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Abstract. The existence and the uniqueness of the distinguished self-adjoint extension of the Dirac
operator describing an electron in the field of a finite number of point charges with Z < 137 is proved.

In [1] we proved some general results about perturbation of non-semibounded
self-adjoint operators by quadratic forms. These results were applied to obtain
distinguished self-adjoint extensions for Dirac operators with singular potentials.
Let Hm be the free particle Dirac operator and V(x) the 4 x 4 symmetric matrix
valued function which represents the potential. Then, one of the results in [1] is

Theorem 1. If
\\\V(x)\\\ <v/|x|, 0< v< 1 (1)

(here ||| • ||| means the usual 4x4 matrix norm and in our system ofunits v 1

correspond to atomic number Z 137) then there exists a unique self-adjoint operator H
such thatf e D(H) impliesf e D(\HJ112), and

(g,Hf) (U„g,f) + (Vg,f); g e D(Hm), feD(H). (2)

The operator H has the property

oess(H) <= o-ess(7Ym). (3)

The aim of this letter is to prove the following generalization of the above result.

Theorem 1'. The conclusions of Theorem 1 remain valid if the condition (1) is
replaced by

V(x)= t viix); III WW ^vf\x-Xi\
RE û

0 < V, < 1, X; # Xj, N < oo

Sinfisi
(V)

V">
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Remarks
1. The result contained in Theorem 1' is relevant to the bound state problem in

heavy ion scattering [2].
2. Similar arguments as in the proof of Theorem 1' below, lead to the fact that

the Rellich theorem [3, Th. 6.3] gives the essential self-adjointness of Hm + V on
{C™(i?3\{Ui x,})}4 for V satisfying (V) with 0 ^ v, ^ \ which generalizes some
results in [4].

3. Combining the proofs of Theorem 5.1 in [1] and of the Theorem 1" one can
prove a more general form of Theorem 1'. More precisely one has

Theorem 1". The conclusions of Theorem 1 remain valid if(l') is replaced by
V(x) Vx(x) + V2(x)

where Vx(x) satisfies (P) and V2(x) is nonsingular (see [7, Def. 2.1 and Def. 5.1]).
Proofof Pheorem P. Let d min|x; — x.|, cp(t) e C'dJJ, co)) suchthat cp(t) 1

i*j
for t < d/4, cp(t) 0 for t > d/3 and ks(t) defined by

2 ,'1 - (m + s)t + (m2 + s2)t2 forO < / ^ (m + s)/(m2 + s2)
ks(t) jl for t > (m + s)/(m2 + s2).

(4)

Let

Wx) V(x) - f] <t(\x - x,\)k2(\x - x,\)V,(x)

V(x) - £ V,(x) ee V(x) - V(x). (5)
i=i

From the definition of W(x) it follows that

sup|||^(x)||| < oo; sup|x|.|||W(x)||| < oo. (6)
xeR* xeR3

Let

V(x) S(x)| V\(x) ; V,(x) S,(x)\ V, |(x) (7)

be the polar decompositions of V(x) and V,(x) respectively. Using the definition q>(t)

one can see that

|P|i/2(x) ^ \\7A2(x); S(x)\V\ll2(x) X Si(x)\VA2(x). (8)
N

I[ 1

One can easily see that W]Hm\ 1/2 is compact and that F satisfies the conditions
ofLemma5.1in[l]sothat[|F|1/2(//m - zoy1(Hm - z)~ x| V]1 /2 (here [•] means the
extension by continuity) is compact. Then due to the Corollary 2.1 in [1] the only
thing we have to prove is that there exist 0 < X, s < oo such that

\\l\v\ll2iHm + ixyl\v\l'2]\\ < 1. (9)

Let O e (Cj?(R3)y. Then from the definition of cp(t)

\\P\ll2(Hm + iXyW2ct>\\2 I IIIWm + ixyw^w2
^'X (Af + Bl(2Al + Bj)) (10)

i= 1
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where

A,= \\\Pi\ll2(Hm +ixy'IVA'^W, (H)

b,= il £ \Pt\ll2(Hm + ixy^v^m- (12)
j i

In order to prove (9) it is sufficient to show that for X s

Y Af ^ (max vf\\m2, (13)

lim (supl?i/||0|| J 0. (14)
.1-00 \ * /

Now

Af < HM- - XiWi^W» + iX)AvA2kx(\- - x,|)ç»1/2(|. - x,.|)<D||2

< v»||*A(|- - «il)!- - xAll2(Hm + ixy1]- - xAll2(\- - xMii'12)
V/2(l" - x^H2 < v?||fl>1/20- - *il)*ll2 d5)

In the last inequality we have used the Lemma 5.2 in [1] and the translation
invariance of Hm. The inequality (13) follows from (15) and the definition of q>(t).

From the explicit form of the integral kernel of (Hm + iX)'1 (see for example [1],
Section 3) one can easily see that for |x — x,\ ^ d/3, i A j, X > 1

\((Hm + Ü)-1!?/'2®)*«! < KXl e~U d~2\m\ (16)

so that

B, ^ KX2 e~iX ||(P|| (17)

Then (14) is proved and the proof of the Theorem 1' is finished.
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