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344 D. FLATH

sé° n is spanned by the elements (4.2)'such that b c, all of which are of
the form JaE +

b.

We remark that the subalgebra of sé generated by sl2 is canonically
isomorphic to the universal enveloping algebra of sl2. The element J(J + 2)

equals H2 + 2(£+£_ +£_£+), the Casimir element for sl2. Thus is a little
larger than the enveloping algebra of sl2.

n\
For integers /, n define ^ to be the set of T e & n sén such that

p(H)T IT.
This defines a grading of i

n\ n\ n'\ fn + n'X *IX*L) * (4.8)

The generators of $ fit in as follows :

Jeâ9\), Xe@()
1

(4.9)
0/ \lI 1

Proposition 4.10. i) ^ (^j

»> a (f) * 0 ,/»«< o„l, if I > 0,1 » I aniI,„(mod 2). //,„««
conditions are met, f/zen

m\ i + w I — n

C[J] X~(dy)~ (4.11)

Proof: Immediate.

We note that the co

and n is a weight of Vx.

We note that the condition that ^ ^ (0) may be rephrased thus : I ^ 0

5. Decomposition of Hom(Fm, Vm+n)

Theorem 5.1. Let l,m,n be integers with l,m,m + n^ 0. There is

an si2-subrepresentavion of Homc(I^ ,Vm + n) which is isomorphic to Vx if and

I — n
only if \ n \ X: I, n I (mod 2), and m X —-—
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Moreover, when these conditions are wet there is a unique such sub-

representation. A weight vector of weight I in it is given by

l+n l-n

Proof: By Lemma 2.7 and the definition of Û8 a weight vector of

weight I of the subrepresentation sought must be the restriction to Vm of an

n\
element of & (I. By Lemma 4.10ii, all such restrictions are scalar multiples

l + n I—n
of the restriction of X~^(dY)~î~ to Vm, which restriction is nonzero only when

I — n
m > —.

It is interesting to observe that the weight I weight vector in Homc( J^,, Vm+n)

given by Theorem 5.1 is "independent" of m.

Finally we want to give formulas for the weight vectors in Jiom(Fm, Vm+n)

of all weights, not just of highest weight.
Forintegers/, ij with I ^ OandO ^ i,j ^ I, define an element At(i, j) of sé :

with a sup{0, i+j — l} and ß infji,/} (5.2)

Lemma 5.3. p (E.fQX'~\drf

Proof: By induction on j. Use the formula:

[£_, D(i,j, a, h)] iD(i-'lJ+l,a,b) - bD(i,j, a+ 1, b-1)
with D as in (2.1). q

Theorem 5.4. Let l, m, n be such that there is a subrepresentation of
Homc( Vm, Vm + n) isomorphic to Vx. Then an inclusion of representations
<$>: Vt -> Homc(Fm, Vm+n) may be given by the formula:

4*. X'-^) XAl(l-^,j).(5.5)
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Proof : This depends on (5.3) and the calculation in Vl that

EJX1 —^-Xl~jYj.
(l-jY-

REFERENCES

[1] L. C. Biedenharn and J. D. Louck. Angular Momentum in Quantum Physics.
Addison-Wesley (Reading, Massachusetts), 1981.

[2] D. Flath and L. C. Biedenharn. Beyond the Enveloping Algebra of sl3. Preprint.
[3] A. A. Kirillov. Elements of the Theory ofRepresentations. Springer-Verlag (Berlin),

1976.

(Reçu le 9 mai 1983)

Daniel Flath

Department of Mathematics
Duke University
Durham, North Carolina 27706
USA


	5. Decomposition of $Hom(V_m, V_{m+n})$

