeldovich based their nucleation theory upon a
kinetic theory of condensation on a single droplet. We propose in this paper a
different scheme, namely, to take seriously Frenkel's idea to consider fog as a mixture
of different chemical substances in which chemical reactions take place. In a previous
paper [5] we discussed the thermodynamics of fog and found an expression for the
Helmholtz free energy of fog. This allows to treat the kinetics of the chemical reactions
describing the droplet formation in the framework of the thermodynamics of
irreversible processes.

This phenomenological approach provides some advantages compared with the
purely kinetic treatment mentioned above. In a phenomenological theory the
assumptions and restrictions are formulated in a language near experiment and the
theory itself has a simple structure. The general form of the equations can be gained
very easily. It is true, though, that only a kinetic theory can predict the numerical
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values of the proportionality coefficients which occur. We determine them
consequently by comparing the phenomenological with a kinetic treatment.

In the phenomenlogical approach it becomes clear how one has to account for
the two different types of chemical reactions which mainly occur in fog : (i) Growth
of the droplets by successive accumulation of vapor molecules ; (ii) Instantaneous
formation of a droplet out of the vapor. The first set of reactions does not change the
total number of droplets, it alone determines heterogeneous nucleation (i.e. how
dirt nuclei collect water and grow). The second set of reactions produces droplets.
Both types of chemical reactions contribute, therefore, to homogeneous nucleation
(i.e. the formation of pure droplets from supersaturated vapor).

These considerations indicate that one should treat separately homogeneous
and heterogeneous nucleation. The usual kinetic equation (II.7) of Zeldovich and
Frenkel describes only heterogeneous nucleation. We shall have to find another
equation for homogeneous nucleation.

In Section II, heterogeneous nucleation is discussed. We derive the kinetic
equation (II.7) for heterogeneous nucleation together with the appropriate boundary
conditions (11.15) for the distribution function of the droplet sizes. A modification
occurs because we account for the fact that the condensed vapor has to be transported
through the atmosphere. This effect becomes important for water droplet in air if
the droplet radius exceeds 5.10-6 m.

The differential equation of Zeldovich and Frenkel and the indicated boundary
conditions form a well defined initial value problem. In Section II.3, we discuss the
time evolution of the spectrum of droplet sizes when the degree of saturation of the
atmosphere is held fixed. In the case of saturation or undersaturation the droplet
distribution converges towards its equilibrium value. For constant supersaturation
the spectrum of droplet sizes falls to zero if time goes to infinity, but the total amount
of water increases infinitely. The time development for some simplified models is
explicitly calculated.

In section II.4, we establish a set of equations for the development in time of the
mean value of the droplet size. These equations may be useful for numerical
computations.

Homogeneous nucleation is discussed in Section III. We derive the kinetic
equation (III. 14) for homogeneous nucleation and starting from it, the integral
equation (III. 18) for the nucleation rate (Section III.2). We solve the nucleation
equation (III. 18) for a simple but realistic model.

In Section III.3, we determine the stationary nucleation rate of the kinetic
equation (III. 14). Our result contains the Becker-Döring nucleation rate [3] as a
special case. The stationary nucleation rate is derived under the assumption that
only the very smallest droplets are formed directly from the vapor and that all others
grow by successive accumulation of single vapor molecules. This contradicts Volmer's
statement that overcritical fluctuations should be responsible for nucleation. These
questions are discussed more closely in Section III.5.

In Section III.4, we calculate the stationary nucleation rate for the droplet
model given in Reference [5]. We compare the result with experiment and determine
the constant V* which was indetermined in the previous paper.
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II. The kinetics of heterogeneous nucleation

ILI. The kinetic equation

In Reference [5] the following expression for the Helmholtz free energy F of
fog was derived (see equation (III (3.2) in Reference [5]. For simplicity, we consider
here only one kind and one size of dirt nucleus. Generalizations are evident):

F F0(T, V0, N0, NB) + Ifj\Fj(v0, T, V};^,^ + kT(Anf 1)

(II. 1)

F0 denotes the free energy of the atmosphere, V0 its volume, A0 the particle
number of the water vapor, NB the particle number of an inert gas, which eventually
may be present in the atmosphere, f, is the number of droplets containing j water
molecules. F} is the Helmholtz free energy of a droplet of size 7 in contact with the
atmosphere and moving in the volume V0, Vj denotes its volume. Explicit expressions
for Fj are given in Reference [5].

The chemical potential py of the water in the atmosphere is given by the equation

"* - dN0

dP0

v • dFJ
Po + L7^.f

fj,NB,T.V j CJCV0

(II.2a)
Nb, t, V

M° " dN0
(II.2b)

Va, T, NB

An expression for the chemical potential p'jjj of the water in a droplet of size j
can be obtained by the following consideration : if we add a molecule to a droplet of
particle number j keeping fixed the number of water molecules in all other droplets,
we change the number of droplets j fromf to f} — 1 and/j+1 to/j+1 + 1. The total
volume

V=Vo + ïfjVj
j

of the system remains unchanged. Assuming that the system is always in mechanical
equilibrium, we obtain

/ dE dE

»"'^-Arw,
where

' ' >dVj

In equilibrium

^0) PP2

^(Gj + kT\nfj) (II.3)
No, Nb, V, T CJJ

and the droplet number f. is proportional to Xj defined as

1

kfX^exp — Op^-G^ (UA)
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We consider the difference pl°' — p^j as a 'driving force' which moves the
distribution/^ toward the equilibrium value. The rate of condensation hj on a droplet
containing y molecules is given by

„03 _ „(0) a fn.= - D.f^ ,fA-= -D,~\nà (H.S)' ' kT >dj Xj
y '

We derive an expression for the proportionality function Z) ¦ in the following section.
The droplet current I} is defined as

Ij njfj=-DjXJ(fy (II.6)

We now consider the variable j as continuous.
Because the number of droplets is conserved, the continuity equation yields :

This equation was derived by Frenkel [4] with purely kinetic arguments and
under the assumption, that X defined by (II.4) is a steady state solution. This assumption

is clearly justified for systems below saturation. In the case of supersaturation
X(j) corresponds to an infinite number of droplets per unit volume, which requires
justification. In our approach X(j, t) has not primarily the meaning ofa steady state
solution (It is a result, the/proportional to X axe stationary solutions of (II.7)) but it is a
mere abbreviation, ptff, p{°} and consequently the X may depend upon time. The
degree of supersaturation will be lowered in general by the condensation of water on
the droplets.

Equation (II.7) is usually proposed to describe homogeneous nucleation (see
f.i. [7]). We propose it for heterogeneous nucleation. For its derivation, only
processes are taken into consideration which conserve the number ofdroplets (see Section
III.l for a detailed discussion of this point).

II.2. The function D(j)
We obtain an expression for D(j) by comparing the phenomenological description

with a simple kinetic model [8] of condensation. We suppose the molecules of
the liquid phase to be in a potential well of depth U0 with respect to that of the gas
molecules. The velocities of the molecules obey Boltzmann's law. We denote by v
the component of the molecular velocity perpendicular to the surface separating
the liquid and the gas which we assume to be plane.

Molecules in a surface layer of depth \v\ dt moving from the liquid toward the
gas with a kinetic energy exceeding U0 can escape into the gas with probability w,
during the time dt. The current i. _ of particles from the liquid into the gas given by

m
h^a w,n

2nkT

*°° / kT
dvve-mv>/2KT ALe-Vo/kT

»r'/2 £l0 ^2nm

The molecules of the gas moving toward the liquid are absorbed with probability
w. The particle current i _, from the gas into the liquid equals
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m
'„_, wn«-'-""'^InkT

/ kT
dvv e-m»2/2kT wn„

'

0 v 27CW

n,, ng are the numbers of molecules per unit volume in the liquid and in the gas. The
net current is

kT
i i-'-i'- wJ*iï<*-'4) (IL8)

where

ni ^n,e-v°lkT

is the saturation density determined by the equation i 0.
We now calculate the difference of the chemical potentials of the liquid and the

gas for two cases :

(a) for pure vapor considered as an ideal gas. The saturation pressure ps(T) is

defined by the equation

pg(ps, T) p,(ps, T)

Developing p around the saturation pressure, we get

±(u _„v~_L^
kT(pg p,)-kTdp ip-ps) 's-fi

Ps "g

(b) for a mixture of vapor with an inert gas B under the assumption that the
density of the vapor ng is much smaller than the density nB of the inert component B.
One can show that in this limit

4 r,£).«,,n + *r(,„ £ + «((£)'))
with £ > 0 and cp a function of the pressure and the temperature only (see appendix B
of Reference [5]).

Setting

À<"«-"<>Èl"^r"^r (,L9)

we find from equation (II.5, 8, 9) for a droplet of radius r that

/ kT
D Anr2x with y w"f / (11.10)" yj 2nm

for w 1, equation (11.10) is identical with Frenkel's result [9].
The current in the atmosphere is a diffusion current and the density ng is different

on the surface of the droplet and away from the surface. Assuming spherical
symmetry, we obtain the stationary current

n- drir)
i -A- s -A

Anr2 dr

where ô denotes the coefficient of diffusion.
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Integrating the last equation yields :

«#> V«) - itô
Equation (II.8) refers to the density ng(r) near the surface but equation (II.5) contains
the chemical potential of the atmosphere, which is characterized by pg(ng(oo)). We
must calculate the condensation current fi} as a function of ng(cc) — ng

a 2 A rxA1 «„(co) — nsa

n^4nrÌl + ég) <^
and get from equations (II.5, 9)

D 4nr2x(l + — j (II. 11a)

with
ô l2nm

^ W^F <n-nb>

and
471

J Tr\-f (11.12)

The constant j* accounts for the dry volume of the nucleus. If the radius r of the
droplet is smaller than rQI formula (II. 11a) is identical with formula (11.10). The
effects ofdiffusion become important for droplets bigger than rcr and slow down their
growth.

For water in air at T 300° K and p 106 dyn cm ~ 2 the above constants are :

w 0-04 [10], ô 0.26 cm2 sec-1 [11], ps 3.7 x 104dyncm-2, [12] which
yield: rcr 4.5 x HT* cm, z 5.3 x 1020 sec"1 cm"2, and D(rej) 6.7 x 1014
sec-1.

It would be more realistic to include the effects of the heat produced by
condensation. One must then allow the temperature T(j, f) of a droplet of sizej at the
time t to be different from the temperature T of the atmosphere and X(j, t) would
depend on time. The law of heat diffusion yields a second equation connecting
f(j, t) and T(j, t) and one has to determine simultaneously/and T. This is a much
more complicated task than to determine f(j, t) alone from the kinetic equation
(II.7) when X(j) is independent of time. We, therefore, consider first the simpler
problem.

II.3. The time evolution of the droplet distributionf
We assume in this section that the function X defined by formula (II.4) does not

depend upon time. It is then convenient to write equation (II.7) in the variable

y(j,t)=f-^4 (11.13)
Kf)

which yields the equation

h ***-jö)f(1,0)aü) lrU,)) <IU4)
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How does a given initial distribution y(j, 0) develop in time? We first remark
that the initial value problem is not defined properly by equation (11.14) only. One
has to specify the boundary conditions atj 0,j —* go. Equation (II.7) shall conserve
the total number of droplets. We require, therefore, that

00

djjtf(j,t) I(0)-I(co) 0

We do not add dry condensation nuclei (i.e. 1(0) 0) and the natural boundary
conditions become

lim D(j)X(j)^.y(j, t) 0 (11.15)
dJ

We show in the Appendix A, that the distribution y(j, t) achieves a constant
equilibrium value different from zero if the system is saturated or undersaturated
and that the distribution y goes to zero as t goes to infinity in the case of super-
saturation. The initial value problem (11.14) with the boundary condition (11.15)
can in general not be solved analytically. This is, however, possible for some especially
simple forms of X(j). These functions nevertheless represent the typical shape of X

obtained from droplet models (see [5]) and can yield some useful information.

A. Saturation and undersaturation. The function X has in this case a very narrow
maximum at some droplet size y0. Therefore we replace

X(j) e-«JÌ (11.16)

by
/ 1 A2A, \

(j-jo)2) (11-17)
jo 7

and the function D(j) which varies slowly in comparison to X by the constant D(j0).
Equation (11.14) is then written as

d 1 „2 d __2 d

with

1 d2cp

AU)eXP(-2W

dxy^X) 2e Tx[e d-x^^ (IU8a)

/1 d2cp
x

.10
2 (dj)2

and

The ansatz

ya «—' e*i2 ua(x)

yields

d2

(j-jo) (II18b)

t (11.18c)
Jo

(dx)'
um + x2ua (2(0 + l)ua
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which has bounded solutions only for cos {0, 1,2,
of the system is

DiJo)
d2cp

w

The longest relaxation time

(11.19)

For fog around soluble nuclei cp(j) equals

cP(j) aj+yj2'3 -slnj (11.20)

ifj » s, s being the number of molecules or ions of the soluble dirt nucleus (see [5]).
The symbol a represents the difference between the chemical potential of the liquid
and the gaseous phase, measured in units kT. It is

a kf^P' T^ ~~ ^P' ^ (11.21)

The degree of saturation is characterized by a. a > 0 for undersaturation and a < 0
for supersaturation. The effect of surface tension is included in y, which is given by

y 3
'47tY/3 çyvA

At (11.22)

where o is the surface tension and v, the volume per molecule in the liquid. We can
neglect the constant j* in (11.12), which is of the order of s « j.

y ~ 8 for water at 300° K which yields at saturation (a 0) and for s 1.6 x
1010 (see Reference [5], Section III.3. This value ofs corresponds to/, 1.6 x 1014):

tx 1.2 x 103 sec (11.23)

B. Supersaturation. As already indicated, the distribution goes to zero in this
case and one has, therefore, to pose slightly different questions. An interesting
quantity is the time dependence of the total amount of water condensed in the
droplets

Ait) djjf(jA) (11.24)

An eigenfunction expansion is inefficacious, since all expansion coefficients decrease
in time; whereas, we expect Ax to grow. This means that the two integrations in

Ai(0 djj da>e-°*c(oS)fa(j)

cannot be interchanged (c(co) axe the expansion coefficients of the initial condition
f(j, 0) with respect to the eigenfunctions fw(j) belonging to the eigenvalue to of the
operator A defined in Appendix A). One has to know the propagator of the initial
value problem (II.7.15):

f(j, t) dlK(j,l,t)f(l,0) (11.25)

The kernel K of the propagator is determined by the properties
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~d d / d (1 y K(j, /,r) 0 Ml,t^0 (II.26a)

lim K(j, l, t) ô(j - l) (II.26b)
no

\imD(j)X(j)j.{^j^\ 0 V/,^0 (II.26C)

The conservation of the total number of droplets implies

djK(j, /,0=1 V/ > 0, t > 0 (11.27)
o

The boundary conditions

lim DX ?- (~ 0 and lim K(j, /,0 0 (II.26d)

axe equivalent to the conditions (II.26c) because the equations (11.25, 26a, 26b, 26d)
determine the kernel uniquely (see Appendix B).

We also prove in Appendix B that

K(j, /, 0 > 0 V/, /, t 7* 0 (11.28)

under conditions which are specified there. The inequality (11.28) is valid for all
kernels that we use in this paper.

For a supersaturated system X(j) has typically a very sharp minimum at some
place/q. We distinguish two cases :j0 » 0 and70 0.

Bl:j0»0
We proceed as in A: We replace D(j) by a constant D0 and X(j) by

X(j0)exp$a2(j-j0)2 a>0 (11.29)

Furthermore, we extend the range ofj from — co to + co. The kernel is then given by

K(x, z, x) (n(e2< - 1))~ ''2 exp - (*~ ZJ^ (11.30)

where the new variables are defined as

x ^(j-Jo) (H.31a)

Z j2(l~Jo) (IL31b)

t D0a2t (II.31c)

Using the kernel (11.30), one can write equation (11.25) in the form

f(x, x) e Tn ¦1/2 dze-*2f(z(l - e~2zy12 + xe~\0) (11.32)

which clearly illustrates how the distribution flattens and spreads out.
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We define A„ by

A. djffij, 0 (11.33)

Equation (11.32) yields

Ai(0 - 70A0 At(0) - /0A0) exp (D0a2t) (11.34)

The exponential growth of the water content of the droplets is not realistic as we shall
show in Section II.4. The function X(j) is rather proportional to exp (-
than to exp (a2/2)j2 for y » /0.

aj) (a < 0)

B2:j0 0
We replace again D(j) by a constant D0 and X(j) by

X(0) eaJ

This choice of D and X leads to the kernel

K(Ç, ip, x) - (Anxy112 exp
(t " ^ + ^

Ax

-^(4nxy^2 fœ A (x + Ç + y + cp)2

0
dyeXP

Ax

with the new variables

£ «/

cp al

x D0a2t

(11.35)

(11.36)

(II.37a)

(II.37b)

(11.37c)

The first term in formula (11.36) is the kernel for the extended interval — co < £,
cp < + oo.

We deduce from the kernel (11.36) that

Ax(t) Ax(0) + aD0A0t(l + 0(e-D°"2)) (11.38)

A comparison of equations (11.34) and (11.38) shows that the function Ax(t),
denoting the total amount of liquid condensed in the droplets as function of time,
depends very sensitively upon the form ofX(j). It is very hard to calculate analytically
the kernel for a more realistic shape of X than for that given by equations (11.29, 35).
In the following section we evaluate the quantity Ax directly from the differential
equation (II.7).

IIA. The time evolution of the moments of the droplet distribution f(j, t)

Equations (11.27, 28) indicate that the time evolution (11.25) transforms a
probability distribution into a probability distribution. We establish in this section
a set of equations for the development in time of the mean value of the droplet size
with respect to the droplet distribution (which we consider in this section to be
normalized to one). We denote the mean value of the droplet size by

At) </>(0 (II.39a)



296 Hans Rudolf Tschudi H.P.A.

higher moments by

A„(0 ((j - x(t))" > (0 «eN,«^2 (II.39b)

Using equation (II.7), we obtain the relation

At)
1 d

djfrADX)
0 Xdj

_ dx
~~

dt

if we assume that the integrated parts

Pf

x(t) iP(x)+ £ -jr 777771 M*) ("-40)
1=2 '¦

d
jDX-r

0 8J \X

can be neglected. A Taylor expansion of A-1 djdj(DX) yields the (formal) series

A, d
(Ax)

where the function \p equals

HJ) r7lryj.(D(j)X(j)) (11.41)
Kj) dj

Neglecting again the integrated parts, one obtains similarly

1 œ Ad1 °° A ilxA. - m,., + e o. - »^^w + l^r1^*«
(11.42)

for« > 2(A0 1,A! 0).
If we now start with a distribution /(/ 0) for which in equations (11.40, 42) the

An with « bigger than some number N may be neglected, equation (11.40) and the
equations (11.42) with 2 < n < N determine x(0 and An with 2 < n < N. The
equation for AN + 1 can serve to test the validity of the assumption that An with
« ^ N can still be neglected after a certain time.

If we start for instance with a (5-distribution all An 0 and we use

x ip(x) (11.43)

The equation

d2 dA
Adx)2 dx.

A2 2D(x) + [ y—j D + 2 -Aj- A2 (11.44)

together with the condition
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^A2(0~(x(0) «Hx(t)) (11.45)

may serve as test for the validity of (11.43).
We now discuss briefly equation (11.43). It is very reasonable to assume that for

macroscopic droplets (x > 1010)

d
— In X(x) — a
ax

where a is given by (II.23b). (See f.i. [5]). Furthermore,

fxD(x) 0^«m
D being a smooth function of x. We choose

ip(x) -a.D(x) (11.46)

The function D(x) is given by equations (11.10,11,12). With this choice of i/V equation
(11.43) can be easily integrated and yield

q + \q2= -aV-^(t-t0) (11.47)
2 rcr

with q defined by

q — (11.48)
''cr

and x, rCT by equations (11.10, lib), v, is the volume of the liquid per molecule.
The constant v,xrff 35 s_1 for the example discussed at the end of Section II.2.
We note that q is proportional to the condensation rate per unit area of the surface
of the droplet.

Within the approximation (11.46) equation (11.44) can be written as

3JW -?_?"£ („.49,
ax a a ax D

which yields (x0 x(0l, o)

dx'D2/*(x) (11.50)A2(x) --D~2l«(x)
a

and

2 ,1 (2\2 .„ d _ „(D
A2(x) =-Hx- x0) - -g (x - x0)2TxinD + 0(^(x - x0)3

by a power series expansion of the integrand of (11.50). Observing that

^ 0(x"1) ^ 0(x"2)
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we get for the inequality (11.45) that
2

ax
+

ax
< x (11.51)

Equation (11.51) is fulfilled for the values of x and a (x » 1, 1 < a < 2) in which
we are interested.

The reader may check that the equation (11.43) reproduces the formulas (11.34)
and (11.38), if he inserts into (11.41) the forms of X(j) given by formula (11.29) and
(11.35) and replaces D(j) by the constant D0.

The main advantage of the approach outlined in this section is that it
conceptually leads back to a simple one-droplet-picture: it is enough to study the
behaviour of a droplet which represents the mean water content per droplet. Its
evolution is given essentially by equation (11.43). It is very satisfactory that the
statistical effects disappear for macroscopic droplets as a consequence of equations
(11.46) and (11.51).

The set of equations (11.40, 42) is suitable for numerical calculations.

III. The kinetics of homogeneous nucleation

///./. The kinetic equation

'Homogeneous nucleation' means the process of the formation of droplets
from a supersaturated vapor without condensation nuclei. We derive an expression for
the kinetic equation using Frenkel's idea to consider droplets containing j molecules
themselves as molecules of some substance Aj and fog as a composed system in which
chemical reactions take place. These reactions are described by the equations

Y arjAj 0 reN cr] e Z (III.l)
l

The state of the r-th reaction is indicated by some reaction parameter <Dr. The <5r are
the independent particle number variables. The number/ ofparticles in the substance

Aj is given by

fj=fj° + Larj& (III.2)

The differential of the inner energy U of the system is

dU TdS - pdV +YPj a] d®'

In equilibrium, the activities

ar Y Pj a)
j

are zero.
If we keep the volume V and the inner energy U fixed, a change of the entropy

is caused by the chemical reactions and equals

dS 1 „ dtp
At -T^rAf (IIL3)
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In accordance with the thermodynamics of irreversible processes, the 'currents' are,
in a first approximation, linear combinations of the 'entropy conjugated potentials'
T~ 1ar given by

~=-YL'*- (inA)
dt ^ T v '

in which the matrix of the coefficients is symmetric (Onsagers relations) [13].
Considering homogeneous nucleation, we have to account for at least two sets

of chemical reactions :

(i) the growth of droplets by successive accumulation of single vapor molecules.
These processes are described by the reaction equations

(III.5a)

(III. 5b)

(111.5c)

Aj+1 Aj - A 0, j > 2

with reaction parameters

(5{+i

and activities

a{+1 =-
dF dF

-pT

The Helmholtz free energy is given by equation (II. 1), p^ by (II.2) and

dF

Vj
Gj + kT\nfj (III.6)

v

ii) the direct formation of a droplet containing j molecules from the vapor :

Aj-jAx 0, j>2 (III.7a)
with reaction parameters

4^ (III.7b)
and activities

dF
«2=^-M0) (111.7c)

We immediately get from the definition (III.2) (d/dt •) that

A «H - cPi

fj=<Pj2 + ob[ -cPi+1, j>3
and

(III.8)

Ào Y fj= I M (III9)
3=2 j=2

The equations (III.5) determine heterogeneous nucleation. The equations

cAff1 =a2+1 -a2 =0, j > 2

determine the equilibrium distribution only up to a constant which is given by the
total number A0 of the nuclei. This is an external parameter of the system for hetero-
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geneous nucleation. In the case of homogeneous nucleation at least one equation
of the type (III.7) is present, forcing the a{ to be zero in equilibrium and yielding so
the result obtained in Reference [5] :

/(equilibrium) k, exp —(/X* - Gf)

We now get the kinetic equation for homogeneous nucleation specifying
statement (III.4) by postulating that the reaction rates <!>{, <b{ depend upon the
activities a{, <x{ in the following manner

<I>i -^X (HI. 10a)

*2 ~ kT*2 (III10b)

We assume that the matrix 17s in equation (III.4) is diagonal, i.e. the chemical
reactions are completely decoupled. We justify this postulat by showing that (III. 10)

agrees near equilibrium with the reaction equation obtained by kinetic considerations
for dilute gases. This comparison will furnish the coefficients dj, Cj (up to an
ambiguity which is inherent in the method).

An elementary probability consideration leads to the following kinetic equation
for the reaction (III.5a)

H+1-dt+1n0fj-df+lfJ+1 (III.l 1)

where «0 N0/V. The coefficients dTf and df can in principle be calculated from
the intermolecular potentials. A stationary solution of (III.l 1) is given by the
conditions

"j+ iwof — dj+ijj+i
and equation (III.l 1) is near a stationary solution ri0,ff

4>3/i _d- fs (VA _ fy _ %h\
3+lJj+\fUi fj <)

where

ôn0 n0 - «o, <5/ / - ff
But one has on the other hand for small deviations ôn0 and ôf the relation

afj + i ¥j ôn0
_

q|+1

ff+1 fj «0 kT
because p{%> kT In «0 up to a constant not depending on n0 for a dilute gas if
one neglects the dependence of Gj on «0 in equation (III.6). We may, therefore, take

dj d]nafj_x or dj df fj (III.12)
in equation (III. 10a). The two prescriptions are equivalent near equilibrium. We
choose the second expression to get back equation (II.7).

The kinetic equation corresponding to the reaction (III.7a) is

&2 c;Vnij-cffj
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which leads to the identifications

cJ cJfj or cj ctVn0

which are again equivalent near equilibrium. Since we are interested in studying the
formation of droplets, we propose

Cj=VC+jrin (III. 13)

The equations (III.5, 6, 7, 8, 12, 13) finally lead to the kinetic equation for
homogeneous nucleation (c(j) cf)

Being in the framework of a linearized theory, we have replaced in equation
(III. 14) In x by x — 1. One avoids so an artificial singularity for/ 0.

The boundary conditions at7 0,7 —> 00 are the same as for the equation (II.7)
of heterogeneous nucleation : the production rate of droplets is given uniquely by
the second term of equation (III. 14).

Because only very small clusters are likely to be produced directly from the
vapor, we replace

Vc(j)n0 by Cö(j - 0+) (DI. 15a)

where

ô(j - 0+) lim ô(j - e) (III.15b)
e|0

and

C V djc(j'H (111.15c)

(See Section III.4 for a justification). C is the total current ofdirect droplet production
from the vapor. But the effective production rate

Ao(0 *>•"- i»-fM
is smaller than C, because some of the droplets reevaporate.

Elementary kinetic and thermodynamic considerations yield the function D(j)
and the function X(j) up to a constant factor [5]. The constant C can be evaluated in
a kinetic theory. (We do not calculate C in this paper.) The only quantity which is
hardly accessible to theoretical calculations is X(0). We use X(0) as fit-parameter.

III.2. The nucleation rate

We assume in this section that the supersaturation of the system is held constant.
With the help of propagator K of the equation (II.7), we express a special solution
of the inhomogeneous equation

HKi*"-™
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ds dl K(j, I, t - s)F(l, s)
o Jo

The solution of equations (III. 14, 15) to the initial condition/(/ 0) 0 obeys the
equation

f(j, t) dsK(j,0 + t - s)A0(s)

and the nucleation rate A0 is determined by the linear integral equation

u(t) 1 -
where

ds h(t — s)u(s)

C

and

«(0
c

X(0+)
K(0+,0+,t)

(III. 17)

(III. 18a)

(III. 18b)

(111.18c)

The function h(t) has the form t~1/2g(t), g being a smooth, bounded and non
negative function, for the kernels in Section II.3B. One can show that in this case the
integral equation (III. 18a) has exactly one solution [14] which can be represented
in a closed form by a Laplace transformation [15] :

u(t) 1 ds
1

2ni
dp

1 + H(p)-1

Equation (III. 19a) is valid for any real m with

m > inf | e~m \h(t)\ dt < co
tn'eB. JO

and H(p) equals

(III. 19a)

(III. 19b)

(111.19c)H(p) e-~'h(t)dt

We evaluate formula (III. 19) for a simple model function

h(t) b(nty112 e~aH, a>0 (III.20)
which has a realistic shape for t —> 0 and t —* oo (a2 may be identified with the smallest
eigenvalue of the eigenvalue equation Au wu. The operator A is defined in Appendix
A. The proportionality to t~1/2 comes from the normalization of the ^-distribution in
formula (II.26b)). H(p) is then

H(p) b(p + a2) -1/2

With the substitutions cr sb2, x tb2, a a/b, q (p + a2)/b2, in (m + a2)/b2,
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formula (III. 19a) yields

u(x) 1 —
1

+ do e'
1 + a

We now remark that the function

iP(o)

iP(x)
1

2%i dl7TTi
A" + 1

has the property that for positive values of the argument x
lim ip(x) 0

X -* 00

and that

dip 1

dx 2ni dq(l
1 1'm-r-ioo 1

- a112) eqx -q ' x V(A) x3'2

The solution is found to be

and

iP(x)

(T(-i)

u(t)

/1dye'A
o \x + y

+

-2yjn)

a + b
+ da exp

bh

2yjn (x + y)

fffiaW(G)

3/2

303

(III.21)

(III.22)

The function u(i) falls monotonically from one to the stationary value a/(a + b)
after a time of the order of a-2 if a/b » 1, or of the order ofb~2 ifa/b « V

In the following section, we calculate directly the stationary nucleation rate.

III.3. The Becker-Döring nucleation rate

Equation (III. 14) has the form of a continuity equation with a source term.
Integration of (III. 14) over the interval 0 < j < M, and using y'(0) 0 yields

dt
A°M + Im ~~ MdjVc(j)ni(l-^

with
CM

A0M djfij, 0

and

y(j, t) fij, t)

Af)

dJ j

(III.23a)

(III.23b)

(111.23c)

(III.23d)
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Two remarks are crucial for the following :

(i) The direct formation of droplets from the vapor occurs only for very small
droplets (withy < jx say). A0M + IM becomes independent from M for M > jx.

(ii) In the case of supersaturation (DX) ~ 1 has a sharp maximum at j0 > j, (see
Section (III.4);/0 lies between 40 and 90) and goes to zero very rapidly ifj deviates
from To.

We now assume that/can be approximated by a stationary solution of (III. 14)
in some interval 0 < j < M, for M > j0. (A justification of this assumption is

given in Appendix C). A0M is then zero and the total droplet production rate A0
equals IM. The general solution of the equation

dj \ dj
Vc(j)ni(l -y) FU) (III.24a)

with the boundary conditions

y'(0) 0 and y(M) yM (III.24b)

can be found using the Greensfunction u(j, I) which is determined by the equations

d AuAa
du

3=0

Kj - D

0, u(M, I) uM, V/ 7* 0

The solution u(j, I) equals

P äj

u(f I)
*M +

mdx
v

df_

m DX

j>l
j<l

We write the general solution of equations (III.24) in the form

y dl u(j, l)F(l) [uM +
o

i EL
„DX

dlF(l) + Md[j
DX

dl F(l)

Since

M

dlF(l)

for a stationary process and, according to the remarks (i) and (ii),

djfj
DX dlF(l) dr

DX dlF(l)

the stationary solution is given by

"M dfyij) ym + Im
DX
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We insert now this stationary solution into equation (II.23a) and get

Iu djVc(j)nÜl - (yM + It
Mdj_

DX

which determines IM. We can first extend the range of integration of/ from zero to
M, because (ZU)_1(/-) s 0 if Vc(j)nJ0 is different from zero.

If moreover M » /0 then yM (f/X)(M) £ 0 and the ranges of integration
of7 and/ can be extended from 0 to co. This yields the following equation for the
nucleation rate /

dj
DX

+ dj Vc(j)n{

Equation (III.25) reduces to

4fw/=/0

in the case that

DX

C dj_

XD dj VcU)rir, » 1

(III.25)

(111.26)

(III.27)

i.e. if the 'production current' C of droplets from the vapor is sufficiently high (see

equations (III. 13, 15c)). Equation (III.26) is generally accepted to be true, mainly
because the fact escaped attention that two things determine the stationary nucleation
rate /: the production current C and the manner how the reactions (III.5a) transport
the droplet flow /(which is indicated by the quantity (III.26)).

Equation (III.26) was first derived by Becker and Döring [3] using the kinetic
equations (III. 11) but imposing somehow artificial and in fact unnecessary restrictions
on the stationary process they considered. Equation (III.26) was also derived by
Frenkel [9] starting from a stationary solution of equation (II.7) and from rather
mysterious boundary conditions at j 0. Frenkel's derivation is shorter than
Becker's but not a progress from our point of view.

III.4. Nucleation rate for a simple droplet model

In ref. [5], we derived the expression

V
AJ) yi exp (-aj - yj213) (III.28)

a and y axe as in (III.21, 22), V* is an unknown parameter with the dimension of a
volume.

Only droplets whose size lies far beyond the critical radius rcr given by formula
(II. 11) are important for the calculation. Following equation (II. 10), we set D equal to

/47rV/3
D 3wps(2nmkTy112 — vf'3j2'3 E-j2'3 (III.29)
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(E 2.4 x IO6 sec-1 for the values of the constants involved given at the end of
Section II.2)
Introducing z j113 as a new variable, we get

rt
DX

3V*
~E7V

dz exp (az3 + yz2)

We expand the exponential around its maximum (a < 0

Z =A --1-
0 Jo

3 a

and evaluate the integral of equation (III.26) by the saddelpoint method. This yields

(III. 30)

fo
V y3V exp

j4_y3
"27 a2

(III.31)

[9]. This formula represents well the qualitative behaviour ofnucleation. (4/27)y 3 £ 76
and the nucleation rate should depend strongly on the supersaturation a. Beyond
critical supersaturation practically no nucleation occurs, above this value nucleation
becomes very violent. This behaviour is indeed observed in experiments.

The nucleation rate I0/V has been measured. The magnitude of the parameter
V* may, therefore, be estimated by the equation (III.31)

Table 1

y*
T
[°K] [cm3]

S — a Ps

[mb]
a

[dyn cm
V

-1]
lo [IO"*

x
cm3]

261 ~102 5.03 1.67 2.44 IIA 9.93 64 19.8
(Volmer &
(Flood

263 10s 5.0 1.61 2.86 77.3 9.82 68 23.4 Frey

261 102 4.36 1.47 2.44 77.6 9.93 92 25.9
(Sander &
(Damköhler

261 106 6.60 1.89 2.44 77.6 9.93 43 18.6 Barnard

261 103 5.70 1.74 2.44 IIA 9.93 55 18.6
(Madonna

l&al.
238 103 6.40 1.86 0.313 81.4t) 11.4 69 26.6

[Madonna
l&al.

t) Extrapolated value.

The supersaturation parameter S is defined as

S e-"
Values of the nucleation rate /0/ V versus the supersaturation parameter S1 are

taken from Mason's book [16] the other constants from the Landolt-Börnstein tables
[10], [11], [12]. Mason judges the measurements of Barnard and of Madonna to
be the most reliable. The small value of V* at 238°A^ may be caused by a too high
extrapolated value of the surface tension (x 18.6 would correspond to a
72 dyn cm-2) following Mason, but we see no reason why V* could not depend
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quite strongly on the temperature. Another reason may be that for T 238° the
saturation density «0 of the vapor is so small that C < I0. One must then use the full
formula (III.25) and take into account that 1(a) saturates for high values of |a|. We,
therefore, choose V* =¦ 2.5 x 10"13 cm3.

III.5. Fluctuations and nucleation

The quantity

4 y3
AGcr kT—A

27 a2

is the amount of Gibbs free energy AGcr required to form a droplet of Kelvin's
critical size from the vapor. One droplet of critical size is metastable in a
supersaturated vapor, a smaller droplet evaporates, and a bigger one grows. Equation
(III.31) is often written [7], [17] in the form

^ const, exp - ^sl (III.32)
V F kT

One considers exp (—1/kT AGcf) as Boltzmann's factor proportional to the frequency
of 'fluctuations of overcritical size' which are believed alone to generate droplets
which can grow. In contrast 'undercritical fluctuations' should decay (see [3], [9]).

I think this is a misleading statement. Phase transitions, or more general,
chemical reactions are not caused by fluctuations. Nobody would consider the chain
0, 02, 03,... to be caused by density fluctuations. The notion 'fluctuation' has a
precise meaning in statistical physics. It indicates how well the mean values are
defined which are the constituent quantities of thermodynamics. They impose an
under limit to the size of systems which can reasonably be described by
thermodynamics. It is a crucial point in our derivation of the formula (III .25) for the stationary
nucleation rate that only the very smallest clusters are formed directly from the

vapor and that all others are formed by successive accumulation. All clusters grow
in the average if the system is supersaturated, the 'undercriticals' grow too.

Consider the difference of the chemical potentials (II.5)
„(0) _ ,.(J) x fAA--H <I,U3)

which governs the rate of condensation on a droplet. Inserting the stationary droplet
distribution

fx (IIL34)f=IX

of Section III.3 into formula (III.33) yields

^^Tr^'H0»!"™)"' <IIU5)

The function (DX)'1 has a sharp maximum near Kelvin's critical size70. The
'driving force" (III.33) equals, therefore,
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p(T - p(Î
kT

/o
(*0) for7'<7o(DX)(j)

°«V5,2| for7=7o (III-36)
^0 / _ 9 _2.,-5 2

2(DX)(j0)

- In DX i - a - fyy-^3 +\j~l) foxj > /0

The values in the brackets correspond to the expressions (III.28), (III.29), (III.31)
for X, D and I0. The approximation for j > j0 is obtained by replacing the function
(DX)(j) by

(dinDX \
(DX)(j)¦ exp [—jr- (/ - j)J (III.37)

One may check that for/ > j > j0 and with the expressions (III.28), (III.29) for the
functions X and D

(DX)(j) > (DX)(j) ¦ exp (^p (f - j)\ (III.38)

if one chooses the appropriate values for the involved constants (y 8, j0 > 40).
The inequality (III.38) implies that p{°] — p^ increases monotonically withy.

The condensation rate «, on a droplet of size j (II.5) is a positive and
monotonically increasing function of/ although very small for j < j0. For j > j0, we
obtain the first order approximation (11.43) of Section II.4.

The growth of the droplets is a dynamical process : more molecules condense
on a droplet than evaporate from it. The quantity hj stands for the mean condensation
rate on a droplet of size j. This mean value is the quantity of interest, not the story of
an individual droplet which may evaporate even when h} > 0.

The basic quantity is the stationary nucleation rate /0

di A1J > ~ min DX (III.39)r0
o Dk

due to the functional forms ofA and D. The Gibbs" droplet model yields the expression
(III.28) for the function X(j) [5], and allows to go from equation (III.39) to (III.32).

I do not think that the transition from equation (III.39) to (III.32) conceals
deep physical insights. It may well be that X(j) increases monotonically in j for
systems other than liquid droplets in gas. One would then write I0 more appropriately
in the form

go n

ia=Z Wl« YiD/A1
3=2 7=2

where « is a small number, than in the form (III.32) and nobody would introduce
the notions of metastability and of over- or under-critical fluctuations.

IV. Conclusion

It is not the fact that one droplet can be at best metastable in contact with a
supersaturated vapor that is the guiding physical insight in nucleation theory, but
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that an ensemble of droplets can be thermodynamically stable. This allows the
development of the thermodynamics of fog. Starting from the equilibrium theory,
one derives the basic nucleation equations by directly applying the principles of the
thermodynamics of irreversible processes.

The crucial physical concept in the derivation of the formula (II. 1) for the
Helmholtz free energy of fog is the notion of identical particles. We call particles
identical if they share the same physical properties, i.e. if the result of an experiment
does not depend upon which particles were used. This definition of 'identical' makes
sense in classical as well as in quantum physics. It leads in the classical framework
to the statistical postulate of Reference [5] which shows that - and in what respects -
droplets of the same size j can be treated as identical particles. Fog and clouds
represent the consequences of the notion 'identical particles' on a macroscopic
scale - a phenomenon similar to the zero point pressure of a Fermi gas.
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Appendix A

We reformulate the initial value problem (11.14, 15) in the language of vectors
in a Hilbert space and their time evolution due to a differential equation of the type

dy
— Aydt

The linear operator A

1 8 fry, 8U

A-"--AA
is symmetric in the Hilbert space L2(X dj, WA) of complex functions u(j) for which

0dj \u(j)\2X(j) < oo and —
dj

with respect to the scalar product
3=0

iu, v) dj X(j)u*(j)v(j)

A is furthermore a non-negative operator (the functions D(j) and X(j) are positive
for 0 < 7 < 0).

(u, Au) djD(j)X(j)
2

^0
and can be enlarged to a non-negative selfadjoint operator (Theorem of Friedrichs
[18]). We may expand every initial condition y(j, Q)eL2(Xdj, R+) in terms of
(generalized) eigenfunctions of A and obtain a Fourier analysis of the problem.
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The condition (u, Au) 0 implies u const. If the system is saturated or
undersaturated X decreases exponentially for large j (see Reference [5], Sections
III.2 and III.3) and the integral

dj k(j) < co

u const, is an eigenfunction of A with eigenvalue zero and y achieves a
constant equilibrium value different from zero. In the case of supersaturation k
increases exponentially and the above integral diverges. The operator A is then
strictly positive and y(j, t) goes to zero almost everywhere as t goes to infinity.

To be more explicit: we are interested in initial conditions y(j, 0) > 0. This
implies y(j, 0 > 0 Vr > 0 (See appendix B). Let us denote by Lp(lS.+, X dj) the space
of all functions u: R+ —> 1R+ for which

djk(j)W(j)) < oo

Consider now y(j, t) e Lp (IR+, k dj) for which

lim Dky"-1-^ OV;
j -a, »J

for some p in a neighborhood of 1. One easily calculates

d_

It
which yields

r1 tv, Moll, (i-/o
o

djDky-2[f

|||j(0||p o ifp=i
d || / s|| f > 0 ifP < 1) y.
it " j(r)"4 < o ifp > i} or y{h r) is constant m-/

This illustrates the tendency of the distribution y to spread out and to flatten under
the time evolution.

Appendix B

We consider the differential equation

ii^^-è)UDimj^jyat)] 0 (B1)

in the region 0<f<oo,0<i<oo and with the boundary conditions

(B.2)

lim tD(7)A(7)-;Ky',0 0, t>0
3-0 dj

lim y(j, 0 0, t > 0

j-, OO
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The functions D(j) and ^(7) can be expanded in infinite power series

Dh

311

0<D(j)=f Y tt/ àeZ,ô<2
k=o K-

and

i^o)= fé/
fc=0 ft-

which converge for 7 in some interval 0 < j < I, I > 0.

Proposition : The kernel K(j, I, t) of the propagator of the differential equation
(B.I) with the boundary conditions (B.2) is non-negative:

K(j, l,t)^0 for/ l,t>0
Proof, (a) We first prove the following

Theorem: [19] Let G denote the rectangle 0 < / < /, 0 ^ t ^ T

t

Figure 1.

and u(j, t) a solution of the differential equation

du
y

d2u „, du
Bu Tt-D^(djy-C(j)ìl 0>

D(j) > 0 for 0 ^ 7 ^ /
in G (u is at least twice continuously differentiable in7 and once in t for/ t in G).

The function w(/ t) attains its maximum or minimum in G on the line L TOJQ.

Proofof the theorem: Let us assume that the absolute maximum M of u lies

in the interior of G or on the line TQ. Let m he the maximum of u on L. We now
consider the function

v(j 0 <j, 0 + AT - t)
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0 < k <
M — m

(B.3)

The absolute maximum of v is bigger or equal to M and the maximum of v on L is
smaller than M by construction. The absolute maximum of v still lies in the interior
of G or on the line TQ.

(i) The absolute maximum of v lies at some point/, t' in the interior of G.
This implies

< 0

in contradiction to assumption (B.3).
(ii) The absolute maximum oft' lies at the point/, Ton TQ. Then

dv

Tt o,

r.f ciJ
0,

j'.t'

d2v

(dj)2

ich yields

0 ^ Bv Bu - h• -k

dv

dt
> 0. 0,

d2v

J'.T (djy ^0
j'.T

dv

j;t 8j

and 0 < Bv as before.
The absolute maximum of the function u (and equally of the function - u) in

the rectangle G lies, therefore, on the line L. QED.
(b) We now study a solution of the differential equation (B.I) which fulfills

the boundary condition

lim D(j)X(j) — u(j, 0 0, for 0 < t ^ T (B.4)
3-0 8j

in the neighborhood of J 0. We write u as a power series in 7

u(j,t) v(t)+f Y ~A kao
fe=0 K ¦

where the coefficients v(t) and wk(t) are at least once continuously differentiable with
respect to t, and insert u into the differential equation (B.I). This yields

dv

dt
w0D0k(k + ô - l)f+ò~2 + 0(f+â-1) 0

as a consequence of the chosen value of <5. The boundary condition (B.4) implies that

k + ô - 1 > 0

Therefore, we obtain

k 2 - ô > 0

and

1 d
u(j, t) v(t) +

D0(2 - Ô) dt
v(t)f-d + OU3'*) (B.5)
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(c) We finally consider the boundary conditions

du
lim DA— 0 for 0 ^ / ^ T
3-0 8j

u(j, 0) > 0 for 0 < j < /, u(J, 0^0 for 0 ^ t ^ T

Then u(0, t) > 0 for 0 «S t < T.

Proof: Let us assume that there is a point t with 0 < t ^ P for which u(0, t) < 0.
Then points t0, t, exist with the following properties

0 < t0 < T
u(0, 0 S* 0 for all t with 0 ^ t < 10

u(0, 0^0 for all / with 0 ^ t < t'0 implies t'0 ^ t0

and

t, T if du(0, 0
dt # 0 for t0 < t ^ T

or

t0 < tx ^ T and

t0 < tj < T and

du(0, 0
dt

du(0, t)
dt

0 imply t'x > tx

By construction, u(0, t) decreases monotonically from u(0, t0) 0 to u(0, tf) < 0.
We choose now a point T in t0 < T' < tx. u(0, T) is the minimum of u on the line

L' =T'OJQ'and
du(0, t)

dt < 0

As a consequence of equation (B.5)

u(j, T) u(0, T)+
l d

D0(2 - Ô) dt
«(o,oi,=r72"d + o(/-d)<"(o,r)

for a sufficiently small but positive value of/ This contradicts the theorem. Therefore,
w(0, 0 > 0 for 0 < f < T. QED.

From the theorem one concludes that the boundary conditions (c) imply that
uij, 0^0 for every point/ / in the rectangle G. This implies the statement which
we wanted to prove - namely that the kernel is not negative for the rectangle G.
But the finiteness of J was not assumed in this proof; it is valid also for the infinite
interval 0 < j < oo. QED.

It is a consequence of the result obtained in c) that the only solution of the
differential equation (B.I) is y(j, t) 0 for the boundary conditions (B.2) and the
initial condition y(j, 0) 0 for 0 </ Thus the initial value problem (B.I, 2) and
y(j, 0) f(j) has only one solution.

For the functions X and D given by equations (III.28) and (11.11), we write the
differential equation (B.I) and the boundary condition (B.2) in the variable z j113.
One may verify that the proof stays valid.
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Appendix C

We write equation (III. 14) in the form

* '|YM|) ,0-_o*)M>
dt Xdj\ djj X(0)

where 0+ is an arbitrarily small but positive number.
If we now substitute

y w + Ao(0 8(f - 0+)
Jj

we get the equation

dw I 8 dw\
„

T,--xjAdA=-^<»
with boundary conditions

u>(co, 0 y(co, t) 0,

df
D(j')X(j')

8(f - 0+)
dj'

D(j')k(j)

dw

Tj 3=o

dy

dj

A0Ö(7 - 0+)

3=0 D(j)k(j)
0

(C.la)

(C.lb)

If the system achieves a stationary nucleation rate (Ä0 0) the equations (Cl)
are completely equivalent to the equations discussed in Section II.3 and in Appendix
A; we conclude that w —> 0 as t —> oo. If the supersaturated system therefore achieves
a stationary nucleation rate, this stationary value is given by formula (III.25).
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